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Abstract: Let Hy be any fixed one-dimensional Bloch Hamiltonian with only the
first m gaps open and Hy = Hy 4+ Fz be the corresponding Stark Hamiltonian. For
any positive F' small enough H has only m ladders of sharp resonances given by
the analytic translation method, the decoupled band approximation and the regular
perturbation theory. This way, the Wannier conjecture becomes a definite regular
perturbation theory for the Stark ladders as eigenvalues of the translated Hamiltonian.

I. Introduction

In 1960 Wannier [23] suggested the existence of (Stark) ladders of bound states (or
resonances) in the Bloch Stark Hamiltonian:

2

Hp=-h % +V@+Fz, V@=V(@+a) and Fa>0, (1)
which does not have any bound state for zero external electric field. This location effect
given by the external uniform field on Bloch problems is in agreement with the tilted
bands picture of Zener. Actually Wannier proved that the one band approximation
gives a (Wannier) ladder of bound states for each finite band, but he was not able
to extend the result to the full problem. Even in the absence of definite experimental
results, the existence of the ladders was put in doubt [24]. Some years ago this attitude
changed because of the accurate numerical works [4, 6], the new experimental results
[3] and a rigorous definition of ladder resonances by means of eigenvalues of a suitable
operator [15]. In 1982 Avron [2], assuming the existence of ladders of resonances
and using the crystal momentum representation, studied the width behavior of the
resonances in the Fermi Golden Rule approximation. Recently, rigorous proofs of
existence have appeared in different regimes: for large electric field strength [1], for

electric field strength small with % [8,10] and for large period [13].
We want now to continue and to extend the line of research started with Wannier
in order to obtain the existence of resonances for a fixed Bloch model and weak
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external field. In this paper, making the assumption of a finite number m of finite
bands as in Avron [2], we prove the existence of ladders of resonances for a and h
fixed and arbitrarily small electric field strength F'. Since the potential is translation
analytic, as in Herbst and Howland [15] we consider the translated Hamiltonian

2

H;}=—%+V(:c+/\)+Fx+F)\; JA<0, 1.2)
and we extend the crystal momentum representation and the Wannier decoupled band
(DB) approximation to the case of complex A. The spectrum of the Wannier DB
approximation is the union of m ladders of real eigenvalues and the line AF" + R.
Moreover, the coupling term between the bands is relatively compact with respect to
the Wannier DB approximation. Therefore, the Wannier ladders become ladders of
complex eigenvalues of (I.2) (resonances of (I.1)) when the coupling term between the
bands is restored. Our proof of existence, based on the new extension of the crystal
momentum representation to the analytic translated problem, justifies the Wannier DB
aproximation as the basis of a regular perturbation theory.

We have now the first part of a rigorous theory on the Stark ladders containing
all the already known results as the asymptotic expansion of Nenciu [7, 12, 19, 21],
the Buslaev-Dmitrieva [9] asymptotic behavior of the widht of the last ladder and the
generic singular behavior of the ladders given by us [12]. We give here the explicit
exponential behavior of the width of the last ladder up to the second perturbation order
(Fermi Golden Rule) previously studied by Avron [2]. Another interesting analysis
should regard the behavior of the crossings of different ladders considered by Avron
[2], Bentosela et al. [6], and Ferrari et al. [11].

Let us notice that the class of potentials with a finite number of bands is not void
and moreover it is dense in the set of real-valued L2 periodic potentials [18]. So, the
general problem could be seen as a limit case of the one considered here. The results
of this paper have been announced in [14]. In Sect.2 of this paper we define the
extended crystal momentum representation (ECMR) for the translated Bloch operator
in the case of a finite number of bands. In Sect.3 we define the resonances and
we prove the existence of them by means of the regular perturbation theory and the
Kato-Rellich Theorem. Finally, in Sect. 4 we give the behavior of the width for the

second order expansion.

II. The Extended Crystal Momentum Representation (ECRM)
for the Finite Bands Number Model

Let us consider the one-dimensional Bloch Hamiltonian H  with real-valued L2 (R)
periodic potential V' (z) of period 27:
2

da?

The lower bounded self-adjoint operator formally defined by H 5 has purely absolutely
continuous spectrum which is the union of closed intervals, called bands,separated by
open intervals, called gaps [20]. In the following we shall assume:

Hy = +V(z). aL1)

Hypothesis. The spectrum of the Bloch operator Hg has a finite number of bands,
say m + 1 More precisely, we assume that the first m gaps are open and the other
ones closed, that is.

o(Hp)=[E},EYJU...U[E) ELTULES |, +00), Ef<El, l=1..,m
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Hence, see Theorem XII1.91d in [20], the periodic potential V (x) is analytic in the
stripe |Jz| < 2, + 6, for some A, > 0 and § > 0.

In this section we define the extended crystal momentum representation (ECRM)
for the operator formally defined by

2

d
Hp=Hp+Fz+ FX, Hg:—@JFV(xH), TN <2Xg+6  (I1.2)

In order to do this we need the following results on the band functions of Hp. The
energy function & (p) is a multisheeted analytic function in the complex plane with
branch points of square root type 2, and £%;, where 2, =1/2+ih;, l = 1,2, ..., m
and h; > 0. The restrictions of & (p) on particular sheets give the band functions
&), 1 =1,...,m, and &, (p) (Theorem XIIL.95 in [20]). The firsts m band
functions &,(k) are periodic functions of period 1 and

E} = min 4(k), E! = max &(k),
ke ke#
where .7 is the Brillouin zone, that is the torus R/1 with respresentatives on (0, 1].
The m 4 1-th band function &, ,(p) is defined by & (p) on the sheet obtained by
cutting the complex plane by two lines linking directly %l— + 700 and % — 100 with,
respectively, z,, and Z,,, and such that

Em)2)= 4, (m/2)=FE .

Let ¢ (z,k) = e*u(z,k) and ¢, (z,p) = €P®u,,  (z,p) be the Bloch func-
tions associated to the band functions, where u;(z,k) and u,,,,(z,p) are periodic
functions in z of period 27 and, for fixed z, ¢,(x, k) are periodic functions on the

Brillouin zone .%. We have this result {in the following let us denote by C
any positive constant, 0, := 0 and 0, := 0
yp LT P op)

Lemma 1. Let w¥ = {wf(K)} gz and WP, | = {wh  (K)} ez be, respectively,
the Fourier coefficients of w(x,k) and u,, +1(x,p). Then, the following estimates
uniformly hold for p € R and K € Z-

[wl(K)| < Cexp-2|K +plX], |9,w](K)| < Cexp[—2|K +p|A], (13)
foranyl,l=1,..., m,and
Jwh  (K)| < Cexp[—2|K|X\],

11.4
10,8, ()] < C(1L+ [p) 2 expl—2/K o] B9

for some positive constant C.

Proof From the hypothesis we have that for any fixed k € .% the periodic functions
w,(z, k) and their derivatives d,u;(x, k) are analytic functions for z in the stripe
|Jz| < 2\, + 6. Therefore they are uniformly bounded for £ € .77 and |Jz| < 2),
and so, from the well known estimate on the Fourier coefficients of analytic functions,
we have for k € % and K € Z:

lwf(K)| < Cexpl—2|K[A] and [0,w)(K)| < Cexp[—2|K[A]. (IL5)
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Moreover, taking into account that w k“)(K )= l’“(K + 1), (I1.3) follows. Now, in
order to prove (II.4), the same arguments still work since the uniform boundedness
of u,,.(z,p) and of its derivative 0,u,,,(x,p) for z in the stripe [Jz| < 2), and
p € R follows from the asymptotic behaviors

U (@,p) = 14+0@™") and 8,u,,, (z,p) = 0@ (11.6)

as p goes to infinity. See, for instance, Sect. 21.7 in [22] for « € [0,27] and in the
case of z + i, o € [—2), +2)y], (11.6) follows in a similar way. In particular, we
remark that the estimates 21.7.2 and 21.7.3 in [22] hold for any p because in the
infinite band the singular crossings are at a finite distance h,,, from the real axis. [J

Finally, we have the completeness result for the Bloch functions (Theorem XII1.98
in [20]), that, for such a finite number bands model, assumes the following form: let
f e R),.” is the space of functions of rapid decrease, and let

1 - 1 -
60 = = R/ F@RGE Dl and 1) == R/ f@p @ P dz. (LT)

Then, we have that

f@) = Z

/ £,k ), k) dk

1 V2
e / )@y D) (IL.8)
R
and
”f”LZ(R dz) — Z “£l”2LZ( 2,dk) + “n‘|L2(R dp) * (H 9)
=1

By extending this isometric transformation on L?(R,dz) by continuity we have a
unitary transformation (¢,7) = %Zf, € = (¢, .. , &,,), which maps L*(R, dx) onto
m

T = H,® H,, where FH, = @ H,, H#, = L*(B,dk) and F, = L*R, dp).
1=1
We consider now the translated Bloch operator H3. The band functions of H3,

coincides with the old ones and the associated Bloch functions are given by ¢,(z+A, k)
and ¢, . (z+A, p). The above completeness result (I1.7) and (I1.8) takes the following

form for the Bloch functions of H3):

Theorem 2. Let & the dense space spanned by the parabolic cylinder functions
D, (z) = e"mz/an(a:), n = 0,1,... The transformation 7*:L*(R,dz) — F
defined on & by (€,m) = 724> f, where

1 -
60 = == / f@ o T X Rde,

. R | ] (I1.10)
77(19) = E \R/f(x)e_.zpzum+l($ + )\7p)dm7
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and such that:

m

1
f@=>" N /éz(k)sol(x + A\ k)dk
7

=1

\/1 /
+ n(p)eT u,,  (x+ A, p)dp, arin
27 J

admit a bounded analytic extension 72> for X in the stripe |I\| < 2, unitary for A
real and with bounded analytic inverse (7/*)~!

Proof For real \, 7/ f coincides, up to a phase factor, with the previous trans-
formation 2/ of f(x — \) wich unitarily maps L*(R,dz) onto .7Z. Let A € C and
[ € &, then f(x) is an entire function and f(z — A) € .7". Now, for [JA| < 2},
(I1.10) and (I1.11) follow computing (II.7) and (I1.8) for f(xz — A) and redefining 7(p)
by n(p) — e n(p). Boundedness and analyticity of 72* follow from (II.10) and
Lemma 1. Indeed, one has

np) =Y e "Mtk L (K) fp+ K),

Kez

l\ivhere the Fourier coefficients wfn 1K) of u,, . (z,p) satisfy the estimates (I1.4),
ence

nll », < C|f Z explKIN — 2|K|N\] < C|l fll 2R, day -
Kez

Since the same results still hold for any &,(k), boundedness and analyticity of 727
follow. In a similar way, from (II.11) and Lemma 1, boundedness and analyticity of
the inverse (72*)~! follow too. [

Here, we call the vector (£,7) = # f of #, € = (§,...,¢&,,) € H, and

n € ., the extended crystal momentum representation (ECMR) corresponding to
the vector f € L*(R, dz). In this representation the position operator z takes the form
007N = diag(idy, — A, ..., 10, — A,i0,) + X7, (I1.12)

where X*(&,n) = 72 w> and
) = —— {Z / & (k) eF VO (@ + A, k) dk
V2
=17

+/n(p)elp“”8pum+l(:ﬂ+)\,p)dp . (I1.13)
R

Theorem 3. X* is an analytic family of bounded operators in the stripe |IN| < 2),.

Proof From the boundedness of 72" we have

IXME I < 1227 - Hw/\”LZ(R,dx)
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and, from (II.13) and Lemma 1, boundedness of X* follows; indeed:

m
Hw}\”LZ(R,dz) < Z &, '7/1 Z Hel(k“LK)’\(?kwf(K)H%

=1 Kez
+lnll 7, Y e a,wh (B 5, < CIE I 5 -
Kez

Analyticity of the family X* follows immediately from Theorem 2 and (IL.13). [

Remark 4. Let us stress that this result does not extend to the general case of an
analytic potential with infinitely many open gaps.

Here, the operator X* on . % = %, ® FZ,, represents the coupling term between
all the bands and it has the form

XA, X))
X = ( N ‘i) ‘ (I1.14)
X} X

More precisely, the term X 2 4 coincides with the usual interband matrix which couples
the first m bands, that is:
Xid = (Xcli,l(;)l,z' )
where
XL k) = i@ WE, Wipgy =1 Y Owf(E) wh(K). (IL15)
Kez

The term X éc couples the infinite band with itself and it is given by

X2m@ =Y e XL @np+ L),
Lez I.16)

L . (p+L) D
Xc,c(p) - Z(apwm+l 7Tme+I)lz(Z) ’

where T is the translation operator in lz(Z):(TLa) (K) = a(K + L). Now, since
w,(z,k) and ¢, (z,p) are orthonormal functions in L2([0, 27], dx/27), we have
that:

X}i”l‘;(k) = Xg,’é(k) and X;(k):= X}i"ld(k) = X,(k) forany k,

and -
Xc_,cL(P) =XL.(p—L) foranyp.

Moreover, by the gauge choice u,,,(z,p) — e¥m+1Py__ (z,p), we can choose
ch(p) identically zero for a real and suitable ¢, ,(p). Therefore, in (I.16) the sum
is taken on Z — {0}. let us stress that, in general, one can choose X;(k) constant by
the gauge choice u,(z, k) — e*?®y,(z, k) for a real suitable function ¢, defined on
% in particular, if the potential is even or odd, X, can be chosen identically zero
for each I. Finally, X, and X, are given by:

X20m =D ePXL @&®), XL @) =i@,W, W, Dpe
=1 4 (I1.17)
Xgomy(ky =Y e ®HAXL (k+ Dyntk+ L), X}.(0) =X ().
LeZ
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Remark 5. From Lemma 1 the exponentially decreasing behavior follows:

X! 4@)| < Clp|expl—2[p|As] for any [,

(I1.18)
IXZ@) < C-|L]- (1 + |p) > expl=2|Z| o]
In the ECMR the operator corresponding to (I.2) is given by
Hp = HPP + FX*, (I1.19)
where
HPPA = diag(H,, ..., H,,, HY), (11.20)

X = X — diag(X g, 0)  and X, = diag(Xy, ..., X,,).
We dub H IEB”\ the decoupled band DB approximation and it acts on .7 as:

H =iFd,+&+FX,, 1=1,2,...,m, and H} =iF9,+&,,,+FX. (I121)

II1. Existence of the Stark Ladders and Perturbation Theory

In order to prove the existence of resonances for the Stark-Wannier operator (I.1) we
consider the family of operators (II.19) which is an analytic family of type (A) for
|TA| < 2X,. As we shall see, for —\; < JA < O the analytic translation z — z + A
defines the resonances by shifting the continuous spectrum of H on the line F"A+R in
the lower complex half-plane: they are the A-independent eigenvalues of H7 between
its essential spectrum and the real axis. Existence of them will follow by means of a
stability result of the Wannier ladders with respect to the interband term.
Now, let us consider
HMf) = HBA 4 £ X (IIL.1)

where f € C is an auxiliary parameter which plays the role of the perturbative one
in the perturbation theory; for f = F we have, of course, H ;\(F) = H 1’} Here,
H(f) is an analytic family of type (A) with respect to the parameters f and A. The
resolvent [Hp(f) — 217! = Rx(f, 2) = RMf, 2) (for sake of simplicity let us drop
the parameter F') acts on % = .7, ® F, as:

R)(f,2) Sk(f,z)>
TNf,2) RMf,2))’

where R[}( f,z) and Ré( f, 2) are the compression of the resolvent on the subspace
F, and F,: that is R)(f,z) = P’RMN(f,2)7 and R)(f, z) = P+ R (f, 2)7°+, where
2 is the projection on %, and >+ = 1 — 7 is the projection on .%,. Moreover
RX0,2) = [H} — 217! and R(0,2) = [H, — 2]~ are, respectively, the projection
of the resolvent of the DB approximation on .7, and 7%,,.

We have the following results:

RMNf,2) = < (I1.2)

Theorem 6. The spectrum of H, is purely discrete, A-independent and coincides with
the Wannier ladders:

o(Hy) ={E,, =(&)+2njF + FX;,l = 1,2, ..., m,j € Z}, (1IL.3)

(-) denotes the mean value on .5
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The spectrum of H c’\ is purely essential and is given by
o(H}) =iFJIA+R. (I11.4)

Proof Taking into account that X,;(k) = (X)) is constant, the first statement is a
well known result on the spectrum of the Wannier DB approximation. The second
statement is obvious. [

Theorem 7.
Ooss(Hp) = iFIN+R.

Proof From the Weyl criterion (Theorem IV.5.35 in [17]) we have the stability of
the essential spectrum if the perturbation X* is relatively compact with respect to the
unperturbed operator H?B’)‘ , that is if X ’\R’\(O, z) is a compact operator. Now, since
the analytic continuation of an operator-valued function with compact values on the
real axis is compact, it is sufficient to prove the compactness result when A is real,
for instance A = 0. In particular, we prove the compactness of XS,CRg(O, z) and the
compactness of the other terms will follow in a similar way. Indeed, from the explicit
expression of RS(O, z) (Sect. I11.6 in [17]) for O < Jz (the case of Jz < 0 is similar)
and from (I1.16) for any n € .7, we have that:

(X7 R0, 2)n) (p) = / h(p, T)n(r)dr (IL.5)

R

where h(p, T) is the measurable function in L*(R, dp) ® L*(R,dr) given by:

hp,T) = % D Xiptoo) ™ = D@+ DY WAOI ' X 2@, (I11.6)

LA0

p
Y2 (p) = exp [Z/F (&t (1) + FA — Z)dT] is a solution of [H) — 2] = 0 and x;
denotes the characteristic function on the set . Now, from (II.18) we have:

/dp/dT|h(p, * < C/(l + ) 2dp < 0, (I11.7)
R R R

for some positive constant C', that is X S’CR(C)(O, z) is of Hilbert-Schmidt type and thus
compact. [

Remark 8 As a first result we have that, from the analyticity of H A, from Theorem 7
and since the spectrum of Hjy is purely absolutely continuous for our class of
potentials [5], the discrete spectrum of H ?’3

o (Hp) = o(Hp) — 0. (Hp) (111.8)

is A-independent and contained in the lower complex half-plane and it defines the
resonances for H . in the stripe F'I\ < Jz < 0.

Now, let I' be the positive clock-wise contour of a rectangle in the stripe
|Jz| < F|JA|/2 of length 27 F, height F|JA| and such that dist(I,0(H,)) > d =
min{F|J\|/2, F7/m}; so it contains m eigenvalues of H7, one for each Wannier
ladder. Let o(H I’}( £)) be the resolvent set of H ;\( f). We have the following result.

Theorem 9. Let —)\y < I\ < 0. There exists Fyy > O such that forany F',0 < F' < F,
I' C o(Hp(f)) for any | f| < F
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Proof. We have to prove that the resolvent (III.2) is uniformly bounded for any
|f| < F and z € I'. In particular, the expression of R}(f,2) for z € I' is given by
the partition method [16] and the resolvent formula:

R{}(f,z): [Hd+f(de Xdlag fXd C[H/\+fX/\,C_Z]_1fXC/\:d]_I
= R (0,2)[1 + Qu(f, )" [1 — f X3 ANf, 217", (I11.9)

where
ANS,2) =1+ QU D1 R0, 2) fX2 4Ry(0,2) [1 + Qu(f, 217" (IIL10)

is an operator from 7, to 7,, Q3 (f,z) = R}(0,z) f X is a bounded operator from
F, 10 F, and Qu(f,2) = f(Xd,d X giag) B4(0, 2) is a bounded operator from .7
to .#,. The other terms in (II.2) are given by:

R)(f,2) =1 — ANf,2) f X, )7 1+ QX(f, )17 R0, 2),
SAf, 2) = PRN, )P+

=—Ry(f,2) fX7 14+ Q) [, )] RO, 2), (IL.11)
TN, 2) = PLRNf, )7

= [+ QX[ D17 RO, 2) fX 4R)(f, 2) .

We need of the following lemma.

Lemma 10. There exists Fy > 0 such that for any F, 0 < F < Fy, the following
estimates uniformly hold for z € I' and |f| < F:

IR2(0,2) fX2 4R40,2)] < C (IT1.12)

and

I+ QX017 <Cy |1+ Quf, 217 <C (II1.13)

for some positive constant C' Therefore, for any 0 < F' < Fy, AN, 2) is a uniformly
bounded operator from F,; to 7, for z € I and |f| < F':

AN, 2| < C. (IIL.14)
Proof. Proof of (IIL.12): for £ = (£, .., &,,) € .7, we have that (Sect. II1.6 in [17]):

[R4(0, 2)&]; (1)

 Yailr ){ / ST IR E R dk + / wdlw)gl(k)dk}

where ¢; = i(z — E, ;)/F' and

Vg, (T) = exp [% / (& k) + FX, — z)dk] (111.15)
0
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is a solution of [H; — z]¢,; = 0. Hence, we obtain:

[RX(0,2) f X2 4R40,2)E] (p)

Z ) / A1 XL (1) ()

1 T
x [——em — / Wy (k)& (k) dk + / wd_,ll(k)ﬁz(k)dk} dr
B 0

=Y {L+11,}. (I11.16)
=1

Denoting

+o0

Uy(p) = / eETMWIOIT XL J() Yy (T dr

+00
= / X! (r)exp [iTXl / (i (k) — cf,(k))d/s:} dr, (IL17)
p

we have that

f

l:ﬁe@l~1

Y2)Uy(p) / n (k)& (k) dk (I11.18)
B

and, integrating by parts,

f

p
Il = 2 2@ U,p) / Ve (D&M dr
0

+o00o
+ %1@@) / Uiy (NE(T)dr . (I11.19)
p

Now, from (I1.18) we have that for each / the integral (II.17) is absolutely convergent
and, by integrating by parts like in the stationary phase method, one obtains the
following estimate:

[Ui(0)] € FOX(— 0,0)(P) + exp[=2X|p|]) - (111.20)
Hence, it follows that:
Lf]
1, + 11 5, <C Floa 1] €0 5, (IIL.21)

and so the estimate (II1.12) follows because |(e?t — 1)~!| < C for any .
Proof of (I11.13). The first estimate in (II1.13) follows because:

Q2L DV < 1QX(F, 2) FRYO, 2)|| - | X2 || = O(F) (111.22)
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by the stationary phase method. Indeed, from (II.16) and by integrating by parts (see
Sect. II1.6 in [17] for the expression of Rg\(O, z)) we have that:

[F2RX0,2) X2 R0, 2)1] (p)

c,c” e

+oo

2

fzwﬁ(m > {—Vl@)/[¢2<¢+L)r1n<7+L>dT
p

7
LEZ,L#0

+o0
+ / VM W2 + D)~ (7 + L)dT} , NEH,

D

where

+o0 T+L
Vi(p) = e—iLz/F / XCL’C(T)exp % / c‘fmﬂ(k)dk} dr.
p T

Now, since &, ,(-p) = &,,,(p) for real p, we have that, if p < —L/2,
then there exists 7, = —L/2 € [p,+o00) such that & . (1o + L) = &,,,,(1)
and so we can apply the stationary phase method. Here, the leading term of the
asymptotic expansion of V (p) given by the stationary phase method is bounded by
VFC(1 + |L)~ ' exp[—2|L|\, + LJz/F] for some positive constant C. Otherwise,
for p > —L/2 we have, by integrating by parts, the following estimate |V, (p)| <
FC|L|exp[—2|L|\y + L3z/F1/(1 + |p|). So, by both estimates, (II.22) follows.
In similar way one can prove that:

QA < 11 Xg,a = Xaiagll - [1fRa(0, 2)Qu(f, D)l = OF) (II.23)

and so the second estimate in (III.13) follows too. The proof of the lemma is so
completed. [

Now, we are ready to complete the proof of the theorem; indeed, from the above
lemma and from the boundedness of X é\,c we have

If X2 AN S Clfl <1 and |ANf,2)fX] | SCIfI<1  (1.24)

for any |f| < F, where 0 < F < F,, for some F, > 0. Therefore, R}(f,z) and
RL(f, z) are uniformly bounded on I for any |f| < F and so, from (IIL.11), we have
the uniform boundedness of the whole resolvent. [

Now, let us state our main result:

Theorem 11. If the Hypothesis is satisfied, then there exists Fiy > 0 such that for any
F,0 < F < F,, the m Wannier ladders of H(0) become m ladders of resonances
E, (f,F) of Hp(f) for f = F. No other sharp resonance exists.

Proof. Let A € C, =\, < J\ < 0, be fixed. Since Hp(f) is an analytic family of
type (A) for |f| < F, from the existence of m isolated Wannier eigenvalues in I" for
f =0 and from Theorem 9 the Kato-Rellich Theorem implies that

dim Pp(f) = dim P3(0) = m, forany |f|<F,
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where Pﬁ( f) is the eigenprojection on the domain enclosed by I

Pp(f) = — 7{ Ry (f,2)dz. (I11.25)

r

Therefore, for f = F we have the existence of m eigenvalues for Hp contained
in the domain enclosed by I" and from Theorem 7 and Remark 8 they represent m
resonances of Hp, = Hp(F). O

Remark 12 The proof of existence of resonances we give is constructive and it
directly comes from the Rayleigh-Schrodinger perturbation theory. In particular, the
resonances E; | (F)) = E, ,(F, F) are given by the degenerate perturbation equation:

J(E) = det (%(d’dw Ry(f, Z)Tpd,z/)ZdZ -EK f@/’d,za Ry(f, 2)¢d,1/)d2> =0

r r

for |f| < F.

Remark 13. We recall the Nenciu method [7, 12, 19, 21] where, at the n® step,
Hp = HPP* + FX? is redefined as

Hp=Hp N+ FrHIX) (I11.26)
Here, H?}i”\ has the same properties of HgB A apart from a F' dependence of the
redefined band functions, and X} is still bounded. The above proof of existence
works for (II1.26) too and so each Wannier ladder obtained by H?,E{A coincides
with the ladder of resonances up to O(F™*!). This proves the existence of a real
asymptotic expansion of the ladders coinciding with the Nenciu one (for an explicit
computation of the second order term coinciding with the Nenciu one, see [14]).
The asymptotic expansion of Nenciu does not directly come from the Rayleigh-

Schrodinger perturbation theory because of the dependence on F' in the perturbation
coefficients. The width of the resonances is O(F*°).

IV. Fermi Golden Rule and Estimate of the Width

In the previous section we have proved the existence of ladders of resonances. In order
to compute these resonances we consider the usual Rayleigh-Schrodinger formula.
That is, let E; , be an isolated eigenvalue of Hp oA for F < F,, we avoid crossing
of resonances: |Ez] Ey | = CF, m/m > C’ > 0. By mimicking the proof of
Theorem 9 we can state that I C o(H»(f)) for any |f| < F, where I is the circle
surrounding £, , with radius CF.

Therefore, the Rayleigh-Schrodinger formula takes the form

§<¢d’lv Ré(f) Z) wd,l> WdZdZ

B B IV.1
1, (o F) = f(dﬁdl’R (fs2)%qy) 7, d2 o
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which gives, for f = F|, the resonances £, (F) = E, ,(F,F). Now, we have that

the resonances coincide, up to O(F?), with the Wannier DB states and we obtain the
second order perturbation approximation of E, ,(F):

By j(F) = E} j(F)+ O(F*/%), as F —0;

where the imaginary part of the second order term, if the Berry phase is absent (i.e.
(X;) =0), is given by [2, 14]:

JE} (F) =

. P 2
/ X} (p)exp [% / ((@ém+1(7)—5i(7))d7} dp| . (AV.2)
R 0

Here, for [ = m, the estimate of this integral is given by the saddle point method
where we observe that the saddle points z,, and Z,, coincide with a polar singularity
of X' (p) as well as with a branch point of square root type of the band functions.
Indeed in [14] we have proved that z,, and Z,, are simple poles of X" with residue
+1/4. Therefore, the stationary phase evaluation is determined by the minimal angle
between two steepest descendent directions, i.e. 47 /3, and the pole residue. Hence,
we have that:

JE;, (F)=~CFexp | — % f%(p)dp A1+ OF)}, (IV.3)

Ym

where C' = 72 /18, 7, is a clock-wise regular contour around a cut linking directly z,,
and Z,, and £(p) is the energy function defined by £(m/2+ 1) = &,,,,(m/2+ 1)
on the sheet. This value of C' should be compared with the one of Buslaev and
Dmitrieva [9, 14]: C = 1/2, for the full behavior of JEI’JA(F). If we are in the
crossing restriction: F' such that £, | = Ey, ,,, we can study the crossing phenomena
[2, 6, 11].
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