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Abstract. We study the homology groups with coefficient in local systems arising
in the free field representation of minimal models of conformal field theory on an
elliptic curve with punctures. We define an action of the quantum enveloping
algebra U,(sl,) on a space of relative cycles, extending results obtained previously
for the sphere. Absolute cycles are identified with singular vectors. In the case of
one puncture, we find that the resulting topological representation is essentially the
adjoint representation.

1. Introduction

Recent study [1-3] indicates that there exists a dictionary between homology of
certain configuration spaces with coefficients in local systems and representation
theory of quantum enveloping algebras [4]. The examples of local systems provid-
ing such connections come from integral representation of conformal blocks of
conformal field theory [5-14]. The idea is that (in some sense) the charges
generating (half of) the quantum group symmetry in the free field representation in
conformal field theory are given by integrals over screening operators [15-18]. In
a previous paper [2], we have shown the existence of an action of U (sl,) on certain
relative locally finite homology groups on configuration spaces on the sphere. In
this case, the local system is given by the integrand of the free field representation of
conformal blocks of the SU(2) WZW models or minimal models.

In this paper, we consider the situation of the torus, for which one knows
explicit integral representations [19-21]. We restrict our attention to the case of
minimal models, which is the simplest. The main difference is that the local system
is not given by a line bundle as in the case of the sphere, but rather a vector bundle.
From the point of view of free fields, this follows from the fact that the space of free
field conformal blocks on the torus is higher dimensional.
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We find again an action of the quantum enveloping algebra of s/, (C) on relative
cycles, in such a way that absolute cycles are identified with singular vectors, as in
the case of the sphere. The resulting representation is a tensor product of Verma
modules with U,(sl,) with the adjoint action.

We hope that this work will lead to a clearer understanding of the role of
quantum groups for higher genus Riemann surfaces.

2. Generalized Hypergeometric Functions on the Torus

In the free field representation of minimal models with central charge
c=1—6(p' — p)*/pp’ on the torus €/Z + tZ one is led to consider integrals of the
form
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the Dedekind eta function and the Jacobi theta functions. The values of the
exponents are constrained to satisfy

s

Y A—n)+2r=xp, Y (1—n)+2r=xp, (2.5)

i=1 i=1

for some integer x, reflecting charge conservation. In the following we restrict our

attention to the case when ¥ = 0 and n| =...=n; = 1, admitting «, screening
charges only. That is, we assume that
1—m)p
(_\/%, 1<i<s,
o4 = pp (2.6)
2p

=, s+1Zits+r,
V20'p
with the neutrality condition

s+r

Y %=0. 2.7)

When studying integrals of this form, one is entering the following kind of
problems. To begin with, assume that oy = - =04, 0,41 =" " " = Uy 4np « -+ »
Oyt obme 41 =" " " = Oy 4. -+m, fOT some k and (ny, ..., m)e{l,2,...}* such
thatn, +---+n_, =sandn, =r. Let ¥ = C/Z + 1Z be the torus with modular
parameter t. Then we have a vector of multivalued forms with components

wu(zla R aZs|Zs+19 e 9Zs+r|‘[)

=AW T[] EGuzlo®dz., a - A dz,, 2.8)

1<i<j<s+r

on the configuration space
X, =2""\Ui<j{zi = 2;})/Sn, x - - XS, . 2.9

Since 4,4 ,,,(W|t) = 4,(W|1), we can restrict u to the range 0 < u < 2p’p — 1.
Other properties of A4,(W|t) are summarized in Appendix A.

We will often use the identification u +— (m, m'), w=m'p — mp’, of Z/2pp'Z with
Z*/A, where A is the lattice generated by (p, p’) and (2p, 0).

Letnw =y, ...,m—) and

X =CE\Uic;{zi=2})/Su, x xSy, (2.10)
The projection p: X, — X, on the first s variables is a fibration with fibers
Xr(zla'~->Zs)=p_1(zls'-'>zs)' (211)

These are configuration spaces of r indistinguishable particles on the punctured
torus X\{zy,...,z. Fix v and (z;,...,z)€ X, to obtain a vector (2.8) of
multi-valued r-forms on (2.11). The positions z, . . . , z,, which are presently kept
fixed, should not be confused with the positions of the screening charges
Zs+1s -« - 5 Zs+y. L€t us suppress the dependence on the former and the modular
parameter in our notation.
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The r-forms (2.8) are multivalued on X, single valued on the universal covering
space X,(x) with base point %, and define a 2p’p-dimensional representation p of
71 (X,, *) through

2p'p—1
PFw) = Y wpu(0), oem(X,#), (2.12)
v=0
with ¢,(x) = xo the right action of the fundamental group on the universal
covering space. The representation matrices can be computed explicitly by analytic
continuation. Let ¢,, u=0,...,2p'p — 1 be singular r-chains in the universal
covering space. The equivalence relation ¢,(c,) ~ Y., p,.¢, is compatible with the
pairing
2p'p—1
(o,ey="Y [o,. (2.13)
1n=0 ¢,
In other words we can view c as a singular r-chain with coefficients in the space of
local horizontal sections of the vector bundle of rank 2p'p,

L= Xr(*) x (EZp'p/N >
(xa,v) ~ (x, p(o)v) . (2.14)

We thus need to examine the singular homology group H¥(X,, L,) with coefficients
in the local system associated to the representation p of 7,(X,, *). As a support
condition we will require that the chains are locally finite (If), possibly infinite linear
combinations of simplices, [23] on Xi= {(wy,...,w,) € X,||w; — z;| = ¢}. Ele-
ments of HY (X,, L,) produce, when paired with (2.8) a generalized hypergeometric
function on the torus (provided the integral is convergent).

3. Local Systems over Configuration Spaces on the Torus

3.1. Braid Group on the Torus. Let T=S'x S, ne{1,2, ...}, and define

€ul(T) = (T"\Us<; % = x;))/S,, (3.1)

the configuration space of n indistinguishable particles on the torus. Here S,
denotes the symmetric group acting as m(xy, . . ., X,) = (Xg-1(1)s - - - » Xg-1(my)- Let
B,(T, %) = n,(€4(T), %) , (3.2

be the braid group on the torus. A convenient choice of base point is

=G (o)

for some N > n. For 1 £i < n, define elements «;, B; € B,(7, *) as represented by
the paths [0, 17— €(T),

i i
di(t):[...,<ﬁ+t,ﬁ>,...},
i i
pi(t) = [ .. ’<N’N+ t), .. } , (34)
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moving the particles in position i along an A- and B-cycle, respectively. For
1 £i £n— 1, define elements o; € B,(7, *) as represented by

oy =L, xi(t), xi41(0), - . T,

1 , 1
xilt) = 30 Qi+ L2+ 1) = —=— 4(1),

V2N

1 1
Xia1(t) = 53 20+ 1,2+ 1) 4 —=— 4(0),

V2N

At) = <cos <2m - %) sin<2nt - %)) : (3.5)

implementing a counterclockwise exchange of the particle in position i with that in
position i + 1. It is convenient to introduce the abbreviations

&=01"" " Op—10y, B = B, (3.6)
in terms of which
=0y o a0,y 0y,
Bi=oit 0, Yoyt ot (3.7

The group B,(T, *) is generated by o, 8, and 0;, 1 <i < n — 1. A detailed investiga-
tion of B, (T, ) can be found in [24].

3.2. Coloured Braid Groupoid and Local System. Let n = (ny,...,m)e{1,2,...}5
[n| =ny + - - + n, and define

(gn(T) = (Tlnl\Ui<j{xi = xj})/Sm XX Snk 5 (38)

the configuration space of particles with colours {1, . . ., k}, identically coloured
particles being indistinguishable. Let * € %,(7") be the base point (3.3). The orbit
of * under the action of S|,; can be identified with the right coset space I,=
S|,,| /Sy, xS, . An element [n] €], can in turn be described by a colour map

T {l, ..., [n} 5 {1, ..., k}. For [n], [o]€l,, let Bf;(T, =) be the space of paths
startmg in 7+ and endmg in o %, up to homotopies preserving the endpoints. Define
Bn(T’, *) = U[n],[a]eln Bﬁ;li(Ta *) s (39)

the coloured braid groupoid on the torus. Multiplication is composition of paths.
In particular, B|$;'Y(T, %) = n,(%,(T), *). The coloured braid groupoid B,(7, *) can
be described in terms of the braid group By, (7, *). Let y: B, (T, *) = S}, be the
canonical homomorphism. There exist one-to-one maps

b55 {g€Bw(T, %) | [0] = [Y(g)n]} - B (T, *) (3.10)
having the property

¢5,7(9)bz79) = ¢5,5(9'9) . (3.11)
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Using this, we can write down generators for B,(7, *). The generators are
Wt = g (@),

ﬁ[n] = ¢1':,7r(ﬁ) s

M= (c), 1Si<|n—1. (3.12)

¢ is the cyclic permutation &(i) =i + I mod|n| and t; is the i'" transposition.
A representation of B,(T, *) on a family of finite dimensional vector spaces
Vzindexed by [n]€l,, is a family of maps

ps, 7 BT, ) > Hom*(Vz, V) , (3.13)

from B,(T, *) t0 | Jin). o1er,, Hom* (Vz, V), the groupoid of invertible linear map-
pings between the vector spaces V3, satisfying the representation property!

p%,:(9) ps,#9) = p5,5(9'9) . (3.14)

The dimension of a representation p is d = dim(V;). A d-dimensional representa-
tion p of B,(T, %) defines a flat rank d vector bundle over %,(T’) with distinguished
trivializations over the points 7%, [n]€el,.

The representation p restricted to m1(%,(T), ) gives a flat vector bundle
L = %,(T) X », V5. It comes with an identification of the fiber over * with V5. The
identification of the fiber over n* with V;is uniquely given by the condition that
the parallel transport along any path 5 from « to 7 is p -(n).

To do explicit calculations, it is convenient to introduce local trivializations of
L. Define cells labeled by elements of I,,:

(g”,ﬁ(T) = {[xl, PPN xM]E(g,,(TNO < X,]E(l) << X,lr(ln') < 1,0 < xiz < 1} .
(3.15)
The union of the closures of these cells is €,(T), and every cell contains precisely
one of the points in the S, orbit of . Since cells are contractible, we have an

identification of the restriction of L to €, z(7T) with the trivial flat bundle
%, z(T) x V5. This trivialization will be used often below.

3.3. Torus with Punctures. Let n' = (ny, ..., m—_4), s = |7'], and r = n,. The pro-
jection p: €,(T) —> €, (T) on the first s variables is a fibration with fibres
GuT\{X1s ., Xs}) =D 1(Xg5 o0 Xg) - (3.16)

Note that €,(T\{xy, ..., X,}) is the configuration space of r indistinguishable
particles on T\{xj,..., X}, the punctured torus. Choose a base point =
=[x ... ,xs]e‘gn,m(T) and let * =[x41q,...,Xs+,] be the base point of
€.(T\{x1,...,%5}). Then B, (T,*)=mn(€(T\{x1,...,%}),*) is a sub-
groupoid of B, (7, *), and we have a homomorphism B, (7, %) = B,(T, *). The flat
vector bundle corresponding to the pull back of a representation p is just the
restriction to %,(T\{xy, . . . , x,}) of the flat vector bundle over %,(T) associated
to p.

! In the language of categories, B,(7, ) is the set of morphisms of a category whose objects are
elements of I,,. A representation is a functor to the category of finite dimensional vector spaces
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4. Topological Representations of U,(sl,)

4.1. Local System from Multivalued Forms. The multipliers of the multivalued
r-forms upon analytic continuation define a particular representation of the col-
oured braid groupoid. This representation defines in turn a local system over the
configuration space. The singular homology groups we investigate have coefficients
in this local system.

Recall the basic data which we start from: n = (n, .. nk e{1,2,. }
Inl=s+r,m=r and («(1),...,«k)eQ" ak) = o such that ZI . nkfx(k)
Then o; = (id(i)). Remember that 7: {1,...,s+r} - {1,...,k} denotes the

colour map associated with [z]e,. Given these data, we consider

s+r
[ o zlt) = <\/2p Zaz,

0 < u<2pp— 1. Fix the modular parameter 7. Then f* = f,l)o<”<2” 1 18
a ;nultlvalued analytic function on the configuration space %,(X) with values in
C3re,

Let ¢: T— X, ¢(x}, x?) = x* + 1x%, to obtain a diffeomorphism ¢: €,(T)
- %,(X). Define fT = ¢p*f*. Fix a base point * = [Xy, ..., Xs4+,] in Y,i= %.(T)
such that 0 <x{ < -+ <x{,, <1 For [n]el,, let f©7 be the single-valued
function on the universal covering space Y,(n*) with values in €272, defined as the
analytic continuation of f7 from the base point m*, where it takes the value
fT%nx) = fT1(x). An element g € BY*(T, *) induces a map 1,: ¥,(n%) > ¥,(0%)
through 4,(x) = xg. xg is represented by a path from n* to g%, composed with
a path from o* to p(x), p: Y,(nx) > Y, being the covering projection. Then

> Il E@z)m9, 41)

1Si<jss+r

AR = Z "M (9) 4.2)

defines a 2p’'p dimensional representation of B,(T, ) on Vz= C???. An explicit
calculation by analytic continuation yields

- 2 41)
Mi’f’,}'(oc["]) — 5%“6 v2p'p

u

b

Tl Ry — —nia(n(s+r))?
M"’”(ﬁ ) - 6v.u+x/2p'paz(7—r(s+r))e ’

Mr,ﬂ: n(o.[n]) _ ,uenia(ﬁ(i))a(i(i+ 1)) . (43)

If a(7(s + 7)) = a4 is a screening charge, it follows that
— - Zm"—L
MTF@™) =0, 7,
21tip

MEE(B™) =6, ,iope 7. (4.4)

These matrices deserve an abbreviation since they will occur frequently below. Let
= exp(wip'/p) and

N
1S

Av,u = 5v,uq 5
B, =0y u+2pq *. 4.5)
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with the convention ¢'/?" = exp(ni/p). If a(7(i)) = (1 — n(7(i)))p'/~/2p'p and
(@ + 1)) = ay, it follows that

MT%H0l) = 5, ,q" "0 46)
If a(7(i)) = a(7(i + 1)) = a4, this representation matrix takes the form
M5 Hot™) = 6,,4° (4.7)

completing the description of the representation of B,(T, *) associated with the
multipliers of 7.

Recall that v’ = (ny, . .. ,m_q), || = 5, p: €u(T) > € (T), and €,(T\{x1, . . , X,})
=p '(xy,...,x). In the following, [xq,...,x,] will be fixed as above.
Pulling back the above representation of B,(7,*) with the homomorphism
B, (T, ) > B,(T, =), we obtain a representation of B, (7, *). We take the tensor
product of this representation with the pull-back of the totally antisymmetric
representation of S, by the canonical homomorphism B, (T, *) — S,. The result
is the representation, denoted by p, associated with the multi-valued r-forms
(2.8). This representation induces a local system (flat vector bundle)
e L(Xy, ooy X)) = Gu(T\{X1, . . ., X))

Let ¢ >0 be a small number, D} the open disc of radius ¢ centered at
X,i=1,...,5 Y =T— Uf=1D,~. Denote by Y% the configuration space %,(Y?) of
r indistinguishable points on Y*. Thus elements of Y} are subsets Z < Y* of
cardinality r. Fix points y_,y,e€dD5 such that y% <x; <yl, and define
Yi* = {ZeY,|ys €Z}. The bijections

¢+ Ye\ Yt::t i Yr+1 s
Z—Zo{ys} (4.8)

lift to 1somorphlsms ¢+ L Y\YEE > L, |YeE,. The lift is of course not
unique. To fix it, it is sufficient to define the isomorphism from the fiber of the base
point to the fiber of its image. We define it to be the identity map in the
distinguished trivialization introduced above.

4.2. Families of Loops and Operators. Let [xi,...,%x €%, a(T), &>0,

= %,(Y*), and y* €0Y* be as above. The position of the punctures will be kept
fixed in the following.

A non-intersecting family of loops (see [2] for details) based at y_ is a family
Yos - - - » ¥r—1 Of smooth homotopically non-trivial embedded loops starting and
ending at y_, with no mutual intersections except at the endpoints. Homotopies of
families of loops are defined. Non-intersecting families of loops can be represented
by embeddings I' of the open r-cube with open (r — 1)-faces Q, into X,. Let A% be
the space of linear combinations Y Ar[I'] of homotopy classes
[T]=1yo..-,7-1] of non-intersecting families of loops, with coefficients A, -in
the space of horizontal sections of I'* L, over Q,. Horizontal sections correspond-
ing to homotopic families of loops are canonically identified by parallel transport,
so the definition makes sense. The elements of A} represent locally finite relative
homology classes in HY (Y%, Y:~; L,). We consider a quotient of A% by a subspace
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which maps to zero in homology. Let A% = A%/ ~ , where the equivalence relation
~ s given by

I. A['] ~ +f*A[I °f] for any orientation preserving ( + ) or reversing ( — )
isometry of the cube Q,.

IL. /1[’))07" s Vis e )'yr-l] = ’1,['))0, . wyéa v ’yr-l] + 1"[)’0»- . -9yli/’~- '7’yr—l]’
whenever y; is homotopic to the composition y;cy{ in such a way that if the
homotopy is denoted by a(-, s), se[0, 11, y9,...,h(*,8),...,7,-1 s a non-
intersecting family of loops for all se [0, 1]. The sections A', A” are the restric-
tions of 4.

IIL. Alyo, ..., 7,—1] ~ 0, whenever at least p loops in the family are in the same
class in 7 (Y% y_).

The identification III is peculiar to the case when g is a root of unity: if n loops, say
Yos - - - s Pn~1 i0 @ non-intersecting family yq, . . . , 9, are homotopic to a loop y,
then the corresponding locally finite homology class is proportional to the class of
a relative cycle parametrized by ¢ty <t; < <ty <tp ...,t.—1€Q, as

(tO’ L) tr~1) = ('))(tO), e ay(tn—l)’ y(tn)’ AR y(tr—l)) . (49)

The proportionality factor is

n 2j
qv —1
s (4.10)
j];ll q* -1

and vanishes if n = p. o R

We define now operators E, F, and K2, acting on the space @f‘;oAﬁ and
compute their commutation relations.

The operator E is a close relative of the boundary operator. Define

r—1
E: AF[YO: e 7Vr—1] = z (_ l)i(ﬁ:l(iroe:r - ’lroegr)[’yO: e 5’yAi7 e 7yr—1] >
i=0
4.11)
with e?,: [0, 1]"~* — [0, 1]" the standard face maps. §; denotes the omission of ;.

Intuitively the i*® particle is moved to y_ and then taken out. The operator F adds
a loop along the boundary of the hole around the first puncture.

FA: j'I:’))Oa cees yr—l] — /1'[?0, s V=1 Vc] (412)
with yc: [0, 1] = Y2 pelt) = x; + %A(z). Here I = yo, ..., ¥—1, Pc and A’ is the

horizontal section of I'"*L:,; with ¢4 = Aci, where i is the inclusion

(to,...,t,_1,%). This definition makes sense since we can assume that
Yos - - - » ¥r—1 do not intersect y¢ except at the endpoints. The operator K 2 is simply
defined as

K ge=q 1m0, (4.13)

Charge neutrality requires that 1 — ny(r) = ).}_,(n; — 1) — 2r. Note that both the
construction of E and F make use of the isomorphisms (4.8), relating local systems
over different configuration spaces.
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Theorem 4.1. The operators E, F and K? satisfy the relations

[E,F1=K*—K™2. (4.14)

In other words, the operators E, F,K?and K2 define a representation of U (sl,) on
—o0 45

Proof The first and the second relation are immediate consequences of the defini-
tion of E, F and K2 The third relation is best proved using an explicit trivialization.
Without loss of generality, we can assume that [x;, ..., X, 70(3), ..., 7r—1(3)]
€%, #T) for some [n]el,. Denote by A(v) the section with the value v in the
trivialization over 4, :(T). We can further assume that [x;, ..., x, yo(z)

Yoy owo s Vom 1(2)]6(5,, &(T) for some [o;]€l,, (y- in position l) Let ni be the

paths t [x1, .. X0 Yo(3) 731 £ 1)), ..., - 1(3)]. Using
E’\i(U)D)Ov CEEIRY 9%’—1]

= T (= 0 pas0) = pau DDA 0 o Fu o imi]s (@19

it follows that

E"\F\/I(U)[Iy07 .o ,yr-—l] = E/{(U)['})(), s Y-t Vc]

= ¥ (= Diparx0) = par.z (1)

i=

o

A0)Yos - - Fis -+ o5 Ve-157c]
= 3 (= (pa 1) = pa 1)

A)Yos - s Dis o -5 V=15 Vel

+ (= W(psr,#7) — par, w7 ) A0 o, - - -, ¥r-1]
=FEA0)[yo, . - -, Pr-1]

+ (g T — @I 0) oy -+ 9e-1] s (416)

where the primed quantities are defined with r replacing r — 1, proving the third
relation. O

4.3. The Torus with One Puncture. We have proved above that (P2 ; AZ comes
equipped with the structure of a U,(sl,) module. A legitimate question to address is
what kind of module this is. In this section we will consider the torus with a single
puncture and find the adjoint representation of U,(sl,).

To describe A4: as a space, we choose a basis as follows. Let y, and y be loops in
Y? based at y_ such that y, winds around an A-cycle and yp winds around
a B-cycle. For j,,jze{0,1,...} such that j,+jp=r, let y&), ..., y§? be
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homotopic deformations of yg and ), . .., y{/4 homotopic deformations of y,
such that y{ lies on the left of y§*1 and 7% above y4*V), and 7§, ...,y is
a non-intersecting family of loops, also denoted by y%, /4. This family of loops is
drawn in Fig. 1. We choose representatives in such a way that
[x1, 713, ..., 7 (3)] e%n’ﬁ(T). We define A(v) to be the horizontal section over
[7%,7/4] which takes the value v in the trivialization over %, (T). Let
e,, 1 < u < 2p'p be the standard basis of C??”?. Then
2p'p ) )
AA=D D Cle)lvsril. (4.17)

u=1ljs+jp=r

In this basis, the operators E, F and K? are represented by the following matrices.
Lemma 4.2. Applying E, F and K2 to the elements of the basis (4.17) of A: we obtain

5 [P RU ) ) VPP T —jp 1 =1 i

EAMe) s v4] = q—jq—_f(q ATPTIB—q T Ay v
Liale e g g a1,
q—4

File) v vl = (@ % 2B — g%B™ A" le) g T 1 v'4]
+(q¥*B AT — AT AUe) DV v

K2 Mg vl = a =¥ P 2 ae) v, 7] (4.18)

with the convention that [y, 741 =0ifjg<0orj, <0.

+

Proof. The action of E is explicitly computed from

. o JB ) . )
EMe)IVn i1 = 3 (= Do, otr?) = py i DAeIIrE " 4]
i=1

Jatie . . .
+ Y (= Vo, g —p, g0 DAy '].
i=jp+1

(4.19)

Fig. 1. The fanuly of loops |, r.

‘Bt
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The paths & have representation matrices

) = {(—q‘z)"‘B(—q‘z)"‘, 1<i<jg,
Pa il (=1 gm0 A(—q 7 jp+1Zi<ji+Jg,

Prmi)=(—=qa 27", (4.20)

To compute the action of F, we have to deform the added loop to the composition
of two y,4 and two yp loops. The result is

Fae )y vi4] = pay, s Me) [, v+ 1]

+ pay i) Me N[y, oy p D, Ly Ue), pUs D]
— Dy, YD,y Dy D)
= pas, 2 3) M)y P, .yt D,y T

4.21)

A transition function is picked up when the cell on which the bundle is trivialized
changes. The paths #; have braid groupoid representation matrices

Porimny = A",
Piy, 7ins) = ( - qz)jAB—lA_l s
Pas anny = (— 1)ygm D7 AB™ 471 (4.22)

The last representation matrix can be simplified using AB = q*BA. Finally, the
loops are reordered with the help of an isometry of the unit cube. The action of K >
follows immediately from its definition. [J

The matrices acting on the sections are
2u

Ae[t = QT ew Beu = q—zeu+2p’ . (423)

Using these formulae, we conclude that the representation of U,(sl,) on P A: can
be split into a direct sum of isomorphic representations.

Define for n =0,1,2, ..., [n]l,=q"—q ", [n],! = [n],[n — 1], - - [21,[1],
[0],!=1.

Lemma 43 (1) Ae decomposes into a direct sum of subspaces
A5 @ ]A’]FO Cile_, er,,I,)[y p41,0 < n < p' — 1, invariant under
the action of U 4(812). (2) The action of EF and K? on A>" takes the explicit form

A - Usly |, 4,
El(e—n’p-f-np’)['ng’yjff —q Jqu ( 4 3jB+1/1(e—np+(n+2)p)

—q —Jst ll(e—n’p+np’)) D’]E’* 1, '))],21{]
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. ) . np
n'p [Jalg| ja+2ip——+n
—+n+1 p q
ta’ q—q7!

X )”(e—n'p+np') [V%’, y{f B l] s
. S 2jatistE-ns1[ . Wp
F/l(e—n’p+np’)[y11§’ay{/i4] =4 P [:]B_F‘}‘n" 1]
q

X )'(e—n’p+(n—2)p’) [)’}é’ * 1, yj,ﬂ

o
2jat2 7”—2n+2

+ (q /I(e-n'p+(n—2)p’)
2 %‘p_z" 5 njat 1
—q l(e—n’p+np’))[’yj£a Vj,f ] s
I&Zl(e—n’p+np’)[’yjlga V],f = q B 2jA B 2jB B zi(e—n’p+np’)[))]1?> ?]j] . (424)

Denote A2™ = A, n A" Let U(sl,) be the Hopf algebra with generators E, F,
K *2, with the relations of Theorem 4.1, and coproduct 4(E)= EQ K> + 1 ® E,
AF)=FK ?+1Q®F, A(K*?) = K**® K *2 (see Sect. 5). Let I, be the ideal
generated by the central elements E?, F? and (K?)?? — 1,and U J(sly) = U(sly)/1,.
U,(sl;) acts on UJ(sl;) by the adjoint action. We define the idempotents

2p—-1

1
Tho=7 Z (wq") "K*™, ne—Z, o= +1. (4.25)
2p w=o p

m

As before we set ¢'/?" = exp(ni/p). These idempotents have the following proper-
ties:

K2T, » = 0q"T, ., ,
Tn+p,w =1Ly grew >
Tn+n’p/p',w= n(—1)"w > n, n’eZ s
Toinpipo Imtnpip.or = OnmOv, 0 Tnsnpipo>» 0Snm<p—1, neZ. (426)

For each n'eZ, the elements T+ nppws #=0,...,p— 1, 0= =+ 1build a basis
of the subalgebra generated by K?2.

Definition 4.4. For 0 < n’' < p’ — 1, define linear maps ¢,,: A>" — U J(sl,) as fol-
lows:
P . n'p
i i —%jB(jiB= 1)+ (ja—1)(——Fr+tnt+1)
¢n’i(e—n’p+np’)[yj{;g> V],i‘] =4 i
o skt
@—a )
Having introduced the maps ¢,, we are ready to state the main result of this
section.

FHEPTYIT wp  (427)
o,
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Theorem 4.5. (1) For Xe U,(sl,), and ' =0, ..., p — 1, the diagram

b
Ae, n’ Ae,n'
bl e (428)

U,(I)(Slz) —— Ug(slz)

commutes. That is, ¢, is a homomorphism from A>" to the module U {(sl,) with the
adjoint action. (2) If p’ is odd, ¢, is an isomorphism. If p’ is even, ¢, is two-to-one,
with image the submodule {X e U{(sl,)|K**X = (— 1)"X }.

Proof. (1) is checked by an explicit calculation using Lemma 4.3 and Lemma 4.2.
To prove (2), we notice that F/E'T, ,,j,Ln=0,...,p—Lw= +1, build
a basis of U,(sl,). For p’ odd, we see from Definition 4.4 using the third of (4.26),
that ¢, is bijective. If p’ is even, the image is the subspace spanned by the basis
vectors with o = (= 1)". O

Let us work out the interplay between topological and algebraic objects a little
further. We have introduced F: A — A%, as the operator which adds a yc-loop
and identifies the section as described above, using the point y,. With any loop
7: [0,1] > Y* based at y_ such that y(}) = y,, we can associate an operator
L()’) Ae—’Ar+17 A[VO? R l] = A [Vo, e :})r 17 ] such that ¢+;L )"Ol
generalizing F= L(yc) Two special cases are F; = L(y,) and Fr= L(yD) See
Fig. 2 for a graphical representation.

Theorem 4.6. (1) For 0=n <p -1, For maps A>" to A%, and
F=F, — Fg. (2) The diagrams

Fr
e
ol X FXK? X (4.29)
Udsly) —————— U(sly)
and A
Fr
e
R (4.30)
Ualsl) ————— Uglsly)
commute.

Proof. (1) yc is homotopic to the composition (y5!)cy,. Using the equivalence
relations imposed on A4¢, it follows that

iI:’yO: s Vr-1s Vc] = /1/[?05 s Pr—1s ))A] + j'”[’))09 s Y1 yD] s (431)

the sections being identified as above. (2) The counterpart of F,on U d(sl,) follows
from

}'(e—n’pi-np’), [ij jA + 1] =A" ll(e—n’p+np’)[yh jA * 1] (432)

using the explicit form (4.27) of ¢, . The action of FronU (sl,) is computed with
F = F, — Fg, and adp(X) = FXK? — XFK?. [
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Fig. 2. The loops y4, - ..,

4.4. The Torus with Many Punctures. Combining the above results with previous
work on topological representations of U,(sl,) on the disc, the representation on
=0 A; can be identified. The result is a tensor product of UJ2(sl,) Verma
modules, one for every additional puncture, with the algebra itself. The latter is
understood as the representation space for the adjoint action.
The starting point is again an explicit description of AZ as a space in terms of
a basis. Fix a non-intersecting family of loops

D)Jizv cees 'Vgs’ Vjé’, ’Vj:] =
D, L,y @ U G0 (433)
It is understood that y¥,2 < i < sand 1 < k < ji, are homotopic deformations of

7: such that y** " lies inside y . See Fig. 3.
Let this family be parametrized such that

X5 X6 7(), - 2P (D), 5(T) . (4.34)

Define a horizontal section over this family, denoted by A(v) giving it the value v in
the distinguished trivialization over ¥, =(T'). Then

zp’p . .
4i=D D Clerh .- vEvEvd. (4.35)
B=1 jote - +jasr

Generalizing the case with one puncture, we define the following map.

Definition 4.7. For 0<n' <p' — 1, define maps ¢¥©:A4>" >V (n,)® "
® V(ng) ® U2(sl,) as follows:

d);s’)(l(e—n’p+np’) [')’J;, Tt 'ygs, Y]E, V],ﬂ)

= Fj2 UO(nZ) ® e ® Fjsvo(ns) ® ¢£:})()V(e—n’p+np’)[y]g’ '}’jj]) ) (436)
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L]
X4

Fig. 3. The family of loops of Eq. (4.33)

where ¢{} denotes the map of Definition 4.4 for the torus with one puncture. V(h) is
the U 2(sl,) Verma module generated from a singular vector vy (h) with Evy(h) = 0
and K?vo(h) = ¢" *vo(h).

Theorem 48. (1) For 0<n' <p' —1, the maps ¢9: A" >V(n,)® - ®
V(ng) ® U2(sl,) are one-to-one and onto if p’ is odd, and two-to-one if p’ is even.
(2) For X e U2(sl,) let

A9X) =Y XPVR - X¥. (4.37)
Then the diagram .
X
Ae,n' AE, n'
¢ | 1 o@ (4.38)

XU @ X @ ad(X()

® V(n) ® USsly) ® Vin) ® U(sl)

commutes. That is, the topological action of U (sl,) on A>™ is given by the coproduct
on the tensor product of Verma modules with the algebra itslef.

Proof. We will give an explicit proof for s = 2. The generalization to s > 2 is
obvious and will be omitted. Since

E/I(e-n’p+np')[’yg2a y%: yj;{‘ =
Lj2dg[na2 —Jj2l =1 s i
S e | R | LT Y R
q9—dq
n2—1-2jx [jB]q ~4jA—3jB+3B__ 1—jg A J2 pip—1 sja
+q q_q_l(q q ) (e~n’p+np’)[’))2’y8 s V4
[jA]q

+ ﬁ (qu +Ust lA —dq ~Ja=2Ust l)l(e—n’p+np’)[v12'2> ')}]1?: ’yj,f; a 1]) (439)
—q
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it follows that
O P EXe-wpen)VE v VED)
=E®1+ K@ E)pP (Me—wpsmr)vh: v 14D - (4.40)
Where we identify the coproduct 4(E) = E® 1 + K 2 ® E. To compute the action

of F, the added loop has to be homotopically deformed and split into a composi-
tion of loops v,, ys, and y,4. By a deformation procedure it is shown that

File—wpem) 7%, v Vi
e G Ry | R LS ¥ T
+(gPBT AT = gI I 2B e ) [9 5 7R ]
+ (A7 =g BT AT AMe—wpenp) Dy E VR0 T'T (4.41)
As a consequence
P (FAle—wpen) V5 78 v4])
=(FOK 2+ 1@ F)P (Me-wprn) V5 vE 74D, (4.42)
where A(F)= F® K~ 2 + 1® F. Finally

Kzl(e—n’p'#np’) [yjéz’ ij, y},‘i{

R G B T Ly [CH | 7 0 ) (4.43)
So that
P (KM€~ prnp) (75, v 771])
= K2 @ K?¢P(AMe—wpenp) V2, 78, v4]) (4.44)

proves the assertion since 4(K?) = K? ® K2. The “right” action of K? is a conse-
quence of the charge neutrality condition. [J

Thus we have proved that the topological action of U,(sl,) on the torus with
many punctures algebraically reproduces the coproduct.

5. On the Adjoint Representation

7’

Let g =exp(inp’/p), where p and p' are relative prime integers with p = 2.
U,(s15(C)) is defined as the unital algebra over C generated by E, F and K *?
subject to the relations

K12K¢2=1’ K2E=q2EK2,

K*F =q 2FK% [E,F]=K*—-K2. (5.1)
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In the following, we will consider the quotient U J(sl,(C)) = U (sl,(C))/I, obtained
by dividing by the ideal I, generated by the central elements (K?)*” — 1, E? and F?.
From U (sl,(C)) it inherits the coproduct

A(KiZ) — Ktz ® Kiz ,

AE)=E®1+K*Q®E,

A(F)=F®K *+1®F, (5.2)
and the antipode
S(E)= — K?E,
S(F) = — FK?*,
S(K*?)=K*2. (5.3)

Theorem 5.1. The monomials F/E'K*", 0<jI<p—1,0<n<2p—1, form
a PBW-basis of U J(sl,(C)).

Using the notation A(X)=),X;® X/, the adjoint representation of
U,(sl»(C)) acting on U 2(sl,(C)) is given by

adx(Y) = ¥ Xi¥YS(X7). (5.4)

In particular, the action of the generators E, F and K*? is
adp(X) = EX — K*XK’E,
adp(X) = FXK? — XFK?,
adg=2(X) = K*2XK*2 . (5.5)

In order to identify the U,(sl,(C))-modules A", 0 <0 L p' — 1, with UQ(sl,(T))
we introduce for each n’ the new basis FjElTn+fll) ,0Zj,lnsp—1Lw= +1.
p/ , @

In addition to (4.26), the idempotents T, ,, have the properties
ETn,w = n+2,a)E9 FTn,w = n—Z,a)F s (56)
which, together with

qn—lK—2 _ q—n+1K2
__1 >

[F", E]=F""'[n],

4—q
n—lKZ _ —n+1K—2
(E" F]=E"'[n], 2 - _‘2_1 : (5.7)

and (5.1), allow us to compute explicitly the action of the generators. The result is



Generalized Hypergeometric Functions on the Torus 19

Lemma 5.2. Let 0<n <p — 1. The action of E, F and K? on the basis
FjElTn+Lp 0<jLn<p—1,w= +1,is given explicitly by
p, 5

igt ' — Fiplti1 ' _ 420-)) ,
adE(F E Tn+np—,p,w)_F L (Tn+n7,p,w q Tn+~”;,£—2,a)>

n/
[J']q[j—"—ﬂ——,p—l]
o — P SFITIET
q—q°! ntpo’
- i+1 ol n+ny;fJ n+%,p+2
adp(FIE'T vy )= FIUE g 7T vy |, =g NI
nl
v [l]q[l+n+—,£+l]
_ n+7+2 p g ipi-1 )
q =1 F'E T n'p s
q_q n+7+2,w
adKz(FjElTn+ﬁ’7p w) = qz(l_j)FjElTn+ﬂ; w" (58)
p’ p’

6. Conjecture on Locally Finite Homology

We conclude by stating a conjecture on the locally finite middle-dimensional
homology groups with coefficients in the local systems L,. Let as before g be a root
of unity, and p be the smallest positive integer such that ¢*” = 1. Define quantum
binomial coefficients as

n . [n],!
=lim——>2 —— g, =q(l+5¢. (6.1)
[m]q epon—mlg ! [m]g !
Let A be the associative Z-graded algebra with unit, generated by K2, K2 of
degree zero, E of degree — 1, and F, of degree n,n =0, 1, . . ., with relations
K?EK %= ¢*E, K?F,K ?=¢q *F,,
EF, —F,E=F,_1(g""'K*~¢""'K™?), nz1,
Fnsz[n+m] Fn+ma
m g
K*2KT2 =KT2K*2=F,=1. 6.2)

This is “half” of Lusztig’s construction of the quantum group at root of unity. It is
obtained by formally setting F, = F"[1],/[n],!, for q generic, and taking the limit
when ¢q goes to a root of unity.

There is a homomorphism 1: U(sl,) > A given by E — E, K*? — K*2, and
Fi Fi. Thus U,(sl;) acts on A via the adjoint action U,(sl;)x A4 — 4,
(x,a) — Y j(x})a,(S(x])), where A(x)=Yx;®xj. The U,(sl,) module A is
Z graded for the grading of U,(sl,) defined by deg(E)= — 1, deg(F)=1,
deg(K*%) = 0.
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Let Ay be the quotient of 4 by the ideal generated by the central element EN»,
N =1,2,... .Thealgebra U,(sl,) actrs on Ay since EN» commutes with the action
on A. Multiplication by E? defines embeddings of U,(sl,) modules

G ANG ANi1G . (6.3)

These maps are of degree zero for the shifted degree on Ay &(x) = deg(x) + Np.
Define the graded U,(sl,) module 4, to be the direct limit of the modules Ay with
the shifted degree. A basis of A, is given by the classes of

F;ENP"UIT, | edy, j1=0,1,..., n=0,1,...,p—1,
o= +1. (6.4)

In this expression N is any number such that Np — [ — 1 = 0. The degree of (6.4) is
j+ 1— 1. Denote by A% the subspace of homogeneous elements of degree d.

An alternative description of the U,(sl,) module 4, was essentially suggested
to us by D. Kazhdan: Let Z be the subalgebra of the center of U (sl,) generated by
E?. Then 4, = A ®7C[t], with adjoint action of U,(sl,), where E? acts on A by
multiplication and on C[t] as d/dt. The isomorphism relating the two definitions
iscl(xeAy) —» x@t¥N /(N — 1.

For simplicity, we state our conjecture in the case of p’ odd.

Conjecture 6.1. Suppose that p’ is odd.

(i) The action of U,(sl;) on families of loop extends to an action on
H¥(X,, X[ ;L,) and there is a degree zero isomorphism of graded U,(sl,)
modules

p—1
Hi(X, X ;L)~ @ A5 ".

n’'=0
(i) There is a degree zero isomorphism of graded vector spaces

2p’'—1
HE(X,)~ @ Ker(E: A% 1 - A772).

n'=0

This conjecture is parallel to the one formulated in [2] for the case of the sphere.
To prove it one should understand better locally finite homology. In the remaining
of this section we describe these isomorphisms. Let, as in 4.3, y4, y5: [0, 1] — X be
A and B loops on the one-holed torus X based at a point y _ on the boundary of the
hole. Consider the locally compact cells in X,

Crr={(yat1), - - ., yB(t), Yaltis1)s - - ., valt)) € X,
O<ti< <t <l0<tyy; < <t <1}, (6.5)

where ~ denotes closure in X,. We orient C; , using the standard orientation of the
parameter space R"5t, and choose as section over it the section taking the value e,
over a point in one of the cells defined in 3.2, where a trivialization is fixed. The
class in H¥(X,, X, ; L,) represented by C, , with this section will be denoted by
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Cuu, The U (slz) module * JHY(X,, X ; L, is a direct sum of submodules
labeled by n' =0,... 1, spanned by C,,, with p= —n'p+np,
n=0,...,2p—1,1= 0, 1, ... Each of these submodules is isomorphic to 4.
The isomorphism is

Cu,l,r g nFr—lEpN—l_lTl—u/p’,l s (66)

for some root of unity # depending on the choice of trivialization. The isomorphism
in (ii) is obtained through the identification of Ker(E) with Ker(d,).

The space of cycles obtained here is bigger than the space of cycles relevant for
conformal field theory. The cycles for conformal field theory should be computed
using the cohomological methods of [25], but the details remain to be understood.

By construction, there is a projective action of the mapping class group
PSL(2, Z) on relative homology, which commutes with the action of the quantum
group. We hope to describe this action elsewhere.

Appendix A. Properties of 4,(W|7)

Define

i
m#(ZW +1u)

4,(W|z):= T 03(W + tu|2p'pr)
_ _1_ i eZm‘W(n+2§,p) +7ri2p’pt(n +%}-’)2
n(r) =, '
s s+r
W.=rp 21 (1—n)z;+2p Y z. (A1)
i= i=s+1

A straightforward computation yields
AAW+w%rw?U(Wm
lW+ 12p't
AW+ el = TR 4 e A2)
and

A1+ 1) = BT 4 ey

< — 1) 1 Zprth ZP,ZPZ 1 —7€—iuv
All Wl— | =——=c¢ e’’? AZp’p—v(Wtit) . (A3)
T V20'p V=0

To verify the last identity, note that

pp-1 ——"i 1 wW—v| 1
o= La("r )
g n) >\ 2p'p |20'p
1 2pm1 oM W—v| 1t
= L (M )
a 2p'p v;o 00y () A
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and
-1
’7(7) =/ —itn(),
03<z - 1> =/ — it e 0,(z1|1) . (A.5)

Appendix B. Properties of 0,(z|7)

Following Jacobi one defines

i 2ni(z+ L) (n+L1) + nic(n+1)2
0,(zlt)=— ) e (= 3)(re3) mie(r ) . (B.1)
In terms of an infinite product
0,(z|t) = 2¢ ® (1) sinnz ]_[ (1 — 2e?™™ cos 2mz + e*™™n) | (B.2)

n=1

It satisfies the following identities
0,z + 1|7) = — 0,(z]7),
0.(z + t|1) = — >™2 7™ 0 (z]1) ,
0:(—zlt)= —b:(zl7),

01(zl7 + 1) = /0, (zl7) ,
91<z _Tl> = Jit ™0, (21]7) . (B.3)

It has simple zeros on the lattice Z @ Zt and no others. Consider the fractional
power 0,(z|t)*, e Q\Z, a multi-valued function on C\Z @ Zz. Upon analytic
continuation along straight paths from z to z + 1 and z + 1 respectively, it has the
property that

0:(z + 1|1)* = > %@ g, (z|7)*,

1(Z+T|T) Zmo«m(z) 2miaz — mate (er)ac (B4)
with
pal2)=—-n—1,
ppz)=m+73,
ze{x+yteClm<x<m+lLn<y<n+1}, (B.5)

as follows from an explicit calculation. Note that ¢, (z) is constant on every
translated fundamental domain.
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