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Abstract. We consider Ising spin glasses on Z‘ with couplings J,, = ¢,—.Z,,,
where the c,’s are nonrandom real coefficients and the Z,,’s are independent,
identically distributed random variables with E[Z,,] =0 and E[Z2,] =1. We
prove thatif Y, |c,| = oo while Y |¢,|* < oo, then (with probability one) there are
uncountably many (infinite volume) ground states &, each of which has the
following property: for any temperature T' < o, there is a Gibbs state supported
entirely on (infinite volume) spin configurations which differ from & only at finitely
many sites. This and related results are examples of the bizarre effects that can
occur in disordered systems with coupling-dependent boundary conditions.

Introduction

The majority of theoretical work on realistic (i.e., non-infinite-range) spin glasses
has focused on the nearest-neighbor Edwards—Anderson (EA) model [1, 2], prim-
arily due to the relatively simple form of its Hamiltonian. A smaller body of work
has studied models with random long-range interactions which are square summ-
able; the usual case is that of power-law decay. These models are of interest for
several reasons: the one-dimensional case is partially tractable and is believed to
display a phase transition for a certain range of values of the power-law exponent
[37; there is a significant body of rigorously provable results (see [4] and references
therein); and in three dimensions, models with a 1/r* falloff approximate more
closely than nearest-neighbor models the RKKY interactions within an important
class of laboratory spin glasses (specifically, dilute magnetic alloys) [2].

It is useful to distinguish among four different classes of spin glass models (we
confine ourselves to Ising systems): 1) the infinite-range Sherrington—Kirkpatrick
(SK) model [5]; 2) the nearest-neighbor EA model (or other short-range models); 3)
models with long-range random interactions of the kind discussed above; and 4)
randomly site-diluted models with deterministic interactions of non-constant sign,
such as RKKY. Of the above, only the first is fairly well-understood (but mostly on
a non-rigorous basis); whether its properties apply to any of the other three is
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a subject of much debate. Of the latter three, (2) appears to be the simplest;
importantly, it is generally believed that its basic thermodynamic properties (pres-
ence or absence of a phase transition, multiplicity of ground states) resemble those
of (3) and (4), as well as those of laboratory spin glasses (see for example, Ref. 6).
However, the extent to which all of these models resemble or differ from one
another remains unclear.

In this paper we focus exclusively on models of class (3). We find, essentially
through judicious choices of coupling-dependent boundary conditions, that an
uncountable number of Gibbs states can be generated at any temperature. These
Gibbs states and their associated ground states will have unusual properties to be
discussed in the next section. Moreover, we find an uncountable number of even
more exotic ground state spin configurations, with the following property — the flip
of any finite subset of spins costs an infinite amount of energy. This last property
cannot extend to short-range models; neither can the property of having many
Gibbs states at high temperature. Nevertheless, these findings lead to important
questions which are relevant to short-range spin glasses.

To motivate the discussion in the next section, we consider here a one-
dimensional model with the following formal Hamiltonian:

1 Z
H=--5Y 22 55, 1.1
4x,yZeZ|x_.YIa Y ( )
xFy

where the Z,,( = Z,,) are independent, identically distributed random variables
with mean zero and variance one, 1/2 < « < 1, and the o, are + 1 valued Ising
spins. If we confine our attention to a finite system within a volume A with
a boundary condition ¢® outside this volume, the Hamiltonian becomes

1 Z, 1 Z,
H = — = Y 0,0, — 5 ) ——0,05. (1.2)
4x,yeA|x_yl 2xeA|x_y'
xFy y ¢4

It is known [7] that for any ¢® which does not depend on the Z,’s the free energy
per spin exists and is a constant independent of {Z,,} and of the boundary
condition ¢°. It has also been proved [8] that for « > 1, there is “weak uniqueness”
(see also Ref. 9) of the Gibbs state for any nonzero temperature; i.e., for any ¢° as
above, there is (with probability one) a single infinite-volume limit Gibbs state
for any sequence of volumes tending to Z, and if ¢ is another coupling-indepen-
dent boundary condition, then the same infinite-volume Gibbs state results. Fur-
thermore, this state is not a mixture of other Gibbs states. For the range
1/2 < a £ 1, weak uniqueness of Gibbs states is known to be valid for sufficiently
high temperature [10]. Although non-rigorous arguments indicate that this model
has a phase transition [3], there are no rigorous results which extend to low
temperatures; i.e., there is as yet no proof that weak uniqueness breaks down at low
temperatures.

We now give a simple argument to indicate that unusual things can happen
when coupling-dependent boundary conditions are allowed. For illustrative pur-
poses, consider a one-dimensional system with Hamiltonian (1.2) (but restricted to
the right half-line), and with A = [1, L]. Focus on a spin at site x, with 1 < |x| < L.
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The energy contribution of this spin can be written as — h,o,, where

1 Z 1 Z
h. =— i(f + - __Txy b
¥ 2y(#§)§LIx_y|a Y 2y§L|x_yIa Y
1 Z, 1 Zy
e
2y(=|=x)§le_y| 2 —)i=2x+nL IX_YI
Zy
¥ Lo _gb (1.3)
L<y#x+nL |X—y'

n=1,2,..., ©

Consider the three terms which combine to give h,. The first is of course finite. If
the o%’s of the third term are chosen independently of the Z,,’s appearing in that
term, then it follows that (with probability one) the sum converges and hence the
third term is also finite. (The convergence of the sum for « > 1/2 will be discussed in
Sect. 3.) But now consider what happens when the remaining boundary spins which
appear in the second term are chosen in a certain coupling-dependent manner. In
particular, suppose we make the boundary-dependent choice a5 = sgn(Z,,) for
each g} in the second term; then the resulting sum will diverge for « < 1 and it
would cost infinite energy to flip o, from + 1 to — 1. Similarly, by choosing
ob = —sgn(Z,,), it would cost infinite energy to flip o, from —1to +1.

We have not presented a detailed version of this argument because our purpose
in this introduction is only to motivate the assertion that we can always choose
boundary conditions to force any particular spin o, with x € A to point either up or
down in the ground state, such that a flip would cost infinite energy. Furthermore,
it is clear that we can repeat the same procedure for all of the spins in A. The only
potential problem is the third term, but that will remain finite because of the
independence of the Z,,’s. That is, a ¢} which depends on a particular Z,, is still
independent of the other couplings.

A similar line of reasoning implies that boundary conditions can be chosen to
make a spin configuration as “stiff” as desired; for each x in A, we can choose the
boundary conditions to create a large (but finite) field 4, of any desired sign and
above any desired magnitude by cutting off the choice ) = sgn(Z,,) after a suffi-
ciently large number of terms. That is, one can arrange the boundary spin
configuration to force a (finite volume) ground state with the property that
overturning any spin will cost a finite but large (of any magnitude desired) energy.

These rather crude arguments provide some idea of the kinds of situations
which can arise when coupling-dependent boundary conditions are employed.
They do not comprise a satisfactory picture because they don’t provide a procedure
for generating infinite-volume Gibbs states (or ground state spin configurations)
with these exotic properties. Do such states actually exist? We will prove in the
following sections that not only is the answer yes, but an uncountable number exist,
and this is the case at all temperatures.

An immediate question then is what effect, if any, such exotic states have on
“observable” properties. Since states which do not “arise” except from coupling-
dependent boundary conditions may be regarded as not being physically observ-
able [9], one interpretation of this question [11] is whether these exotic states do
somehow arise at low temperature when using, say, free boundary conditions.
Another question is, does any of this shed light on nearest-neighbor models?
Because we have only speculations to offer at this point, we defer a treatment of
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these issues to the future. We would however like to make one point, which is
developed in much greater detail in Ref. 12 in the context of short- and infinite-
range models. That is that there are two ways in which multiple (exotic) states
could arise from, say, free boundary conditions. The first (but, as argued in Ref. 12,
rather unlikely way) is that there is a single, well-defined infinite volume limit,
whose decomposition into extremal Gibbs states could include our exotic states.
The second way is that the exotic states could be included among many different
limits along different subsequences of volumes. Even though singling out a particu-
lar exotic state would require a coupling-dependent subsequence of volumes, the
multiple states would be observable in their contibution to the sensitive depen-
dence on volumes of free boundary condition states.

The rest of the paper is organized as follows: Sect. 2 contains a statement of four
theorems, along with some discussion, that assert the existence of exotic Gibbs
states and delineate their properties. Sections 3, 4, and 5 contain the proofs of
Theorems 2.1, 2.2, and 2.4, respectively. The proof of Theorem 2.3 is straightfor-
ward and is discussed in Sect. 2.

2. Main Results

We consider a formal Hamiltonian, #, for Ising spin configurations on Z*:

1
H = —3 Y Je0x0,, (2.1)
{x, ¥}

where the sum is over all pairs of sites in Z¢ the spins o, take values + 1 or — 1,
and each J,, is a real number (with J,, = J,, and J,, = 0). To define infinite
volume ground states (or, later on, Gibbs states) when, for fixed x, Zy| Jy| diverges,
we must specify an order of summation to take advantage of possible conditional
convergence of various series. Thus we will fix, once and for all, (for any choice of
J,’s) an increasing sequence A, of finite subsets of Z¢ tending to all of Z? as n —» 0.
For simplicity, we choose

A, ={xeZ*|x|<n}={—n —n+1,...,n}* 2.2)

where |x| = sup; <;<q|X;].

An infinite-volume ground state is a configuration of spins on Z? with the
property that the flip of any finite subset of spins raises the energy. More precisely,
an infinite-volume ground state will be defined as any spin configuration o
(mapping each x in Z% to 6, = + 1 or — 1) such that for every finite subset
A of Z°,

A# (o) = lim ( Y oy J'xyaxay> =0. (2.3)
n-ow \xedyed,\4
This definition requires the above limit to exist for each finite A, but we allow the
limit to be + co.(When 4 is the empty set, 45#, is defined to be zero.) The limit
represents the energy cost of flipping the spins in 4 while leaving all others fixed.
The relation of this definition to that of finite and infinite volume Gibbs states will
be discussed below, where we will also consider the “stiffness” of ground states
based on the magnitude of the 45,’s. But first, we focus on the stiffest possible
ground state, which we call a rigid ground state. This is one for which
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A#, = + oo for every nonempty finite 4. Equivalently, it suffices to require that
for each x in Z¢,

A# (o) = lim Y, Jy0.0,= + o0 . (2.4)
n—o yed,

Clearly, Y ,|J,,| must diverge for each x in order that rigid ground states might
exist. When the couplings are all positive, then the identically + 1 and identically
— 1 configurations are both rigid. Sometimes these are the only rigid ground states.
Consider, for example, the case when d = 1 and J,, = |y — x| ™* with a < 1. (This
example is rather artificial in that the free energy per site is infinite in the
thermodynamic limit even with free boundary conditions, but we use it simply as

an illustration.) For any o > 0,

¥ 1 1

=0(), (2.5)

yed, Iy—xllao-y ygl,, Iy_xZIao.y

y *+ x1 Yy * x2
which implies that in a rigid ground state, o,, = g,, for every x;, x,. If one
multiplies this d = 1 coupling by the deterministic sign ¢, = ( — 1)!*7*, then one
obtains a model equivalent to the ferromagnetic one (under the gauge transforma-
tion of flipping all ¢,’s with x odd) so there are still exactly two rigid ground states.
However, if one instead uses the sign &, = ( — 1)*7I*1, then the model is equiva-
lent to a fully antiferromagnetic one which, by again using Eq. (2.5), can easily be
seen to have no rigid ground states.

When the signs of the couplings are chosen at random, the existence and
number of rigid ground states is a priori unclear. The next theorem shows that if
the couplings of the above d = 1 example are multiplied by random signs and if
1 < a <1, then there are uncountably many rigid ground states (for almost every
choice of the random signs).

Theorem 2.1. For pairs {x, y} of distinct sites in Z%, let Z,,( = Z,,) be independent
identically distributed random variables whose common distribution has zero mean
and variance equal to one. Let c, be a (nonrandom) sequence of real numbers indexed
by y in Z° (with ¢y = 0) such that

Y leyl=00 and ) |¢l*< o0, (2.6)

yeZ? yeZ?
and let J,, = ¢,_.Z,, in the Hamiltonian (2.1). Let S be any subset of Z* with the
property that

for each x in 2%, Y |c,_| < oo . 2.7

yeS

(An infinite such S always exists.) Then, with probability one, for every choice of a spin
configuration é on S there is a rigid ground state o* which agrees with 6 on all of S;
ie.,

ok =26, foreachwinS§. (2.8)

The proof of Theorem 2.1 will be given below in Sect. 3 of the paper. It is based
on decomposing Z“ into a disjoint union of directed trees, one starting from each
w in S. Within each tree the spin values are defined inductively, starting from the
prescribed 6,, on the root w of the tree, so that the spin o equals sgn(J,,) d¥,
where x is the immediate predecessor of y on the tree. Rigid ground states are
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obtained by constructing suitable trees with infinitely many branches coming out
of each x. The terms in the Hamiltonian corresponding to these different branches
(from a single x) add coherently, while other terms from within a given tree or
between trees add incoherently. A modification of this construction (which we give
in Sect. 4), in which a large but finite number of branches come from each x leads to
ground states in which 45#, may be made arbitrarily large (but finite) for each
nonempty A.

Let us then define a pliable ground state as one in which 4, < oo for each
finite A. (We denote henceforth by .« the set of all finite subsets A of Z?.) Further,
given any sequence 6 = (0 4: A € /) of non-negative numbers indexed by A4, we will
call a ground state o, 0-stiff if

A#y(0) =0, forevery Ae of . (2.9)

Theorem 2.2. Let 0 = (0,: A € o) be any non-negative sequence indexed by A € o/
(with 0 of the empty set equal to zero) and assume the same hypotheses as in Theorem
2.1. Then, with probability one, for every choice of a spin configuration 6 on S, there is
a pliable, 0-stiff ground state & which agrees with é on all of S.

In order to explore the consequences of Theorem 2.2 for the nature of Gibbs
states, we need to define finite and infinite volume Gibbs states at inverse temper-
ature B < oo . First we define a spin configuration ¢ (on all of Z¢) to be allowed (as
a boundary condition for every finite region A € Z?) if for every x in Z9,

1
h(o)=-1lim ) J,0, existsand is finite. (2.10)

2 n—ow yed,

(Note that a pliable ground state is always allowed.) Then, we can define for any
finite A € Z¢, the interaction energy between a spin configuration ¢ on A and the
allowed boundary condition ¢ as

1.
H(ot0)= —Z1lim Y Y J,od0,
n—o xed yed,\A

L Y Jyode,— Y h(o)od, (2.11)

= +
2x,yeA xed

and the “total” energy of ¢, for the boundary condition ¢ as

Y Jgodel + #{(c%0). (2.12)

H(o4;0) = 1
4x,ye/l

A finite volume Gibbs state in the region A at inverse temperature f € [0, co) with

(allowed) boundary condition ¢ is the probability measure p,{{, on configurtions
A .

g” with

pho({o1}) =(Z4,) texp(— p#*(c*;0)), (2.13)
where
Zf, =Y exp(— p#*(c*;0)) . .14)

Note that this, of course, depends only on the g,’s for y ¢ A.
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A probability measure p on configurations ¢’ (on all of Z¢) will be called an
infinite volume Gibbs state at inverse temperature f € [0, o) if

p({allowed os}) = 1 (2.15)

and for every finite 4 = Z¢, the conditional probability that ¢’, = ¢ for each x € A,
given (the o-field generated by) {g,:y ¢ A} is

(@*1{o,: y¢ A}) = pjo({c"}) (2.16)

for p-almost all ¢’s.

In general, if one takes a boundary condition & to be a pliable ground state,
then the limit (or limits), as 4 — Z<, of pﬁ,; will be supported on infinite volume
spin configurations ¢ which differ from & at infinitely many sites (as in, e.g., the
standard nearest neighbor Ising ferromagnet). However, if ¢ is sufficiently stiff, in
particular if

Y e PHAD < oo (2.17)
Aesd
the situation will be quite different: the limit will be the infinite-volume Gibbs state
described in the next proposition, which is supported entirely on ¢’s which differ
from 6 at only finitely many sites. The relevance of this fact is that, by Theorem 2.2,
we can construct uncountably many 6’s such that (2.17) is valid for all § > 0. To see
this, simply order the elements of .«/ as 4,, A,, ... and choose 6, = 04, so that
0,/In(k) > 00 as k- 0.
We leave the proof of the next theorem to the reader; it is basically just a matter
of disentangling definitions.

Theorem 2.3. Suppose G is a pliable ground state such that (2.17) is valid for some
B €(0, ). Define a probability measure p§ on infinite volume spin configurations by

pg({&A}) = e—ﬁAHA(z?)/ Z e—ﬁAHA(&)’ Ae o, (2.18)
Aedd

where 64 denotes the configuration obtained from & by flipping all the sites in A. Then
p§ is an infinite-volume Gibbs distribution at inverse temperature p.

The final topic we consider in this section is the use of a spin configuration ¢’ on
Z* as a boundary condition when, for each x, the limit in (2.10) exists but is infinite
(either + o0 or — o0). We will say (for reasons that will be clarified below) that
such a spin configuration ¢’ is forcing. One type of example is when ¢’ is a rigid
ground state, in which case the sign of infinity for h,(¢’) is just o itself, for each x.
Such a configuration is not an allowed boundary condition (according to our
definition) but nevertheless one may construct a finite volume measure on config-
urations ¢ by first replacing Z¢ by 4, (i.e., by taking ¢’ as boundary condition in
A,\4 and free boundary conditions on Z\ A4,), considering the resulting Gibbs
state p[{,,,, 4, and then taking the limit as n — 0.

If ¢’ is a rigid ground state, then it is clear that for any f > 0, the resulting
measure, which we denote (as in the allowed case) pi. #.0 1s simply a Dirac measure
on the single conﬁguratlon o with ¢ = ¢’ for each xin A. For a general forcing o”,
the measure p7. 4.4+ 1s supported on the smgle configuration with ¢ = sgn(h,(c")) for
each x in A. The limit as 4 — Z* of p7 - is of course simply the Dirac measure on
o with ¢, = sgn(h,(c’)) for each x in Z%; naturally, we will say that ¢’ forces o.
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Since a rigid ground state o* forces itself, it is possible to regard the Dirac
measure on ¢* as a kind of (degenerate version of) an infinite volume Gibbs state
(for any inverse temperature > 0). This is certainly not so for a Dirac measure on
a configuration ¢ which is not a rigid ground state. Thus if for some ¢ which is not
a rigid ground state, there exists a ¢’ which forces o, then we see that coupling
dependent boundary conditions (since the construction of such a ¢’ will depend on
the J,,’s) can yield infinite volume limits which are degenerate and not Gibbs states
(even in the degenerate sense). This leads us to ask whether there are any (or many)
configurations ¢, other than rigid ground states, which can be forced by some a'.
The next theorem gives the rather striking answer. Its proof (which is a bit simpler
than those of the other theorems) is given in Sect. 5.

Theorem 2.4. Let J,, be given as in Theorem 2.1. Then with probability one, for every
spin configuration o on Z°, there is some configuration ¢’ on Z* which forces o.

Remark. In fact, the above result is easily strengthened to show that (with prob-
ability one) there are, for every o, uncountably many configurations ¢’ which force
0. To see that, choose any infinite S satisfying Eq. (2.7). Then it is easy to see that
(with probability one) for every x in Z%4 ) ,.s|J,, | < co.It follows that each forcing
pair (¢’, o) yields an uncountable equivalence class of forcing pairs in which ¢’ is
changed arbitrarily on S, while ¢ remains the same.

3. Proof of Theorem 2.1

The general strategy will be to choose (in a manner described below) for each x € Z4
an infinite subset U, of Z“ such that the U,’s are pairwise disjoint with

Y ley—x| = o0, forall xeZ?. (3.1)
yeUx

Consider the directed graph with vertex set Z¢ and a directed edge from x to
y whenever y € U,. This will be a union of disjoint trees. We will require each tree
to have a root (a site not in any U, ) and the set of roots to coincide exactly with the
set S given in the theorem. For w € S, let T,, denote the tree with root w. Once we
have chosen the spin value of each root according to Eq. (2.8), all other spins will be

uniquely determined as

oy =o0¥%n, forallyeT,, (3.2)
where #, is defined inductively, by setting 5,, = + 1 for each w € S and requiring:
for each x e Z¢, 1, =sgn(J,,n,) for every yeU,. (3.3)

(Here sgn(0) may be taken to be + 1)
In addition to Eq. (3.1), a crucial property of our partition of Z“ into the disjoint
tree set {T,,:w e S} will be that

1/2
Y [ Y |cy_x|2] < oo forallxeZd. (3.4
weSL yeTw

The construction of the U,’s and the decomposition of Z“ into the trees, T,
satisfying Egs. (3.1) and (3.4) will be given below. We proceed to complete the proof
of Theorem (2.1) given such a decomposition.
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Let us first show that for any single choice of 4, the resulting o* (given by Egs.
(3.2)—(3.3)) is a rigid ground state with probability one. To do this we must show
that for each x € Z¢,

AH,(c*)=lim ) J,o¥o}= o (3.5
n—=o yed,
with probability one. We express 4 H, (¢ *) as the sum of two terms ¥ and V". In V'
we restrict y to be either in U, or (if x ¢ S) to include the (unique) y, with x € U, .
In V' we take all other y’s (both those in the same tree as x and those in different
trees); V = lim,_,, V™, where in V™, y is further restriced to be in A4,.
First we note that for the y’s of V7,

nyo-;'cto-;k = nynxr]y = nysgn(ny) = |ny' ) (36)
so that (with probability one) V' = oo because
Z |nyl = Z Icy—xHny| = © . (37)
yeUx yeUx

The divergence of Eq. (3.7) follows from Eq. (3.1) because the | Z,,[’s are i.i.d. (and
not identically zero) non-negative random variables. (This follows, for example,
from the Kolmogorov three-series theorem; see, e.g., Chung [13].) Next we note
that for the y’s of V, J,0%0F = ¢x—,Z,,0% 0}, with the random variables {o}¥c}}
independent of the random variables { Z,, } because the signs g¥ o} are defined only
in terms of other Z,.,’s. Since the Z,,’s are independent, mean zero and since
E(V™?2) is uniformly bounded by ) ,|c,-,|* < oo, the existence and finiteness
(with probability one) of the limit defining V" follows by a martingale convergence
theorem (see e.g., Hall and Heyde [14], Corollary 2.2). This proves that for any
single choice of 6, Eq. (3.5) is valid with probability one.

To complete the proof, we must show (for each x € Z9) that, with probability
one, Eq. (3.5) is (simultaneously) valid for all choices of 6. By Eq. (3.6), V'’ does not
depend on ¢ and is still + oo as before, but V' = V(4) must be shown (with
probability one) to be finite for all choices of . To do this we write V as a sum,
where each term only includes y’s from a single tree, T,,. Denoting by w(x) the root
of the tree containing x, we have

V=1m ¥ 6,06, V. (3.8)

n—>o weS
For w = w(x),

V(“’")(x) = Z cx—nyyﬂxny 5 (39)

yeT,myn4a,
where Tw(x) is T, (v, €xcept for the y’s included in V. For w + w(x),
VO =Y s, Zoneny - (3.10)
VET N4,

To prove convergence of (3.8) to a finite limit for all choices of 4, it suffices, by the
dominated convergence theorem, to show that (with probability one), each V™ has
a limit as n - oo and that

Y sup VP < oo . (3.11

weS nz0
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The limit for each V'® follows by the same martingale convergence argument as
given above for the limit defining V (for a single ¢). To obtain Eq. (3.11), it suffices if

¥ E<sup|V$:)|> <o . (3.12)

weS n=0

But then,

E<sup|V$L')|)= lim E( sup lVﬁi”l)

nz0 n— oo n=2kz0

1/2
< lim [E( sup ]V‘,’v"]2>:|
n— oo n2k=0

< lim /2[E(V?)]"

n— oo

éﬁ[ ) |cy_x|2}m, (3.13)

yeTw

where the first inequality is Cauchy—Schwarz and the second is Doob’s inequality
for martingales (see Hall and Heyde [14], Theorem 2.2). Combining Eq. (3.13) with
(3.4) yields (3.12) as desired. The proof of Theorem 2.1 is now complete except for
the construction of the U,’s needed to decompose Z* into the rooted directed trees,
T,, for wesS.

Tree decomposition of Z°. We are given {c,: y € Z*} satisfying Eq. (2.6) and
a nonempty subset S of Z“ satisfying Eq. (2.7). The object is to construct U,’s for
x in Z4, which partition Z4\ S and hence construct the rooted directed trees T, for
w in § which partition Z“ in such a way that Egs. (3.1) and (3.4) are valid. Before
doing this in general, let us consider a simpler context in which Z¢ is replaced by
the natural numbers N = {1,2,3,...} and in which ¢, =|y| *(co = 0) with

12<a=s1.
The construction in this simple context will serve both as an illustration and as
a tool for the general context. We express S as {wq, Wy, Wy, . . . } with w; < wjy

and note that in our simple context, Eq. (2.7) reduces to

Ms

W)™ < o . (3.14)

j=0

Our construction will be based on successive halving. We begin by defining
successively halved subsets of N:

Go={1,3,57...}={2n—1:neN},

G, =1{2,6,10,...}={4n—2:neN}

G, ={2""'n—2%neN}. (3.15)
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Fork 2 1, T, \ {w,} will be a subset of G, but because of Eq. (3.4) we will want
it to include only fairly large integers, i.e., ones at least as large as L, defined by

© 1/2
Lk=min{neN:[Z|y—xl_2“j| <k ? forallxgk}
y=n

=min{n;k:§ (y—k)_z"‘gk_“}. (3.16)
y=n

(We remark that k=2 in the intermediate expression of Eq. (3.16) can be replaced by
any summable sequence.) We define

Fi=Gn{nnzL;} forix1,

G F,.> : (3.17)

i=1

FO =N\(

foreachi = 0, T,,,\ {w;} will be exactly F;\S. For each i, we must define U, for each
x in T,,. Put the integers of F;\S in increasing order, xP <xP < ..., and set
x® = w;. Then define the U,’s by successive halving:

Uy, = Uxo = {(x9:jeGo} = {xP,x9,x?,...}

Ueo = {xP:jeG1} = {x9,x0, x%, ... }

Uso = {x{:je Gy} . (3.18)

In our simple context Eq. (3.1) reduces to Y .y, y~* = 00. To see that this is
valid, first note that ) ,.s, y~*= oo for each k and hence Y ,.r,y ~* = oo (since
Fy 2 Gy and for i = 1, F; and G; differ by only finitely many elements.) By Eq.
(3.14),als0 Y, r\sy * = oo.Finally, by the monotonicity of y ~* the construction
(3.18) implies that for k = 0,

—xP)e+ Y oy Y yr< vy, (3.19)

yeUx® I=k+1 yeUxo yeUy

(where x% is the first element of U x0) which implies that

Y y*= oo foreachk=0, (3.20)
yE€ Ux;’"
as desired.
The condition (3.4) reduces to
© 1/2

Y [wk‘z"‘+ Y |y—x|_2“] < o . (3.21)

k=0 yelj:\s

Y+ x

Using \/a® + b? < |a| + |b|, we bound the LHS of Eq. (3.21) by

® La—1 1/2 © 1/2
Y ower+ [ Y ]y—xl—z"] + Y |: Y ]y—x]"Z“:| . (3.22)
k=0 k

=0 y* x k=Lxl yeFi\S



382 A. Gandolfi, C.M. Newman, and D.L. Stein

The first term is finite by Eq. (3.14), the second because o > 1/2, and the third is
bounded (see Eq. (3.16)) by

i [ > !y—XI‘Z“]mé i k™2 < o0 . (3.23)
k

k=Lx L y=Lx =Lx

Thus Eq. (3.4) is verified in the simple context.

We proceed to the general context. The main complication is the absence of any
monotonicity for the coefficients {c,: y € Z*}. Roughly speaking, we will circum-
vent this by grouping sites of Z*\S together in shells,

B, = AMl\S s
By = (A \App,. )\S for k=2, (3.24)

where the M,’s are defined sequentially as

M, =min{n: > lglz 1},

yed,\S

M., =min{n>Mk: Y ley—x| 2 1, for allxeAMk}. (3.25)
ye(A\Ap)\S

Each U, will be a union of shells, By; the By’s will be chosen much like the
individual sites were chosen in our simpler context. G; and F; for i = 0 are defined
exactly as before, by Egs. (3.15) and (3.17), except that the deﬁmtlon (3.16) for L; is
replaced by

1/2
Lk=min{n>k:[ Y Icy_xlz] gk‘zforallxeAMk}

_V¢AM,,_.

= min{n >k max Y e, * £ k"‘} . (3.26)
xeApm, y¢ Ay,

At this stage, we need some orderlngs For each i = 0, put the integers of F; in

1ncreasmg order, f¥ < /5 @ < ... Choose any ordermg for S so that

= {wo, Wi, W, . . }1~ T, \{w} will be exactly U <r,Bj- To construct the U,’s, we

choose a “spiral” orderlng of Z% so that for every n, all s1tes x € A, come before all

sites x ¢ A,. We then use this fixed ordering on Z“ to order, for each i, the sites in

U Bj={x"x9,x9,...} (3.27)
jeF,
and we set xo = w;. The construction (3.18) is now replaced by

U .= Uxm = U Bfm = Bfm ) Bfu) ) Bf(v) oo

jeGo

Ux;‘,», = Bf;,-,. (3.28)

Jj€Gxk
We have now defined all the U,’s and hence all the T,’s. To verify Eq. (3.1),
observe that U, is a union of infinitely many By’s. It follows from Eqgs. (3.24)—(3.25)
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that for any given x, Y ,c g, |¢,— x| = 1 for all large k, and hence Eq. (3.1) is valid. The
verification of Eq. (3.4) is essentially the same as the analogous verification of Eq.
(3.21) done in the simpler context. The construction of our tree decomposition, and
the proof of Theorem 2.1, is now completed.

4. Proof of Theorem 2.2

We begin by noting that to prove that the event defined at the end of the theorem
has probability one, it of course suffices to show that for any ¢ > 0, its probability is
atleast 1 — &. Henceforth, letting ¢ > 0 be fixed, we will construct our configuration
¢ = 6(6) in an e-dependent way and will show that

P(for all 6, 6(6) is a pliable, 0-stiff ground state) = 1 — ¢ . 4.1

Next we relate 6-stiffness (and pliability) of ¢ to the values of A45#,(g) for
A a singleton set {x}, i.e., to the 4#,(o)s defined in Eq. (2.4). For any finite 4,

A‘%A(G)= Z A%(O’)— Z nyo-xo'yz Z A‘%(G)_ Z |ny| . (42)

xeAd x,yeA xeA x,yeAd

From this we observe two things. First & will be pliable if each 4%, (6) exists and is
finite. Second, let us order the sites of Z* (e.g., by the “spiral” ordering discussed
near the end of Sect. 3) as x;, x,, X3, . . . and define for k = 1,

0, = max{0,: x, € A but x; ¢ A for j >k} ; 4.3)

then ¢ is 0-stiff if (recall that 6, = 0 for each A)

k—1
AH (6) =2 Y [Jayml 26, forallk=1. (4.4)
j=1
Let ¢, k=1, be some fixed numbers such that ¢, >0, Zd)k =1 (eg,
¢, = 27%). Then to obtain Eq. (4.1), it suffices to show that for all k > 1,
k—1
P(for all 6, o0 > AH, (6(6)) 22 ), |Jyul + 0k> >1—cedy. 4.5)
j=1
It should be understood that the event in Eq. (4.5) includes the existence of the limit
defining 4, . We will obtain Eq. (4.5) by choosing constants 4, (with 4; = 0) and
showing that

k-1
P<2 z |ijxk| 2 ik) Sedy/2, (4.6)
j=1
P(for all 6, 0 > Aka(&(é)) 2h+0)=1—¢ed/2. 4.7)

By Chebyshev’s inequality (and the Cauchy-Schwarz inequality which gives
E(Z.,]) S[E(|Z,,]*)]* = 1), the LHS of Eq. (4.6) is bounded by

k-1 k—1
E<2 Z |ijxk|>/)~k§2( Z lcxk—le.E(|Zxkxj|)>//lkéz(gk—l/ﬂ'k’ (48)
j=1 j=1
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where &, denotes the sum of the k largest |c;|’s. Thus we obtain Eq. (4.6) by
choosing, for k = 2,

}'k = 4(gk—1/8¢k . (4.9)

It remains to construct 6(6) so that Eq. (4.7) is valid for each k = 1 with our
given and chosen 4, 6, and ¢,. To simplify the notation a bit, let us define p, and
&, for each x in Z* by setting p, = 4 + 0, and &, = ¢, /2 with k chosen so that
X, = x. Let us also write 4#,(8) for A#,(6(6)). Then Eq. (4.7) becomes

P(for all 6,00 > AH,(6) = p,) =1 — &, . 4.10)

We will show that, for any given p,’s and any positive ¢,’s we can construct 6(é) so
that Eq. (4.10) is valid for each x in Z°,

We use the same general strategy as in the proof of Theorem 2.1. Namely we
decompose Z“ as a disjoint union of directed rooted trees, T, one for each we S
with w the root of T, and then define 6, = 6,1, for each w and each y € T, (as in
Egs. (3.2)—(3.3)). In fact, the set of sites in each T, will be precisely the same as that
used for the proof of Theorem 2.1. Namely

jeFi
with {wo, wy, ...} any ordering of S, with the shells B, defined by Egs. (3.24)-
(3.25), and with the F;s (G;’s and L;’s) defined by (3.17) ((3.15) and (3.26)). The
difference comes in the construction of the U,’s (U, is the set of “children” of x in
our tree structure). Once again each U, will be a union of the shells By, but this time
it will be a finite union (chosen below).
The proof of Theorem 2.1 shows (see especially (3.6)~3.10))

Afx(é) = V;c + Z &w(x) 6-w V;?o& s (412)

weS

where w(x) is the root whose tree contains x,

0,if xe§
vi=Y |J, ’ _ 413
yezl:,xl |+ {IJyoxl (where xe U,,), otherw1se} (*13)

and

ng& = lim Z Cx_ny—ynxny ’ (414)
n>wo yefnA,
where T, = T, for w + w(x) and Tw(x) is T\, v\ {y’s and y, of (4.13)}. The existence
and finiteness (with probability one) of V() and of the sum in Eq. (4.12) follow
from the proof of Theorem 2.1 (see (3.11)—(3.13)) and since U, is now finite, we have
A, (6) existing and finite with probability one.
For a lower bound, we have

A#.06)2 Y [yl— X IVEI. 4.15)

yeUx weS

Since the RHS does not depend on 6, we will obtain Eq. (4.10) by choosing the U,’s
so that the RHS is at least p, with probability at least 1 — ¢,. First, we note that (by
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the martingale convergence theorem used in the proof of Theorem 2.1), the limit in
Eq. (4.14) is both a.s. and in L? so that (compare Eq. (3.13))

E[IVEU*] = lim E[[VO, 12T = ) leayP = ) lex—yl?. (4.16)
n— o yeTw yeTw

Thus for any u, > 0,

P( S v zux>g<ux)-1-E[ » wm]gwx)-l- S LBV 2]

weS weS weS
[ 11/2

Sw) Y| X lo-P ] (4.17)

weS L yeTw .

where the last expression is finite by Eq. (3.4). Let us choose

2 [ T11/2
Uy = (—> ZS Z |cy—x|2 > (418)

Ex L yeTw .

then by Eq. (4.15), we will obtain Eq. (4.10) if we choose the U,’s so that for every
x in Z*
P( Y Inylépx+ux>§8/2- (4.19)
yeUx
Let V, denote the random variable appearing in Eq. (4.19). We use the
inequalities and identities,

P(V. S E[V/2]) 2 P(1V, — E[V]| 2 E[V/2]) £ Var(V)/(E[V/2])* , (4.20)

E[V.] =( > |cx-y|>E[|Z|], 4.21)

yeUx
where Z has the same distribution as the Z,,’s, and

Var(V,) = 3 Var([Jyl) = ¥ lee-yl? Var(1Z])

yeUx yeUx
< Y lex,PELZIP]= Y I, (4.22)
yeZ? yeZ?

to conclude that Eq. (4.19) will be valid if both of the following inequalities are valid:

(% ) |cy_x|)-E[|Z|]sz+ux, 423)

yeUx

2
( ) w)/[(% Y rcy_xl)-Euzu] a2, @24
yeZ! yeUsx

Thus we simply need to choose each U, so that

_ 2 1/2
Z |cy—x| Z Ve = mmax<px + b |:(2/8x) Z |cy|2:| > . (425)

yeUx yez?
This condition is the replacement of Eq. (3.1).

As mentioned above, U, will be a finite union of the shells By, with indices from
F; when x € T,,, (see Eq. (4.11)). To choose the indices, put the integers of each F; in



386 A. Gandolfi, CM. Newman,and D.L. Stein

increasing order, ) < f$ < ... and then (as in Eq. (3.27)) use the “spiral” order-
ing on Z“ to order the sites in each
Ty, = {x@ = w;, xP,x9, ... }. (4.26)

Recalling that (as explained following Eq. (3.28) above) for any x, Y ,cp,|c,-.| = 1
for all large k, we see that for any x, Y ,.p.|c,— | can be made larger than any given
v, simply by taking U, to be a union of sufficiently many By’s. To see concretely
how we can thus satisfy Eq. (4.25), define for each i = 0 and k = 0,

RO
wa = U Bf{i) 5 (427)
Y j=RO 41
where for each i = 0, the R{s are defined inductively by R?, = 0 and
R
R{) = min {R: R>R{,and ), Y ey _solz Vx} . (428
j=R§"’_1+1yer;n ¢

This completes the proof of Theorem 2.2.

5. Proof of Theorem 2.4

Once again the proof is based on a tree structure. This time there will be a single
tree. Its root will be x,, the first site in the “spiral” ordering of Z¢, and again U, will
denote the immediate children of x on the tree. Given o, ¢’ will be defined by the
requirement that

for all x, 0, = o,8gn(J,,) forallyeU,. (5.1

This defines g}, except on the root; there it can be taken as + 1. The two crucial
properties we need of our tree are Eq. (3.1) and (as replacement for Eq. (3.4))

1/2
Y [ Y lcy_x|2:| <o forallxeZ?. (5.2)
x'eZl yeUx

Let us show that these two properties imply that (with probability one) for every
configuration g, ¢'(g), defined by Eq. (5.1), forces o. Equivalently, we must show
that for each x € Z%,

P(o4hy(0(0) = + oo forall 6) =1. (5.3)
But
, 1 1 1
O-xhx(o- (O')) =3 Z 'ny| + —axexl + = Z Ox0y Z nySgn(Jx’y)
2 veUx 2 2x’ *x yeUxs
1 1 1
2= Z Inyl__lem’_— Z Z nysgn(Jx’y)
2)’€Ux 2 2x’ +x|yeUsx
= + oo (with probability one) , (5.4)

where the existence, finiteness or infiniteness of the various expressions follows
from Egs. (3.1) and (5.2) by essentially the same arguments which, in the proof of
Theorem 2.1, yielded 4# (6*) = + oo for all 6 (with probability one) as a conse-
quence of Egs. (3.1) and (3.4). It remains to construct our tree.
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Each U, will be a union of shells, By, which (because there is no S to delete) are
defined a little differently than the B,’s of Eq. (3.24). Namely,

Il = AM'[\{xl} >
Bi=Ay\Ay,  forkz2, (5.5)

where

| = min{n; Z icy—x1| Z 1} s

ved,

M;‘+1=min{n>M;¢: Y ley—xl21 for allxeAM,}. (5.6)
ve ANy, ‘

We then define L, by Eq. (3.26) except that M,_; and M, are replaced by
M, _, and M}. G; and F; are then defined by Egs. (3.15) and (3.17). We now simply
define for i 2 0 (recall that Z¢ = {x;, x5, X3, . . . })

U,= | B;. (5.7)

jeFi-1

The verification that this construction satisfies Egs. (3.1) and (5.2) is similar to the
analogous argument in the proof of Theorem 2.1; we leave it as an exercise for any
reader who is still hanging on.
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