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Abstract. We present a rigorous renormalization group construction of the two-
dimensional massless and massive quantum sine-Gordon models in finite volume
for the range 0 < § < 8n. We prove analyticity in the coupling constant {, which
implies the convergence of perturbation theory. The field correlation functions and
their generating functional are analyzed and shown to have the short distance
asymptotics of the free field theory. In the massive case the bounds are uniform in
volume and we also obtain uniform estimates on the long distance decay of
correlations.

1. Introduction

The Euclidean sine-Gordon field theory with mass m = 0 has an action of the
general form

%(¢)=§y¢«—a + m?)$) — z [ cos b

and is defined by the measure

exp( — o (9))d¢ . )]

It is of interest as a quantum field theory with a non-polynomial interaction. Then
p is the field strength and z is the coupling constant. Moreover it is equivalent via
the exact sine-Gordon transformation to the classical statistical mechanics of a gas
at temperature B! and activity z/2 [Si, Ka, Mi]. The two-body potential is
a Coulomb potential for m = 0 or a Yukawa potential for m > 0.

In two dimensions the model is especially interesting. As f§ goes through the
values 0 < ff < 4rn, 4n < B < 87, f = 87 and 8n < f3, the ultraviolet perturbation
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theory is finite (if Wick ordered), superrenormalizable, strictly renormalizable, and
finally nonrenormalizable. Thus f plays a role like that of the dimension d in
¢4 models. It is known that for f < 4n the massive model is equivalent to the
massive Thirring—Schwinger model and so exhibits a boson-fermion equivalence
[Co, FSe]. It is conjectured that its scattering amplitudes are exactly soluble and
given by the closed form expressions which were derived by [Za] in the context of
integrable field theories, [STF] in the context of quantum inverse scattering, and
by [Ji, RS] in the context of quantum groups.

We are concerned here with the basic construction of the model for any < 8x.
For a full treatment this means we should introduce short distance (UV) and long
distance (IR) cutoffs and attempt to find a limit as they are removed. In the main
portion of the present paper we will consider the UV problem for the massless
theory in a fixed unit volume. In Sect. 9, we extend our method to the massive
model, and prove bounds on the theory which are uniform in the volume.

The original results for the (sine-Gordon), model were proved only for < 4n
and z small. In this regime the theory is finite, and no renormalization is needed.
The earliest constructive treatment of the massive model was given in [Fr] and the
most extensive results are in [FSe]. These include the complete construction of the
model (both the UV and IR limits), a proof of existence of single particle states, and
the construction of the scattering operator.

In a sequence of more recent papers on the massive model, UV-uniform bounds
have been obtained on a renormalized partition function for § = a®> < 8n [BGN,
NRS]. These authors were concerned with the nature of a sequence of thresholds of
renormalizability which occur at the values § = , =8n(1 — 1/2n),n=1,2,3,....
For a general discussion of their methods, which are quite different from ours, see
[Gall.

Let us begin with a heuristic discussion of the renormalization group method
(RG) for both the ultraviolet and infrared problems. It is based on studying
iterations of a RG transformation, which is a map from a measure (1) to a measure
exp( — «'(¢))d¢ obtained by integrating out some short distance modes leaving
an effective measure for the larger length scales. The new measure has roughly the
same form, but with new parameters (f, z'). The procedure is iterated and gives
a flow of the parameters (f, z). The conventional wisdom (e.g. [Zi]) is that the flow
diagram for the sine-Gordon/Coulomb-gas model for z small is as shown in Fig. 1.

For § > 8n and z = 0 there is a line of attracting fixed points. The flow dia-
gram in this neighbourhood was rigorously estabilished in [DH1]. (This is the

Fig. 1.
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Kosterlitz—Thouless phase [KT]; for further results in this phase see [FSp, MKP].)
These fixed points govern the long distance (IR) behaviour of the theory; on the
other hand, the short distance (UV) behaviour is not illuminated by this flow.

Near the fixed point at f = 8%, z = 0 where the perturbation theory is strictly
renormalizable, one expects the more complicated flow indicated in Fig. 1. We
believe this flow can be established in a neighbourhood of f = 8xn, z = 0 by the
methods of [DH1] and the present paper. For a perturbation theory treatment of
the UV problem see [NP].

For § < 8n and z = 0 one has a line of repelling fixed points. In this paper we
study the flow in a neighbourhood of this line, and we shall see these fixed points
govern the UV behaviour of the theory in this region. It turns out for f < 8z that
we do not need to track changes in f, so we really study the projection of the flow
onto the z-axis.

Let us first define the massless model more precisely. For any integer i let
A(i) = (R/LZ)? be the 2-tours with volume | A(i)] = L?, where L = 2 is an integer
scale factor we will fix later. For any N 2 i, let v; y be the inverse Laplace operator
on A(i), defined to be zero on constant functions, and with an ultraviolet cutoff at
momentum scale LY. The kernel of the operator is

vin(Y) =1A@7T Y ePETI (),
. e AG)*
where A(i)* = 2zL~*Z)* and where

on(p)=p ™" (1 = 6y0) -

Let dug,, , be the Gaussian measure with this covariance. This measure can be
realized on the restricted Sobolev space

H (A7) = {qﬁ e H(AW): | ¢= 0}

A(i)

of functions whose derivatives up to order s = 3 are in L?(A(i)). The massless
model on the unit torus with UV cutoff LY is defined by the measure on # (4(0))

dv™(¢) = exp(zy | cos ¢(x)dx)dpg, (¢) - @
The partition function is
ZV = [dvV(¢) .
The functional of the external field p = p(x),

S¥(p) = (ZM)"1 [0 PdiN(¢), (p,d)= [ p¢

A(0)

generates the field correlation functions

(D(x1)... gL = (2ZN) 71 [ $(x1). .. Pxn)dTV(9) .

The massive model, which we discuss in detail in Sect. 9, is defined in a similar
way. We consider the theory with mass m > 0 on a finite torus A(M) of side L™
for any M = 0 (anticipating bounds which are uniform in M). For any integer
N =0, let

o, (X ) = [AM)ITE Y e (),

peAM)*
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where
bu(p) = (b +m?) e
Then the model is defined by the measure
() = exp(zy | cos p(x)dx)dpy., () . (&)

This is a measure on the ordinary Sobolev space # (A(M )) without the restriction
[¢=0.

Let us return to the massless model on A(0). It is convenient to scale the theory
up to a volume A(N) while taking the momentum cutoff down to L° = 1. This
gives an equivalent measure on J# (A(N)),

dv¥(¢) = exp(Ly | cos p(x) dx)dug, ,(¢) ,
where {y = zyL™?". We have Z" = [ dv"(¢) and

(Plx1) ... gL =(ZM)7' [ $(Lx1) . .. (LX) dv™(9) -

We want to choose zy or {y so that S¥ and {¢(x;)... ¢(x,)>N have non-trivial
limits as N - o0, i.e. we study the scaling limit.

It is here that the renormalization group enters. As we explain in detail in
Sects. 2, 3 each RG transformation replaces a measure on A(i) by an effective
measure on A(i — 1). Starting on A(N) and applying the transformation N — i
times yields an effective measure dvY on # (A(i)) which turns out to have the form
(for {5 small)

dv{'(¢) = const x [exp((; | cos p(x)dx) + O((?)] dug,,(9) ,

where
i~ LRPIAmN =i

This is a reflection of the fact that cos ¢ is the dominant relevant variable (besides
constants). Now (; is potentially N-dependent, but if we take

{y~ L™CGhamNg,
for some {, (ie. zy = LPN*"{,) we find
(i~ L@ pimi,

which is independent of N and small for all i (if § < 8% and { is small). This is the
key to obtaining bounds uniform in N and the N - co limit.

This precise choice we make is {y = L™ 2N¥ef»02¢ for some ¢ in which case
{i= L™ %P see Sect. 3. Since v;0(0) ~ ilog L/2x this is consistent with the
above discussion. Then zy = e#*©2¢ and so on A(0),

zy | cos ¢p(x)dx = [P0 [ cos ¢ (x)dx
= { [ :cos p(x)z,, ,dx .

Thus renormalization is just Wick ordering, and { is the coupling constant for the
Wick interaction.

Our main results are the following. For the massless model with 0 < f§ < 8m, the
effective measures dvY, and the generating functional S¥(p) for p small have limits
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as N — oo, except that for 47 < f§ < 8= there is an overall divergent constant in
dvY. The partition function Z" has a limit for 0 < f < 4x. These results imply that
for all 0 < f < 8 the correlation functions {¢(x,) . .. ¢(x,)>" have (distributional)
limits as N — oo. For the limits we have a short distance regularity result: for
n > 2, the truncated correlations (¢ (x;) . .. ¢(x,))" are bounded functions of {x;},
while for n = 2 they have the logarithmic singularity of the free theory ({ = 0).
Finally all the above are analytic functions of { in a neighbourhood of the origin,
and so perturbation theory is convergent. These results are new for 47 < ff < 8=.

For the massive model on the torus A(M), all of the above short distance
results hold. Moreover, we can prove long-distance decay of field correlations for
any power law (presumably the decay rate is exponential), uniformly in the volume
|A(M)|. We have not yet addressed the proof of the infinite volume limit.

Our renormalization group method is of course influenced by other authors.
The general philosophy is due to Wilson [Wi]. Early rigorous work can be
found in [BCGNOPS, Ba, GK1, GK2]. For reviews see [GK3, Gal]. Our
treatment of the UV problem is particularly influenced by [GK4] who treat
a hierarchial ¢4 model. Lesniewski [Le] treats (Yukawa), by similar methods.
Finally, the technical details of our method originate in a paper of Brydges and Yau
[BY] on the dipole gas.

A final remark: there is the question of the long distance behaviour of the m = 0
theory for f < 8zn. Does the infinite volume limit exist? Do these theories generate
a mass dynamically? Formally we have z cos(B'? ¢) = z — 1/2(Bz) > + 1/4!%z¢*
+ ... which suggests a mass (8z)'/? for B sufficiently small. For B < 1, z < 1 this
phenomenon, known as Debye screening, has been rigorously established by
Brydges and Federbush [BF] and Yang [Ya]. It remains to be proven for all
p<8mz<l.

2. Renormalization Group Transformations

We now describe the Brydges—Yau formulation of the RG transformation. Until
we reach Sect. 9 we consider only the massless sine-Gordon model. The RG
transformation # is a map which takes a measure of the form Z;(¢)dus, ()
on # (A(i)) with Z;(¢) ~ 1 and yields a measure Z; _(¢)dpug,,_, ,(¢) on H# (A(i — 1))
Stlll With Zi—l ~ 1

A key assumption is that the perturbation Z;(¢) has an expression as a polymer
gas. That is, it can be expressed as

Zi(¢) = Y. [1Ki(X;, ). Q)

{x;} J

The sum is over sets of disjoint polymers, where a polymer X is a union of closed
unit squares 4 with centres on Z? N A(i). The polymer activity K;(X, ¢) is local in
that it depends on ¢ only on the set X, K;(X, ¢) = K;(X, ¢’), if ¢ = ¢’ on X. The
transformation £, a priori a map of measures, becomes a map of polymer activities
Ki ad Ki— 1-

Following [BY], Sect. 1, we use the “circle product” for polymer activities:

(KeK)X)= ) K(X)K'(2)

YnZ=90
YuZ=X
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which gives us a “circle exponential” representation for the polymer expansion (4):

Z(¢)= ) &xp(K)(X,¢)

X < A()
= &xp(0 + Ki(@)(A4 (), §) - )

The reader who prefers can replace circle exponentials by (4) throughout the paper.
The RG transformation £ consists of three parts:

e a fluctuation integral in which modes with wavelength < L are integrated
out,

e an extraction step in which a vacuum energy part is factored out, and

e a reblocking/rescaling step in which the theory is scaled down by a factor L.

To define the fluctuation step, we write the covariance v; o as the sum of
a background covariance v* = v; _; and a fluctuation covariance C; = v; o — v*
whose Fourier transform is given by

Ci(p)=p~2[e ™ — e"P][1 = 3,0] - 6)

Then C;(x, y) decays exponentially on the scale |x — y| ~ O(L). &xpressing
v;,0 as a sum leads to a factorization of the Gaussian measure dug, ,. We write

[ dug, ($)Exp(O + Ki)(@)
= [dug,($) [I duge(m&xp(0 + K (p + 71)] (7)

and define K* = # K so the bracketed expression is &xp([] + K*). That is
éxp(0d + K*) = pye,x Exp(0 + Ko) -

As shown in [BY], Sect. 8, K* can be found by solving an integral equation:
K# = K(1), where K(t) satisfies

0p(x) 9(y)

Next we extract a constant E;(X) = E(K;(X)) from K#, and an overall factor
from the measure. This vacuum energy renormalization removes the part of K*
which grows most under iteration of £ (i.e. the most relevant piece). For other
models additional extractions may be necessary: for example, quadratic extractions
were required in [ BY, DH1, DH2, DH3]. We specify E;(X) later: we always take
Ei(X) = Ounless X is a “small” set. A set X is called small (X € &) if X is connected
and | X' | = (the number of unit squares in X) satisfies | X | < 4. The factor extracted
from the measure is exp(ZXEi(X )) = exp(E;|A(i)|), where

Ei(X)

E=y 22 ©
Xo4 |X'

. 0K(s) 0K
KO = pes K+ 3 i peo| O 0 35 0+ S50y |
0

is independent of the unit square 4.
We define K* = £(K*#) so that

Exp(d + K#) = eE0lgxp(] + K*) . (10)
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Our definition of & adapts the arguments of [BY, Sect. 2] and [DH3, Sect. 5].
With E(X) = Ei(X), let R(X) = £E® — 1 (=0, if X ¢ &), and define J(X) by

JX)=K*(X)- Y [JIRX). (11)
{(Xi}-X i
The sum above is defined to be empty if X is not connected, and to be over all
collections {X;} of distinct polymers with | J;X; = X if X is connected. Then one
can prove that § K* defined by

EK*(X)= ), ]_[J(X)]—[(e‘E(Y’ 1) (12)
Xh{r}-x i
satisfies (10). The sum above is over collections {X;}, {Y;} such that
(UX:) v (JY)) = X, the {X,} are disjoint, the {Y;} are distinct elements of &, each
Y; intersects some X;, and the overlap graph for {X;}, {¥;} is connected. (The
overlap graph on a collection of polymers {Z,} is all pairs (k, k') such that
ZynZu%0)
Finally, we reblock the 1-polymers K* into L-polymers, and scale the theory
down by L to a theory in terms of 1-polymers again. We have

&xp(0 + K*(¢) = &xp(0 + S K*(¢L)) »
where ¢, (x) = ¢(Lx) and

CK)YX, )= Y [IKEX,9). (13)
(X} LX i
The sum in (13) is over collections of disjoint polymers {X;} such that U X, =L1LX
and the overlap graph on {X; } is connected. (X; denotes the smallest L-polymer
containing X;.) In addition, v* = v; _; scales to v;_ ¢.
Putting it all together, with K;_; = & K*, we have

Jdug., (@) Exp(O + K)() = 54 [duy, , ($)6xp(O + Ki-1)(9) . (14)

Thus K;_; = ZK; = ¥EF K, and the change in the measure is completely con-
tained in the action £ on the polymer activities K.
Now we specialize to the sine-Gordon model. We begin on A(N) with

ZN(¢) =exp[CN [} cosgb(x)dxil.

A(N)

This has a polymer expansion Z¥ = &xp([] + K"), where

[Tscx(explinfscos¢] —1) if X is connected

15
otherwise (13

KY(X, ¢) = {
Note an essential characteristic of the model: K* is periodic in ¢ with period 2.

Applying the RG transformation gives a sequence of polymer activities KY on
H(A(i)) defined by KY | = ZKY. Thus KY = #Y "' K", For the extraction we take
2n)" " (KM*(X, P)dd if XeS
E?’(X)=E(K,N(X))={( LD . : (16)
0 if X¢&F

One can easily check that the periodicity of K is preserved by £.
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Going all the way down to A(0) (a single unit square) by iterating (14), we have
for the partition function:

ZN = [ dug,, ,&xp(0 + KY)

N
= [ eE"0If dy,, Exp(] + KY), (17

i=1

where EY =) - 4| X|7'EY(X).

3. Leading Behaviour of RG

Before entering into details, let us outline the analysis of the RG transformations
Z(K) on the polymer activities K. The acivities K = K;(X, ¢) are taken to be in
a Banach space ; of functionals on polymers in /(i) and functions in 5 (A(i)) (we
define 7} in the next section). Then % maps elements of £ to ;_ ;. In this setting
the discussion falls into two parts: (i) an analysis of the linearization
Ry = [0R /0K ]|k =0 around the fixed point K = 0, and (ii) control over the remain-
der # 5, =% — %, when K is small.

For the analysis of the linearization the issue is to find the eigenvectors of £,
with eigenvalues larger than one. These correspond to the relevant variables under
iteration (not counting those that are taken out in the extraction step, i.e. the
constants).

The dominant term is the eigenvector of %, with the largest eigenvalue and is
given (in any ;) by

(0 it 1X]22
V(X,qb)—{ —fsco8¢ if X=14

The next proposition shows that this has the eigenvalue A; = L?e ™% where
¢; = Ci(x, x). By an improvement of [DH1, lemma A.3] we have

log L .
= Cix x) = 2=+ O()L 207D

Thus A; is only weakly dependent on i and satisfies

li ~ L2—ﬂ/4n .
In particular we have 4; > 1 for § < 8z. (More generally if we replace [, cos ¢ by
{4 cos ng, n > 2 we get an eigenvector with eigenvalue L? exp( — n? fc;/2) which is

greater than one for B < 8n/n?: these terms play no special role in the present
problem.)

Lemma 3.1.
RY =NV . (18)

Proof. We have %, = &, 8, F,, where & is the linearization of & at K = 0, etc.
The linearized fluctuation operator #; K = ;¢ * K can be evaluated explicitly by
using

pexe'”? = exp[ — 1/2(p, Cp)]e"*? .
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With p a d-function, p(x) = d(x — x'), we find
(FV) (4, ¢)= —e P9 [cosg.
4

Also (#,V)(X) = 0if | X| > 1 and thus V is an eigenvector of &, with eigenvalue
exp( — fei/2) | ,

The linearized extraction operator &, leaves V' unchanged, since V' has no
vacuum energy part:

E(V(4)) = —(mo-lfcos¢d¢==0. (19)

-n

The linearized rescaling step & applied to V gives

(yl V)(A9 d)) = Z V(A,9 ¢L“)
A'elLd
= — | cos ¢p(L™'x)dx
LA
=L*V(4, ¢)
and (¥, V)(X) = 0if | X| > 1. Thus V is an eigenvector of &, with eigenvalue L2,
Combining the above completes the proof. O

For the remainder %.,(K) we start with a crude bound of the form
[2(K)| < 01)L*|K| for ||[K| sufficiently small. This leads to |2 ,(K)| <
O(1)L?||K ||, and it will follow that as long as || K || is small, the true flow will stay
close to the flow determined by %,.

Let us see how this works out for the specific activities KN = 289KV defined
in Sect. 2. The initial activity KN given by (15) is quite close to the eigenvector V' of

A, : we have KN = {yV + K", where K" is second order in the small quantity {y.
We will split each K¥ similarly into a piece proportional to V and a remainder by:

KN =(V+KY.
Since

Kily = R(KY) = A, (KY) + R 2(KT)

= 4V + A(KY) + R2a(KY) (20)

we may take as the inductive definition of ;, IZf’ ,
Cio1 =4l 21
KY 1= (KD) + A2V + KD (22)

Note that Iz?'_lis second order in ( if sz" is and so the term ;¥ should be
dominant.
Now as explained in the introduction we renormalize by choosing

N
Ly = ( T ,1],—1)613%,0(0)/2{ = L~ NghunoO2f
i=1
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for some { (the two expressions are equal since vy o(L¥x) =Y 1=, C;(L'x)
+ g, 0(x)). Then we have

6= [fvl 3 ] ePres
j=1

where each A;! < 1. For { small and non-zero, {; is also small and non-zero
throughout the iteration.

4. Bounds on K and £

In order to exhibit the renormalization cancellations which occur in the extraction
step, it is convenient to consider K as a functional of ¢ and 0, ¢ rather than just ¢.
Precisely, the activity K(X, ¢) will be replaced by a functional K(X, y) of two
independent fields ¥ = (Yo, ¥1,,), # = 1, 2, such that

K(X,¥,) = K(X, ¢),

where W, = (¢, 0,¢). We replace # acting on the K(X, ¢)s by R acting on
K(X, ¥)’s defined so that

(#K) (X, ¥y) = (RK)(X, ) . (23)

_ Wedefine R =S EF, where 91 &, F each satisfy a condition like (23). For &,
&, we take the natural lift of &, & (& is defined by taking E(X) the same as before).
For #, let #° be the natural lift, i.e. define (# °K) (X) = K(t, X)|,=, where

(3K(s)0 0K (s)
oY) ()

Here ¢ = x or (x, ) and define ¥/(x) = Yo (x) and Y(x, u) = ¥4, ,(x). Furthermore
Clx, s x', u') = 0,0, C(x, x') and we define

(upc* K) (X, ) = fK(X, Yo+, Yy + 0n)dugc(n) .

For X¢% we define (?K)(X, V)= (F°K)(X,y). For Xe&¥ we have
(Z °K)(X, ¥) = ppe* K(X, ). Instead of this we first replace K by the equivalent

K'(X, 0, Y1) = K(X, o(x) + HY1, ¥1)

where H = Hy denotes the operator

A
K(0) = e K+ 5 ] st ape| SCE€) azaz |, e
0

HY)() = [ 1,42 d2*

and x is a distinguished point in X. (Equivalent means equal when ¥ = .
Then for X €& define (#K)(X,¢) = (F°K')(X,¥) and so (FK)(X,y4) =
(Z# K)(X, ¢). The rationale for this definition on small sets is that K’ is periodic in
the single variable i 4(x) and can be Fourier analyzed. We will see that the non-zero
Fourier coefficients get small when convolved with .

Throughout the remainder of the paper we use these new definitions of £, K,
etc. For simplicity we henceforth drop the “"”s on these quantities.



Construction of Two-Dimensional sine-Gordon Model 557

With our extended definition of Z the functional V' = V' (X, ¥,) is no longer an
eigenvector of #,. To recover this feature we further modify the definition and
define Z' by

R (K)=[Li-1V=0RV]+ 2(K), (25)

where the bracketed term vanishes at = y,. Now define again KN ; = #'(K?Y)
starting with_ K§¥ = K" given by (15) with ¢ =y,. Also define KY; by
K¥ =,V + KY and then we have

KXy = R,(KN) + R 5,(KY) (26)

just as before. Although the actual flow is given by (25) it suffices to study (26).

We next define a norm of the functionals K(X,y). We assume that the
components of ¥, and Y, = (,) are elements of C(A), the continuous complex-
valued functions on A with sup norm. We also assume that K(X, y) is analytic in
¥ on an open strip around the real subspace ¥ =y, ¢ € #(A4). (See Appendix
A for some basic facts about analytic functions on a complex Banach space.)

For n = (ng, ny) let K, (X, ¢) be the (Frechet) derivative of K(X, ) of order
n with respect to Y at y = y,. This is a continuous multilinear functional on
C(A, Ry x C(A, R?)™, symmetric in each sector. We further assume that this
functional is given by integration with respect to a signed bounded Borel measure
on A" = A™*™ x indices. Formally we might represent the measure by

O"K(X, ¥) ]
IIX’ 2 Zr

K0 9= e oy,
with & = (&9, ..., &0, &L, ..., &L )in A"

The basic locality assumption is that the measure K,(X, ¢, £) has support in
¢in X" = X™* " xindices (there are no collars around X as there are in [BY]).
First define the norm of K,(X, ¢) to be the total variation norm

IKa(X, @) = sup [Ku(X, ¢; F)|,

IFli<1

where F e C(X™). Actually we usually consider the restriction of the measure to
Ay=Ag 1% ... Aopxdy 1% ... 4y, with 4;,;cX and so consider
IKa(X, @) 14,1

Dependence on the variable ¢ is dominated by a large field regulator
G = G(X, ¢) which will have the form

GL(X,¢)=CXP<K[ > LZ"Z“H@%H}+(LC)_‘H@¢H§xJ>, (27)

IS a|ss

where x and ¢ are positive constants. We define

”Kn(X)”G = Z sup ”Kn(X9 ¢)14n“ G_l(X, ¢) .

4, pe(A)

Dependence on the set X is controlled by a large set regulator I' = I'(X ), which
we will choose to be
rx)=@2°Ly*e(x), (28)

@(x) = inf [T 6(b]) . (29)

bert
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We will also have need of related regulators yI'(X) = y'*¥!I"(X) for constants 7.
Here 7 is a tree composed of bonds b connecting the centres of squares in X.
Lengths such as |b| are measured in an [ metric on R2. The function 6 is defined so
that 6(s) = 1 for s =0, 1 and

0({s/L}) = (2°L)"20(s), sz2, (30)
where {x} denotes the smallest integer greater than x. Note that I'(4) = 28L)>.
The large set regulator satisfies

rxyz1
X, vX,;) =T(X,)I(X2)00d(X,, X5)),
where d(X ;, X ,) is the length of the shortest bond from X to X,. In addition the
scaling property
¢ 24X (X) Xe¥
L™227%%Ir(X) X¢&
holds, where as before X denotes the smallest L-polymer containing X and ¢ = 216,
We define

rL'%) < { (1)

IKallg,r =sup ¥ TX)IKu(X)ll - (32)

4 X>4

We assume translation invariance of K so that the norm does not depend on the
explicit pin at 4 and drop the supremum.
Finally, for h = (ho, A1), h* = hi°h}* and n! = n,!n,! we define

1K llg,rn = X (0/n) K llg,r -

For each G, I', h the space of all functionals K = K(X, ¢) with |K |lgr» < o0 is
denoted A . This is a Banach space [DH1]. We always work in the closed
subspace of functionals which have period 27 in /.

To illustrate the norm, we bound the initial activity K™ (X, ) defined by (15).
We have K¥ = {4V + K", where

. [ —1=wV1(4,y0) X =4
KX, ¥)={ [lscxle®” —1]1(4,¢¢) X connected, |X|>1.
0 otherwise
Lemma 4.1. K, V, K" are analytic functionals of o€ C(A(N)). For any G = 1 and
I(4)e™| (x| sufficiently small, they are in A g 1, and
L AW llgrn < T(d)e™,
2. |KNlg,rn £ O (I (d)e™|n1)
3. 1K N6, rn S 2T (A)e.

Proof. The analyticity of y — K"(X, ) follows from the continuity of the func-
tional and the analyticity on C of the function A K"(X, ¢ + Ay) for any
¥, x€ C(A(N)); see Appendix A.

1. If sufficies to prove the bound with G = 1. We calculate the derivatives of
V(4,4,) at o = ¢ and find

V,o(4, ; F) = | cos®™($(x))F(x, ..., x)dx .
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Therefore, [|V,,(4, ¢)|| < 1. This leads to ||V (4)[¢n < €™ and ||Vl rn <
r(4)e".
2. For X = 4 we have

IKN () n < Z | I™ IV () 110/ m!

< (Ilnle™)?.

For any connected set X with | X| > 1,

IK¥X) lon < TT 1" — 1]lgu < 21 Lyle") >

dc X

Thus

IK¥leras Y TXOIKYX)lon < 0T (4)[nle™)?
X > 4,
X conn

where the last estimate follows as in ([DH1], Proposition 3.4).
3. Follows from 1 and 2. O

We are now ready to state our main results for the activities K, K. We fix
0<p<8nand 0 <e< 1/2. Let L be sufficiently large (depending on f, ) and
choose G = G (X, ¢) as in (27) with « sufficiently small (independent of 8, L). Take
I' as above and take

h; = (ho,i, ;) = (ho,o + idh, hy) ,
where hy, o = cooL, hy = ¢y L with constants ¢y, ¢, to be specified, and where

= (¢/2)(2 — p/4n)log L .

(ho; must grow in i: we could arrange that it is bounded as in [ DH1], but for Sect. 7
we need the linear growth. Note that e™(; stays bounded in any case.) Let
Hi = Herp, Withnorm |- ;= || llgrn,

The next two results form the technical core of the method.

Proposition 4.2. %, maps A to A;_{ and
I 2 Klli-1 = O1) LKl - (33)
The extraction E(K) satisfies
[E(K)| = [IK]; -

The next result gives analyticity in K and a crude bound which is satisfied even
with no extraction operation &.

Proposition 4.3. % is an analytic functional of K € A for | K ||; sufficiently small and
for such K,

I REK)i-1 < O1) L2|IK|; .

We prove these two propositions in the next section. Taken together, they
control the iteration of £. This is the content of the following theorem which gives
N-uniform bounds on the remainder term, KV.
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Theorem 4.4. For m =0,0 < f < 8%, 0 <& < 1/2, and L™, |{| sufficiently small:
1KV 186127, (34)
|EN| < 1861775, (35)

forall 0 < i< N.

Proof of Theorem 4.4. The proof is by induction. For i = N, Lemma 4.1 and
e |y < O(1)e™|Lo|? imply

IKY [l < O(1) [T (d)e™ | Ly|T?
= O[T (4)e"°|Lo]*1* |CnI>7*
<|wl?e,
provided |{,| ~ O(1)|{] is sufficiently small. The quantity
D = [I'(4) e"|(ol"*]

occurs frequently in what follows.
Now, to prove the inductive step i —» i — 1 we use the formula (26). By Lemma
4.1,

16V 1 < T(A)[Llet £ 0D 2. (36)
By the inductive hypothesis, IK¥|), <1412~ which is smaller still, so we have
1KYl < 0()DIG) . (37)
Now use the analyticity and write
1 1
R (KN)=—bds—5———R(KY),
22(K7) 27i ¢ ssz(s —1) (sK7)

where the integral is over the circle |s| = |{;|¥? ™! (which is greater than 1). Then
[sK¥|[; £ 0(1)D is small for |{| small and by Proposition 4.3 ,

I (sK¥) li-1 < O)L?D,

which gives
122 2(K¥) li-s £ O L2D|GP~°

if O(1)L*D < 1/2.
By Proposition 4.2,

1R (KY) imy < O() 4GP
= O()A G, 2

1
< |, 2—¢
= 2'(1—'1]

for L large enough, which gives the result|| Iz?’_l lict S 1G-1)1270
Now consider -
EY = E(KY) = E(KY)

(E(V) =0 by (19)). Then by Proposition 4.2,
|EN < IRV < 16 m
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5. Proof of Propositions 4.2 and 4.3

In this section we analyze in detail the maps &, &, & and their linearizations. We
introduce the following intermediate regulators:

G*(X, ¢) = GL=1(X, 9), (38)
[*(X) = 2= 1(x) (39)
h* = (ho,;—1, L7 hy) . (40)

For the fluctuation map &, the main technical result is due to Brydges and
Yau. To state it we introduce the norm on covariances

IColl = sup ). C(41, 4,)0(d(4, 45)) , (41)

4, 4,

C(4y, 42) = sup|C(¢y, &)l

¢ed;

For the covariances C; in the present paper we always have | Cy| = O(L*) for
some o > 1.

Lemma 5.1. Consider the one parameter family of Gaussian measures p,pc,0 < t < 1,
with C(x, y) of the form (6) and the large field regulators

g9(t, X) = [2M6*X) I [GX)]1 .
Then for x sufficiently small:
1. Forall0<s<t<1
He - pc* 9(s) = g(F) .
2. For any h and any functional K(X) on a set X,

| e - sypc * K(X) lgon = 1K) [ g - 42)
3. Let h=(ho, hy), W = (hi, h'y) be any regulators such that h’ <h and let
K satisfy
K < ———min{(hg — hp)?, (hy — h1)? 43
l “Gl"h_ﬁ“Co“ {(ho — ho)?, (hy — hy)?} (43)

for some universal 6. Then there is a solution K (t) of the flow equation (24), and

I K@l g, = 1 Kl g0),rh -
In particular at t = 1 we have
17K | g = 1K lgoprn -

The original proof ([BY], Theorem B) was for G’s which were not strictly
localized and for hy = hy, hy = h'. The extension to strictly localized G’s was given
in ((DH3], Appendix). The extension to hy # hy, hy = h is given in Appendix B of
the present paper.

The analysis of & is somewhat special, and is contained in the proofs which
follow. The main result for the rescaling map & is
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Lemma 5.2. For any K with || K || g+ r+p+ sufficiently small, the reblocked and rescaled
Sunctional & K is bounded by
< OML* | K| goroe -

I Kl 6., =

Proof. This follows from [DH3], Propositions 4 and 5, where & is split into
separate scaling and reblocking steps. Nevertheless we sketch the proof. From the
definition (13) one can show

1 KX rn., < 2 TTIK&X) ] g -
xy i
The sum over sets {X;} is done using their connectivity. We also use
FL™'X) £ c2=*¥N(X) = 2~ T*(X),
which follows from (31) and then
<Kl rh., <sup Z F(L_l(UiXi))H I K(X )l 6+ p>

4 (XU XioL4
<sup Y [Te2= (X ) | K(X )|l gone

4 {X.}:UiXioLa i
< Y (4-3%(log 2) 7L L2 K* | gurene)" -
N1

This gives the result. In the last step we sum over the {X;} by picking a tree on the
index set and summing over {X;} such that {X;} has the connectivity of the tree. If
0; are the incidence numbers for the tree we have

Y X2 IR X [ K (X ) gorone

XeXinX;+0
< (6 — D!(log 2~ 132 L | X| [ K [l go,rope -
Then one sums over trees. For details, see [BY] or [DH3]. O
Proof of Proposition 4.2. We have #, K = %, K%}, where K¥ = &, %, K. We will show

25K (X)) 6,n,, if X¢&
OML™ 222" K(X) |, if Xe& .
Then, as in the proof of Lemma 5.2, we have for the linearized rescaling step

II%K*Ilarh,1<SUP Y, T X)IKEX) oo

- 4 X:XoL4A
SL*sup Y, T'(L7' X) [K¥(X)llgope
4 Xo4d

to which we apply the bounds (44). We kill the bad factor L? by using I'(L™* X)
<2 4XL72r(X) when X ¢.% (from (31)):

KX)o = { (44)

1KY -1 éLz[SUP >, L7227 X)) 2K (X) [l6,

4 X¢&
Xo4

+Sup > (e2="rX))oa) L4 2|XI)I|K(X)”G||]
Xe&

S OMALIK;
which proves the first part of Proposition 4.2.
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Thus we need to show (44). For X¢.%, we have Kf(X)=(Z%,K)(X)
= pige,* K(X), (E(X) =0 for X¢%). In this case the bound follows from (42),
which gives
Il pc, * K(X) [ gope < 2% K(X) (| 6,00
followed by [| K(X) g = | K(X) |l p, since h* < h;.
Now consider X € &. We study first K | (X) = (#, K)X) = pyc, * K'(X). First
expand K'(X, ¥) = K(X, ¥o(x) + Hy, ¥,) in a Fourier series in /(x),

K/(X’ l//) = Z elq%(X)k(X’ 9, l/’l) >

qel
k(X,q,91)=Q2m)~" [ e “"K(X,® + Hiy, §1)dP .
Convolution with upc, yields
K{(X,¢)= Y ¢"Wk*(X,q,y1),

qel

k*(X, q,¥1) = [ " k(X, q, Y1 + On)dpge () -
Then we have K*(X) = & K} (X) = K} (X) — E(X), where

E(X)=(@2mn)~! j K7 (X,®,0)dd = k*(X,0,0) .

-7

Thus finally for X € &,

KX, ¢) = Y, O [k* (X, g, ¥1) — 8,,0k™(X,0,0)] .

qeZ
This is estimated by

IKT X onpe < 157 22X | gz

+ Y edmS | k*(X, g) | gupr » @)

q%0

where k* 2%(X, ) = k*(X,0,¢,) — k*(X, 0,0). For the q & 0 terms above we
have used the result || e, _,, < el?™ (see [DH1, Lemma 4.2]).

We use a bound which shows the beneficial effect of extracting a constant from
the g = 0 term,

Ik# 22 X) L gopr < O L2k (X, O)l| g, it — 1, - (46)
This follows from [BY], Lemma 4.3 and needs (xh}?)~! < 0(1).
Bounds on k* are proved in [DHI1, Sect. 6] and say for any h;:
2N k(X 0) || 6,1, q=0
2 Xl = U= 120t (X, q) [l 6,1, + proc), 9 %O

(]0Cl, = 0(1)). The Fourier components k(X, g, ;) exhibit decay for |g| large, as
shown in [ DH1, Lemma 4.1]. This says there is a constant B so that if h, > Bh;,

Ik(X, )6, < e @ P K(X)l| g - (48)

I6* (X, @)l g, = { (47)
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Combining (46), (47), (48) gives the required bound for the g = 0 term of (45),
1# 2 2(X) | o pr < O LT22FK(X) | 6, -
By (47) and (48), the g & 0 terms of (45) are bounded by
Y. 2™exp[ — (Iq] — 1/2)Be: — |ql(ho,i — hE — B(ht + BlOC| )]
q+0
X | K(X) g n , 1t + praci., -

Since h¥ + B|0C|,, = O(1) £ hy and hy; > h§ and e P92 = L™2), = O(L™#/*™),
the sum over g is also bounded by @(1)2*'L™2 ;|| K(X) |l g, if L is large. Thus (44)

is proved.
For the bound on the energy extraction note that
|E(X)] = [k*(X,0,0)] < | k*(X, 0)]l g, £ 2| K(X) I 6, - (49)
Since 2!*! < I'(X) the bound |E(K)| £ | K | ; follows. O

Proof of Proposition 4.3. Let K* = £§% K. Then by Lemma 5.2,
IZEK) i1 = | L K* ., £ O L | K* [ gorep -

To bound K* we need a bound on || J | g«,r+ne Where p(X) = 2'*!. Since
E(X)=0for X¢% and & = &%, for small sets we may write for J(X),

J(X)={(37K)(X) it X¢
(F1K)X)—EX)+(EX)—RX)—R*(X) if Xe&’
where R(X) = eF®) — 1 and

R*X)= Y T[IRX)).

{Xij-X i

= 2sets
For the case X ¢ & we have (FK)(X) = (£ °K) (X) and we use the bound from
Lemma 5.1,

HFK) 13l 6%, yrowe S N F K62, yrewe = 17 °K |l g, y2r+, ne
< K4y, y2r=n, = 1K G, 1,n, - (50)

Here 15 is the characteristic function of {X: X ¢ &}. Note that h; —h* =
(6h, hi(1 — L™1Y)) and so the condition (43) will be satisfied for | K||; sufficiently
small.

For X € &, we have from (44).

[(#F1K — E)1gllx yrene = | KT 6% yrene = 1Kl G,52r%n, -
For the remaining terms we need
Lemma 5.3. For | K| ¢, 2r,n sufficiently small and |E(X)| < 2XNK(X) | gn s

1.
le*® —1l1,r0 < 2IIKllGyrn- (51)
2.

1
IR —Elli,r,0 =51Kll6yr.n-

1
||R+”1,r,0§§”KHG,yzr,h~ (52)
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Proof. The first two are immediate. For (52), we note

llR+lll,r.o=StAlp Y. TXOIRT (X))

Xo4

ssup 3 [[27MOGDEX)IRE)I .

4 (x3:UXio4 i

The sum over sets is done as in Lemma 5.2 and together with (51) yields the bound

Y. (4-3%/10g2)" 121K l6,52r,n)"

Nz2
which gives the required bound for K small. O
Then, from all of the above and y3I'* =T,
[T 116, yr=nx = 1 F K1z [ 6% yrene + [(F1K — E)Lg |l Gx, yr nx
+ 1E =Rl yr0+ IR 1,50
= 3{IKll6,r,n, - (53)

This bound and the bound (51) for e £ — 1 are used in formula (12) for 7 K.
Then as in the proof of [DH3, Proposition 3] we find

2
IK* e pe e < z (N+M)!. 4.3
T T NziMzo NIM! log2

S 61Kl rm - (54)

This completes the bound in Proposition 4.3.

The analyticity of the function £ follows from the analyticity of A+
(K, + 4K ;) and local boundedness; see Appendix B. Both these properties can
be established using our estimate on . |

N+M-1
N - M
> I 1Gyrenelle™ = 117, rx s

6. The N - oo Limit

We write K; = limy_,,, K" as a telescoping sum
K;=Ki+ Y (K¥*' —-KV (55)
N=i

which we must show converges. The increments JKY=K}"'— K} =
K¥*1 — K¥ give the change in the activity at scale i if the UV cutoff is changed
from N to N + 1. They satisfy the recurrence relation

5K§_1=@15K£v+5e@22, (56)
ORsr =[ Rza(KYTY) — R (KT) 7. (57)
We can express the second term as a double contour integral:

1)? 1

where the contours are circles of radius greater than 1.
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Lemma 6.1. Under the hypotheses of Theorem 4.4,
IOKNl; < 218:P2 %Ll M2

Proof of Lemma 6.1. The proof is by induction on i, very much in parallel with the
proof of Theorem 4.4. For i = N, we have by Theorem 4.4,

16K N Ix < 1RN* iy + IR NIy < 210127,

as required.

Now we bound the inductive step (56). We use the bound (37) for |K¥|;, and
the inductive bound for ||6KY||; and find

IKY + oKl < 0()DL;|

for any value t with |t] < |{:|Y*|¢x]" Y2 As in Theorem 4.4, we assume that
D = I'(4)e"|{,|*? is sufficiently small.

We choose the circles |s| = |{;|¥2 71, |t] = |{;]Y?|{y| ™ }/? as the contour for (58).
Then on this contour, by Proposition 4.3,

I2(s(KY + t0K¥) -1 < O()L?D

and so
10 22 1li-1 £ O)L*D|L P> 7% n|?

S Ci-a P02
By Proposition 4.2,
120K ¥ [li-1 < O)ACIP2 w2
< Lo P2
which yields the desired bound for [|6KY (|;_;. O
This propostion leads immediately to the main result:

Theorem 6.2. 1. For m = 0,0 < B < 8n, and L™, |{| sufficiently small, the following
limits exist and are analytic in (:

K;= lim KV, (59)
N- o0

E;= lim EVY. (60)
N-w

2. For p < 4, the partition function has a limit:

Z = lim ZV,

N->ow
which is analytic in {.
Proof.

1. The sum (55) defining K; converges in #; by the bound on ||6KY|;. Each
KY and 6KV is analytic in { by an inductive argument using the analyticity
of # and the analyticity of K; follows. The same argument shows E¥ has an
analytic limit since |0EY| < ||6KY||;
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2. The partition function from (17) can be written

Z" = exp [ ) ENIA(I)I] [ dup, (1 + K§(4)) . (61)

For the first factor we note:
EN[1AG)] S |E1P7°L* £ 0[P oL@ amm2+ 2]

This is summable for f < 47 and ¢ close enough to zero (depending on f).
Thus the first factor has a limit as N — oo by dominated convergence. For
the second factor we use |K3(4, ¢>)| < G(p)r(4)~ | K¥ ||, and dominated
convergence to obtain the limit. Z is given by (61) with N = oo.

Remarks. The bound on the partition function for § < 4z says that the free energy
per unit volume for the Coulomb gas is finite. If the model is regarded as a quantum
field theory, it says that the vacuum energy density is finite.

If 4n < B < 8=, the argument breaks down and the energy density is infinite. In
[BGN] this is interpreted as a collapse of dipoles to zero radius. Furthermore, they
find a sequence of thresholds at f = 8n(1 — 1/2n), n = 2, 3,4, . . . at which values
the vacuum renormalization is taken to the next higher order in {. They identify
these thresholds as the collapse of higher multipoles. This phenomenon does not
affect the correlation functions which we study next.

7. The Generating Functional
To control the field correlation functions, we follow [DH3] and extend our
analysis to the unnormalized generating functional

Z%(p) = e PP diV(9),

where p = p(x) is an external field. The measure is on the unit box A(0); after
scaling up to A(N) we have

2(5) = [ an(g
- j‘ei(p",¢)é"xp([j + KY(¢)) dpoy,o(9) »

where p¥(x) = L™ 2N p(L™Vx).
The renormalization group transformations will leave us with similar expres-
sions on A(i):

N
ZN(p) = exp< Y =B2(p" Cip*) + EkNIAk|>
k=i+1
x[[ePexp(0 + K (¢, p'))dug,, ,(¢)] . (62)

The activity KY = KY(X, ¢, p) will depend on p, but will reduce to the previous
activity K¥(X, ¢) at p = 0.

We now explain the RG step i —» i — 1, modified to account for the p-depen-
dence. First the presence of the e**? alters the fluctuation integral. After a contour
shift # — n + iBC,;p in this integral, which is permissible for p not too large, we find

fei(pzqﬂ)gxp(m + KMo, pi))dﬂﬂvi,o(d’)
— ¢ —BR(CipY) j‘ e’(pi’@é"Xp(D + K#((j), pi))d/-l/iu*(d)) . (63)
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Here K* (X, ¢, p') = (7FKM) (X, $, p'), where F is as before and where

is the operation which introduces the p dependence.

For the extraction step we only extract the energy at p = 0. Thus just as before
we take out EY = E(K¥) and €K is again given by (11), (12) with this E. This gives
for (63), o .

(e —B/2(p",Cip") +E[' | 44 j e gxp(0 + K*(¢, Pi))dﬂpv*(d’)

with K* = §K*.
Finally we again reblock and rescale defining K ; = #K*, where
(KX, ¢, Lpr) = ) [[K(Xi . 0).
{Xi}-X i
Then we obtain (62) for i — 1, with KY. | = Z,KY and R, = SET F.
As before we replace the functionals K(X, ¢, p) with K(X, y, p) which have the

proper restriction to ¥ = Y. If #© is the natural lift defined by (24) we define the
extended &# by

(FK)X, ¥, p) = (F (K, ONX, ) + [(F KX, ¥, p) — (FK)NX, ¥, 0],
where on the right, # has already been defined for p = 0in Sect. 4. We define I as
the natural lift:

& and & have natural lifts as before and thus £, has an extended definition.
It still preserves the periodicity of K in . Also we have (2 K)(X,{,0) =
(Z(KC(,, )X, ).
Finally we define K¥ , = #.,(KY), where
ﬂ;x(KN) = [Ci—lV_ Cf% V] + gex(KN)

The bracketed term vanishes for ¥ =y, and this reduces to (25) at p = 0. If we
define KY by KY = {;V/ + KV, then we have the recursion:

i—1=<@ex,1(Ci ) — I(CiV)+%ex,1K?+@ex,;2(K?)' (64)

All the activities K are analytic in o € C(4), Y, € C(A, R?) in a strip as before,
and now are required to be analytic in p in a ball around p =0 in C’(A), the
bounded Borel measures on A. The derivatives are

5" PK(X, Y1 p)
5p(c1) - - 0p0ep) %D - - SR ||y — -0

and are assumed to be given by functions x — K, (X, ¢; ¢, x) from x € A” to
measures on A"

Let A5, r n . be the Banach space of all functionals K (X, i, p) of this form with
| KllG,rnu < o where the norms are now

Ko (X, ¢, &, %) =

h"u?
1Ko, rme= & gy VK llour (65)
n,p
sup, Yy JOOIK(X) g p=0
||K..,p||c,r={ +2x=s N : (66)
suprxF(X’ X) “Kn,p(X> X) ”G 14 * 0
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For p * 0,
rXx,x)=rXwvi,), 67)

where 6, = Uiéxi and J, is the semi-open unit square containing x selected from
a disjoint covering of A.
For0 < f < 8n,0 < ¢ < 1/2, we pick L large and G, I', h as before (see Sect. 4).
Now we also take
u < (BIICyl)™  min{oh/2, 2k, /L} ,

where we recall 6h = (¢/2)(2 — f/4n)log L and hy = O(1)L. Let A; , = AG r h,u
with norm | - ||; ,.

Now we can state the extension of Propositions 4.2 and 4.3 to p-dependent
activities. We split any K into K-, (the value at p = 0) and K, o (the remainder).

Proposition 7.1. %, 1 = [0%cx/0K]|k=0 is a linear map from A; , to A;_, , and
[ [%ex,1 K1p=olli-1 = O 4| Kp=olli ,
I[Zex,1K1psolli-1,4 = O [K i, -

Proposition 7.2. %, is an analytic functional of K € A, for |K|; , sufficiently
small, and for such K
[ BexKlli-1,0 < O)L* K1, -

These lead to our main technical result which gives N-uniform bounds on K7,
generalizing Theorem 4.4, and the N — oo limit, generalizing Theorem 6.2.

Theorem 7.3. Under the above hypotheses, for |{| sufficiently small
IR g S 1CI18
for all 0 < i < N. Furthermore K; = limy_, , K exists in A; , for all i.

Proof. The bound for i = N is the same as for p = 0. We proceed by induction,
assuming the bound for i, and using (64) to prove it for i — 1. The first term of (64) is
[Rex,1(LiV)]p>0, and so by Proposition 7.1 and (36),

1
[Zex, 1 iV )p>olli-1,u = OMIEGV Il £ glli—lll'* :

For the second term of (64), Proposition 7.1 and Theorem 4.4 give
|2 s R i-1,0 S OO AN R Y=ol + O 1KY,

SOMLIGP ™+ 0[] *
1
= 3 |Cimal* 72

For the third term we use Proposition 7.2 and (36) to obtain
[ Bex (KM i-1,0 < O LK |0 < O L2170,

Using the analyticity in K as in the proof of Theorem 4.4, say with |s| = |{;| 712
this gives

1
| Rex,22(KM) iz1,u < 3 [Cizalt™e

to complete the bound |KY |-, < ¢i-1] 7%
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For the N — oo limit we prove KY = KM*1 — KV = KN*1 — KV satisfies
IOKNl:u < 218275 (CN] V2

The proof is again by induction. We have
OKY | = Rex 1 (OKY) + 0Rex, 22 »
5@“,;2 = «@ex,gz(ngH) - @ex,g2(K£v) :
The latter term is estimated by an integral like (58). For |t| < |12 |¢n] ™12,
IKY + 0K |liu < 0I5 72
So for |s| £]¢;)**7 1, by Proposition 7.2
[ Rex(s(KY + t6K ) i-1,4 £ O L2|LI,

and hence

1
10Pex, 52 lli-1,u S OQ)LA|]P2 73|y |V? < 3 [T R TN R

The other term is bounded by Proposition 7.1 and Lemma 6.1,
10%Rex, 1 GK ) li-1,u £ O AN KT p=oll: + O IGKT 5,4

S OMAILIP2 75N + O@)ILI 2 5[N] 12

e [ e (S

N =

to complete the proof of Theorem 7.3. O

Proof of Proposition 7.1. The first bound is just a restatement of Proposition 4.2.

For the second we have (Ze,1K)p>0= %1 (KT >0) where K¥ ,.o=
(61T F K)p>0 = (7 F1K),>0. As in the proof of Proposition 4.2, but now for p > 0
and any K:

IS K pllar SL™supY T(X,x) 2 [[Kop(X', LX) 6
X X

X" X'=LX
SL™™supy I'(L7'X', L7'X')||K, (X', X) ||
X' xr

ScL™™sup ) (X', x') [ Ky, (X', X) || 6+
X X’

é cL™™ ”Kn,p ” G*, I'* -

(Note that no factor L? arises, since the sum on X in the norm has no pin for p > 0.)
It follows that

(1 K)ps>olli-1,u £ OMIKT, pso0ll 6%, ro he,u -
The mapping J was analyzed in [DH2, Proposition 2] and satisfies:
(T Z1K)p>oll 6, reweu S | F1K | 6%, % b* + g1 Cllu,u

= 1 #1K 6% rbu »
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where we use our bound on u and define
h = (ho; — Oh/2, 2h,/L) .

Note that h < h;. It is the growth in h in this step which forces our choice of h;.
For the last step we break %K into (#,K),>0 = (F3K),>0 and (#;K),-o.
For the p = 0 part we write

(F1K)p=0(X) = (61F1K),=0(X) + E(K,=0(X))

and use the bounds (44), (49); the p > 0 part is bounded using a version of
Lemma 5.1 again. Thus,

171Kl G» r*b,u = 1(E1.F1K) =0l 6+ r+ i
+ X T*(X)E(K p=o(X)) + I(F IK)p>oll 6%, r+, b, u
X

S OMIK i, (68)

which completes the proof of Proposition 7.1.
O

Proof of Proposition 7.2. We follow the proof of Proposition 4.3. Extending

Lemma 5.2 to the p-dependent case, we have
IZexK li-1,0 = 1 SK*li1,0 £ O)L* | K* |l 62, 1% b,

if K¥=67%K is sufficiently small. (See Propositions 4 and 5 in [DH3] for
details.)

To bound the extracted activity K* = §7 %K we note that since the extracted
parts are p-independent, the p derivatives of J are given by

 ((FFK)X, %) i p>0
X, ¥ x) = {J(X, v, 0) if p=0"

Now by [DH3, Proposition 2] and an adaptation of Lemma 5.1 ([DH3],
Proposition 1) we have for ||K||; , sufficiently small,

| 7FKLz | Gx yroneu S | FKLG 6% yrehu
S NFK | 6* yre b u
SIKiu
(see (50) for the last step). On the other hand, since # = &, for small sets,
TFK1y G2 yreweu = 1 F Kyl Gxyrehu
S 1 F K ll6x yr* b,
S O0MK;,.

by the bound (68) in Proposition 7.1.
Combining these bounds with our previous bound on J(X, ¥, 0) in (53) we find

[T 1lG*, yr= b u = O K4 -
Then it follows by an adaptation of (54) that for | K||; , small
IK* |l g*, robxu < O IK |,
(for a proof see [DH3], Proposition 3). This completes our proof. 0
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8. Correlation Functions

Now we are ready to remove the ultraviolet cutoff in the correlation functions.
After iterating the RG transformation N times we have

N
ZN(p) = eXP< 2 (=B/2(p", Cip*) + EkNl/lkI)>
k=1

y U e!» 9 exp(0d + KN (o, p))dugy, (®)], (69)

where the last integral is over functions on A(0) = 4 (a unit square). We perform
one last fluctuation and complex translation step (with Cy = vg,¢). Then there are
no fields left to integrate and the bracketed expression above is

[ -1=-exp(—B/2(p,v0,00))Exp(] + KT 7)(4, p)
= exp(—p/2(p,vo,0p))(1 + K5 *(4, p)) ,

(KS )4, p) = (TFKE)4, p) = [ K§(4, 0 + ifvo,op, )iy, (1) . (70)
We reassemble the fluctuation covariances in (69)

where

N
Y, (0% Cip*) + (p,v0,00) = (p,v0,5P)
k=1

to obtain

N
ZN(p) = CXP<~ﬁ/2(p,vo,Np) + X EkN'A(k)I>(1 + K5 *(4,0).
k=1

This shows the leading behaviour exp(—f/2(p,vo,np)) valid for the free field
theory with { = 0, with corrections for { # 0 contained in EY and K2 * (4, p). The
normalized generating functional is given by:

SN(p) = ZM(p)/(Z"(0)
= exp(—B/2(p,vo,np))(1 + KG¥(4,0)7 (1 + K5 *(4,p) . (71)

The expression (p, vy, yp) may not have a limit as N — oo, but this will be true if
we impose the additional regularity condition on p:

(P00, 0p) = Y, IP(P)IPP72 < 0.

p*0
The n-point correlation function is given by
an

(p(pr). .. p(p )V = m sv (Z Sipi)lsi=o -

We also consider
log S¥(p) = — B/2(p,vo,np) + log(l + K *(4, p)) — log(1 + K§*(4,0)) (72)

and the truncated correlation functions

n

p(p1)- .. dlp VT = s IOgSN(Z $iPi)lsi=o -

dsy...0

Ifn > 2, the term —pB/2(p,vo, np) in log SY makes no contribution and we can drop
the condition (p, v, o, p) < 0.
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Theorem 8.1. For m =0, 0 < f < 8=z and { sufficiently small:

L If peC'(A0), |lpll <u and (p,vo, »p) < o0, then the generating functional
has a limit:

S(p) = lim S¥(p) .
2. If p;e C'(A(0)) and (p,vo,,pi) < o0, then the correlation functions have
a limit:

(B(p2). - d(p)) = lim <B(pr). .. plp )" .

3. If p;e C'(A(0)) and n > 2 then the truncated correlation functions have a limit:

(@(p1). - $pu)>" = lim {(py). .. PO T .

4. All the above are analytic in { in a neighbourhood of the origin.

Proof. By Theorem 7.3, K} (4, p) is analytic in p € C'(4) for || p|| < u with bounds
uniform in N and the limit as N — oo exists. The same is true for K} *#(4, p): use
(70) and the bound

IK5(4, ¢, )l < G4, )T (A) (L =llpll /)" KT llo,u

for dominated convergence. The convergence of K5 * and (p,vo, yp) give the
convergence of SV(p).

The convergence of the correlation functions for || p;|| < u follows from conver-
gence and uniform bounds for S¥(p), the analyticity of s; — SN(D s;p;) and the
representation
O SN (T sip)lye = ﬂn (2m')“1sr2dsi] V(T sip0)
0sy .. .08, ; o1

Here the integral is taken over the circles with radius |s;| = 3(n p;||)” *u. Since the
correlation functions are linear the condition || p;|| < u may be dropped.
The convergence of the truncated correlation functions follows similarly (use
the smallness of K§'#(4, p) in (72) to get the analyticity of s; > log S¥(} s:0:)).
Analyticity in { follows from the analyticity for N < oo and bounds in { uni-
form in N. 0

Remarks. (a) The condition (p;, vo, , p;) < oo in (1), (2) does not allow é-functions,
but they are allowed in (3). Thus the truncated n-point functions {¢(x). .. @(x,)>T
exist as bounded functions. This means the only short distance singularity in the
theory is the logarithmic singularity of the two-point function <{¢(x)p(y)) ~
Vo, (X, y) at X = y.

(b) We might also consider the Wick ordered field

€1#0): = exp(B/2(p. vo,xp)) P

Then
Ce# PN = (1+ K5 #(4,0)7H (1 + KY* (4, p)
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and we have a limit for all p € C'(A(0)) with ||p| < u; é-functions are allowed.
Similarly

. ) 1+ KY#(4, py + pa)
(e ;190D 3N — exp(—B(p,vo,xP2)) 0 2

1+ KV 7#(4,0)

(73)

will have a limit for | p;|| < u/2.

In the Coulomb gas model the introduction of : ¢*#(”: corresponds to adding an
external charge density p in the Gibbs measure (with a self-energy subtraction).
Equation (73) above measures the correlations between two such charges. Our
condition | p| <u <1 means these are fractional charges. The behaviour for
integral charges may be quite different.

(c) The analyticity of the correlation functions in { means perturbation expansions
around { = 0 converge. One can compute for example

S(p) = e~ F12®vo=P) [1 + {([ cosh(Bvow p)(x)dx — 1) + O*)] .

This formula leads to first order expressions for the correlation functions.

9. Volume-Uniform Estimates for the Massive Model

In this final section, we dicuss in more detail the massive model formulated in the
introduction. For convenience, we take m = 1 (this may be achieved by an a priori
rescaling of the model). We begin with the measure dv};(¢) of Eq. (3) on the torus
A(M) for M = 0. (In the following, we often omit M labels.) After a rescaling up to
a volume A(M + N) one has an equivalent measure on # (A(M + N))

dv™(¢) = exp(y | cos p(x)dx)dug,, ., ,($)
= &xp(0 + KM @)dupoy. , o) >

Dyr+n,0(P) = (P2 + L_zN)_le_p4 .

Just as for the massless model, the coupling constants are given the following
N-dependence:

where

N= L_ZNZN = L‘ZNCXP[50N+M,0(0)/2]C .

We first note that we can reproduce the results previously obtained for m = 0,
M = 0. Starting with the renormalized generating functional,

S¥(p) = [ "D gxp(T + KY)P)dpp,., ./ [p =01,

(still with p¥(x) = L~ 2N p(L~¥x)) we apply renormalization group transformations
to obtain expressions on A(M + i) in terms of polymer activities K» and fluctu-
ation covariances

Cilp) = (p* + L) e —e7H7").

After N steps we have on A(M)

S¥(p) = exp(—B/2 3. (0%, Cxp) | 7P Exp(D + K)(b, p)ditpa,,/[p = 0]
k=1

We make one last fluctuation and complex translation step with v, o instead of C.
This removes all the ¢ dependence and gives

SN(p) = exp(—B/2(p, va,np)) Exp(O + K§ #)(AM), p)/[p = 0] .
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The analysis of these transformations goes more or less as before. We obtain the
same bounds uniform in N and the N — oo limit provided |{| is sufficiently small.

Now we look to obtain bounds which are uniform in M as well as N. These then
hold in the N — oo limit which we just proved, and would hold in the M — oo limit
oince that is obtained.

The above analysis is all uniform in M except possibly the last step. However
since the covariance vy, has unit mass, it has exponential decay and so the
essential bound ||(vyr,0)ell = O(1) holds uniformly in M. This makes it possible to
apply Propositions 1 and 2 from [DH3] to obtain

”Kg# ||y"F,u = ”'g_fOKg”v“I‘,u

S UK 6,1, ko, u

< olt

Hereafter we shorten the notation to K* = K§'*.
To analyze the correlation functions we apply a polymer expansion to obtain:

n(X

log[éxp(C] + KAYAM),p)] = Y ¥ (K" (X.p),

k=1x¢e ck
where C,; denotes the set of connected k-tuples X=X,...,X «) in A(M). The
index is n(j( )= Z (—1)"®, where G is a connected graph on X and [(G) = number
of lines in G. (See for example [GJ], Theorem 20.2.1.)
We conclude

—[p=0].

is

log $%(p) = —/2(p. vp) + kﬁ ;

i
Now we are in a position to prove our main result of this section. Define

F,(xla' . 7xn) = lgrlf(y_zl")(X, X150 - :xn) .

Thorem 9.1. For m = 1,0 < < 8=, and |{| sufficiently small:
[<o(x1) - - - pOxDTI S OWnlu™2"Co|' T (x1, . ., x0) 1, 0> 2,
[<P(x1)P(x2)>T — Bolxy, x2)| < OMu~2[Co|' 7T (x4, x5) 7", n=2,
uniformly in all cutoffs.

Remarks. This proves polynomial tree decay for correlations at a rate which
depends on the initial choice (67), (28) of large set regulator I'. It turns out that
I’ may be chosen with any polynomial rate. The natural result, namely an exponen-
tial decay rate, does not follow from our analysis in its present form.

Proof. The required quantities are given by
0

0
COp(x1) " Op(xa)
The repeated Leibniz rule gives

1 . k
I=Y .2 o &) KR Xexa)

k=1 ! 7eP(n) X€Ck

10g S¥(p)lp-0, nZ2.
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where 2, (n) denotes the ordered partitions of the set {1,. .., n} into k (possibly
empty) subsets. By a standard estimate

n(X) < Z 1.
t:treeson (1,...,k)
Introduction of coordination numbers {d;}f-,, d; = 1, for the trees T gives
II‘_.. - anlm (va )l
k, 7, & T k' ;

where now 7 has the specified coordination numbers, and the connectedness of X is
to be compatible with . Now I''(xy,. .., x,) £ [],(y7*I')(X;, x5,). Thus

F/(xl""rxn)!'”.__knark'xg l_[( (Xuxn,)IK]m (Xl’xﬂ,)l

In the usual way (see the proof of Lemma 5.2 or the proof of Lemma 3 in [DH 37]),
we sum over X;’s in the order given by the tree, leaving till last an X; chosen with
7m;, nonempty. We obtain

1 32 k-1 »
F,(xl’ cee ,xn)l‘“ é Z’ Edio! l_[ (dt - 1)'< ) n ”K|n.1”y“l“ .

k#t,d,t " i+io IOg'y
Using Cayley’s theorem, Y ;[[.(d;i—1!=<(k—2)!4*"! (and also d;,!=
(k — 1)(di, — DY),

4.32\k"1
I'(xq, .. x )| = Z k<logy) H “Kﬁm“y-lr‘

k, 7

Now

IKZ y-1r Su™PpHIK? |y-ir,u S u”2p o170,
and
k+n-— 1)‘

ZH, l} _____1)!_ n!2n+k-1'

Thus we have the required bound

4. 2\k—1
[y xS et Y, (2 o ) INGREL
k=1

logy
< 2Q/uy"n!|Col 70

A. Analytic Functions on a Banach Space

We collect some facts about analytic functions on a Banach space (see [HP]). Let
E, F be complex Banach spaces and U an open set in E. A function f:U — F is
Gateaux-analytic or G-analytic if for each u € U, x € E the function A — f(u + Ax)
is analytic on a neighourhood of the origin in C. Equivalently, f restricted to
U E° is analytic for any finite dimensional subspace E° of E (by Hartog’s
theorem).

If f is G-analytic then we define

Jolus x) = d"/dA" f (u + Ax)|z=0 -
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For each u € U the function x + f,(u; x) from E to F is a homogeneous polynomial
of degree n, i.e. the restriction to the diagonal of a symmetric multilinear functional
f,: E" - F. We have the expansion

fu+x)= Z 1/n! f,(u; x)
for all x in a neighbourhood of zero. We also have the Cauchy bound for ue U,

n!
1@l = sup |l fu ¥)] Sﬁ Sup Hf(v)ll,

provided B(u, R) < U.
The function f: U — F is defined to be analytic if one of the following equiva-
lent conditions are satisfied:

1. f is G-analytic and continuous.

2. f is G-analytic and locally bounded.

3. f is Frechet-differentiable on U.

4. For each u € U there are homogeneous polynomials p,(u); E — F such that
flu+x)= :’: o Pn(u; x) with uniform convergence for x in a neighbour-
hood of zero. In this case p,(u; x) = 1/n! f,(u; x).

The composition of two analytic functions is again analytic.

B. Proof of Lemma 5.1

Lemma 5.1 says that a solution K(t) of (24) satisfies

K@)l g, 0 = 1K M g0), 1,1
if 0 < hy < hy,0 < hy < hy and for some constant ¢

1Kl rn =

0
=~ BIC

A(h, b') = min(ho — ho, hy — h').

This is proved in [BY] with the assumption hy = hy, hy = hy. We explain here the
modifications needed for the general case hy =+ h;.

As in [BY] one shows that k(t, h) = || K(t) || 4, r, n is dominated by the solution
u(t, h) of the Hamilton—Jacobi equation (¢ = || Cel):

A(h, '),

where

u 2
Frie c|Vul*,

u(0, h) = k(h) = k(0, h) .

We must show that solutions exist, are analytic, and that u(t, h’) < k(h) when
k(h) < (/c)A(h, h")%.
The Hamilton-Jacobi equation can be solved by the method of characteristics
and one finds
u(t, &) = —c(z-z)t + k(¢ + 2ctz) ,
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where z = z(t, £) is the solution of
z— (Vk) (& + 2ctz) = 0.

If the last equation has a unique solution, analytic in ¢ and it will give a (unique)
analytic solution u(t, £). Furthermore, z and u will be real if £ is real.

We will find a solution for |&y| < hj, |£1] < h in the region |z| < A(h, h")/4c.
First note that h’ + 2ct{z| < h’ + A(h, h’)/2 and this is at least A(h, h’)/2 from the
boundary of the polydisc of radius h around 0. Furthermore the maximum value of
k on this polydisc is k(h). Thus by the Cauchy bounds for the analytic function k(h)

[(VK)(E + 2ctz)| < [4/4(h, ) Jk(h) .

Now we use a version of the analytic implicit function theorem due to
Gallavotti [Ga2] which says that z — g(z) = 0 has a unique solution in the region
|z] < pif|g(z)| <y *p for all |z| < p, where y is a (large) universal constant. Here
we have p = A(h,h’)/4c and g(z) = (Vk)(¢ + 2ctz). Using our bound |g(z)| <
(cp)~ tk(h) from above and our hypothesis k(h) £ 166cp? we have |g(z)] < 166p <
77 1p if we take & < (16y)~'. Thus z = z(t, &) exists, can be shown to be analytic in
£, and gives the solution.

Finally, then u(t, h’) < k(h’ + 2ctz) < k(h) as required.

C. Erratum to [DH1]

We take this opportunity to correct some errors in the companion paper [DH1].
These are due to an insufficiently careful choice of the analyticity parameters h and
the large field regulators G,. One mistake, pointed out to us by Dr. D.H.U.
Marchetti, was that (4.4) in [DH1] only holds when hy, — Bhy > 0, but was applied
when hy = h; and so hy — Bh; < 0. A second mistake was that the application of
Lemma 4.3 of [BY] in Lemma 7.1 of [DH1] needed (koh¥*)~*' < (1) and
(koh%3?)™! < 0(1) independent of L. But x, was forced to be O(L™2) by the
requirement that the homotopy property hold and we chose h¥ = O(L™') and
h% = O(L~?). Thus we have incompatible conditions for L large.

Both errors can be corrected by taking G/, G* = G* as in the present paper
(allowing ko, = @(1)) and making the choices

hi =hiaL, L, L%,
h* = hi*Y(aL, L)2, L?*/2),
h* = hi* L, 1,1),

with a > B so hi — Bh} > 0.

The proof proceeds as before with the following modifications. In Proposi-
tion 1(i) we must use the bound on the fluctuation transformation & of the present
paper (see Appendix B). This allows unequal components in h. Proposition 1(ii)
should read for g % 0,

Ik* (@) ll*, r#, i < exp(—(lq] — 1/2)p* — [h{, — B(hT + 10f12)]1q1)d7 -

For Proposition 2 we have the same bound as above for |i(q)ll¢* r* 4+ and
estimate exp(B(hf + 0f].) < O(1) so the bound is O(l)exp(—(|q| — 1/2)p* —
314). This combined with [[exp(igyo(x)) |1, 4+ < exp(h§|q|) and h§ < h{, bounds
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the g # 0 terms in I. For ¢ = 0 we have by Lemma 4.3 of [BY] and a separate
bound on F — R that [[i(0) | g*, r* i < O(1)L™ 387 Altogether this yields

I lge, re i < OQ)L™2 + L7476

in Lemma 7.1. The bound || K*||, r+y« < 67/*! follows as before.
With these changes the main results of the paper still hold.

Acknowledgements. We wish to express our thanks to Dr. D.H.U. Marchetti for his comments on
our work, and also to Prof. G. Gallavotti for general discussions on the sine-Gordon model.

References

[Ba] Balaban, T.: (Higgs), ; quantum fields in finite volume 1, II, III. Commun. Math.
Phys. 85 (1982), 86 (1982), 89 (1983)

[BCGNOPS] Benfatto, G., Cassandro, M., Gallavotti, G., Nicolo, F., Olivieri, E., Presutti, E.,
Scacciatelli, E.: On the ultraviolet stability in the Euclidean scalar field theories.
Commun. Math. Phys. 71, 95-130 (1980)

[BGN] Benfatto, G., Gallavotti, G., Nicolo, F.: On the massive sine-Gordon equation in
the first few regions of collapse. Commun. Math. Phys. 83, 387-410 (1982)

[BF] Brydges, D., Federbush, P.: Debye screening. Commun. Math. Phys. 73, 197-246
(1980)

[BY] Brydges, D.,, Yau, H-T.: Grad & perturbations of massless Gaussian fields.
Commun. Math. Phys. 129, 351-392 (1990)

[Co] Coleman, S.: Quantum sine-Gordon equation as the massive Thirring model.
Phys. Rev. D11, 2088, 2097 (1975)

[DH1] Dimock, J., Hurd, T.R.: A renormalization group analysis of the Kosterlitz—
Thouless phase. Commun. Math. Phys. 137, 263-287 (1991)

[DH2] Dimock, J., Hurd, T.R.: A renormalization group analysis of QED. J. Math. Phys.
33, 814-821 (1992)

[DH3] Dimock, J., Hurd, T.R.: A renormalization group analysis of correlation functions
for the dipole gas. To appear in J. Stat. Phys. (1992)

[Fr] Frohlich, J.: The quantized “sine-Gordon” equation with a nonvanishing mass
term in two space-time dimensions. Phys. Rev. Lett. 34, 833-836 (1975)
[FSe] Frohlich, J., Seiler, E.: The massive Thirring-Schwinger model QED,. Conver-
gence of perturbation theory and particle structure. Helv. Phys. Acta 49, 889-924
(1976)

[FSp] Frohlich, J., Spencer, T.: The Kosterlitz—Thouless transition in two-dimensional
Abelian spin systems and the Coulomb gas. Commun. Math. Phys. 81, 527-602
(1981)

[Gal] Gallavotti, G.: Renormalization theory and ultraviolet stability for scalar fields
via renormalization group methods. Rev. Mod. Phys. 57, 471-561 (1985)

[Ga2] Gallavotti, G.: The Elements of Mechanics. New York: Springer-Verlag 1983

[GK1] Gawedzki, K., Kupiainen, A.: Block spin renormalization group for dipole gas
and (V@)*. Ann. Phys. 147, 198-243 (1983)

[GK2] Gawedzki, K., Kupiainen, A.. Lattice dipole gas and (V®)* models at long
distances, decay of correlations and scaling limit. Commun. Math. Phys. 92,
531-553 (1984)

[GK3] Gawedzki, K., Kupiainen, A.: Asymptotic freedom beyond perturbation theory.
In: Critical Phenomena, Random Systems, Gauge Theories (Les Houches 1984),
K. Osterwalder and R. Stora (eds.), Amsterdam: North-Holland 1986

[GK4] Gawedzki, K., Kupiainen, A.: Non-trivial limit of a ¢j model with negative
coupling constant. Nucl. Phys. B257 [FS14], 474-504 (1985)

[GJ] Glimm, J., Jaffe, A.: Quantum Physics. New York: Springer-Verlag 1987
[HP] Hille, E., Philips, R.: Functional analysis and semi-groups. Providence, RI: AMS
1957



580 J. Dimock and T.R. Hurd

[Ji] Jimbo, M.: Quantum R-matrix for the generalized Toda system. Commun. Math.
Phys. 102, 537-547 (1986)

[Ka] Kac, M.: On the partition function of one-dimensional gas. Phys. Fluids 2,
8 (1959)

[KT] Kosterlitz, J.M., Thouless, D.J.: Ordering, metastability and phase transitions in
two-dimensional systems. J. Phys. C6, 1181-1203 (1973)

[Le] Lesniewski, A.: Effective action for the Yukawa, quantum field theory. Commun.
Math. Phys. 108, 437-467 (1987)

[MKP] Marchetti, D.H.U,, Klein, A, Perez, J.F.: Power law fall off in the Kosterlitz—
Thouless phase of a two-dimensional lattice Coulomb gas. J. Stat. Phys. 60, 137
(1990)

[Mi] Minnhagen, P.: The two-dimensional Coulomb gas, vortex unbinding, and super-
fluid-superconducting films. Rev. Mod. Phys. 59, 1001 (1987)

[NP] Nicolo, F., Perfetti, P.: The sine-Gordon field theory model at «? = 8=, the non-
superrenormalizable theory. Commun. Math. Phys. 123, 425-452 (1989)
[NRS] Nicolo, F., Renn, J., Steinmann, A.: On the massive sine-Gordon equation in all

regions of collapse. Commun. Math. Phys. 105, 291-326 (1986)

[RS] Reshetikhin, N., Smirnov, F.: Hidden quantum group symmetry and integrable
perturbations of conformal field theories. Commun. Math. Phys. 131, 157-177
(1990)

[Si] Siegert, A.J.F.: Partition functions as averages of functionals of Gaussian random
functions. Physics 26, S30—S35 (1960)
[STF] Sklyanin, E.K., Takhadzhyan, L.A., Faddeev, L.D.: Quantum inverse problem
method I. Theor. Math. Phys. 40, 688—706 (1980)

[Wi] Wilson, K.: The renormalization group: Critical phenomena and the Kondo
problem. Rev. Mod. Phys. 47, 773-840 (1975)

[Ya] Yang, W.S.: Debye screening for two-dimensional Coulomb systems at high
temperatures. J. Stat. Phys. 49, 1-32 (1987)

[Za] Zamolodchikov, A.A.: Factorized S-matrices in two-dimensions as the exact
solutions of certain relativistic quantum field theory models. Ann. Phys. 120
(1979)

[Zi] Zinn-Justin, J.: Quantum field theory and critical phenomena. New York: Oxford
University Press 1989

Communicated by K. Gawedzki





