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Abstract. We prove the existence of front solutions for the Ginzburg-Landau
equation

d.ulx, t) = OZu(x, t) + (1 — lu(x, 1*)ulx, 1) ,

interpolating between two stationary solutions of the form u(x) = ./1 — g%e'®*
with different values of g at x = + oo. Such fronts are shown to exist when at least
one of the g is in the Eckhaus-unstable domain.

1. Introduction

We consider the Ginzburg-Landau equation (GL)
Ou(x, t) = 0zu(x, t) + (1 — [u(x, t)*)u(x, 1), (1.1)

where u is a complex-valued function of x € R and ¢t e R, . This equation has
time-independent periodic solutions of the form

ug(x) = /1 — g*e'?e’ (1.2)

where ge [ — 1, 1] and ¢ € R. These stationary solutions are known to be un-
stable for small amplitudes (¢* > 1/3) and marginally stable for large amplitudes
(g% < 1/3) (Eckhaus stability, cf. [CE]).

Our aim is to show the existence of front solutions of Eq. (1.1) interpolating
between two stationary solutions (1.2). By this, we mean solutions of the form
u(x, t) = U(x, x — ct), where U(x, &) is a complex function which converges to one
of the stationary solutions (1.2), say u,,(x), as £ - — co and to another one, say
U, (x), as £ - + oo. Such solutions typically look like a fixed envelope moving to
the right with constant velocity ¢ > 0, while leaving a periodic pattern (the function
u,,) behind and destroying another one (u,,) in front, as shown in Fig. 1.

In the case where u,, = 0 (g, = =+ 1), solutions of this form are easily shown
to exist, see e.g, [CE,B]. Indeed, inserting in Eq. (1.1) the ansatz u(x,t)
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Fig. 1. The real part of a typical front solution of the GL-equation (1.1) is plotted at three different
values of t. The parameters are g, = — 03,9, =09and c=5

= v(x — ct)e'°*, where v is a complex-valued function, g € (— 1, 1) and ¢ > 0, we
obtain an ordinary differential equation for v:

v"(&) + (¢ + 2igo)v'(&) + (1 — g5 — [v(&)*)v(&) = 0. (1.3)
Now, defining

1 1 1
H,v)=s[v'>+ 51 —qd)lv]* —[v*, (1.4)
2 2 4

we can write Eq. (1.3) as a one-dimensional complex Hamiltonian system
with Hamiltonian H and (complex) dissipation coefficient ¢ + 2iq,; the fixed
points are thus given by the local extrema of the “potential” term in Eq. (1.4).
It follows that Eq. (1.3) has a stable fixed point F; at v =0, and a circle F, of
unstable ones (v = /1 — g%e*?) which corresponds to the stationary solutions
(1.2). In view of the “dissipation law” dH/d¢ = — c|v'|*> £0, any trajectory
entering the region |v|> < 1 — g3, H < 4(1 — q3)? will stay there and converge
to the origin. In particular, F, is on the boundary of this region, and its unstable
manifold intersects this region. Therefore, we can conclude the existence of
fronts for Eq. (1.1) connecting any solution (1.2) — no matter whether stable
or not—to the origin.

The case where both stationary solutions u,,, u,, are non-zero is harder.
As a matter of fact, we cannot make the ansatz u(x,t)= vo(x — ct)e'®~
+ vy (x — ct)e™'™, for as soon as u contains a superposition of any two different
wave-numbers qq, ¢,, the non-linear term |u|?u in Eq. (1.1) produces all the
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“harmonics” g, = qo + n(qy — qo), n € Z. So, the simplest expression we can hope
for is
u(x, 1) =Y, C,(x — ct)e’* . (1.5

neZ

Inserting in Eq. (1.1), we obtain the following system for the C,:

C.=D,,
D, = —(c +2ig,)D, + Culgs — 1) + F,(C) , (1.6)
where F = (F,),z is the non-linear term
F,(C)= ) C,C.C*%,, 1.7)
pHstr=n

and the symbol ' means the derivative with respect to & = x — ct.
We are thus looking for solutions C(&) = (C,(&))nez of Eq. (1.6) subject to the
boundary conditions

lim C(¢)eF,, lim C(¢)eF;, (1.8)

é—>— &>+

where
F2={(Cn)nez||cn|= 1 "qgén,o},
F3={(Cn)nel|'cn|= 1—‘1%5,1,1},

are the circles of fixed points of Eq. (1.6) corresponding to the stationary solutions
Uy, U,, respectively. More precisely, the question we are interested in is the
following: for which g4, g, € [ — 1, 1] do solutions of Egs. (1.6), (1.8) exist? A partial
answer is given by the two theorems below, which constitute the main result of this

paper.

Theorem 1.1. (Unstable-Unstable case) Let 0 < o < 1/2, ¢ > 0. There exists an
&1 = &1(c) > O such that, for every ¢ < &1, there is a solution of Egs. (1.6), (1.8) with
go= — 1+ ¢ and g, =1 — ae. Moreover, ¢,(c) has a (strictly) positive limit as
¢ — 0.

Theorem 1.2. (Stable-Unstable case) Let — 1/ \/g < go = 0. There exist an ¢; >0
and a ¢y > 0 such that, for all ¢ < &, and all ¢ = ¢y, Egs. (1.6), (1.8) have a solution

with q; = /1 — €.

Remark. The problem of constructing front solutions is phase covariant in the
following sense. The system Eq. (1.6) has two continuous symmetries, which reflect
the phase and translation invariance of the GL-equation Eq. (1.1). Indeed, defining
the transformation R, by (R,C), = €*C,, we see from Eq. (1.7) that Fo R, = R, F
for all ¢ €[0,2n]. Similarly, F commutes with Tj, where (T;C), = ¢™C,. As
a consequence, as soon as any pair of points of F, and F; are connected by an orbit
of Eq. (1.6), the same is true for any other pair, since the two operations R and
T allow to rotate the circles F,, F5 independently.

We shall briefly comment on the range of validity of the theorems (in g, ;).
First of all, a nice application of the Maximum Principle for parabolic equations
shows that, if u(x, t) is any solution of Eq. (1.1), the number of zeros of Re(u(x, t)) is
(locally in x) non-increasing in time [A]. This means that front solutions can only
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Fig. 2. The shaded region shows the values of ¢,,q, for which we expect front solutions
generically to occur. The black regions are the domains of validity of Theorem 1.1 and Theorem

1.2. The constant E = 1/\/ 3 is the threshold of the Eckhaus instability

exist for |q1| > |qo|, if ¢ > 0, as is easily seen from Fig. 1. Moreover, since Eq. (1.1)
is invariant under the complex conjugation u — u*, there is no loss in generality in
assuming that g, > |qo|. Finally, some genericity considerations which will be
explained at the end of Sect. 4.2 lead us to suppose that (g0 — q;)* < 691 — 2.
Combining these conditions we obtain the shaded region in Fig. 2.

Now, let us choose gqq, q; in this shaded region and consider the sequence
of wave-numbers g, = qo + n(q; — qo). If the difference q; — qo is sufficiently
small, many g, lie in the interval [ — 1, 1] and, by Eq. (1.2), there corresponds
to each of them a stationary solution u,,. Thus, as well as between u,, and u,,,
one can imagine fronts between u,_, and u,,, u,_, and u,,, . . ., all of them being
solutions of the same system Eq. (1.6) with different boundary conditions (1.8).
So, to avoid inessential complications, we restrict ourselves to the case go <0
in which there is only one possibility of constructing a front solution, namely
between u,, and u,,. In this situation, we expect this solution to exist for all go, g,
in the shaded region, and this is well confirmed by numerical simulations.
However, the domain in which we prove it (Theorem 1.1, Theorem 1.2) is much
smaller: it is the black region in Fig. 2.

2. Preliminaries
We begin our analysis of the dynamical system Eq. (1.6) by diagonalizing the linear
part of the right-hand side. The corresponding operator is already block diagonal

with 2 x 2 blocks labelled by ne Z; the n™ block is just the linear part of the
equation for (C,, D,), and its eigenvalues are given by

1
Y =§(-—(c+2iq,,)i1/cz—4+4icq,,). 2.1

So, defining the new variables

Cn 1 1 A"
<Dn>=<x"+zn_)<3n>’ 2.2)
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we obtain the following system:

A, Aut O A, 1 F.(A + B)
= — 2.
(B;l> < 0 '1"—><Bn>+in+—ln—<_Fn(A+B) ’ ( 3)
where (A + B), = A, + B, = C, by Eq. (2.2). In these variables, the circles of fixed
points F,, F3 become

— Ado- ; A ;
F2) do=7——7—/1-die”, Bo=7—"-—/1-gie" ¢eR,
0+ -

0+ — Ao-

— Ai- . A .
Fa) dy=7———/1-gie¥, Bi=———/1-gie¥, yeR,
1+ — A1- 1+ — A1-
(2.4)

all the other A4,, B, being equal to zero.

2.1. The Function Space. Let (#,(-,*)) be the Hilbert space

H ={(An)neZ| YL+ [n)° A4, < o } (4, A) =Y (L+n])° 454,

neZ neZ

and denote by #2 the direct sum # @ #. From now on, we mean by a solution of
the system a € ! curve & — (A(&), B(£)) in #°2, such that Eq. (2.3)is satisfied. If this
is the case, then (by construction) C,(&) = A4,(¢) + B,(¢) is of class €2 for all n, and
Eq. (1.6) is verified. Moreover, since

1/2
Y I+ [nD?CO)] < ( > (1—+1|W)2> I1C1

it is easy to see that u(x, t) defined by the sum (1.5) is ¥ 2 in x and t, and verifies the
GL-equation Eq. (1.1).

The space s is mapped into itself by the non-linear term (1.7). Indeed,
a standard result in Sobolev space theory (see e.g., [CE]) says that convolution is
a continuous bilinear map from # x s into #. This means that there exists
a K > Osuchthat [A*=B|| = K| A| |B]| for all A4, Be s#. Now, F(C) is nothing
but the double convolution C * C % C, where ~: # — # is the antilinear isometry
defined by (C), = (C_,)*. So, F: # — # is € and

IF(C)—F(C)| £3K**|C—-C| , 2.5)

for all C, € € # such that ICI, I Cll £ r. In the sequel, if & is some normed space
and f: & —» & some Lipschitz map, we shall denote by 4, = & the ball of radius
r around the origin in & and by Lip(f) the Lipschitz constant of . With these
notations, Eq. (2.5) simply means that Lip(F) < 3K?r? in 4, = #.

2.2. Spectral Properties and Invariant Manifolds. Figures 3 and 4 show the real
part of the spectrum (2.1), plotted as a function of the wave-number g. The points
where g = q, = qo + n(qy — qo) for some n e Z correspond to the eigenvalues of
the system. The two branches (+ and — ) cross at g = 0 if ¢ < 2; otherwise, they
are separated by a distance growing like ¢ as ¢ — oo . In all cases, eigenvalues with
zero real part only occur if g, = + 1 for some ne Z.
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Fig. 4. The real part of the spectrum (2.1), in the case ¢ > 2

In view of these spectral properties, our strategies for the proofs of Theorem 1.1
and Theorem 1.2 are very natural. In the “unstable-unstable case” (Sect. 3), we fix
ae(0,1/2),c > 0,and define go = — 1 + ¢, g; = 1 — e for some (small) ¢ > 0. The
spectrum (2.1) thus contains two “central” eigenvalues (that is, Re Ao, and Rel;
are O(c)), while the real parts of all the other ones are bounded away from zero as
¢ — 0. Using this information, we consider the evolution of the system (2.3) on the
local invariant manifold corresponding to these two central directions. Applying
the general theory reported in Appendix A, we shall prove the existence of such
a center manifold in a neighborhood of the origin whose size does not depend on &.
Since the circles F,, F3 shrink to zero as ¢ — 0, all these fixed points will belong to
the center manifold if ¢ is sufficiently small. As a consequence, we shall prove the
existence of front solutions connecting F, to F5 by simply studying the resulting
flow on the center manifold.

In the “stable-unstable case” (Sect. 4), we choose qq, q; such that g3 < 1/3,

1/ \/5 < ¢; < 1. We do not follow the same procedure as above, because the fixed
point F, corresponding to g, is no longer close to zero, so that we have no
guarantee that it would lie on the local center manifold which we would construct.
We rather consider the evolution of the system (2.3) on the (infinite-dimensional)
invariant manifold corresponding to the upper branch (labelled “ + ) of the
spectrum. Using ¢ as a parameter, we shall prove the existence of such a center-
unstable manifold in a neighborhood of size ((c) of the origin, thus containing the
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fixed points F,, F3 if ¢ is sufficiently large. We shall then study the resulting
semiflow on the manifold, and prove the existence of front solutions.

3. Proof of the Unstable-Unstable Case

As indicated, we fix « €(0, 1/2), ¢ > 0,and definegy = — 1 + ¢, q; = 1 — aefor some
small ¢ > 0. To avoid complications, we assume from the outset that ¢ < 1/10.

3.1. Spectral Properties. We first describe in detail the spectrum (2.1) by perform-
ing perturbation theory in & All calculations are omitted, being straightforward.
We find for the two central directions

2¢ c2e? 20 c?e?
Ao+ c—2i+(o<(c+2)3>’ has c+2i+(0<(c+2)3>’ Gl

and for the other eigenvalues

Re 4 n+0,1; Reld,- = —c—ReA,+,neZ. (3.2)

C
> -
"=+ 22

Moreover, using the identity A, — 4,_ = /c? — 4 + 4icq,, we obtain

1 2
<
Sy "L (3.3)

Finally, for n = 0, 1, we also have

1 _1+(9 ce 1 _1+(9 ce
Aotw — Ao € —2i (c+22) Ay —Ai- c+2i (c+2°)
(3.4)

3.2. Reduction to the Center Manifold. Using the estimates above, we now reduce
the system (2.3) to a center manifold corresponding to the eigenvalues Ag+, 4; .
The first main result of this subsection is:

Proposition 3.1. There is a Ko > 0 such that, for all e < Koc/(c + 2), the system (2.3)
defines a flow on a two-dimensional local center manifold of radius 0(¢''*), which
contains the fixed points F,, F3.

Definition. We define ¢, = Kyc/(c + 2).

Proof. In a first stage, we show the existence of a center-unstable manifold asso-
ciated with the branch {4, },cz of the spectrum, by applying Theorem A.1 to the
system obained from Eq. (2.3) by reversing the sign of the “time” £ Using the
notations of Appendix A, we set & = {(Ay)nez} = H#, ¥ = {(Bp)nez} = #, and
we define the linear operators A, 4* by (4°4), = — 4+ 4,, (A*B), = — A, B,.
According to Egs. (3.1), (3.2), we have Re( — A,+) S Re(— Ao+ ) S c/(c®> +4) < c/4
for all n e Z, and Re( — 4,-) = 3c/4. Thus, the assumption H1 of Theorem A.1 is
satisfied with 1 = ¢/4, A* = 3¢/4 and D = 1 (since A%, A* are diagonal). On the
other hand, the non-linear terms in Eq. (2.3) are €, phase covariant, and vanish at
the origin together with their derivatives, so that H2 is satisfied. Moreover, if



228 J.-P. Eckmann and Th. Gallay

£(r), £*(r) denote their Lipschitz constants in %, = £ @ &%, it follows from Egs.
(2.5), (3.3) that £(r), £*(r) < Cr*/(c + 2) for some C > 0. So, choosing B = ¢/3 and
defining r? = K, c(c + 2) for some sufficiently small K; > 0, we can bound o (r, )
in Eq. (A.2) by 3(r/r1)? which is smaller than 1/2 if r < r,. Applying Theorem A.1,
we thus obtain:

Lemma 3.2. Thereis a Ky > 0 such that, for allr <ry = /K c(c + 2), there exists
a phase covariant €1 function h: &£ — &* with h(0) = 0, Dh(0) = 0, whose graph
(restricted to 4,) is a local center-unstable manifold for the system (2.3). Moreover,
Lip(h) < 3(r/ry)>

Thus, the system (2.3) defines on the center-unstable manifold B = h(A) a semi-
flow (for & < 0) whose projection onto & verifies the differential equation

1
Ay =y An+ 5= F(A+ h(A), AcH, . (3.5)
n+ — /n—

In a second stage, we reduce the system (3.5) to the two-dimensional center-
stable manifold associated with the eigenvalues Ao 4, A1+ . Let now £ = #, ~ C?
be the subspace of # spanned by the two central directions Ao, A;, and &* its
orthogonal complement in 5. Proceeding as above, we define the linear operators
A A" by A%(Ag, A1) = (Ao+ Ao, A1+ A1) and (A*A4), = 4,4+ A, n £ 0, 1. In view of
Egs. (3.1), (3.2), the assumption H1 of Theorem A.l is verified if we take
2% =0, A* = c/(c + 2)*, and D = 1. On the other hand, denoting by #°(r), £“(r) the
Lipschitz constants in 4, < # of the non-linear terms in Eq. (3.5), we see from Eqgs.
(2.5), (3.3) and Lemma 3.2 that H2 is satisfied, and that Z°(r), £*(r) < Cr*/(c + 2)
for some C > 0. So, choosing f = A*/3 and defining 3 = K,c/(c + 2) for some
sufficiently small K, < K;, we have o(r, f) < 3(r/r,)* in Eq. (A.2). Applying
Theorem A.1, we obtain:

Lemma 3.3. Thereisa K, > Osuch that, for allr <r, = /K,c/(c + 2), there exists
a phase covariant €*°* function g: £ — &* with g(0) = 0, Dg(0) = 0, whose graph
(restricted to 9%,) is a local center-stable manifold for the system (3.5). Moreover,
Lip(g) < 3(r/r,)%.

Combining the two lemmas we obtain the existence, if < r,, of the local center
manifold I', = {(4, B) e #*|A = (a, g(a)), B = h(A), a€ B, = #,}. Furthermore,
the projection onto #; of the flow defined on I', by Eq. (2.3) verifies the differential
equation

Ao =lo+ Ao + Fo(a + k(a)) ,

dor — Jo-

Ay =21 A+ Fi(a + k() , (3.6)

_
Ay — Aio
where a = (A, A1) B, =« #, and k: #, > # is defined by the identity
(a, g(a)) + h(a, g(a)) = a + k(a). So, k is phase covariant, k(0) = 0, Dk(0) = 0, and
Lip(k) < £(r/r,)* for some £ > 0.

We now complete the proof of Proposition 3.1. Consider the fixed points (2.4).

Using Egs. (3.1), (3.3) and recalling that /1 — g%, /1 — g3 are 0(¢*/?), we see that
there exists an R > 0 such that F,, F3e %z, < #? for all ¢ > 0. Thus, if
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Re''? < r,, these fixed points will lie on the center manifold I'g,:» (see Remark 3
after Theorem A.1). Thus, defining &, = (r,/R)* = Koc/(c + 2) and noting that
(Re'?/r,)? = ¢/e,, the proof of Proposition 3.1 is complete. O

The proof gives us the further result:

Corollary 3.4. The projection onto #, = C? of the flow defined on the center
manifold by Eq. (2.3) verifies the differential equation Eq. (3.6) with k: #y — H#
a phase covariant €' function verifying k(0) = 0, Dk(0) = 0, Lip(k) < ¢/e..

This result reduces the proof of Theorem 1.1 to the study of the system (3.6) in
the ball #g,1» = #,.In order to extract the relevant terms as ¢ — 0, we rescale the
amplitudes A4y, A; and the parameter &, by defining n = — &£ and setting

Ao(&) = JeXo(n), A1(8) = /eX1(n), k(\/ex) = /el(x) for all x € #,. We thus

obtain the new system

xo= —torx ol i),
& Ao+ —lo—
i 1
Xp=—Hrx oL R i), (37
€ A+ — Ay

where x = (X, X1) € #r = #, and ' denotes the derivative with respect to #. By
construction, the function [: 5#, — # has the same properties as k in Corollary
3.4. In view of Egs. (1.7), (3.1), (3.4) and Corollary 3.4, the formal limit ¢ — 0 in
Eq. (3.7) yields the simple equations

1
Xb =—X0(2— |X0|2 _2|X1|2) s
c—2i

1
X)=—=X,;Q2u—|X,>—2|X,l?). (3.8)
¢+ 2i

We shall study these equations in the next subsection, and come back to the case
¢ > 0 in Sect. 3.4.

3.3. The Limiting Case ¢ = 0. We now study the reduced system (3.8) and show
that it has front solutions. This system has two circles of fixed points corresponding
to Eq. (2.4):

F3={|Xol=+/2X, =0}, F3={Xo=0,]X,|=./20}.
Lemma 3.5. Every point of F3 is connected by an orbit to F9.

Proof. We begin by setting X, = poe°, X, = p,e"!, with py, p; eR, and
Vo, ¥; € R. Inserting in Eq. (3.8), we obtain the following equations for the ampli-
tudes pg, p1:

(c +4/c)po = po(2 — p§ — 2p1), (c+4/c)py = p1(2u— pf —2p3). (39)

The equations for the phases ¥, ¥; can be explicitly integrated and yield the
relations p, = Coe¥°'2, p; = Cie” /2, where C,, C, are positive constants deter-
mined by the initial conditions. We next eliminate the parameter ¢ from Eq. (3.9) by
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the transformation ro(n) = po((c + 4/c)n), r1(n) = p1((c + 4/c)n), leading to the
system
ro=ro(2 =13 —2r}), ri=r (20 —r?—2r3). (3.10)

Since 0 <« < 1/2and rq = 0, r; = 0, it is straightforward to verify that Eq. (3.10)
has exactly three fixed points: F; = (0,0) (a source), F, = (\/E, 0) (a sink), and
F; = (0,/20) (a saddle).

We now prove the existence of a trajectory (rq, ,)(#) of Eq. (3.10) leaving F; at
n = — oo and reaching F, at # = + o00. We will do this by showing that the
(one-dimensional) unstable manifold #” of F lies in the basin of attraction of F,.
In order to do that, we consider the (closed) domain D in R, x R, bounded by the
two curves

E, = {(roﬂ‘l)l”g + 2r} =2}, E_= {(ro,”l)]"% +27’c2> =2°‘} s

as shown in Fig. 5.

Elementary calculations show that, on both E., E_, the vector field (3.10)
points toward the interior of D, whereas it is parallel to the boundary on the two
remaining segments of dD; this means that the interior D of D is invariant under the
flow of Eq. (3.10). Moreover, it is easy to verify that ry > 0 and r| < 0 everywhere
in D. As a consequence, since D is compact, any trajectory in D necessarily
converges to some (fixed) point in D as # — 0o, and by elimination this fixed point
must be F,. So, it remains to show that the unstable manifold #” of F; intersects D.
Writing % = {(ro,f (ro))|7o >0} and E_ = {(ro,f(ro))|ro > 0} near ro =0, we
easily find

2 _ 2
feo =31 =372 oty ), fow=a(1-32 ot ).

—a

Since 1 — o > a, we have f(ro) > f(ro) if ro is sufficiently small, so that # lies in Din
a neighborhood of Fj. O

1

Fig. 5. The domain D of R, xR, bounded by the two ellipses E_, E_ (shaded region) is
attracted to F, by the flow of (3.10). In particular, the unstable manifold #~ of F, intersects F,
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Remark. The condition o < 1/2 is essential in this argument: if 1/2 < o < 2, both
fixed points F,, F5 are stable, so that no connection can occur between them. Note
that the slope of the tangent to the curve (qo — q;)* = 692 —2atqo = — 1,q, =1
is exactly 4, see Fig. 2.

3.4. The Case ¢ > 0. We now come back to the full equations (3.7) and prove, by
a perturbation argument, the existence of front solutions for sufficiently small ¢, i.e.,
Theorem 1.1. Although this could be done by direct estimates in this simple
finite-dimensional case, we shall use the general methods of Appendix A, as
a preparation for the infinite-dimensional situation of Sect. 4.

The perturbation argument is a comparison of the flows @%, 7 defined by the
vector fields y%, x° of Egs. (3.7), (3.8) respectively. By construction, the flow ®¢ has
two circles of fixed points:

— Qe )
F3) X0=ﬁ«/2—8e“", X;=0, peR,
0+ — 0-—

— A .
F%) X1=l—li——~/2cx—<x23e“", X,=0, yeR.
1+ — M-

Using Egs. (3.1) and (3.3) it is easy to see that dist(F§, F$) and dist(F§, F3) are O(¢)
ase — 0.
The main steps of the proof are:

i) The flows depend continuously on ¢ at ¢ = 0.
il) The stable and unstable manifolds of F%, F§ are continuous in ¢ at ¢ = 0.

We begin by comparing the flows.

Proposition 3.6. There exists a K3 > 0 such that
£ 0 K3’7
| 25(x) — @4 (y) | < exp 12 (Ix =yl + Ks(e/e) (3.11)

for all x,ye Br = #oand allneR,.
Proof. We first note that x°, x° are close to each other in the Lipschitz norm:

Lemma 3.7. Let Ay(x) = x°(x) — x°(x), x € #,. Then, there exists a K, > 0 such
that Lip(4y) < (¢/e)Ka/(c + 2) in Brr = H#,.

The proof is a calculation which can be found in Appendix B.

We next write Eq. (3.7) in the form x’ = y°(x) + 4x(x), regarding Ay as an
additional non-linear term. From this point of view, the systems (3.7), (3.8) have the
same linear part, with spectrum contained in the half-plane Re(z) < 2¢/(c? + 4).
The non-linear part of x° has (in %,z) a Lipschitz constant bounded by C/(c + 2),
for some C >0, and by Lemma 3.7 the same is true for y* = y® + 4y, with
C replaced by C + K4(e/e.). So, setting & = #;, £ = {0}, A = 2c/(c* + 4),
D = 1,and /*(2R) = (C + K4)/(c + 2), we can apply Theorem A.1 to both systems
simultaneously, the condition (A.4) being fulfilled with f = K5/(c + 2) for some
sufficiently large K; > 0. It follows that @, ®° € #}, and in particular we have
| @5(x) — (W) || £ ef||x — y| for all x,y e %y and all e R, . Now, we apply
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Theorem A.2 to compare ®¢ with ®°, the condition (A.5) being fulfilled with

=A%, f$—f5=4y, =0 and ¢ > ¢/e.. By Eq. (A.6), we thus have
[ @5(y) — @I(y) || < (1 — 20)"'R(¢/e.)e’" for all y € By and all n e R,. Combin-
ing these results, we obtain Eq. (3.11). O

We now study the stable and unstable manifolds of F5, F

Lemma 3.8. There is a Ks > 0 such that, for ¢/e. < Ksc/(c + 2), the annulus of
radius p, = Ksc/(c + 2) around the circle F5 is attracted to F% by the flow @3,
Proof We first study the geometry in the case ¢ = 0. Let x° = (\/5 0) € F9 and set
x=x%+z,withz = (Zy, Z,) € B, = #, for sufficiently small p > 0. Inserting in
Eq. (3.8), we obtain

200 — 4
c+2i

where f: #, > #,1s €' and Lip(f) < Cp/(c + 2) in B,, for some C > 0. As is
easily verified, the linear part of Eq. (3.12) (regarded as an operator in R#) has one
zero and three stable eigenvalues. The gap between the stable and the central part
of the spectrum is equal to 2¢/(c? + 4), and if V, V. denote the corresponding
eigenspaces, then x® + ¥, is just the tangent to the circle FJ at x°, and V is the
normal hyperplane. This situation prevails for small ¢. To see this, denote by x* the
unique point of F4 for which X, € R . Setting now x = x* + z and inserting in Eq.
(3.7), we obtain Eq. (3.12), with f*(z) =f(z) + dx(z) replacing f(z), where
Sx(z) = 1°(x* + z) — x°(x° + z). In Appendix B, we prove:

Lemma 3.9. There exists a K¢ >0 such that Lip(dy) < (¢/e.)Ke/(c +2) in
QR < %0

Using this bound, we can compare the two systems (i.e., Eq. (3.12) with f or f*
in the rlght -hand side) in the ball #, = #,. Setting &=V, "=V, A=
—2¢/(c* +4),4*=0,D=1and /‘s(2p) *(2p) = (Cp + Kge/e,)/(c + 2), the con-
dition (A.3) can be fulfilled if ¢/e, < p and p £ p, = K5¢/(c + 2) for some (suffi-
ciently small) K5 > 0. Thus, by Theorem A.1, there exist h°, h*: 8,, = V, > V,
whose graphs ¥, ¥7¢ are (except for a translation) the local stable manifolds of
x%, x* for the flows ®2, &% respectively. Moreover, applying Theorem A.2 with
Ay = Ay, fi —f» =0y, 0 =0and ¢ — ¢/e,, we easily see that | h* — h°|, = O(e/e.)
in4%, cV,

Note that, in view of the phase covariance of the system, we can obtain from 7" *
the corresponding stable manifold of any point of F4 by simply applying the
transformation X, — Xe'?, ¢ € R. The union over ¢ € [0, 2] of these manifolds
is the annulus of radius p, around the circle F5. This completes the proof of
Lemma 3.8. O

These considerations about the behavior of @9, ®; near F9, F5 can be repeated

in an analogous manner for F3, F§. Choosing y° = (0, ./20) € F§ and setting
x = y° + z, we obtain instead of Eq. (3.12),

2 — 4o — 20
Zy=""5 2ot gl Zi=—F(Zi+ZD+0@). (1)
where again Lip(g) < Cp/(c + 2)in 8,, = #,. Recalling that o < 1/2, one verifies
that the linear part has one stable, one zero and two unstable eigenvalues. The gap

-2
Zo=—5(Zo+ Z8) +fole), Zi= Z +fi(z), (12
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between the center-stable and the unstable part of the spectrum is equal to
(2 — da)c/(c? + 4),and if W, W, denote the corresponding eigenspaces, then W, is
just the complex line {Z; = 0}. In the same way, choosing y* € F§ as above and
setting x = y* + z, we obtain Eq. (3.13) with g replaced by some g° such that
Lip(g° — g) = K¢(e/e.)/(c + 2). So, reversing the sign of the “time” # and setting
ES=W,E"=W,, A= —Q2—4a)c/(c*+4), *=0, D=1, and £“(2p),
£*(2p) = (Cp + Kge/e.)/(c + 2), the condition (A.3) can be fulfilled if ¢/¢, < p and
p < p3 = Ks(1 — 20)c/(c + 2). Thus, there exist k° k*:%,, = W, - W, whose
graphs %, # ¢ are (except for a translation) the local unstable manifolds of y°, y®;
moreover | k* —k°||, = O(¢/¢,) in B,, = W,.

Having gained control near the circle of fixed points, we can conclude the proof
of Theorem 1.1 by following the flow in the space in between, using Proposition 3.6.
Assuming that ¢/¢, < p3, we choose two points in the unstable manifolds of F§ and
F$, defined by

Pe=y"+ (ps, k(p3)) ey + W5, P° =%+ (ps,k%p3)) ey’ + ¥ °.

By construction, dist(P?, P°) < ||y® — y°| + [k*(p3) — k°(p3)| = O(e/e.) as
¢ — 0. On the other hand, since P° lies in the unstable manifold of F$, we have
seen in Sect. 3.3 that ®9(P°) converges to F9 as n — co. Thus, there exists an
n >0 such that dist(®J(P°), F9) < p,/3, and it follows from Eq. (3.9) that
n=(+4/c)T, where T = T(p,, p3) does not depend explicitly on c. Finally, we
know from Eq. (3.11) that

4
cc++ éc T> (dist(P%, P%) + K (e/e.)) .

dist(®5(P*), d7(P°)) < exp < K,

Now, let us choose ¢ so small that dist(®:(P¢), ®5(P°)) and dist(F5, F9) are
smaller than p,/3. Then, by the triangle inequality

dist(®(P*), F3) < dist(®%(P*), #(P°)) + dist(#2(P°), F2) + dist(F, F3)
=p2-

In view of Lemma 3.8, this means that &;(P°) - F5 as # — oo, while
@, (P%) » y°eF5 as n - — oo since P*ey®+ # ° Thus, we have shown the
existence of a solution of Eq. (3.7) connecting y* € F§ to some point of F%. The
various assumptions on ¢ can be summarized by the single condition ¢ < ¢, (c), where

2 c+2
>CXP<—K3 " T(P2,03)>,

for some K, > 0. Since p,, p3 have positive limits as ¢ — o0, so does ¢, (c). This
concludes the proof of Theorem 1.1. |

e1(c) = K7<c )

4. The Stable-Unstable Case

We now study the more interesting case where one of the stationary solutions
is (Eckhaus) stable and the other unstable, i.c., we choose two wave-numbers
o, q1 such that ¢3 < 1/3, 1/ \/5 < g, < 1. We follow the procedure announced
in Sect. 2.2.
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4.1. Reduction to the Center-Unstable Manifold. We first investigate the behavior
of the spectrum (2.1) as ¢ —» oo . If ne Z is fixed and if ¢ = 8(1 + |g,]|), we find by
straightforward calculations

1 1
Ant =E(q3— D+ % q) 4.1)

where | %(c, q,)] < 5(1 + |¢,])*. On the other hand, if ¢ = 2, it is easy to see that
Re A, = — Afor all ne Z, where

i:%(c—./c2—4)=%+0<i3>. 4.2)

c
Since 4,+ + 4,- = — (¢ + 2ig,), it follows that Re 1, < — ¢ + /f, so that the gap
between the two branches of the spectrum is greater than ¢ — 24 = \/c? — 4. As

a consequence, we have for all ne Z,

I\

1 1 1
=0(-|. 4.3
e — I | = o4 <c) )
Finally, if n is fixed and ¢ = 8(1 + |g,|), we find
1
Ant — An—

We now follow exactly the same procedure as in Sect. 3.2: reversing the sign of the
time & in (2.3), we apply Theorem A.1 to show the existence of a center-stable manifold
corresponding to the branch { — Ans },,e; of the spectrum. Using the same notation, we
take £ =E=H, A =4 A*=c— A, D=1, and § = c¢/3. Moreover, if c is suffi-
ciently large, we see from Egs. (2.5), (4.3) that #(r) = £*(r) £ Cr?/c for some C > 0. So,
defining r; = K, ¢ for some (sufficiently small) K, > 0, we have o(r, ) < 3(r/r1)* in
Eq. (A.2), and Lemma 3.2 still holds for » < r;. This shows the existence of the local
center-unstable manifold I', = {(4, B) e #*|B = h(A), A€ B, = #} for the system
(2.3). Now, as is easily seen from Egs. (4.1), (4.3), the fixed points (2.4) have a finite limit
asc — o0 ;so, we can find an R > 0 such that F,, F; € #x = 2 for all sufficiently
large c. Defining thus ¢, = R/K; and noting that 4(R/r,)?* = $(co/c)? we obtain:

4
<S5 +1g)). (44)

Proposition 4.1. There exists a ¢y > 0 such that, for all ¢ = ¢, the system (2.3)
defines a semiflow (for & <0) on the local center-unstable manifold I'y, which
contains the fixed points (2.4). The projection onto S of this semiflow verifies the
differential equation (3.5), with h: # — # a phase covariant C** function verifying
h(0) = 0, Dh(0) = 0, Lip(h) < 3(co/c)*.

This proposition reduces the proof of Theorem 1.2 to the study of the system
(3.5)in the ball g = # . In order to extract the leading terms as ¢ — oo, we rescale

the time ¢ by setting ¢ = — cn. We thus obtain
Ay = o)Ay — V() Fo(A + h(A)), A€eBr < H, 4.5)
where a,(¢c) = — cAy+, Vu(c) = ¢/(4+ — 4,-), and ' denotes the derivative with respect

to #. In view of Egs. (4.1), (4.4), the formal limit ¢ — oo in Eq. (4.5) yields the simpler

equations
Ap=o0,A, — F,(A), AecBrc H, (4.6)

where o, = 1 — g2.
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4.2. The Limiting Case c= oo. We now study the reduced equations (4.6)
and show that they have front solutions. Of course, this system is still infinite-
dimensional, so that we cannot hope to show the existence of front solutions
just by a simple argument as in Sect. 3.3. For convenience, we suppose from
now on that —1/\/§< do £ 0 and that g, = /1 — &2 for some ¢ < gy = 1/10
(Fig. 2, black region). Then, recalling that g, = qo + n(q; — qo) and «, = 1 — g2,
we see that o, o; (and perhaps «_ ) are positive, whereas «, < 0 for all |n| > 1.
This means that most of the variables A4, are exponentially damped by Eq. (4.6),
so that only a few modes (A_;, Ao, A1) will be relevant in our analysis.

We first consider the behavior of the system in a neighborhood of the two
circles of fixed points F,, F; corresponding to Eq. (2.4):

F2) 'A()l = O(o,An =0forall n F 0,
F;) |4y =+ /o, 4,=0forall n+ 1.

The following results will be proven in Sect. 4.3:

i) The circle F, has an annular neighborhood &/ which is attracted to F, by Eq.
(4.6) and whose size does not depend on &.

ii) Any point P € F; has a local unstable manifold # of (complex) dimension 1,
which is nearly parallel to the O-direction (i.e., the direction defined by Ao = 1,
A, = 0 for all n + 0), and whose size does not depend on &.

To prove that front solutions exist for c = oo we now show that the continuation
of the local unstable manifold #» under the semiflow defined by Eq. (4.6) intersects
the attractive annular neighborhood ./, if ¢ is sufficiently small. This has to be done
by direct estimates; for the sake of clarity, we just explain here the main steps of the
calculation, and defer the proofs to Appendix C.

First of all, we write any A e 5 as A + A,, where A = (A_, 4o, A;) and
Ay = (Ap)m>1; the corresponding decomposition of # will be denoted by
H) @ H,. We also define the domain D, = {A)||Ao| £ 1,|4;| < 2¢,|A_;| < 2¢}

c ), and note that the fixed points F,, F; lie in D,, see Fig. 6.

Now, if A(n) is a solution of Eq. (4.6) and if ¢ is sufficiently small, we have the

following results:

Lemma 4.2. There exists a K, > 0 such that, if AjeD, and | A, | = K,&>, then
d

— 4.1l <O.

a4

In other words, as long as A4, stays in D,, the other components 4, of A remain
bounded by K,&? if they were initially. Since we are interested in a trajectory
starting from F (where 4, = 0), we can henceforth assume that | 4, | < K,&2, as
long as A) € D..

d
Lemma 4.3. If | A, | < K,¢% A, €D, and |A,| = 2, then % |A:] <O.

A similar result holds for A_, replacing A4;. Together with Lemma 4.2,
this means that a trajectory of the system cannot leave the region D, =
{A; €D, || A, | £ K,&*} unless |A4,| > 1. In particular, we can assume in our

case that A € D,, as long as | 4| < 1.
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Fig. 6. The parallelepiped D, contains the fixed points F,, F;.
\‘ The unstable manifold of F; remains in this domain and goes
A along the A4-axis until it intersects the basin of attraction of F,

Lemma 44. If AeD, and ¢ < |Aq| < J/ao(1 — ¢), then ——|A | is positive and
bounded away from zero.

Now, the main result of this subsection is:

Proposition 4.5. There is an ¢, < ¢q such that, for all ¢ < &y, every point of F3 is
connected to F, by an orbit of the system (4.6).

Proof. If # is the local unstable manifold of P € F;, we can choose A € #'p N D,
such that | 4y| = &3. This is always possible if ¢ is sufficiently small, because # is
nearly tangent to the O-direction and its size does not depend on ¢. So, denoting by
A(n) (n 2 0) the evolution of 4 under Eq. (4.6), we know from the preceding lemmas
that A(x) remains in D, and is driven along the O-direction with non-vanishing
velocity until | 4¢(n)| = \/&0(1 — ¢). But, as is easily verified, this last point lies in
the annular neighborhood o of the circle F,, if ¢ is sufficiently small. O

Remarks.
1) If A(n) is a solution of Eq. (4.6) and if

u(x, t) = ), An(t)e ™,
neZ
then it is easy to see that u(x, t) verifies the GL-equation (1.1). So, Proposition
4.5 shows the existence of solutions of Eq. (1.1) satisfying

im u(x, t) = ug,(x), lim u(x, t) = ug(x),
t=— oo t—=>+ o
uniformly in x (unlike the front solutions).

2) Let n be the (real) dimension of the unstable manifold of any point of F'5, and let
m be the (real) codimension of the stable manifold of the circle F,. For gq, q; in
the range of Theorem 1.2, we have seen that n =2 and m = 0, so that the
intersection of the two manifolds is generic in the sense that n > m. For other
values of g, 41, it is not difficult to show that this genericity condition is fulfilled
if and only if (go — q1)* < 6% — 2. This is the shaded region in Fig. 2.
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4.3. The Full Case ¢ < oo. We now come back to the full equations (4.5) and show,
by the same perturbation argument as in Sect. 3.4, the existence of front solutions
for sufficiently large ¢ = ¢o. To simplify the forthcoming expressions, we rewrite
Egs. (4.5), (4.6) in the form

A = AA—F(A), AecByc #, (4.5
A = AA— F(A), AecByc #, 4.6

where A¢, A are the linear operators in J# defined by (A°A), = o,(c)A4,,
(AA), = 0,4,, and F°: # — # is the ¥!! function defined by (F¢(A4)),
=v,(c)F,(4 + h(4)).

We begin by comparing the semiflows @5, @, of Eq. (4.5'), (4.6) respectively.

Proposition 4.6. There exists a K3 > 0 such that,
K
| @3(4) — @,(B) || < exp(K31) ( [A—B| + cl—i‘> , 4.7)

forall A\Be Br < # and all 5y = ¢~ 1.

Proof. Since (by Eqs. (4.1), (4.2)) o, < 1 and Re a,(c) < cA for all n € Z, there exists
a A > 1 such that ||e*"|, |e"|| < e* for all te R, and all ¢ = ¢y. On the other
hand, using Eqgs. (2.5), (4.3) and Proposition 4.1, it is easy to see that Lip(F¢),
Lip(F) < K, in %,z < #, for some K, > 0. So, setting &= #, &= {0},
A% =1, D =1,and 7* (2R) = K,, we can apply Theorem A.1 to both systems (4.5'),
(4.6"), the condition (A.3) being fulfilled if f > A + 10 K. It follows that @¢, § € A,
for all ¢ = co.

Now, we want to use Theorem A.2 to compare the semiflows @, @ in Bz = #.
Before doing this, let us remark that, although (by Eq. (4.1)) a,(c)= — cld,+
converges to a, = 1 — g2 for all n as ¢ — o, the convergence is not uniform in n: in
fact, |, (c)| grows like ﬁ asn — oo and |a,| like n?, so that || A° — A| = oo for
all ¢. On the other hand, the conditions (A.5) do not involve the operators
themselves, but the associated semigroups e, e’, in which the large n components
are exponentially small if £ > 0. So, we can hope that e, e are close to each other
if ¢ is sufficiently large and ¢ strictly positive. Indeed, we find:

Lemma 4.7.

1
sup (e—;.t”e,m_e/lt”>=(0<l—/4), asc — 0.
tgc'”‘ C

(See Appendix C for the proofs of the lemmas in this section.) The same phenom-
enon occurs when comparing the non-linear terms F¢, F, for the convergence of the
factor v,(c) = ¢/(Ay+ — Ay—) to 1 as ¢ — o0 is not uniform in n, cf. Eq. (4.4). As
a consequence, the difference F°— F does not become small, but nevertheless
e’ (F° — F) does, if t > 0:

Lemma 4.8.

sup sup (e_l, ||eAt(FC(A)—F(A))||>=@<c%>, .

t2 ¢ AeBar (Y
A+0
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Accordingly, setting A = A, AS = A, f$= — F¢, f§ = — F, we see that the
assumption (A.5) of Theorem A.2 is fulfilled with § = ¢~ ** and ¢ = Cc~'* for
some C > 0. In view of Eq. (A.6), it follows that || @ — @, ||, = " O(c™'*) in
Br < H, for all n = ¢~"*. Combining this with the fact that &, & € #; and
choosing K5 = f sufficiently large, we obtain Eq. (4.7). O

We next study the behavior of the semiflow @; around the circles of fixed points
corresponding to Eq. (2.4):

— An_ .
$) Ao = Juge®, A,=0foralln+0, geR,
/10+_AO—

$) A, = /11/1_ Joe¥, A,=0foralln+1, yeR.
— 2
Using Egs. (4.1), (4.3), it is easy to see that F%, F§ are close to F,, F3 (Sect. 4.2), in
the sense that dist(F$, F,) and dist(F§, F3) are (O(l/c ) as ¢ — 0. Now, let A°
be the point of F§ correspondmg to ¢ =0 in the expression above, and let
A= A°+ X, with X € $B,, c # for some small p > 0. In order to study the
evolution of X, we introduce the (real) subspaces V= {X € #|Im X, = 0},
V.={XeH|ReX,=0,X,=0Vn=+0} and we write X as a pair (X, X.) with
X, eV, X, e V,. With these notations, we have the following result:

Lemma 4.9. If A = A° + X is a solution of (4.5") and if ¢ is sufficiently large, then
X = (X,, X,) verifies the differential equation

Xi=M:X,+R(X), X,=MX, +R{(X), (4.8)

where M:;=0, MgV, — V, is a linear operator satisfying | eMst|| < De 1ot
(teR,)forsomeD = 1,and R° = (RS, RE): # — Hisa @' function, vanishing at
the origin, such that Lip(R°) < Ks(p + co/c) in B,, = H, for some K5 > 0.

It is clear from the proof (see Appendix C) that Lemma 4.9 remains true if

0, that is, for the system (4.6). Indeed, if AeF, verifies A, = /o, and if
A + X, then Eq. (4.6) for X is simply

X = (0 — 200) Xy — 2o X%, + R,(X), 4.9)

c
A

which can be rewritten as
Xi=MX,+R(X), X.=MX. + R.(X), (4.10)

with M, M. and R, R, as in Lemma 4.9.

So, setting £ =V,, &*=V,, A= —1ay, 2*=0, D =D, /2p) = £*(2p)
< Ks(p + co/c),and B = — %o, we can apply Theorem A.1 to both systems (4.8),
(4.10), the condition (A.3) being fulfilled if p is sufﬁciently small and if ¢q/c < p.
Thus, there exist ' maps h, h: B, = V, — V,, whose graphs 7, 7" are (except
for a translation) the local stable manifolds of A<, A for the semiflows o5, D,
respectively. In particular, using the phase covariance of the system, we easﬂy
obtain the analogue of Lemma 3.8:

Lemma 4.10. There exists a p, > 0 such that, for all sufficiently large c (including
¢ = ), the annulus /¢ of radius p, around the circle F$ is attracted to F$ by the
semiflow @3,
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Moreover, in the same way as Lemma 4.7 and Lemma 4.8, one can prove the
following continuity result for M$, M¢ and RS, R¢:

Lemma 4.11. As ¢ > oo,

. 1 c 1
1) sup (ezllol ” eMst _ oMst ||) = @<m> s

t=>c-1/4

ii) sup sup <e%aot le*=(RS(X) — Ry(X)) | ) =0 <1i/2> ,

t2c- 12 Xed,, ” X || c
X+0

iii) Lip(R¢ — R,) = O(1/c) .

So, setting A4S = M¢, AS = M, A = M¢ =0, 4% = M, = 0,f% = RS, f$ = R,,
f1=R.f% =R, and using Lemma 4.11, we see that the assumption (A.S5) of
Theorem A.2 is fulfilled with 6 = ¢~ and ¢ = Cc™Y* for some C > 0. Thus, it
follows from Eq. (A.6) that the unstable manifold 7" ¢ is continuous in ¢ at ¢ = oo
in the sense that | h° — h|l, = O(c™**)in %,, < V.

These considerations about the behavior of ®; near F4 can be repeated in an
analogous way for F§; for brevity, we only point out the main differences, and leave
the details to the reader. For example, we have instead of Eq. (4.9),

X;,=((X,,—2O(1)Xn—0(1X§_n+S,,(X), (411)

where S: # — # has the same properties as R in Lemma 4.9. The spectrum
of the linear operator in Eq. (4.11) is contained in the half-plane Re(z) < 0, except
for a single positive eigenvalue [i = ay — 2¢%, whose eigenvector X is “nearly
tangent to the O-direction” (cf. Sect. 4.2) in the sense that X, =1, X, = 0(¢?)
and X, =0 for all n=+0,2. So, defining the subspaces W, = CX, W, = W,
we can apply Theorem A.1 and obtain the existence of a local one-dimensional
unstable manifold #~ as the graph of a ¢! map g: 4,, = W, > W, for some
(sufficiently small) p3 > 0. The same is true for the full system (c < o0 ), and the
manifold # ¢ depends continuously on c in the sense that dist(#°, #°) = O(c™/*)
as ¢ — oo.

Now, let us summarize our results. The semiflow &;, corresponding to (4.5) is
continuous in ¢ at ¢ = oo (in the sense of Proposition 4.6), and so are the fixed
points F$, F§. Moreover, the circle F has an attractive annular neighborhood /¢,
of radius p, independent of ¢ (Lemma 4.10), and at each point of F§ one can attach
a local one-dimensional unstable manifold #” ¢ which depends continuously on ¢ at
¢ = oo. Combining these facts with Proposition 4.5 in the same way as in Sect. 3.4,
we see that there exists a ¢; = ¢, such that, for all ¢ = ¢; and all ¢ £ ¢, the
continuation of the local unstable manifold # ¢ intersects the attractive neighbor-
hood 7€ of F5. This concludes the proof of Theorem 1.2. ]

Appendix A. The Center-Stable Manifold Theorem

In this appendix, we recall (for easy reference) some results of center manifold
theory in infinite-dimensional Banach spaces. Proofs of these statements can be
found in the companion paper by one of us [G]. They are an extension of results of
[EW], Appendix A.
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Let (6%, || * lles), (€% || * ||.) be two Banach spaces, and denote by & the direct sum
& @ &* equipped with the norm || z || = max( || z% ||, || 2* ||,), for z = (2%, 2¥) € &.
We consider the differential equation in &,

d cS

dzt J— ACSZCS +fCS(ZCS, Zu) R

d u

dZt = A 4 (2%, 2 (A1)

and make the following hypotheses:

H1) The linear operators A®: % — & and — A*: &" — &* define strongly
continuous semigroups e4”?, e~ 4" for t = 0. Moreover, there exist real con-
stants A%, A%, D such that A* > 0, 2* > max(4°, 24°), and

e s < De*™, |le” |, < De™*",
for all t = 0.

H2) f*: 6 - & and f“:6 — &* are ¥"' functions vanishing at the origin
together with their first derivatives.

H3) The norm || is a €' function on &°.

Under these hypotheses, the center-stable manifold theorem asserts the exist-
ence, in a small neighborhood of the fixed point 0, of a #*'! manifold I" which is
tangent to the subspace & at the origin, is left invariant by Eq. (A.1) and contains
all the trajectories which stay near O for all t e R, . We shall give here an explicit
formulation of this theorem, because in our applications to the system (2.3), we
need to know exactly how the manifold depends on the parameters ¢ and c.

In order to do that, we introduce some more notations. For all » > 0, we denote
by B¢, B¢, B, the balls of radius r around the origin in £, &*, & respectively, and
we set

£%(r) =sup | Df*(z) |l, ¢*(r) =sup | Df*(2)Il,
zeB, 2EBy
where Df, Df* are the derivatives of f, f* In view of H2, /(r), £“(r) — O as
r — 0. Next, for all o € [0, 1], f € (4%, 4¥), we define the function spaces
H, = {h:6% - &*|h(0) = 0; | h(¢) = h(&) |l S o || & = E||s V& Ee 64},

Hy={D: R xEC - EC|Po() =EVEEES;
@,(0) =0Vt e R, ; @ is continuous in ¢; -
| @(&) — D(E) lles S DeP* || € — & || VEER L, VE E %) .

Finally, defining # = max(f, 2f8), we know from H1 that there exists a f§ € (4%, A*)
such that f e (4%, 1“). For such a f, we set

(A2)

SWQﬂSWW»
B—ae" - f)"

With these notations, we have the following resuit:

o =o(r, p) = D? max(
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Theorem A.1. [G]. Assume that the hypotheses H1, H2, H3, are fulfilled, and choose
r so small that, in Eq. (A.2),
1

o <35 (A.3)

Then there exist a map h € H, and a semiflow @ € A 5 with the following properties:

i) his of class €*'*, Dh(0) = 0, and h maps 2(A%) (the domain of A%) into D(A")
(the domain of A*).
i) For all £ € B n D(A), the curve z(t) = (D,(E), h(D,(&))), t € R, is a solution
of Eq. (A.1) as long as it remains in %,.
iii) If z(t) is any solution of Eq. (A.1) such that z(t)e A, for all teR,, then
z(t) = (P,(&), h(P:(£))) for some { € BT

Thus, denoting by I', the restriction of the graph of h to 4,, we see that Eq. (A.1)
defines a local semiflow on T, (in the sense of ii). We shall always refer to I', as the
(local) center-stable manifold, although in the case A° < 0 one rather speaks of
a stable manifold.

Remarks.

1) In the proof of Theorem A.1, one has to “cut off” the non-linear terms f*, f*
outside the ball #%. Since (by H3) the norm || ||, is €' on &, this is simply
done by writing f(z, z*)x( || z* ||s/7), where y: R, — [0,1] is some #**
function equal to 1 on [0, 1], vanishing on [2, c0), and satisfying | x'(x)| < 2 for
all x e R, . This is how the expressions 5/°(2r), 5/*(2r) arise in Eq. (A.2). For
more details, see [G], Sect. 3.2.

2) Except for the assertion Dh(0) = 0, Theorem A.1 remains true if Df’, Df* are
not assumed to vanish at origin, provided that Eq. (A.3) can be satisfied for
r sufficiently small.

3) As a consequence of iii), all fixed points of the system (A.1) in %, must lie on the
center-stable manifold I,.

4) If the non-linear term f= (f, f*) commutes with a linear isometry of &, then
h can be chosen to commute with the same isometry.

5) Theorem A.1 also makes sense if & = & and & = {0}. In this case, it only
asserts that the solutions of the system

dzcs
dt

define a local semiflow @ e 4} in the ball 4, around the origin. Setting
A= + o0, £*(2r) = 0, the condition (A.2), (A.3) reduces to

see@r) _ 1
B—J= 2D’

= ACSZCS +fCS(ZCS) s

o =D? (A4)

which is always satisfied if f > A% is sufficiently large.

It is well-known that the center-stable manifold, although generally not unique,
can be chosen to depend continuously (for suitable topologies) on the operators
A%, A* and the functions /¢, f* in Eq. (A.1). We shall give here a formulation of this
result which is sufficient for our applications in Sect. 3 and Sect. 4. Suppose that we
are given two pairs of linear operators 4§, A% and A%, A% satisfying H1 with the
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same constants A%, A%, D. Assume also that we have two couples of functions ¢, f{
and f%, f3' verifying H2, and that the condition (A.3) is fulfilled for both systems
1 and 2. Denoting thus by hy, h, and ®;, @, the maps and semiflows whose
existence is asserted by Theorem A.1, we have the following result:

Theorem A.2. Assume that there exist an ¢ > 0 and a 6 = 0 such that

sup (e * || e4i" — 43| ) < De,

t=29
sup (e*|| e 41" — e~ 43| ,) < De
t20
ASSt( fes __ fcs
up sup (e |45 (/76) —/5) ||cs> < Drons
120 zeBar [zl
- le=*5(f1(z2) = f5@) (A
sup sup <e"“ ! 2 ") < D£*(2r)e .
t=0 zeﬂ%{ “ Z ”
zZ*

Then hy, h, and &, &, can be chosen so that

(0 = bl 1
< D u __A‘CS
O T R

sup sup (e-ﬂt “ ¢1,t(é) — ‘pz,t(é) ”cs> < 1 (D8 + 35(11: _ Acs)) . (A6)
” é ”cs 1—-20

t20¢+0

For a proof in the case =0, see [G], Sect. 2.3. The general case is easily
proved along the same lines.

Appendix B. Some Proofs (Unstable-Unstable case)

Proof of Lemma 3.7. We first write the vector field 4y(x) in the form

AxO(x)=<—%4— 2 )Xo "°(x)+( -1 ! )Fo(x+l(x)),

& c—2i e —2i /10+—/10_+c—2i

Ars 20 A4(x) —1 1
Y| = ——— X, — F l
1) ( p c+2i) v ora T\ I oA Term )l A,

where 4: #B,g = #, — H is defined by 4(x) = F(x + I(x)) — F(x). Next, we use
the identity

F(A+ B)=F(A)+ G(4,B)+ G(B,A) + F(B), A,BeJs, (B.1)
where G: # x # — A is the Frechet derivative of F:
G,(A, B) = Z (Ap,AsB*, + 24,B;A*%,) . (B.2)

p+s+r=n
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As is easily seen,

IG(A, B) — G(4, B) || 3K (1A — A (1A + AN BI + A% B—Bl),
(B.3)

with K as in (2.5). Now, using (B.1) with 4 = x and B = [(x), we can write
A(x) = G(x, I(x)) + G(I(x), x) + F(l(x)). Using (B.3) and recalling that
Lip(l) = Z¢/¢., we thus obtain
Lip(4) £ Lip(G(+, I(*))) + Lip(G(I(*), *)) + Lip(F(I(*)))
< Ce/e. + Cle/e)* + Clefe.)® < 3Ce/e.,

in %,g, for some C>0. In the same way, it follows from (2.5) that
Lip(F(- + I(*))) £ 3K(2R)*(1 + ¢)? in #,x. Finally, in view of (3.1), (3.4), we have

Ao+ 2 3 -1 1 €
_Lor = =0 —> _
' € c—2i) (9<c+2>’ AO+—/10_+c—2i‘ <(c+2)2>’

and similarly for 4, ,, 4; . Combining these estimates, we easily find

Lip(4x) = Kale/e)/(c + 2)
in #,g, for some K, > 0. O

Proof of Lemma 3.9. Using the definitions of dy and A4y, we easily obtain the
identity

ox(z) — 0x(2) = Ax(x* + 2) — Ax(x* + 2) + 4.(2, Z),

where 4,(z, 2) = (x°(x* + z) — x°(x° + z2)) — (x°(x® + 2) — x°(x° + Z)). Since x* € By
< H,, it follows from Lemma 3.7 that

K,

[ Ax(x" 4 2) = Azl + )| £

TR

for all z, 7 € &g; so, it remains to bound the function 4,(z, 7). First, if Dy° denotes
the derivative of y°, it is easy to see that Lip(Dy°) < C,/(c + 2) in B, = #,, for
some C; > 0. Next, since 4o, and /2 — ¢ are smooth functions of ¢, the curve
e — x%is €' and || (dx*/de) || < C, for some C, > 0. So, 4,(z, 7) is differentiable in
¢ and

04,(z, 7 \ L dx? C N
H——a(s ) =H(Dx°(x +2) =Dy + D) S 2= 2] Cy
Since 44(z, z) = 0, we find
~ 5A£(Z, Z) C1 CzS ~ K0C1 Cz & ~
4 < < — s =122 23
I ,:(z,z)n_ssgp‘ e |SeralrEls= 5122

This concludes the proof of Lemma 3.9, with K¢ = K, + KqC,; C,. O
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Appendix C. Some Proofs (Stable-Unstable Case)
Proof of Lemma 4.2. To simplify the notation, we set 4, = aand A, = X. Inserting
A =a+ X in (4.6), we obtain for [n| = 2

Xp= —Fya@) +0,X,— Gula, X)— G,(X,a) — F,(X), (C.1)
where G is the derivative of F (cf. (B.1), (B.2)). We want to obtain an upper bound
on the quantity %% | X || = Re(X, X'). First of all, using the definition (1.7), we

find F,(a) = a?a¥ + 2a,a0a* 1, F5(a) = a?a* |, F,(a) = 0 for all n > 3, and sym-
metric expressions hold for n < 0. If a € D,, we thus have

[Re(X, F(@))| = | X [ Cie?, (C2)

for some C; >0. Let us now consider the linear terms in (C.1). Since
0, L0, € —34+42<0 for all |n|=2 we have Re(X,aX)=
[ X |*(—3+ 0(*). On the other hand, a direct calculation yields
G,a, X)= 2XA,,|ao|2 + G,(a, X), where G,(a, X) is some complicated expression
satisfying || G(a, X)|| £ | X || (lao|* + O(e)) if aeD,. As a consequence,
Re(X, — G(a, X)) < | X |20(¢). Combining these estimates, we obtain for the
linear terms

Re(X,aX — G(a, X)) £ | X |2(—=3 + O(e)) . (C3)
Finally, we just bound the two remaining terms in (C.1) by using (2.5), (B.3); we find
IRe(X, G(X,a)| < | XIIPC, |Re(X, FX)) S | X[*K?, (C4)

for some C, > 0. Now, we summarize (C.2)(C.4)

1d
2 dn IXI?<IXNCie? + [ X2 (=3 +0() + | XI°C, + | X|*K?, (C5)

and choose a K, > 0 such that 3K, > C,. Then, assuming that ¢ is sufficiently
small, it is easy to verify that the right-hand side of (C.5) is negative if
| X || = K,e2. O

Proof of Lemma 4.3. Let A = a + X with | X || £ K,¢2, ae D,, |a;| = 2¢. Inserting
in (4.6), we obtain for n = 1:

ay =ara; — Fi(a) — Gy(a, X) — G((X, a) — F(X). (C.6)

1d
Again, we want an upper bound on E% la, |* = Re(ata,). First of all, F{(a) =

ai(lar1* + 2laol* + 2la_,*) + ada*,, and since Re(—|ai|*|aol® + ataga*,)
<0, we have

Re(oy]a [ — atF1(@) < las[*(r — las|* = lao*) . (C.7)

On the other hand, a direct calculation yields G;(a, X) = a®> ; X*3 + 2apa_ X *,
+ 2ap0aFf X, + 2afa_, X, + 2a¥fa_, X3, so that

|Re(atGy(a, X)) < las| | X [ (Cslaole + O(e?)) (C8)
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for some C; > 0. Finally, the two remaining terms in (C.6) are simply bounded by
|Re(@fGy(X,a))| < las || X [2Ca, [Re(@fF (X)) < lar] [ X [PK?. (CI)

Now, recalling that a; = 2, |a;| = 2¢, || X | £ K, &2, we can summarize (C.7)—(C.9)
as follows:

1d
Ed_ la; |? < 462(— 382 — |ap|?) + 2C3 K, | agle* + O(&°) . (C.10)

The maximum over |a,| of the right-hand side (reached for |ao| = $C3K,&?) is of
the form — 12¢* + O(¢®), and thus is negative if ¢ is sufficiently small. O

Proof of Lemma 4.4. As before, let A =a + X with aeD, and | X | £ K,e2
Inserting in (4.6), we obtain for n = 0:

ag = todo — Fola) — Go(a, X') — Go(X, a) — Fo(X) . (C.11)

1
We now want to find a lower bound on the quantity = — |ao|* = Re(aa,). First

2d
of all, we have Fy(a) = ao(|ao|* + 2|a;|? + 2]a_,|? )+2a0a1a_1, and since
lay] £2¢, |a_| £ 2¢, we can write

Re (o] ao|* — a§ Fo(a) = |aol* (a0 — lao|* — 24¢%). (C.12)

On the other hand, we have Gola, X)=a?X%+a%2,X*,+2a,a%,X_,
+ 2a¥fa_,X,, and thus

— Re(@Go(a, X)) = — laol | X | Cac®, (C.13)

for some C, > 0. Finally, we find as above
—Re(a§Go(X,a) = —laol [ X ?C2, — Re(ad, Fo(X))Z —laol | X |I° K*.
(C.19

Recalling that || X | < K,&2, we thus obtain

d
2dn ——laol* Z laol* (o — lao|* — 24¢%) — | ao| (K, Cqe* + O(%)) . (C.15)

Assuming that ¢ is sufficiently small, it is easy to verify that the right-hand side is
positive and bounded away from zero if &* < |ao| < \/070(1 — &) O

Proof of Lemma 4.7. We have to bound the difference e @ — e™ for sufficiently
large ¢ = ¢y. In view of (4.1), a,,(c) = — ¢4, isin fact a function of ¢ and g, and we
shall deal with the cases |g,| < c!/4, 4a| > cl/* separately. First, if |g,| < c'/4,
we always have ¢ =z 8(1 +q,|) if ¢ is sufficiently large, so that |a,(c) — a,|
< (5/c)(1 + |qa])® £ 40/ct*, by (4.1). Since o, < 1 and Rea,(c) < cd =1+ (9(1/c2)
for all n, it follows that

40 1
|ean(c)t antl < teCMIOC (C) _ o‘nl < e/lt sup (te(cl }.)t) 1/4 lt(9<1_/4> ,
t20 4
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for all t = 0. Conversely, assume that | g,| > c¢/%; then, since Re a,(c) is a decreasing

function of | g,| (as can be seen from Fig. 4), we have the bound
c? 4ig,, 2 4 4
Re(a,,(c))=7Re<1—- 1_;3 ; )<7Re<1— 1-?+EZ>

<c2 | ) 2 ) -
=5 - +C3T+(9(1/C) =—\/C+(9(1).

As a consequence, Rea,(c) S — \/E/ 2 if ¢ is sufficiently large, and since
0, <1 — \ﬁ, the same is true for Rew,. Thus, for all ¢t = ¢4 we have
[ — gmit| < 2¢ VU2 < 2e7 4" < 4/c1/4 Combining the two cases |g,| < ¢4,
|q.| > c'/*, the assertion follows.

Proof of Lemma 4.8. Using the definitions of A, F¢, F, we easily obtain for all
teR,,

le(F(4) — F(A)|l < lle"(F(A + h(A4)) — F(4))||

+ sup (e™[v,(c) — 1]) [ F(4 + h(4)) || - (C.16)

neZ

In view of Proposition 4.1, we have || F(4 + h(A4)) — F(A) || £ K43(co/c)* | A and
| F(A + h(A4) ]| £ Ka(1 + 3(co/c)*)|| A for all Ae B,z = H#. So, it remains to
bound the difference ¢**(v,(c) — 1), and this can be done as above, by dealing with
the cases |q,| < \/Z, lq.| > \/E separately. First, if |g,| < \/E, we always have
¢ 281 +|q,]) if ¢ is sufficiently large, and thus |v,(c) — 1] £ @4/c)(1 + |q.])
< (8/0)(1 + /c) < (8/./c), by (44). So, e™|v,(c) — 1] < (8/4/c)e* in this case.
Conversely, if |q,| > \/E, then a,=1—g2<1—c so that e <eMe <
ip=ve < e'“/\/z for all t = 1/\/2; on the other hand, |v,(c)— 1| <1+ 0(1)
by (4.3). So, combining the results for |g,| < \ﬁ and |q,| > \/E, we obtain

C
sup sup (e“"‘lv,,(c) —1 |e"“> <—,
t=c Y? nez \/E

for some C > 0. Combining this with (C.16), the assertion follows. O

Proof of Lemma 4.9. By definition of A¢ and by construction of the center-unstable

manifold, we have A° + h(AC) = Ce A, where C, = \/oc‘oé,, o- Thus,if 4 = A+ X,
then 4 + h(4) = C + X + Ah(X), where Ah(X) = h(A° + X ) — h(A°). As a con-
sequence, it follows from (B.1) that F(A4 + h(4)) = F(C)+ G(C, X) + R”(X)
where R°(X) = F(X + 4h(X)) + G(X + 4h(X), C) + G(C, 4h(X)). On the other
hand, using the definitions of F and G, we find F,(C)=0a3?6,,,
Gu(C, X) =209 X, + 0o X *,. So, inserting 4 = A¢ + X in (4.5) and noting that
ao(c) A% = a3, we obtain the following equation for X:

X, = o,(c) X, — va(0) 2000 X + 0o X %, + R(X)), neZ. (C.17)
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Obviously, the linear operator in (C.17) is block diagonal. Choosing X,,, X ¥, as
(complex) variables, the n'® block (n # 0) is given by the 2 x 2 matrix:

N
" —vE, Q0 a*,(c) — 2v*,(c)ao )
If n = 0, we use the identity
o(€) X o — vo(€) Ruio Xo + 0o X §)
= — (X + X7) + (1 = vo(0))ao(Xo + X§) — vo(c)Ad+ Xo
= —ao(Xo + X§) + R°(X),

and include the quantity R°(X) in the non-linear term. Thus, choosing Re X,
Im X, as (real) variables, the 0" block is given by

— 205 O
MG = .
=(70" o)

So, defining R{(X)= — v,,(c)lif,(X )+ 5,,,0§c(X ), we can rewrite (C.17) in the

form
Xo N _ o Xn RL(X)
<X”:’,,> =M, <X’E,,> * (Rﬁ*,,(X)) :

Re X§ Re X, Re R§(X)
= M; C.18
<1mX;)> M°<ImX0>+<ImR3(X) ’ (C18)

which is nothing but (4.8).
Now, we bound the Lipschitz constant of the non-linear term R°(X) in the ball
#,, = #. Since Lip(4h) < $(co/c)? by Proposition 4.1, we see from (2.5), (4.3) that

Lip(R*) < Lip(F(- + 4h(*))) + Lip(G(* + 4h(*), C)) + Lip(G(C, 4h(")))
< Cp? + Cp + Cleo/c)* = C(2p + (co/0)?) ,

for some C > 0, if p < 1. On the other hand, it follows from (4.1), (4.3), (4.4) that
[va(c)| = O(1) and Lip(R¢) = O(1/c) as ¢ — oo. Thus, combining these results, we
conclude that Lip(R¢) £ Ks(p + (co/c)) in #,, < A, for some Ks >0.

To complete the proof of Lemma 4.9, it remains to show that ||e™=! || < De ™ %%
for all t e R, and all n e Z*, if ¢ is sufficiently large. Let uj;, . be the eigenvalues of
the matrix M§; we claim that Re u, < — %o, for all n, if ¢ is sufficiently large. To
see this, we first study the limiting matrix

M, = lim M;:(“"_Z“O % )

— g O—p— 200

[hudiee]

whose eigenvalues are

1
Hn + =§(OC,, + Oy — 40(0 i' \/4055 + (OC,, _a—n)z)'

Obviously, Re p,, < max(o,, a—,) — 0tg £ &3 — g = &2 — 0o for all |n| > 1. On
the other hand, using (4.1), (4.4) and setting g, = max(|q,|,|g-.|), it is not difficult
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to show that | M$ — M, || = O(1/c)(1 + |4.])® if ¢ = 8(1 + |§,]). It then follows
from perturbation theory [K], that |ug s — g, s | S | M — M, |, if | My — M, |
< ao/2.

Now, assume that |§,| < ¢/ Then |M¢— M, || = O(c™Y*) < ao/4 if ¢ is
sufficiently large, and thus Re(uf, ) S Re(pyy ) + 18y — tyy | S &2 —0p + 00/4
< — ap/2. Conversely, if |§,| > c'/*, we know from the proof of Lemma 4.7 that
Rea,,(c) = — \/E/ 2. Since the other matrix elements of M¢ are O(1) as ¢ —» o0,
the same perturbation argument shows that ug, = a,(c) + O(1) and ui- =
a*,(c) + O(1). In particular, Re g, (¢) £ — ao/2 if ¢ is sufficiently large.

To bound the exponential of M§, we let Sg be an invertible 2 x 2 matrix such
that (S5)(MS)(SS) ™! is diagonal. Then [|eM+ | < DSe™ /2" for all te R, with
DS =|Sel (S5~ |Il. It is not difficult to see that sup,D; < D < oo for some
D > 1, uniformly in c. The reason is that the quantities a,(c), a* ,(c) in M§ grow at
least like \/Z asn — o0, whereas the other matrix elements remain bounded; thus,
M is nearly diagonal if n is large, and then S§ — 1 as n — oo. The details of this
argument are completed by separating the cases |§,| < ¢4, |§,] > ¢!/ O
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