Commun. Math. Phys. 149, 307-333 (1992) Communications in

Mathematical
Physics

© Springer-Verlag 1992

Special Geometry, Cubic Polynomials and
Homogeneous Quaternionic Spaces

B. de Wit!* and A. Van Proeyen?**

! Theory Division, CERN, CH-1211 Geneva 23, Switzerland
2 Instituut voor Theoretische Fysica, Universiteit Leuven, B-3001 Leuven, Belgium

Received December 16, 1991

Abstract. The existing classification of homogeneous quaternionic spaces is not
complete. We study these spaces in the context of certain N = 2 supergravity
theories, where dimensional reduction induces a mapping between special real,
Kaéhler and quaternionic spaces. The geometry of the real spaces is encoded in
cubic polynomials, those of the Kéhler and quaternionic manifolds in homogene-
ous holomorphic functions of second degree. We classify all cubic polynomials that
have an invariance group that acts transitively on the real manifold. The corres-
ponding Kéhler and quaternionic manifolds are then homogeneous. We find that
they lead to a well-defined subset of the normal quaternionic spaces classified by
Alekseevskii (and the corresponding special Kéhler spaces given by Cecotti), but
there is a new class of rank-3 spaces of quaternionic dimension larger than 3. We
also point out that some of the rank-4 Alekseevskii spaces were not fully specified
and correspond to a finite variety of inequivalent spaces. A simpler version of the
equation that underlies the classification of this paper also emerges in the context
of W algebras.

1. Introduction

Supersymmetric field theories in a variety of space-time dimensions give rise to
non-linear sigma models with a restricted target-space geometry. There are many
examples in the literature where this phenomenon led to surprising results, some-
times with interesting connections to mathematics. Furthermore, the fact that some
of these supersymmetric theories in different space-time dimensions are related by
(supersymmetric) dimensional reduction offers a way of connecting seemingly
unrelated geometries.

In the context of this paper N = 2 supergravity is relevant. In five space-time
dimensions, one may consider the coupling of a certain number (say n — 1) of
supersymmetric abelian vector multiplets. As was shown some time ago [1], these
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theories are characterized by a cubic polynomial in n (real) variables, which gives
rise to a non-linear sigma model corresponding to a real (n — 1)-dimensional space.
Some of these polynomials correspond to symmetric spaces and are related to
Jordan algebras. After dimensional reduction of this theory, one finds N =2
supergravity in four space-time dimensions, coupled to n abelian vector multiplets.
It is known that the non-linear sigma models in the four-dimensional theory
correspond to Kéihler spaces of complex dimension n, characterized by a homo-
geneous holomorphic function of second degree, depending on n + 1 complex
variables [2]. Such Kéahler manifolds are called special [3]. Special Kahler geo-
metry is relevant to string theory, where compactifications of type-II superstrings
on (2, 2) superconformal field theories with central charge ¢ =9 lead to N =2
supergravity coupled to vector multiplets. The massless scalars of these vector
multiplets play the role of coordinates of the moduli space of the conformal
theories, so that the study of supergravity may thus lead to interesting results for
the moduli geometry of certain superconformal theories [4]. Because certain
(tree-level) results for compactifications of the heterotic string on a (2, 2) supercon-
formal system depend only on the choice of the conformal theory, special geometry
plays a role for all string compactifications of this type, which include those on
Calabi—Yau spaces. Indeed, this fact has been verified in several studies where
various aspects of this intriguing connection have been explored [4-8].

After dimensional reduction of four-dimensional N = 2 supergravity coupled
to n vector supermultiplets to three space-time dimensions, one finds a non-linear
sigma model corresponding to a quaternionic manifold of quaternionic dimension
n+ 1. In this way one thus obtains a class of quaternionic manifolds whose
structure is encoded in the homogeneous holomorphic function of the special
Kéhler manifold. Hence there exists a map between special Kéhler manifolds of
complex dimension n and certain quaternionic manifolds of quaternionic dimen-
sion n + 1, which in [5] was called the ¢ map. It was also shown that the ¢ map
plays an interesting role in string theory. When compactifying ITA and IIB strings
on the same conformal theory, the resulting non-linear sigma models consist of
a product space of a Kdhler manifold and a quaternionic manifold. The latter is
also special, in the sense that it is characterized in terms of a homogeneous
holomorphic function. When comparing the result of the compactification of the
ITA to that of the IIB string, it turns out that the two manifolds are interchanged
according to the action of the ¢ map [4, 5].

Likewise one can introduce the r map, which, for every real space that couples
to d = 5 supergravity, yields the corresponding Kéhler space that one finds upon
reduction to four space-time dimensions. The r map thus assigns a Kéhler space of
complex dimension n to a real space of dimension n — 1. Supersymmetry and
dimensional reduction, which preserves supersymmetry, are the essential ingredi-
ents in these two maps.

We shall use the term “special geometry” for both the real spaces originating
from five-dimensional supergravity, the Kdahler spaces originating from four-
dimensional supergravity and the quaternionic spaces that are in the image of the
¢ map.' It should be clear that the inverse r and ¢ maps are not always defined, as
there are spaces that couple to supergravity, but the corresponding supergravity

! In the literature, special Kihler spaces were sometimes called Kihler spaces of restricted type;
the special quaternionic spaces were also called dual-quaternionic spaces.
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theory does not necessarily originate from a higher-dimensional theory. When the
coupling of a certain space to supergravity is not unique, the result of the maps will
depend on the type of coupling as, for instance, characterized by the way in which
the subgroup of the sigma model isometries that can be extended to a symmetry of
the full supergravity action, is realized. In four space-time dimensions these invari-
ances usually act on the field strengths of the abelian vector fields, and not on the
fields themselves, so that they only leave the equations of motion and not the action
invariant. These transformations, called duality transformations, constitute a sub-
group of Sp(2n + 2, R). The complex nature of the Kdhler manifolds is thus related
to the complex nature of the (anti-)self-dual Minkowskian field strengths [9, 2]. In
five space-time dimensions, we are dealing with a real manifold, so that the
transformations are realized directly on the vector fields, whereas in three dimen-
sions the vector fields are converted into scalar fields (the relation of all these
symmetries upon dimensional reduction will be discussed in [10]; see also [11]).
Under these maps the dimensionality of the manifold increases.

For homogeneous spaces the isometries act transitively on the manifold so that
every two points are related by an element of the isometry group. The orbit swept
out by the action of the isometry group G from any given point is (locally)
isomorphic to the coset space G/H, where H is the isotropy group of that point. For
non-compact homogeneous spaces where H is the maximal compact subgroup of
G, there exists a solvable subgroup that acts transitively, whose dimension is equal
to the dimension of the space. Such spaces are called normal. This implies that there
exists a solvable algebra s such that G/H = ¢°. The construction of this algebra
follows from the Iwasawa decomposition of the algebra g = h + s (see e.g. [12]).
The dimension of the Cartan subalgebra of s equals the rank of the homogeneous
space. It will turn out that the rank of the symmetry algebra and of its solvable
subalgebra increase by one unit under the ¢ and r maps. In the context of this paper
the following considerations are important. If the result of the ¢ map is a homo-
geneous quaternionic space, then the duality invariance (the symmetry of the
scalar-vector sector of the theory) of the original theory must act transitively on the
corresponding manifold parametrized by the scalar fields. The proof of this result,
which applies also to the r map, is given in [10]. Also the converse is true: if the
vector-scalar symmetries act transitively on the manifold parametrized by the
scalars, then one can show that the symmetry group after dimensional reduction
gives rise to additional symmetries, which leave the original scalar fields invariant
but act transitively on the new scalar fields. In this respect it is important that the
process of dimensional reduction always entails new symmetries whose number is
larger than or equal to the number of new coordinates.

The above results show that homogeneous quaternionic spaces that are in the
image of the ¢ map correspond to special homogeneous Kihler spaces. On the
other hand, the latter give rise to special homogeneous quaternionic spaces,
provided that the scalar-vector symmetry transformations act transitively on the
Kéhler manifold. Likewise, such Kéhler spaces that are themselves in the image of
the r map correspond to special homogeneous real spaces. Again, special homo-
geneous real spaces give rise to homogeneous Kéhler spaces, provided that the
vector-scalar symmetries act transitively on the real manifold.

In this connection Alekseevskii’s classification of homogeneous quaternionic
spaces [13] is relevant, as was first pointed out in [S]. In [13] it was conjectured
that the homogeneous quaternionic spaces consist of compact symmetric quatern-
ionic spaces and (non-compact) normal quaternionic spaces. Normal quaternionic
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spaces are quaternionic spaces that admit a transitive completely solvable group of
motions. According to Alekseevskii there are two different types of normal quater-
nionic spaces characterized by their so-called canonical quaternionic subalgebra.
The first type has as canonical subalgebra C{, the solvable algebra corresponding
to Sp(1, 1)/(Sp(1) ® Sp(1)), and corresponds to the quaternionic projective spaces
Sp(m, 1)/(Sp(m) ® Sp(1)). These spaces are not in the image of the ¢ map. The
second type has a canonical subalgebra A1, the solvable subalgebra of SU(2,1)/
(SU(2) ® U(1)). Denoting the dimension of the normal quaternionic algebra as
4(n + 1), the structure of the solvable algebra is such that it always contains
a normal Kahler algebra # of dimension 2n, whose action on the remaining part
of the algebra naturally defines a (2n + 2)-dimensional representation correspond-
ing to a solvable subgroup of Sp(2n + 2, R).? Therefore each normal quaternionic
space of this type defines the basic ingredients of a special normal Kéahler space,
encoded in its solvable transitive group of duality transformations. Alekseevskii’s
analysis thus strongly indicates that the corresponding N = 2 supergravity theory
should exist, so that under the ¢ map one will recover the original normal
quaternionic space. To establish the existence of the supergravity theory, one must
prove that a corresponding holomorphic function F(X) exists that allows for these
duality transformations. This program was carried out by Cecotti [14], who
explicitly constructed the function F(X) corresponding to each of the normal
quaternionic spaces with canonical subalgebra 4} that appears in the classification
of Alekseevskil. With the exception of the so-called minimal coupling, where F (X)
is a quadratic polynomial, all the Kdhler spaces are in the image of the r map. The
corresponding special Kahler manifolds were denoted by H(p,q) and K(p, q).
Under the ¢ map, they lead to the normal quaternionic manifolds V(p, ¢) and
W(p, q) defined in [13]. If Alekseevskii’s classification is complete, there can be no
other special Kahler spaces with solvable transitive duality transformations.

In this paper we start at the other end and derive a classification of all
homogeneous quaternionic spaces that are in the image of the cor map. The
analysis can be performed completely at the level of the special real spaces, and
amounts to classifying all the cubic polynomials whose invariance group acts
transitively on the corresponding special real spaces. This invariance group leaves
the full d = 5 supergravity Lagrangian invariant. The corresponding real spaces are
obviously homogeneous, but because of the results quoted above, so are the
corresponding Kéahler and quaternionic spaces that emerge under the action of the
r map and the cor map. When comparing the result to the classification of
Alekseevskii (and the corresponding one of Cecotti) we find that their classification
is incomplete!

The cubic functions that are classified in this paper, are parametrized by

C(h) = dgch*hBHS, (A,B,C=1,...,n). (1.1)

2 This representation thus acts on 2n + 2 of the generators. The two remaining generators of the
quaternionic algebra, ¢y and e, are inert under #°°. The sum of the Cartan subalgebra of #™ and
eo constitutes the Cartan subalgebra of the quaternionic algebra, whose rank is thus 1 higher than
that of the Kéhler algebra. The weight of the Kéhler algebra under e, is thus zero, while the weight
of the generators that constitute the (2n + 2)-dimensional representation is 1/2 times the weight
ofe,.
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The corresponding sigma model, which is contained in the five-dimensional super-
gravity Lagrangian [1], is defined by the Lagrangian

P = % d upch0, HBO"hC 1.2)

where the scalar fields h* are restricted by C(h) = 1, so that the sigma model
corresponds to an (n — 1)-dimensional real space. Linear redefinitions of the fields
h* that leave C(h) invariant constitute invariances of the full N = 2 supergravity
Lagrangian. However, it is not excluded that the sigma model Lagrangian (1.2) has
additional symmetries, which cannot be extended to symmetries of the full super-
symmetric Lagrangian. The polynomial C(h) is left invariant by linear transforma-
tions of the fields h*, whose infinitesimal form is parametrized by matrices B*g,

Sh* = BAgh? | (1.3)
restricted by the condition
B(DA{iBC)D = O . (14)

As explained above, our aim is to determine all tensors d 45 Whose invariance
group acts transitively on the manifold defined by (1.2). To analyze this question we
first redefine the scalar fields in some reference point where the metric associated
with the sigma model has positive signature.> One may choose this reference point

equal to h1 =(1,0,...,0). In that case the coefficients d - can be redefined
according to the so-called canonical parametrization
1
di1a =0, dlab=—‘2‘d1115ab- (ab=2,...,n (1.5)

with d;1; > 0. To preserve this parametrization only orthogonal redefinitions of
the fields h“ are allowed.

The condition (1.4) that the C(h) be invariant is then analyzed in the canonical
parametrization. Putting d,{; = 1 for convenience, (1.4) implies that B4y takes the
following form (see [15] where the corresponding Kéhler spaces were analyzed)

B'; =0, B =B', B%=Bdy+ Au, (1.6)
where A, is an antisymmetric matrix with a, b, ... =2, ..., n. This matrix is
subject to the condition

TpeaBYy = dagap Aoya » (1.7)
where
Fincs = deolene — 3 Ounden (18)

Now we observe that transformations associated with the matrices 4, that are
independent of the parameters B¢, leave the canonical reference point invariant

* Positive signature is required to ensure a positive-definite Hilbert space of physical states. The
necessary and sufficient condition for this is that the variables h* are restricted to a domain where

(3d scndper — 2d apcdper)HCHPHERT

is a positive-definite matrix.
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and thus correspond to the isotropy group. Hence we are left with the requirement
that the symmetry group should contain n — 1 independent parameters B;.
Writing A,, = B Ag,., Where A, is antisymmetric in its first two indices, this
leads to the equation

Fabcd = Dabc;d s (19)
where I;,.4 is as defined above and
Dabc;d = de(abAc)e;d . (110)

From the above results, it is clear that the homogeneous real manifold correspond-
ing to (1.2) is locally isomorphic to G/H, where G is the invariance group of the
tensor dpc and H is the orthogonal invariance group of the tensor d,..

From the arguments given earlier it follows that there is a corresponding
analysis for the special Kdhler and quaternionic spaces that follow from the real
spaces that we introduced above. One may thus consider the Kdhler spaces and
require that the symmetry group of the d = 4 supergravity Lagrangian acts transi-
tively on the space. The cubic polynomial C(h) is directly related to the holomor-
phic function F (X)), which encodes the information of the special Kéhler manifolds
that follow from the real manifolds by the r map. It reads

X4xBx¢€
X° ’

where X and X4 are complex variables. The Kéhler manifold is only n-dimen-
sional because two points (X° X4) that are related by multiplication with an
arbitrary complex number are identified. The r map thus introduces n + 1 new
coordinates, but at the same time it leads to at least n + 1 additional symmetries
[10, 11] so that the analysis proceeds along the same steps. Similarly, for quatern-
ionic manifolds, the requirement of transitivity rests upon the same analysis as
presented for the real manifolds.* Therefore there is no need for going into further
details.

A special case of (1.9) (namely I,,.; = 0) was analyzed in [1] in the context of
Jordan algebras and in [15] for the special Kdhler spaces. The connection with
Jordan algebras arose because Iy, = 0 is equivalent to the condition that the
torsion tensor associated with the special real space is covariantly constant. In that
case the real space is symmetric (but this does not exhaust the special symmetric
spaces). Likewise the corresponding Kéhler and quaternionic spaces that one
obtains by means of the r map and the cor map are symmetric (and in this case
there are no other (special) symmetric spaces). Surprisingly, the equation I, = 0
emerges also in a different context, namely that of W algebras [17], where it
corresponds to the condition that ensures that the higher-spin invariance of
a two-dimensional conformal field theory can be consistently truncated to the
energy-momentum tensor and a spin-3 charge [18].

In view of these and possible other applications of (1.9), we shall keep the
analysis of (1.9) self-contained without using the connection with the special
geometries. The central result of this paper, namely the classification of the tensors
d ;. that satisfy (1.9), is presented in Sect. 2. The reader who is only interested in the
results can skip this section as well as Sect. 3, where we rewrite the results for d in

F(X) = id 4pc (L.11)

4 The isometries for the special quaternionic spaces were analyzed in [16].
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a simpler'form and present the solutions for the tensors A in (1.9). The final result
for the cubic polynomial C(h) is given in Sect. 4. [t can be expressed as follows (not
in the canonical parametrization). First we decompose the coordinates A% into h?,
h2, h* and k™, where the ranges of the indices p and m are equal to ¢ + 1 and r,
respectively. Hence we have

n=34+qg+r, (1.12)
so that n = 2. Then C(h) can be written as
C(h) = 3{h*(h*)* — h*(h*)*> — B*(W")® + Yuma A"}, (1.13)
where the coefficients y,,,, are the generators of a (¢ + 1)-dimensional real Clifford
algebra with positive signature.
Further results and implications are given in Sect. 4.

2. Classification

In this section we study

I_;zbcd = Dabc;d 5 (21)
where the indices a, b, . . . take n — 1 values 2, .. ., n,
1
Topea = de(abdcd)e - 5 5(ab5cd) 5 (2-2)
Dabc;d = de(abAc)e;d B (23)

and A, is a tensor that is antisymmetric in its first two indices. Observe that
D .. q is only manifestly symmetric in three indices; full symmetry is only obtained
after imposing (2.1). The tensors d,; are symmetric and are concisely summarized
by the cubic polynomial,

WY (x) = dapeXaXp X, - (2.4)

We will now give a complete classification of the tensors d,,, that satisfy (2.1) up
to orthogonal redefinitions. Obviously, the tensors A, can only be determined up
to the generators of orthogonal transformations that leave d,,., and thus the
function % (x), invariant. The analysis is done in two steps. First we show that after
a suitable O(n — 1) rotation, it is always possible to bring the tensors d,,. into
a form such that

1

d22a = ﬁ

F222a = Aa2;2 =0. (2-5)

5112 s

The second step is then to bring the d,, coefficients in a form where d,,, is diagonal
for general a and b and examine the consequences of (2.1).

Let us start by using O(n — 1) transformations to define a “2” direction (which
will not necessarily coincide with the “2” direction chosen in (2.5)) such that

dabp = 4043 - (2.6)
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A contraction of (2.1) over two indices then implies that the following three tensors
must be equal,

1
3[;1bcc = 2dacddbcd + leab - E (n + 1)(5ab s

3Dccu;b = AAaZ;b >
3Dabc;c = 2dec(aAb)e;c + dabcAdc;d . (27)

Now we distinguish between three different cases, denoted by I, IT and III,
which will play a role throughout this analysis.
In case I we have

A=0 < duy=0. (2.8)
According to (2.7) we then have
[;'cab = Dcca;b = Dabc;c =0. (29)

Using a notation where d, and A4, are (n — 1)x(n — 1) matrices defined by
(da)pe = dape and (Ay)pe = Ape.a» the first equation (2.9) reads

Wudy = 0+ 1), 210

where {A) denotes the trace of a matrix 4. Making use of this result we contract
the tensors appearing in (2.1) with d.4,, leading to

1
3l peadeay = Z(” — 3)dupy + 2{dodsdy )

1
3Dgea;pdeay = Z(n + D) Aasp + 2<d,d Ay ) (2.11)

According to (2.1) these two tensors should be equal. However, the first one is
symmetric and the second one antisymmetric in a and f. Therefore they should
vanish separately. Combining the above results, we derive

1
I—:IdeI:lbL‘e = abcdDabc;e = - 5 Daad;e =0. (212)

For case I we therefore obtain
Fabcd = Dabc;d = dabb =0. (213)

These are the equations that were analyzed in the appendix of [15]. The first part of
this analysis coincides with the one that we are about to present for cases IT and ITI
in the limit where the 4, tensors are put to zero or coincide with generators of the
O(n — 1) subgroup that is left invariant by d,;.. A minor complication is that the
“2” direction is not yet defined for case I, in view of the fact that d,;,, = 0. However,
the analysis only requires that d,,, # 0.

Hence we proceed to cases II and III where A =+ 0. Therefore we know from (2.7)
that 4,,., is symmetric in a and b. From this it follows that 4,,.. = 0 whenever two
of its indices are equal to 2, which leads to D;,,., = 0. ‘
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In case II we assume that d,,; =0, where i=3,...,n Using [5,,, =
D,55., = 0 one finds that
1
(d222)? = 5 (2.149)

As we can choose the sign of d,,, at will, we thus find that case II also leads to (2.5).
In case III we assume that not all d,,; vanish. Diagonalizing the symmetric
matrix d,;; — Ay, ; gives
Az ;= dyij — 40y . (2.15)
Then F222i = D222;i ylelds
dysi(d + 4) =0, (2.16)

where we used the notation o = d,,,. For those values of i for which d,,; + 0, we
have the same eigenvalue 1; = — a. Hence, by means of a rotation, we can define
a “3” direction such that

dyzi = Boiz, Az = —a, (2.17)

where f % 0 (otherwise we would be dealing with case II). Using I355; = Dj2i.»
gives

dyzz3= —a, A= 3d534 (2.18)
with a =4, . . ., n. Hence we also have
Azz;z =dyzz — A3 =0. (2.19)

Then from I'y,,, = Dyj,.5, = 0, one derives
1

o+ =7 (2.20)

Now we analyze (2.1) with indices (2233). First D335, = D53, 3 takes the form

—2((123«)2 = %(dna)z . (2.21)
Combining the above equations gives
dyze = Agz;2 = A23;a = A2a;3 = 0. (222
This implies that also D,,3., = 0 and thus
3D3243 = BAsz;3=0. (2:23)

Hence the tensor A,;.. vanishes whenever two of its indices are equal to 2 or 3.
Moreover we have A, 5 = Azp;q.

Subsequently we deduce from Dj3,., = D,j3.3 = 0 that [,33 = 0. Combining
this with (2.20) shows that

dszz=—p. (2.24)

Then I',,3, = 0 gives
d33.=0. (2.25)
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Hence our results for the d coefficients take the form
dyzy =0, dyy3=Pp, drzz=—a dszz=—-F,
1

2 2+
o+ =7,

d22a = d23<z = d33<z =0,
dopy =dppp =4 %0,
dapy = d3pp =0, dopp = dopp = 0. (2.26)

Now we may perform an O(2) transformation in the (2, 3) space such that the new
coefficient d,,5 vanishes. In terms of the cubic function % (x) this transformation
corresponds to an orthogonal redefinition of x, and xs,

X5 = X,C08¢ + x3sin¢ ,

X3 = —x,sin¢ + x3cos ¢ . (2.27)

1 1
Using (2.20) and defining o = ﬁ cosf and f§ = ﬁ sin 6, we obtain a one-para-

meter family of coefficients

o = —l-cos(iH —3¢); p'= 1 sin(+0 — 3¢) . (2.28)

72 N

We can thus choose a parametrization such that

1 1
dy = ﬁ, drz3 = "ﬁ 5
d223 = d22a = d333 = d23a = d33az = da/m =0, (2-29)

so that case III also allows the parametrization (2.5). Observe that after this
redefinition d,;, may only differ from zero for a = 2 or 3. Hence

dapy = A2042 + A30,3 (2.30)

Case I is now characterized by 4, = 13 = 0, case Il by 4, + 0, A3 = 0, and case III
by 13 % 0.

Note, however, that the angle ¢ in (2.28) is not uniquely determined. There are
six solutions. This means that there is still the possibility of redefining x, and x3,
such that we remain within the parametrization (2.5). Those redefinitions consist of
products of reflections.

X3 = —X3, (2.31)

and 2n/3 rotations,
1 1
X2= = 5% +§\/§x3 >

1 1
X3 = —5 \/§X2 — §X3 . (232)
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These replacements do not change the part of # that is quadratic or cubic in x,
and x,,

¥ (x) = —3x,x3) + - . (2.33)

1
_ (x3
V27
Later we shall see that the above redefinitions allow one to rewrite some of the
solutions belonging to case II into those belonging to case I11. |

This concludes the proof of (2.5). The second step in the classification starts by
diagonalizing d,,, for all a and b (this is consistent with (2.5)). Hence we adjust the
frame of reference, so that

dZU ”451] 5 (234)

where we recall that i,j=3,...,n
Now we consider (2.1) with indices (22ij), according to which the following
three tensors should be equal,

1 1
3l = <— i + 2uf — —> Jij »
V2 2
1
3Dy = (‘ —=+ 2,Ui> Azisj s
V2 ’

3Dij2;2 = () — ti)Aiji2 - (2.35)

As the last tensor vanishes for i = j, while the first one takes its non-zero values in
that case, the three tensors should vanish separately. The vanishing of the first one

1 1
implies that y; can only take two possible values, ———= or ——=. Therefore it is
2 22

convenient to split the indices i according to these values into indices g, v, . . . and
m, n, . . . such that
L ! (2.36)
My === Um= "= :
" \/5 2\/5

Furthermore we obtain
Aym2 = Azpy = Azpyom = 0. (2.37)

It is clear that the special index value i = 3 that occurred in the analysis of case III,
is contained in the index set labelled by w, v, . . .

The next step is the analysis of (2.1) with 1ndlces (2ijk). The corresponding
tensors are

35 = dij (i + 1y + we) s
3Dijk;2 = 3d1(ijAk)l;2 B
3Dy = dyjAsii + (i — 1) Ajisc - (2.38)

Using (2.37) it follows that d,,,D 5.2 = dyymDyvm; 2 = QunpDmnp;2 = 0 by virtue of
the antisymmetry of the coefficients 4;;,,. Therefore the tensor I, should vanish
when contracted with these d coefficients. As I;; is itself proportional to the
d coeflicients, it follows that certain components should vanish, i.e.

Ayvp = dyym = A = 0 . (2.39)
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As I3,y already vanishes by virtue of the fact that u, + p, + u, = 0, we have thus
established that all components of the I' tensor with one or more indices equal to
2 now vanish. Most of the components of D;;,, and D,;;,, now vanish identically.
The equation D,,,, = 0 implies that the d tensors should be left invariant by
orthogonal transformations characterized by the A4;;,,. The latter can be put to
zero and do not restrict the d-coefficients. Furthermore, there is

2
U 2 dumn A - (2.40)

The only components of I}j,; that do not vanish identically at this point are
2 1

Fuvmn = 5 dmp(udv)np - Z 5uv5mn > (241)
3
I, mnpq = du(mn dpq)u - g 5(mn5pq) : (242)
According to (2.1), they should satisfy
Fuvmn.A= Duvm;n = - FuvmpHpn s (243)
2 1
Fuvmn = Dmnu;v = § duq(mAn)q;v + —3' dpmnAup;v 5 (244)
anpq = Dmnp;q = rmnerrq P (245)

2
where we made use of (2.40) and defined H,,, = 3 \/EAZ,,,;,,.

Contractions of the above equations will give useful information. Denoting the
range of the indices p by g + 1, and the range of the indices m by r, so that

n=34+q+r, (2.46)
we have

2 1 1

Lyvmm = 3 tr(d,d,) — 2 70,y = gdpm,,,Am,;v s (2.47)
2 1

F;mmn = g(dd)mn - Z (q + 1)5mn s (248)
2 1 1

Fppmn = 3 (dd)mn - g(r + 2)5mn + § dﬂppd/,tmn s (249)

where (dd)n = dympdynp-

The remaining equations for which the corresponding I' tensors vanish,
Donpv; p = Dunpsu = Dy p = 0, are solved by A,y = A, p = Apy;p = 0. Other solu-
tions that satisfy these equations correspond to non-trivial invariances of the
d . tensor.

Let us now turn again to the three cases discussed previously. The only
non-vanishing components of d,, are d,,, and

1 1 1

Aoy = —=, dopy= ——=08,y, domn=—r
222 \/5, 2pv \/5 ) 2m 2\/5

Omn > (2.50)
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corresponding to

1 1
¥ (x) = ﬁ <x§ —3x, (xﬁ -3 xﬁ,)) + 3y Xy XX - (2.51)
The three cases are characterized by the possible non-vanishing values of dg,,
which are

1
dapy = 2 /2 (r—2q), and dyu=dymm - (2.52)
In case I we have r = 2¢, so that n = 3(q + 1), and d,,,, = 0. As we established
already, one must have

Fuvmn = mnpq =0. (253)

Hence the d,,, may be regarded as rxr matrices, which generate a (g + 1)-
dimensional Clifford algebra. In view of the second condition, the dimension of this
algebra is severely constrained. According to [15], only g =1, 2, 4 and 8 are
possible, corresponding to n = 6,9, 15 and 27, respectively. This conclusion follows
from the possible dimension of the reducible representations of the Clifford alge-
bra. This case is related to Jordan algebras and the magic square [1]. In addition
we have the trivial case with ¢ = 0 and n = 3.

For case II we have d,,, = 0 and r — 2q # 0. It turns out that it is sufficient to

restrict our analysis to the case ¢ = — 1. Then there are no indices u, so that the
non-vanishing coefficients d,,. are
dozs ==, oy = Oy, 2.54
V2 2,/2
with r = n — 2 arbitrary. Obviously, we have
[ npg = —% OmnOpgs  Hmn = Omn » (2.55)

while all other components of I" vanish.

The reason why we do not have to consider g = 0 is that, after identifying one of
the indices u with 3, we can always perform a redefinition (2.32). After this
redefinition we no longer have d,,,,, = 0, so that we can perform the same steps as
before, but now for case III. Nevertheless for clarity of the presentation we briefly
derive the consequences for case II with arbitrary q. We first use (2.45) to obtain

r® =r@H,,, with ® = Tl - (2.56)
Let us now decompose the space associated with the indices m, n, . . . into the null
space of I'® and its orthogonal complement. The indices m, n, ... are split
accordingly into indices 4, B,...and M, N, ..., so that '& = ‘2’ =0 and

det (I'{2}) + 0. This implies that
anpA =0 5 (257)

while (2.56) restricts the matrix H according to Hy. 4 = 0 and Hy;y = dpy. Combin-
ing d,m = 0 and (2.48), (2. 49) and (2.57), we find

auAB =3 (7' 2q)5AB’ FuuAM = FuuMA =0. (258)
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From (2.43) it then follows that the non-vanishing matrix elements of H are given
by HAB = _5AB and HMN = 5MN9 while

FuvMN =0. (259)

Therefore I, is now fully known and non-vanishing. On the other hand, I',,pm iS
restricted to vanish by (2.47). This implies that the null space of I' ® is in fact empty,
so that there are no indices A4, B, . . . . Hence we find that H,,, = §,,,. From (2.43) it
then follows that I,,,, vanishes,

Lyvwn =0, (2.60)

while I',,,,, remains arbitrary. Hence the coeflicients d,,,, may again be regarded as
r X r matrices generating a (¢ + 1)-dimensional Clifford algebra. This puts restric-
tions on r and g, but these are considerably weaker than in the previous case.

Let us now turn to case III, where d,,, # 0. By a suitable rotation of the
components labelled by y, v, . . ., we choose the direction in which d,,,, does not
vanish to be equal to u = 3. The remaining indices p will be denoted by j.
Subsequently we diagonalize ds,,,,

3
damn = \/% AmOmn - (2.61)

We then obtain from (2.47) that 4;,,, is symmetric in p and v (this conclusion
requires d,,, + 0), which implies that A;,,5 = 0. Substituting this result into (2.44)
for u = v = 3, we obtain

1
Z(Arzn - 1)5mn = ()‘m - /q’n)Anm;3 . (262)

As A, 3 is antisymmetric in n and m, it follows that both sides of the equation
should vanish separately, so that

ia=1, @am=0 foru=v=3. (2.63)
Splitting the range of indices m, n, . . . into indices x, y, . . . and X, y, . . . such that
Ar=1, A= —1, (2.64)

it follows from (2.62) that A,;,; = 0. Subsequently, consider again (2.44) but now
withu=g=+3,v=3m=x,n=y,

2dﬁxy = Zdﬁz(xAy)z;:«! + dﬁxyAﬁﬁ;3 . (265)

Multiplying the right-hand side with d,, gives zero by virtue of the antisymmetry
of the A coefficients. This implies d;,, = 0. The same derivation can be repeated for
two dotted indices, so we are left with the coefficients d;,; with mixed indices. This
then yields I'34, = 0.

In cases I and II we proved that I',,,,, = 0 in general. Therefore, in all cases with
q = 0, one can identify a suitable index y = 3 and bring d5,,, in diagonal form as in
(2.61), so that one can employ the parametrization in terms of dotted and undotted
indices and derive the restrictions for d;,, as found above. The present formulation
is thus fully applicable to all three cases with g = 0 (for the moment we ignore the
results obtained above for the A tensors, which apply only to case III). Let us
therefore proceed and present the relevant equations in this formulation for the
general case.
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From Dy, ; = 0 it follows that
Ax;};[z = d\?xyHG;l s (266)

where Hy; = \/2/3A3,;5. In addition we have D, 3 = 0, which can be solved by
Ay 3 = Ayy 3 = Agpz = 0 and has no consequences for the d tensor. When non-
zero values are possible for the A tensors, they define non-trivial invariances of the
d coefficients.

Let us give the non-vanishing components of the I" tensor in this notation (cf.
(2.41-42)),

2 1
F;i\‘»xy = g dz'x(ﬁd\?)yz‘ - Z 5;1\35):)’ >
2 1
Loy = 3 dzeadoy: — 1 04505 »
2 1
Iyyzi = 3 iz Ay — 1 Oy - (2.67)

We denote the range of indices fi, x and X by g, p and p, respectively, so that
r=p+pandn=3+qg+p+p

These equations have a remarkable symmetry under interchange of the indices
[i, x and x. This is not a coincidence and is related to the redefinitions that were
explained previously. To see this, consider the cubic polynomial %, which has
acquired the following form (for ¢ = 0),

V() = % X3z + /3x3) (3 — </3%3)

3 1 1
+ —\/—§< —X2X7 + i(xZ + \/§x3)x32c + E(Xz - \/§x3)x§>

+ 6d,;x,3XﬁxxXx . (268)

The replacement (2.32) induces an interchange of the quantities x, and
—4(x, + ﬁx;;), which leaves the form of the function %/(x) unchanged, except
that the labels i, x and X are interchanged. Similarly, the replacement (2.31)
corresponds to an interchange of labels x with x (of course, the range of the various
indices changes accordingly).

Case I is now characterized by g = p = p, case Il by p = p *+ ¢, and case III by
p + p. Contraction of the above tensors leads to the following equations,

1
Fﬂﬁxy = Ez'xy + Z(p - q)éxy s

1
Tipsy = Iogy + 4 (P —q)0s »

Tioxx = Dioes + < (P — P)0us - (2.69)

ENJSN
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In this notation, Eqs. (2.43-45) take the form

F;i\?xy I-;‘vayH Fuvzszx 5
Tiviy = —DgosyHpy = — Loz H sz
nyxy - ['Zyxszx = nyz')':Hz':b P (270)

where we suppressed the equations involving H,; and H,, which have no conse-
quences for the d-coefficients.

The symmetry noted above should be taken into account when identifying
inequivalent d tensors. However, its presence also facilitates our work, as it allows
us to apply the following lemma in three possible situations:

Lemma. Consider one of the three matrices H, say H;. Then, either the other two
matrices H are of equal dimension (p = p), in which case I = I;5:: = 0, or they
are not of equal dimension (p % p), in which case H; is equal to plus or minus the
identity matrix, with Iy, or Iz vanishing, respectively.

To prove this lemma, multiply the third equation (2.69) with H; and apply (2.70).
When p = p the corresponding equations lead to I, = [}z = 0, as claimed
above. On the other hand, when p = p, it follows that H; is a symmetric matrix
which can be diagonalized. Consider first the case where i and 7 belong to an
eigenspace of H with eigenvalue different from + 1. Then it follows from (2.70) that
Tixx = Iissz = 0, which leads to p = p and thus to a contradiction. Hence H;; has
only eigenvalues equal to + 1. Assume now that both eigenvalues occur. Consxder
then indices 2 and ¥ corresponding to the subspace with eigenvalue +1, and an
index p belonging to the subspace with eigenvalue — 1. Then (2.70) implies that (no
sum over repeated p index)

Iy =0. 2.71)

Fﬁﬁfd’ = Tppny = Tipiy = Lppey = Lipiy = T'iypay

According to the last four equations d; anticommutes as a matrix with d; and d;.
We thus perform the following calculation (no sum over repeated p index),

0= dpxx Licydgy
1
=3 (dﬁd<ﬁdo>dﬁ)xy — 7 @sdp)xy0us

3
= uvxz(d 5d; )zy uvxy (272)

Hence both I'y;,, and I's;; vanish, which requires that p = p, thus leading to
a contradiction. Hence the eigenvalues of H must all be equal, which completes the
proof of the lemma. ]

With the help of this lemma it is straightforward to analyze the various
solutions of (2.67) and (2.70). First we assume that ¢, p and p are nonvanishing.
Application of the lemma then reveals that there are no solutions with different
values for ¢, p and p, simply because two I" tensors must then vanish, which, by
(2.69) implies that at least two of the parameters g, p or p should be equal. Because
of the symmetry we can choose either two of the parameters equal. Let us assume,
for instance, ¢ + p = p + 0. Then, from the lemma applied to the three matrices
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H one finds four possibilities, two of which implying that two uncontracted
I tensors vanish, which is inconsistent with g & p or g + p. Then one has the third
possibility corresponding to

p= P ny)'cj; = [;i\‘)xx = [;'wxx = 0, ny = _5xy 5 Ha‘cy = —5)&}3 . (273)

On the other hand the first line of (2.69) implies that I};,. = 2(p — ¢)p, which must
vanish according to the above equation. Hence p = 0; this is one of the cases to be
discussed below. The remaining possibility, which leaves g arbitrary corresponds to

p= p Fﬁny = Fﬁﬁ,’c}; = 0, ny = 5xy N H,‘CJ', = 550‘, . (274)

Clearly, this solution belongs to case II, while the equivalent solution with
q=p=+porq=p=+ p belongs to case IIL

The case g = p = pis case I, for which we already showed that all I symbols are
zero with traceless d coefficients.

What remains is to investigate the situation where at least one of the para-
meters ¢, p or p vanishes (this may occur in case I, II or III depending on the values
of the other two parameters). In that case only one of the tensors I" remains (unless
one of the other parameters vanishes as well). Let us choose ¢ = 0. There is only

1
q= 0: ny)'c_\} = —Z 5xy5.>%jn ny = 5xy5 H)'c,\') = 5*5, . (275)

This completes the classification of the coefficients d,, satisfying Eq. (2.1).

3. Results of the Classification

3.1. d-Coefficients and Clifford Algebras. In the previous section we obtained the
possible tensors d,;, that are solutions to (2.1), up to arbitrary O(n — 1) rotations.
The indices a, b, . . . , are decomposed into indices 2, 4 and m, where u and m take
q + 1 and r values, respectively. We thus haven=3 + g 4+ r.

The general results for the d tensors are summarized in (2.50) and (2.51), where,
as we shall see shortly, the coefficients d,,,, satisfy the defining relation (up to
a proportionality factor) of the generators of a Clifford algebra and can thus be
expressed as (symmetric, real) gamma matrices according to

3
ymn = \/% (VImn - (3.1)

Therefore the function % (x) acquires the generic form

1

¥ (x) = —ﬁ {x% — 3x, (xﬁ — %xﬁ,) + % \/3 (yu)m,,xuxmx,,} , (3.2)

where the gamma matrices generate a real representation of the Clifford algebra
%(q + 1, 0) with positive metric. Let us now analyze the various solutions found in
the previous section.
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The first case is g = —1 (i.e., indices u are absent). As d,,, does not exist, the

d coefficients are completely given by (2.50), and the corresponding function
% reads

1 3
¥ (x) = —2<x% + §x2x§l> . (3.3)
As shown previously, Iupg = —30mn0pq, Which vanishes only for r = 0. We denote

these solutions by L(—1,7) with r 20 and n =2 + r.
For g = O there is one value of u which we denote by “3” and we split indices
m into x or X, taking p and p values, respectively. These indices are distinguished by

3 3
d3xy = g 5’0” d33&.\" = - géxys d3x33 =0. (34)

For g = 0 there is no further restriction; p and p are arbitrary and we denote the
solution as L(0, P, P) = L(0, P, P), where we replace p and p by P and P in order to
have a uniform notation for the reducible representations of the Clifford algebra (to
be discussed below). Whenever P or P is zero we write L(0, P) = L(0, P, 0). The

diagonal matrix
8
(y3)mn = §d3mn s (35)

can be viewed as a gamma matrix that generates a one-dimensional Clifford
algebra €(1,0). This algebra has two inequivalent irreducible representations
corresponding to +1 and —1. The numbers P and P specify the multiplicities of
these representations in y;. The corresponding function % follows directly from
(3.2),

Xa(xz + \/§x3)(x2 - \/§x3)

% (x

1
>_ﬁ{
+ %(xz +/3x3)x2 + %(xz - ﬁm)x,%} : (36)

The non-vanishing I" tensor is

1
ny)'cj) = —Z 5xy65c)3 5 (37)
which vanishes whenever p or p vanishes. Note that we have n =3 + p + p.

For ¢ >0 we may restrict ourselves to r > 0, as the case ¢ >0, r=0 is
equivalent to L(0, ¢, 0) by a rotation (2.32). Denoting the values of x4 & 3 by 4, the
tensors d,, satisfy (2.74), which implies that we can define the following rxr
gamma matrices,

8/ 0 dys B0
o

We have thus established (3.2). To classify all cases with ¢ > 0 one must consider all
possible gamma matrices that generate a real Clifford algebra (g + 1,0). The
irreducible representations (with positive definite metric) are listed in Table 1 [19].
They are unique except when the Clifford module consists of a direct sum of two
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factors. As shown in Table 1 this is the case for ¢ = 0 mod 4, where there exist two
inequivalent irreducible representations.® This implies that for g # 0 mod 4, the
gamma matrices are unique once we specify the number of irreducible representa-
tions. The solution for the d coefficients is then denoted by L(g, P), where P de-
notes the number of irreducible representations. We thus have r = P92, ,, or,
equivalently, n = 3 + g + P9, ;. However, when q is a multiple of 4 (i.e., g = 4m
with m integer), then there exist two inequivalent irreducible representations and
the solutions are characterized by specifying the multiplicities P and P of each of
the two  representations. The solutions are therefore denoted by
L(4m, P, P)= L(4m, P, P) and we have n =3 + 4m + (P + P)P 4.+ 1. Whenever
P or P vanishes, we denote the solutions by L(4m, P) = L(4m, P, 0).

This concludes the classification of the various solutions. The only components
of I};.4 that possibly differ from zero are

3
anpq = g [(yn)(mn(yu)pq) - 5(mn5pq)] . (39)

As one easily verifies, this tensor vanishes only for L(—1, 0), L(0, r), L(1, 1), L(2, 1),
L(4, 1)and L(8, 1), corresponding ton = 2,3 + r, 6,9, 15 and 27, respectively. Note
that the contracted tensor

1
) JR—— §(2q — )0y forqg=+0

1 1.
= - g P(émn - ())3)mn) - g P(émn + (y3)mn) fOI’ q= 0 (310)

Table 1. Real Clifford algebras €(g + 1, 0). Here F(n) stands for n x n matrices with entries over
the field F, while 9, , denotes the real dimension of an irreducible representation of the Clifford
algebra. We decompose the matrices IR(Z,+ 1) acting on the real irreducible representation space,
either as a direct product with the Clifford algebra representation as a factor, or in the form of
a higher-dimensional Clifford algebra. This decomposition is used to determine the centralizer
C of the Clifford algebra in this representation

q qg+1 %(q+1,0) Dy+r R(Z4+1) C
—1 0 R 1 R R
0 1 R®R 1 R R
1 2 R(2) 2 R(2) R
2 3 C(2) 4 %3, 1) C
3 4 H(2) 8 H® H(2) H
4 5 H2)® H(2) 8 H® H(_2) H
5 6 H(4) 16 H®MH@4) H
6 7 C(8) 16 %(8, 0) C
7 8 R(16) 16 R(16) R
n+7 n+8 R(16) ® ¥ (n, 0) 169, R(16) ® R(2,) as for n

> These are the only dimensions for which the product of all gamma matrices, Q = y; . .. Y4+1,
commutes with every individual matrix and has square 1; the two inequivalent representations are
related by an overall sign change in the gamma matrices: y, > —7,, so that Q changes from +1 to
—1, or vice versa.
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(g = 0 is special, because it represents the only case where a gamma matrix can
have a non-zero trace) has only zero eigenvalues in those cases where we already
know that I,,,, = 0. This implies that the equation I;,,,,Z* = 0 has only non-
trivial solutions Z¢ when I,,,,, vanishes.

3.2. A-Coefficients and Symmetry Groups. Now that we have found the non-
vanishing components of I;.; we consider the solutions for the corresponding
tensors A, as defined by (2.1). They are determined modulo solutions of the
homogeneous equation,

dd(abAc)d =0, (3-1 1)

which define the invariances of the coefficients d,;,.. We recall that these symmetries
must preserve the metric .4, SO that the matrices 4,, are antisymmetric. There are
only two types of invariances. First there is

A2m = _AmZ = \/§Cma Am,u = _Aym = ('yu)mnCn B (312)
where (,, must satisfy
Tompala = 0. (3.13)

However, from the discussion at the end of the previous subsection it follows that
this equation has only non-trivial solutions for {,, when I,,,,, vanishes.

The second type of solutions of (3.11) corresponds to the invariance group of
the tensor d,,,, oC ¥,m, associated with the matrices 4,, and A,

Auv(yv)mn + ’))up(mAn)p =0. (314)

For any 4, there is the solution

1

Amn = ZAuv(yuyv)mn . (315)
Obviously, the group associated with A4,, is the rotation group SO(q + 1), which
acts on the spinor coordinates labelled by m according to its cover group. Besides
there can be additional invariances that act exclusively in spinor space and
commute with the gamma matrices and thus with the corresponding representa-
tion of the Clifford algebra. Hence we are interested in the metric-preserving
elements of the centralizer of the Clifford algebra in the r-dimensional real repres-
entation (i.e., the antisymmetric matrices A4,,, belonging to R (r) that commute with

). Let us first determine the centralizers for the irreducible representations.
According to Schur’s lemma, matrices that commute with an irreducible repres-
entation of the Clifford algebra must form a division algebra. Table 1 lists the
centralizers of the real irreducible representations, which are thus equal to R, C or
IH. We briefly present the arguments leading to this result.® First consider g + 1
even. The only commuting element in the Clifford algebra representation is 1, while
the centralizer is just the factor in R(2,.,) that multiplies the Clifford algebra
representation (cf. Table 1). In this way we find that the centralizer is R for
q+1=0o0r2mod8, and H for ¢ + 1 = 4 or 6 mod 8. Now take q + 1 odd. For

6 Many results on real irreducible representations of the Clifford algebras and their centralizers
have been explicitly worked out in [20]. Another useful reference is [21].
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q = 4m the irreducible representation of the Clifford algebra corresponds to only
one of the terms of the direct sum in €(4m + 1). Just as above, the only commuting
element in this representation is 1, and the centralizer is obtained as the factor that
multiplies the Clifford algebra representation in R(Z,.,), ie, R for
g+ 1=1mod8and H for g + 1 = 5 mod 8. What remains is the case ¢ = 2 + 4m.
Then, as indicated in Table 1, the representation space is isomorphic to a higher-
dimensional Clifford algebra, which makes it easy to verify that only 1 and
Q =7, ...7,+: span the centralizer. (Note that for ¢ = 2 + 4m, Q> = —1, while
for g = 4m, Q itself is represented by +1). We thus conclude that the centralizer is
equal to € for g + 1 = 3 or 7mod 8.

To analyze the reducible representations, we first rewrite R(r) as
R(p) ® R(Z,+1), where p is the number of irreducible representations, thus
p=P for g=4m and p=P + P for q=4m. Consider first g =+ 4m such
that y, = 1, ® yii". This shows that the centralizer is the direct product of IR(P)
with the centralizer of yi*, leading to R(P) for ¢ =1, 7mod8, to C(P) for
qg=2, 6mod38, and to H(P) for ¢ = 3, 5mod8. What remains are the cases
g = 0 mod 4, when we have y, = n® y\", where n = diag(l, ... 1, —1,... —1).
Writing A4,,, as A=H®S, where H < R(p) and S c R(Z,+,), we have the
condition

[A4y,]=Hn®Sy,—nH®y,S=0. (3.16)

In the sector proportional to (1 + #)H(1 F y), it follows that S anticommutes with
yirr; SST is then a symmetric matrix that commutes with y;", so that it must be
proportional to 1. Therefore S is orthogonal and Syirr§—1 = —9ir This leads to
a contradiction, as it implies that yi" and —yi" are equivalent representations.
Consequently the matrices H are restricted to the R(P) @ IR (P) matrices commut-
ing with #. For these matrices the same considerations apply as for g + 4m. The
result is then that the centralizer is the direct product of IR(P) @ R(P) with the
centralizer of yi*, which corresponds to R(P)@® R(P) for ¢ =0mod8, and
H(P) ® H(P) for ¢ = 4 mod 8.

Now we determine the antisymmetric matrices in these centralizers correspond-
ing to the generators of the metric-preserving subgroups. In each case these
centralizers can be written as the direct product of real matrices with a division
algebra (in the real representation, so that the imaginary units become antisymme-
tric matrices). Therefore in the complex or the quaternionic representation the
antisymmetry requirement takes the form of an antihermiticity requirement. The
metric-preserving groups are therefore

for g =1,7mod8: SO(P),

for ¢ = 0mod 8: SO(P)® SO(P),

for ¢ = 2,6 mod8: U(P),

for q=3,5mod8: U(P, H) = USp(2P),

for ¢ = 4mod 8: USp(2P) ® USp(2P) . (3.17)
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In conclusion, we summarize the symmetries of the tensors d,;.. First there are the
symmetries (3.12) for the cases L(—1,0), L(0, r), L(1, 1), L(2, 1), L(4, 1) and L(8, 1).
Secondly there is the group SO(q + 1) and the group mentioned in (3.17) repres-
ented by matrices S,,,. This gives

A,, = arbitrary ,

1
Amn == (yuyv)mnAuv + Smn 5

4
A2m = \/§Cm b
Ay = @ )mnla - (3.18)

Now that we have determined the solutions of the homogeneous equation
(3.11), we turn to the inhomogeneous equation (2.1). A particular solution is

3 1
A2m;n = _Amz;n = Z\/Eémm Amu;n = _Aum;n = Z\/g('))u)mn . (319)

When I,,,, = 0 these solutions correspond to an invariance of the d,, coefficients
and are already contained in the previous transformations.

4. Implications for Homogeneous Special Spaces

Now we return to special geometry and the cubic polynomial C(h), defined in (1.1).
Using the canonical parametrization, we first introduce an extra coordinate x,
and add the corresponding terms x3 — 4x, x2 to the polynomial (2.4). Giving up the
canonical parametrization, we no longer have to restrict ourselves to O(n — 1)
redefinitions, and we can make arbitrary linear redefinitions of the x, ..., Xx,.
Using

h' = 3713 (x; + /2x,)

h? = 3-1/3<x1 —%ﬁm) ,
bt =2712.31ox o pm =27 1230 4.1)
the polynomial C(h) acquires the generic form given in Sect. 1 (cf. 1.13),
C(h) = 3{h*(h*)* — h*(h*)* — h*(h™)* + VnH*H™H"} 4.2)

We stress that this parametrization no longer coincides with the canonical one. The
possible realizations for the gamma matrices were discussed in the previous section.
Note that we have

n=3+qg+r, withr=(P+P)9q+1, (4.3)

where the integers P and P characterize the representations for the gamma
matrices, as discussed in the previous section.
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We now summarize the linear transformations of h* that leave (4.2) invariant.
They can either be determined directly from (4.2), or can be evaluated from
dx* = B4px"®, using (1.6) with A,, = B°y Ay, is taken from (3.19), plus a homogene-
ous solution as in (3.18),

W =28,k + 26, b,
Oh* = —&h? — (™ + 28,k
Oht = — &R 4+ 28,h% — (Y™ + A B,

1
o™ = 5 thm + émhz - thl + én’))umnhﬂ + éu’yumnhn + Amnhn . (44)

The symmetries corresponding to the parameters (,, only exist when the tensor
Iunpg vanishes. As before, 4,,, and A4,, are antisymmetric matrices that leave the
gamma matrices invariant (cf. (3.14)). As explained in the previous section, 4,, and
A,., generate the product of SO(gq + 1) and the metric-preserving group in the
centralizer of the corresponding Clifford algebra representation given in (3.17). The
parameters are defined as follows:

Bi=./2¢,, BL= \/(é ) Bl—zf:ﬂ,

Ag = —Apy = = f Cnt Cn) Ay = — Ay 2yum,.(ém+cm>. (4.5)

It is illuminating to decompose the generators with respect to the abelian
generator e, associated with the parameter £,. The algebra then decomposes
according to

X=X 3p+ %o+ 32, (4.6)

where & _3,, contains the generators associated with the parameters ,, (which is
thus only present when I,,,,, = 0), ', consists of the generators associated with &,,
&4 Ayy and A,,,, and &3/, contains the generators corresponding to the parameters
& Obviously Z 5, constitutes a solvable algebra of dimension r. Also &', contains
a solvable algebra (of dimension g + 2). This follows directly from the observation
that the subalgebra consisting of the generators associated with the parameters &
and A,, constitute so(q + 1, 1), which, by its Iwasawa decomposition, contains
a solvable subalgebra of dimension g + 1 and rank 1 (for ¢ =2 0; for ¢ = —1 the
algebra is empty, so that the rank is 0).” Indeed, the subspace of the special real
manifold corresponding to h™ = 0 and h' fixed and non-zero, corresponds precisely
to the coset space SO(q + 1,1)/SO(q + 1).

The complete solvable transitive group of motions thus consists of the trans-
formations (4.4) corresponding to the parameters ,, combined with (for g = 0)

Auv = 453[/4 év]; Amn = (y[3yit])mné;4 > (47)

7 The action of SO(q + 1, 1) on the spinor coordinates follows from the explicit terms in (4.4)
proportional to &, and the generators (3.15) contained in A, corresponding to the cover of
SO(q + 1). The additional generators in A,,, corresponding to (3.17) are compact; they commute
with SO(q + 1, 1) and have no bearing on the solvable subalgebra of 2.
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where 3 denotes some arbitrary direction in the space of vectors labeled by
indices .

Let us now discuss the implications of our results for the homogeneous special
real spaces with a transitive isometry group that constitutes an invariance of the
polynomial C(h), and thus of the corresponding N = 2 supergravity theory in five
space-time dimensions. These spaces are classified in terms of the polynomials C(h),
as given in (4.2). The rank of these spaces is equal to 1 or 2, because the Cartan
subalgebra of the solvable algebra consists of the generator associated with &,, and
the Cartan subalgebra of the solvable algebra corresponding to SO(g+1,1)/SO(g+1).
The rank-1 spaces have ¢ = — 1 and the corresponding expression for C(h) is

L(—1,7r): C(h) = 3h*(h*h* — (h™)?) . 4.8)
Their solvable algebra is that of

SO(r + 1,1)
So(r+ 1)

and we therefore identify them with these spaces. They are thus symmetric and
were exhibited in the context of d = 5 supergravity in [22]. A simple counting
argument shows, however, that not all the 4(r + 1)(r + 2) symmetries of this space
correspond to invariances of the cubic polynomial C(h), as there are only r invari-
ances associated with %3, and 3r(r— 1)+ 1 with 2, (corresponding to
A, ~ SO(r) and &,, respectively). Indeed, explicit calculations [10] show that the
missing r isometries do not correspond to linear transformations of the coordinates
h?. The case r = 0 is an exception in this respect, as all isometries of the real
manifold coincide with the invariances of C(h). The non-linear transformations of
h are not full invariances of the full d = 5 supergravity action (only of the scalar
part (1.2)), and the lower dimensional actions do therefore not exhibit these
invariances. This is the reason why the Kdhler and quaternionic spaces resulting
from the ¢ map and the cor map applied to L(— 1, ) are in general not symmetric,
with the exception of the spaces corresponding to L(—1,0).® Their quaternionic
counterparts are missing in the classification of homogeneous spaces in [13] and
the corresponding Kéhler spaces are therefore also missing in [14].

The rank-2 spaces with ¢ = 0 are special, because C(h) factorizes in certain
cases (corresponding to the symmetric spaces where either P or P vanishes),

L(0, P, P): C(h) = —3{h'(h* + h*)(h® — h®)
+ (h* — h3)(h*)? + (h* + h®)(h*)*} (4.10)

where we have decomposed the indices m into P indices x and P indices X, as
explained in the preceding sections, with n =3 + P + P. The quaternionic and
Kihler spaces corresponding to L(0, P, P) were called W (P, P) and K(P, P)in [13]
and [14], respectively. We shall denote the real spaces by Y(P, P).

The rank-2 spaces corresponding to L(g, P) with g > 0 have a rank-4 quatern-
ionic extension and a rank-3 Kéhler extension, which were denoted by V(P, ¢) and
H(P, q) in [13] and [14], respectively. We shall denote the corresponding real
spaces by X (P, q).

L(—1,7) (n=r+2), (4.9)

8 In [22] it was assumed that the space remains symmetric after reduction; therefore the
corresponding Kéhler spaces were incorrectly identified with the minimal couplings of d = 4,
N = 2 supergravity.
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According to the classification of [13] and [14], for ¢ = 4m = 4 one has
precisely one quaternionic and one Kéhler space of given (allowed) dimension.
However, the existence of inequivalent real representations of the Clifford algebra
for ¢ = 4m implies the existence of inequivalent real, Kédhler and quaternionic
spaces corresponding to L(4m, P, P). We already encountered an example of the
same phenomenon for g = 0.

As follows from the above arguments quaternionic spaces originating from
special real spaces via special Kihler spaces have rank 3 or 4. But as also
mentioned before, these do not constitute all possible homogeneous quaternionic
spaces. In fact, we know rank-2 symmetric quaternionic spaces, which originate
from special Kédhler spaces, but not from real spaces, and rank-1 symmetric
quaternionic spaces that also have no Kéhler origin. We summarize these in
Table 2. The corresponding Kéahler and real spaces have real and complex dimen-
sion n — 1 and n, and their rank is equal to R — 2 and R — 1, respectively. Because
of the low rank, only a real space with zero rank can occur (which necessarily has
zero dimension). This corresponds precisely to the pure N = 2 supergravity theory
in five space-time dimensions. In the table, this case is represented by “SG.”
A similar situation occurs for R =1 and R = 0, where the only possibility for
a special Kédhler and quaternionic space corresponds to pure supergravity in four
and three dimensions, respectively. Hence none of the spaces discussed in the table
are related to the spaces classified in this paper. Observe that all spaces in Table
2 are symmetric. Together with the homogeneous spaces resulting from the analysis
of this paper, which are summarized in Table 3, they constitute all the homogene-
ous quaternionic and special Kahler spaces that are known. A proof that this list
contains all the symmetric special Kdhler spaces is given in [23]. The symmetric
rank-4 quaternionic spaces and their related special real and Kédhler spaces corres-
pond to L(0, P), L(1, 1), L(2, 1), L (4, 1), and L(8, 1).

These tables show a remarkable pattern. We have the pure N = 2 supergravity
theory in 3 dimensions (“the empty quaternionic space”) and the minimal coup-
lings: the quaternionic projective spaces. Then the remaining rank-1 quaternionic
symmetric space is the one originating from pure d = 4 supergravity (“the empty
special Kahler space”). The minimal couplings of vector multipletsind = 4, N = 2

Table 2. Normal quaternionic spaces with rank R < 2 and quatern-
ionic dimension n + 1 and the corresponding special real and Kéahler
spaces (whenever they exist)

real Kahler quaternionic n+1 R

SG 0
USp(2n +2,2)

Ussantdesup "tiE0 1
U, 2)
G ACT 1 i
uneUu@R)
U, 1) Un+1,2)
Tme il UTn+heuve "T1E2 2
G SU(1, 1) Ga+2) ) )

u SU2Q)® SU(?2)




332 B. de Wit and A. Van Proeyen

Table 3. Homogeneous special real spaces with corresponding Kéahler and
quaternionic spaces. Those that were discussed for the first time in this paper are
indicated by a . R is the rank of the quaternionic space

C(h) real Kédhler quaternionic R
S0(m, 1)
_ — 7 >
L(—1,m—1) S0(m) * * 3 mz=2
2
L(—1.0) so(. 1 |:SU(1, 1)} S0(3, 41 ;
u(1) (SU(2)
L@, P, P) Y(P, P) K(P, P) W(P, P) 4 P,P=0
L(g, P) X(P, q) H(P, q) V(P, q) 4 Pgz1
L(4m, P, P) * * * 4  mPPx1

supergravity, the complex projective spaces, are the origin of an infinite series of
rank-2 quaternionic spaces. The remaining rank-2 quaternionic space originates
from pure d = 5 supergravity (“empty real space”), while the real projective spaces
are the origin of an infinite series of rank-3 homogeneous quaternionic spaces (as
discussed before, the reduction does not preserve the property that the space is
symmetric). Seeing the ensuing pattern, it looks as if the remaining rank-3
quaternionic space should arise from the reduction of pure d = 6 supergravity. The
rank-4 quaternionic spaces would then find their origin in matter coupled d = 6
supergravity. This is then also the last step, because d = 6 is the largest space-time
dimension in which a supergravity theory can exist with 8 independent supersym-
metries (corresponding to a d = 6 spinor). These d = 6 couplings would then be
characterized by the possible real realizations of positive-definite Clifford algebras
(while L(— 1, 0) corresponds to the “empty Clifford algebra”). This is in accord with
a conjecture in [24] (cf. Eq. (5.6)) where d = 6, N = 2 tensor and vector multiplets
are incorporated in the field strength

F;bc = 36[aA#c] + (Am)[a(yu)mn (Fn)bc] s (41 1)

which leads to a coupling of ¢ + 1 tensor multiplets (with tensor field 4%, and field
strength FZ.) to r vector multiplets (with vectors A and field strengths A4J;).

In this paper we presented a complete classification of the special real homo-
geneous spaces with a transitive group of motions that leaves the polynomial C(h),
and thus the corresponding d = 5 supergravity theory, invariant. Therefore we also
obtained the corresponding classification for the homogeneous special Kédhler and
quaternionic spaces that are in the image of the ¢ map and the ¢ cr map. However,
we expect that Tables 2 and 3 in fact comprise all possible homogeneous quatern-
ionic spaces. This result should still follow from the analysis of [ 13], and we believe
that the absence in [13] of the spaces indicated by a = in Table 3 is merely due to
a calculational error. The nice pattern described above lends support to our
conjecture that the classification of homogeneous quaternionic spaces is now
complete, as the new spaces exhibited above are precisely needed for completing
the overall picture.
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