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Abstract. In this paper we study the Bogomol'nyi equations of the electroweak
theory in the full plane. We will show that, for any distribution of the vortices,
there exists a two parameter family of gauge-distinct solutions. Moreover, we also
establish some sharp decay rate estimates for these solutions.

1. Introduction

In Part I of this paper [7], we have proven the existence of Abrikosov like periodic
vortices in the bosonic sector model proposed by Ambjorn and Olesen [3, 4] of
the Glashow—Salam—Weinberg theory. These solutions were found from a
Bogomol'nyi system of first order equations which take on a more complicated
form than in the classical abelian case due to the anti-screening of the magnetic
field. As a result, this system further reduces to a semilinear elliptic system of
nonstandard type and we showed in Part I that the number of such vortices is
bounded above in terms of the relevant physical parameters, although the locations
may be prescribed arbitrarily.

The goal of the present paper is to study this Bogomol'nyi system for the
self-dual electroweak interactions in the full space R% These solutions are
necessarily of infinite energy and thus the method of Part I cannot be directly
applied. Our main strategy then, is to combine the method of weighted Sobolev
spaces, used by McOwen [6] in his study of conformal deformation equations,
with the crucial change of variables introduced in Part I to reduce our elliptic
system to a lower diagonal form. As a result, we are able to show (Theorem 3.3)
that for any distribution of vortex locations there is a two parameter family of
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gauge-distinct solutions. Furthermore, we are also able to obtain some results
concerning the asymptotic behavior of these solutions which may provide
information about the blow-up rate of the energy. One of the interesting things
is that it can be shown that the Higgs field ¢ and the W field vanish at infinity
with entirely different speeds: ¢ decays faster than any exponential function of the
type exp (—or) (6 > 0) while W obeys a power law of the form r~¢ (a > 0). These
decay estimates are shown to be sharp.

In order to fix the ideas, we first illustrate this method applied to the simplified
SO(3) or SU(2) theory of Ambjorn and Olesen [2] (see also Yang [9]) in which
the W-bosons acquire mass through a Higgs mechanism but the Higgs field are
neglected from the Lagrangian. Here the system of Bogomol’nyi equations can be
reduced to a single semilinear elliptic equation very closely related to the equation
of prescribed Gaussian curvature. Thus in Sect. 2, we apply McOwen’s method
to study the existence of these massive SO(3) vortices. We then go on in Sect. 3
to study the full electroweak theory and prove our main existence theorem for
multivortices. In Sect. 4 we present a variant of the existence theorem in a different
parameter regime. The method used is similar to that adopted in Sect. 3 but the
results is of independent interest. In Sect. 5 we obtain the detailed asymptotic
behavior of our solutions.

2. The Massive SO(3) Multivortices

According to the discussion of Ambjorn and Olesen [2], the reduced energy density
for vortex-line solutions of the massive SO(3) gauge field theory is given by

E=1P2, +|D,W +iD,W|*+2m3,|W|* = 2eP,|W|* + 22| W|*, (2.1)

where W is a complex scalar field, P;(j = 1,2) is a vector field, P,, =0, P, — 0,P;,
and

The model (2.1) can also be viewed as describing the pure gauge photon and
W-boson interactions of the full electroweak theory defined by the expression (2.5)
in PartIin thelimitg —e, ¢ — ¢4, Z;—0. mf,, > 0 gives rise to massive W-particles.

By virtue of the relation (D;D, —D,D;)W = —ieP; W, the Euler-Lagrange
equations associated with (2.1) may be written as

{D,.D,.W= 2mi W —3eP, W + 4e*| W|*W,
0;Py = ie(WH (D, W) — W(DW)') + 3ee,(WH(D,W) + W(D,W)"). (2.2)

The linearized version of (2.2) has been studied by Ambjorn, Nielsen, and Olesen
[1] in view of stability.
By rewriting the energy density & as

1 2 2 2 2
&=|D,W +iD,W|? +5<P12 - [ﬂ + 2e| W|’-]> + @<Pu —?) (2.3)
e e e

it can be seen that the 't Hooft boundary condition [8] implies that the magnetic
flux through a periodic cell domain € is quantized and the energy minima are
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saturated by the solutions of the following Bogomol’'nyi equations:
D, W +iD,W =0,

m2
P12—<—"‘,+26IW|2>=0. (2.4)
(4

Of course (2.4) implies (2.2) in-£2. In [9], one of us (Y. Y.) has shown that (2.4)
possesses a periodic N-vortex solution if
2n(N—-2) , 2=N
—<my, <—.
1£2] 12|
Here we are interested in solutions of (2.4) over the full IR2. It is easily checked

that solutions of (2.4) are also solutions (2.2) on IR2. What is the energy of such
solutions? Using (2.4) in (2.3) we have

m? m2 1mé m
=" P, ==Y +2m} W22
e<12 ) 2 e? wl |_2€2
Therefore the total energy f &dx is necessarily infinite.
R2
For convenience, we identify IR? with the complex plane € and use z to denote
a point in €. Let z,eC be a zero of W. The first equation in (2.4) implies that in
a neighborhood of z =z,
W(z) = (z — zo)"ho(x1, X,),

where n, is an integer and h, is a smooth nonvanishing function. Thus the zero
set Z(W) of W is discrete. If Z(W)={z,,...,z,} and the multiplicity of the zero
z=2z of W is n,, then the replacement u = In|W|* reduces (2.4) to

m

Au= —2m}, — 4e* exp(u) + 4n Y. n6(z — z)). 2.5
I=1
Define
uo(z) =Y, Injz —z|* — im? | 2|2
I=1
Then
Aug=4n Y nd(z —z)—2m},
I=1
and
Uy =u—ug
satisfies
Au, = —4e? U exp(u,),
where

Uy=expuo) = [] Iz —z|*exp(— imr?), r=|z|=|x|. (2.6)
=1

We now introduce the function u,eC®(R2) so that

u,=—olnr, rzl,
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where o > 0 is a constant. Let # = u, — u,. Then (2.5) is reduced to

An+ Kexp() = — Au, = f, X))
where
K =4e2U,exp(u,).

Because of (2.6), the function K satisfies:
K=0, K=0(xp[—r]) forlarge r>0. (2.8)
It is easily seen that f is of compact support. Also,
nifzfdx= [ fdx=— | Auydx

Ix|£1 [x=1

o Mg om (29)

|x|=1 OF
As in McOwen [6] we define the functionals
Im)= [ [5IVnI*+ frldx,
R2
Jn)= | Kexp(n)dx.
R2
In order that these functionals be defined properly, we need to consider a suitable
weighted Sobolev space. Let du = hydx, where h, is a positive C* function with
ho(x)=r"* for r=|x|=1.

Here and in the sequel, x > 4.
Use the notation L*(du) = [P(R?dy). Let # denote the Hilbert space of LZ_

functions for which
17113 = 1 VA1 22any + 111 F2g < 00
Notice that # contains the constants and thus
n— | ndu
]RZ
is a continuous linear functional on J# so that

9?={ne%: [} ndu=0}
]RZ

is a closed subspace of #. Therefore we have for each ne# the decomposition:
n=7q+n, f7j=constant, n'eH. (2.10)
The following results may be found in McOwen [6]:

Lemma 2.1. For any 0 <¢ <4n, there is C(g) > 0 so that
2

A(dn—e)

{ explalnd <€) exp[ Va1 zz(dx)}, ne#

for any aeR.
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Lemma 2.2. The Poincaré inequality holds on #: there is a constant C > 0 so that
” 7’ ”12,2(4”) é C ” V" ”iz(dx)’ "e‘%

Lemma 2.3. The injection # — L*(dy) is a compact embedding.

Thus we see that both I(n) and J() are well defined on 3. Consider now the
optimization problem

min{I(n)|J(n) = 2na,nes#}. (2.11)

Lemma 2.4. The problem (2.11) has a solution provided 0 < o < 4.
Proof. For nes#, let us use the decomposition (2.10). If J(n) = 2na, then

exp(7) | Kexp(n')dx =2na,
R2

or

i1 =1n2mo — lnli [ K exp(r]’)dx]. (212
RZ

As a consequence,

1
Im= | IV Pdx+ [ (fii+ f')dx
]R22 R2

1
=3 IVA ey + | frdx + 2na[ln 2o — 1n< ] Kexp(q’)dx)jl. (2.13)
R?2 R2

On the other hand, using Lemma 2.1, we find

éz Kexp(n')dx = ni[z Khy ' exp(n')hodx < C, n'[z exp(n')du

=€ exp< an—o) 1Vl iz(d,,), (2.14)
and
} [ fr'dx|= ‘ [ fhe 2y hy?dx|<e 'Cy +¢lln’ Iliz(d“). (2.15)
R2 R2
Substituting (2.14)—(2.15) into (2.13) and using Lemma 2.2 yield the lower bound
1 o
I(n) 2 5( 1— yr— eC’> IVA 12245 — C"(©), (2.16)

where C' is a constant independent of ¢, o > 0.
Since 0 < a < 4, we can fix ¢ > 0 sufficiently small to make

oc=1— —eC' >0.

dn—¢
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Let {n;} be a minimizing sequence of (2.11). Then (2.16) says that
”V’,_’,’“lz,l(dx)§M9 j=l’27"'9

where M > 0 is a constant.
By virtue of (2.12) and (2.14), it is seen that {);} is bounded as well. So we may
assume N
n;—>n'ed weakly,
fj—>neR.
Hence from Lemma 2.3, we may assume that n; —#n =17 + n'e # strongly in L*(dp).
Therefore,

' | fnidx— [ fndx|< [ |flhg*?|n;--n|hd>dx
R2 R2 R2

SCIn; =12y —0 as jooo,
and

| Kexp(nj)dx— | Kexp(n)dx
R2 R2

< | Kexp(ln;l + nl)|n; —nldx
]RZ

<C | Kexp(ln|+ lnfVh **hg/*In; —nlhy/dx
R2
1/4 1/4 12
éc(é K4e"P(4|'1'l>h53dx> < | exp(4m;-|)du) (I |(Ij—,1|2du>
2 2 s

1 .
§ Cl exp[m ” V”jlliz(dx)] ” r’j - '7 ”LZ(d,‘)_’O as J_') 0.

Thus I(n) < liminf(n;) and J(y) = lim J(n;) = 2na. In other words, n solves
j=® j=o
@211, g
Lemma 2.5. The minimizer n of (2.11) obtained in Lemma 2.4 is a solution to (2.7)

Proof. By the Lagrange multiplier rule, 3 1€R so that

§ (Yn'Vy+ frdx=24 | Kexp(n)ydx, Vyei. 217
R2 R2

Taking the test function y =1 in (2.17), we get
2o = AJ(n) = 2nal.

Hence A =1, and # is a weak solution of (2.7). The elliptic regularity theory then
implies that # is a C® solution of (2.7). [J

Under the notation of this section,

U=ug+u;, =ug+u,+n€
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is a solution of (2.5). From the function u we can construct as in Jaffe and Taubes
[5] a solution pair (W, P;) of (2.4) so that | W|* = exp(u). Of course, different values
of o in (2.11) correspond to different solutions of (2.5). Do these solutions give rise
to different (gauge-distinct) solutions of the Bogomol'nyi system (2.4)? To answer
this, we recall that

K =4e*U,exp(u,) = 4e* exp(ug + u,).
Hence

2na= [ Kexp(n)dx= [ 4e*exp(uo+ u, + n)dx
R? R2
=4e? [ exp(wdx =4e* | |W|*dx. (2.18)
R2 R2
But (2.18) is invariant under the (residual) gauge symmetry
1
e
Therefore different o’s give rise to gauge-distinct solutions of the Bogomol'nyi

system (2.4). We have thus shown

Theorem 2.6. Let z,,...,z,eC=R? and n,,...,n,eZ,. Then, for any 0 <a <4,
the Bogomol'nyi equations (2.4) have a solution (W', P\") satisfying

[ IW®dx =%
R2 2¢?

ZW®)={z,,...,2,}, and the multiplicity of the zero z = z, of W® isn,(I=1,...,m).
In other words, for any distribution of zero locations z,,...,z,eR2, (2.4) have a
continuous family of gauge-distinct solutions, labelled by the parameter 0 < x <4,
which realize these zeros.

We now turn to the full electroweak theory.

3. Multivortices in the Full Electroweak Theory

In the unitary gauge and under the vortex ansatz of Ambjorn and Olesen [4], the
energy density of the electroweak theory is [7]:

E=|D,W+iD,W|*+4iP?, +1Z2, —29(P,,sin0 + Z,, cos O)| W|* + 2g*| W|*

+(0,0)* + 920’ Z} + g2 @* |WI* + A} — 0?), (.1

4cos?0

where W is a complex scalar field, ¢ is a real scalar field, P;, Z; are real-valued
vector fields,

D;W =0;W —ig(P;sin0 + Z;cos )W,
and P, = 0;P,— 0,P;,Z;, = 0;Z,— 6, Z;, ),k = 1,2. The Euler-Lagrange equations
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of (3.1) take the form
D;D;W =g*p*W —3g(P,,sin8 + Z,, cos O)W + 4g* | W |*W,
gZ
4cos? 6
8;P, = igsin O(W'[D,W] — W[2,W1]")
+ 3gsin 0e,(W'[2,W] + W[2,W]"),

A¢=<92|Wl"+ Z§><p+2/1(<p2—<p§)<p,

2
0,2y =2 0*Z;+igcosOW'[2,W] — W[2,W]")

IO o520
+ 3g cos Oe, (W'[2,W] + W[2,W]"). (3.2)
In the critical coupling where
g2
8cos? 6’

we have seen in Sect. 3 of Part I that, when a "t Hooft type periodic boundary
condition is imposed, the energy minima are attained by the solutions of the
Bogomol'nyi equations

DW +i9,W =0,
g 2 : 2
=———@2+2gsinf|W|?,
12 2sin9q)0 g Wi
g 2 2 2
Z,,=——(p°— + 2gcosO| W],
12 20050(‘.0 ©g) g 4
2cos 6
Z,=—"7 5. (3.3)

Hence (3.3) implies (3.2) on a periodic cell. In fact, it is straightforward to verify
that such an implication does not depend on the domain of the equations and, in
particular, solutions of (3.3) over R? are also solutions of (3.2). The purpose of
this section is to obtain multivortex solutions of (3.3) in the full plane. As in the
case of the massive SO(3) vortices discussed in Sect. 2, the solutions of (3.3) are
also of infinite energy because there holds the following energy lower bound
estimate in view of (3.3):

E25P},+3Z%,—2g(P ,sinf + Z,,cos 0)|W|?
+202 W+ g W |* + o) — ¢*)
=1 J_gz‘<p8+2g2(p(2)|W|2+4gzsin20|WI“
2\ 4sin% 0

1 g2
+< (0> — @3)* + 4g* cos? 0| W|* + 2g%(¢? —¢§)|W|Z>

2\ 4cos? 0



Multivortices in Electroweak Theory II 223

— Zg< (0* — &)+ 2gcos? 0| W|? +2q)0 + 2gsin? 0| W]2>| W|?

+ 29| W|* + g*@* | W|* + Mo} — ¢?)?

g2

>
~ 8sin? 0%

The first equation in (3.3) implies that the zero set Z(W) of W is discrete and
each zero has an integral multiplicity. Let Z(W)={z,,...,z,} so that the
multiplicity of the zero z =z, of Wis n;>0, [=1,...,m. Define as before the new
variables

=In|W|?, w=Ing2

Then Egs. (3.3) are transformed as in Part I into the system:

m

Au= —g*exp(w) —4g*exp )+ 4n Y. nd(z—z),

=1
2

Aw = 9
2cos? 6

(exp(w) — @2) + 2g” exp (u). (3.4

Let
m

up= Yy Injz—z,*",
=1

2
g 2| |2.

- 0
8cos? 0
u1=u—u0,
Wy =Ww—w,.

Auy = — g*exp (wo + wy) — 4g” exp (uo + uy),

Then u,,w, satisfy

2

Aw, = irexp(wo +w,)+ 2g% exp (ug + u,). (3.5)
2cos* 6

The term exp (uy + u,) is a bad term while exp (w, + w,) is a good term, because
exp(w,) decays exponentially fast.

As in the periodic case, we introduce the change of dependent variables as
follows:

u2 = ul +2W1,
W2 = ul.

Then Egs. (3.5) become

{Auz g* tan? @ exp (wo) exp (3[u, — w, 1),
Aw, = — g® exp (wo) exp (3[u, — w,]) — 4g” exp (uo + w,). (3.6)
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As in Sect. 2, we make the translations
u; =uz+¢,
{Wz =w3+(,
where u;, w; are smooth functions so that

{u3=alnr,
wy; = —flInr,

rx1

with a, § > 0. Hence Au,, Aw; have compact supports and Egs. (3.6) become

{A€=gz tan? OU exp(;[¢ — (D) + f, 3.7)
Al = —g*Uexp(3[£ — (1) —4g’Vexp(0) +h,

where
U =exp(wo +3[us —wsl), V=exp(uo+ws),
f=—4uy; h=—Aw;.
As before (see (2.9)), we have
[ fdx= —2no, [ hdx=2np.
R2 R?

In view of the above expressions, let us now impose for a solution pair of (3.7)
the constraints

g*tan?0 | Uexp(3[¢—(])dx =2na, (3.8)
]RZ
and
g°> | Uexp(G[£—{1)dx +4g® | Vexp(()dx=2np,
R?2 R?2
or
4g [V dx=2n( p—— ) 39
g ,,L exp ({)dx n(ﬁ —y (39
In order to make sense out of (3.9), we require:
o
. 3.10
b> tan? 0 (3.10)

There holds
V =exp(ug + w3) = O(r*N~#) for large r >0,
where N =n; + --- + n,,. Hence, if
f>2N +4, (3.11)
then we can choose a suitable x¥ > 4 so that
V=0(@r"% forlarger>0. (3.12)
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This property is important in our discussions to follow.
On the other hand, since

2,2
exp (wo) = 0<exp [ - ——8‘:]:0(:;’0 rz:l),

U =exp(wo + 3[u3 —w3])=O0(exp[—r]) for large r>0. (3.13)

we have

We now consider the following optimization problem as in the periodic case:
min {I(£,{)|&, (e, (£ () satisfies the constraints (3.8)-(3.9)}, (3.14)

where
1) = dx{lwél2 +10|VC|2 +fE+ ahc}.
R? 2 2

From (3.12)—(3.13) and Lemma 2.1, it is easily seen that (3.8), (3.9) are well-defined
over .

Lemma 3.1. If ¢ = tan?0, then a solution (&,{) of (3.14) is a solution of (3.7).

Proof. For ¢ >0, let (£,{) be a solution of (3.14). Since the Fréchet derivatives of
the constraint functionals are linearly independent, the Lagrange multiplier rule
implies there are constants 4,, 4, €IR so that

1 1
| (V¢Vn +fx1)dx=§A,g2tan20 | UCXP<5[5—5]>deX, x1€%, (3.15)
R2 R2

1 1
[ (@VC-Vy, + ohyy)dx = — 51092 tan’6 | Uexp (5[6 — C])xzdx
R2 R2

+4u,9% [ Vexp(xadx, x,€#. (3.16)
R2

In (3.15), put x, = 1. We obtain —2na =14,2na. Hence 4, = —2 and the first
equation in (3.7) is recoverded. Let x, =1 in (3.16). We get

o
2nfo = 2o + p, 2 - .
4 e n(ﬁ tan20)

To obtain the second equation in (3.7), we choose ¢ = tan?§. Hence
_ ptan’f—«
Ho B —a/tan? 0

Therefore the second equation in (3.7) is recovered as well. []J

=tan? 6.

From now on we fix ¢ =tan?6. Thus we see that it is sufficient to solve the
constrained optimization problem (3.14). As in Sect. 2, we make the decomposition

é=§—+él’ C=f+c’,
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where &, {eR, &, Ues. Equation (3.9) says that

= , T o
exp({) ni‘-z Vexp({)dx = ?(ﬁ T an? 0),
or
f=ln[L<B—L>:|—ln[j Vexp(C’)dx:|. 3.17)
2g2 tan? 0 R?2

From (3.8), we get

1 - 1 2o
- _ U - " d ="
CXP<2[§ ]>l£2 CXP<2[5 C]> x o7 tan?6
or
C_—C_+2ln<—2ﬁ~>—2ln|:j Uex (1[5'—c']>dx] (3.18)
g*tan20 R2 P 2 ’ ’
As a consequence, the objective functional I(&, () takes the form
16,0 = | {1|V¢'|2+3tan20|vw}dx
Rr2 (2 2
+ [ (f& + tan?6h{')dx — 2naé + 2nf tan® 6(. (3.19)
R2

We first estimate in (3.19) the term
A= —2na& + 2nftan®6C.
We have from (3.17)—(3.18), that

A= —2na[f—21n< | Uexp(%[é’—C’])dx>]+2nﬂtan205+ C,
R2

o
tan2 0

=2ntan? 0<ﬁ — >C_+ 4naln[ [} Uexp<%[rf’ — C’])dx:, +C;. (3.20)
IRZ

1
Let us find a lower bound for | U exp<2[é’ — C’])dx. We have
RZ

1
| UCXP<—[€'—C']>dX= | ho'erXp(l[i'—C’]>dﬂ
R? 2 R? 2
¢ | Uexp<1[f'—C']>dﬂ
R2 2

1
2¢C, exp(lﬁ[2 [wo + E(u3 - w3):|du/ niz du>.

Here we have used h; ' 2 ¢, ho = O(r ™) (x > 4) for large r > 0, wo = O(r?), u3 and
w; = O(Inr), so that wy + 3(u3 — w3)e L(dp); then the final inequality above follows
from Jensen’s inequality.
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Thus (3.19) implies:

A_Z_Zntan29<ﬂ— - >c‘—c3. (3.21)
tan® 0

We next analyze (3.17). From (3.12) we see that Vh, ' = O(1). Hence,
[ Vexp({')dx= | Vhy'exp({)du=<C, [ exp((')dp
R2 R2 R2

1
< C5(a)exp|: IV |12, } dx)] (using Lemma 2.1). (3.22)
4(4n —¢)
Therefore (3.17), (3.22) yield the lower bound
= 1
> VU 122
(zC 4(471.’—8)” C”L(dx)
Thus, from (3.21), there holds
A= ~—ntan20<ﬂ— * )-#IIVC’IIZ2 —-C,. (3.23)
= tan?0) 24n—g) = L@ 7

Also, since f,h have compact supports, we easily obtain using Lemma 2.2, the
inequalities:

[1fElaxse Cote [ 1EPauS e Co+eCIVE IEsuny
n{: |h{'|dx <e™1Cqy+eC |V ||,2}(dx). (3.24)
Substituting (3.22)—(3.24) into (3.19) we get

10 =2~ (1 —eC) I VE |1 2040

1 n a " !
gt o 1— E ] e o IV oo
= 0,1V Iy + 821 V¢ Iy — Cro (.29

Impose now the condition

ﬂ_

<4. 3.26
tan2 0 (3.26)

Then, if ¢> 0 is sufficiently small, we get é,,6, > 0. In particular, I is bounded
from below on the admissible set

S = {E,LeH & satisfy (3.8)~(3.9)}.

Let {(£;,¢ J)} be a minimizing sequence of (3.14). Using (3.25) we see that {(£ ,,C }

is bounded in # (see also Lemma 2.2). From (3.17), (3.22), we see that {{}} is a
bounded sequence in R as well. Using (3.18), we can show that {£,} is also a
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bounded sequence in R. For simplicity, we assume there are £,{e# so that
&=se, o, E-F -
In other words, ¢;— ¢, {;— { weakly in #.
An obvious extension of Lemma 2.3 is:
Lemma 3.2. The injection # — L*(du) is a compact embedding.
Hence (3.22) says that

| Vexp(dx— [ Vexp({)dx
R2 R?

éCnLeXp(ICjI+|Cl)IC,-—CIdu
1/2
éC'<n£2 exp (21l +IC'I])du> 1155 =CllLoqaw

1
=C eXp[m( IVl 2@ + 1VE I iz(dx)):l 1=l 2w

-0 as jooo.

Similarly, we can show that
1 1
[} Uexp(— [¢— C,J)dx - Uexp(—[{ - C])dx—>0 as  j— 0.
R2 2 R2 2
Therefore (£,() satisfies the constraints (3.8)—(3.9). Finally the comparison

I(Z,{) <liminf1(¢;, ;) is easily examined. Hence (£, {) solves (3.14).
For convenience, let us summarize the conditions imposed on a, § > 0 as follows:

o o
anZ 0 <f< a2 0 +4 (see (3.10) and (3.26)),
B>2N +4 (see (3.11)). (3.27)

So we have obtained a two parameter family of solutions to Egs. (3.4). We can
observe that these solutions give rise to gauge-distinct solutions of the Bogomol'nyi
system (3.3).

In fact, in the notation of this section, we have

{u=u0+u1=u0+w2=uo+w3+c,
W =Wo + Wy =wg + 5(uy — wy) =wo + 3us — wi) +3(& = 0). (3.28)
As in Sect. 4 of Part I, a solution quartet (¢, W, P;, Z;) of (3.3) can be constructed

in such a way that ¢? = exp(w) and |W|? = exp(u). Hence (3.28), (3.8)-(3.9) imply

the relations
2na

[ @2dx= (3.29)

R2 g2 tan @’

leledx=%<ﬁ— g ) (330)

R tan2 6
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Since the left-hand-sides of (3.29)—(3.30) are gauge-invariant under the residual
gauge symmetry

1
Weexp(i)W, Pj—=P;+-0;x, Z;—Z; o—o,
e

different values of «, § give rise to gauge-distinct solutions of (3.3)! We can thus
summarize our results as follows.

Theorem 3.3. Let {z,,...,z,,} <cR*=C, n,,...,n,eZ,,N=n, + - +n,. For any
o, f> 0 satisfying (3.27), the Bogomol'nyi system (3.3) arising from the classical electro-
weak theory has a solution (P, WP, PP, 7Py so that Z(W*P) = {z,,...,2,},
the multiplicity of the zero z = z; of W®#) is n,, the integral averages of the squares
of @ *P and |W*P| satisfy (3.29)—(3.30). These solutions are a two parameter family
of gauge-distinct solutions of infinite energy.

In particular, we have nonuniqueness of solutions for each distribution of
vortex locations. There is again no restriction to the number of vortices in R2

These infinite energy vortex solutions are “natural” in the sense that (2.4) or
(3.3) does not allow any finite energy solutions.

4. A Variant of the Existence Theorem

In this section we shall modify the method used in the last section to establish
another existence result for the electroweak multivortices in a different parameter
region. Since the main ingredients of our approach have been illustrated above,
here we will be brief. To proceed, we consider the governing equations (3.5).
Introduce a change of variables

Wy,

1
u,=—+ 4
27 2cos%0

W2 = Wl‘
Then we have
Au, = — 2g* tan? 0 exp(u,) exp(2 cos? O[u, — w,]),

2
Aw, = F(g)sTOexP(WO) exp(w,) + 2g% exp(uo) exp(2cos? [u, — w,]).  (4.1)
Choose uy, w3eC*(R?)so that uy= —alnr,ws;=fInr,r=|x| > 1. Set f = — Auj,
h = Aw;. Then we have as before the results

| fdx=2na, [ hdx=2np. 4.2
R2 R2

With the translations u, = u; + &, w, = w; + {, we obtain from (4.1) the modified
equations
A¢ = —2g*tan? QU exp(2 cos? O[¢ — (1) + f,
2

= IV exp(l) + 20*U exp(2 cos? 6[¢ — (1) — h, 43)
2cos” 0
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where
U =exp(up + 2cos? 0[us —wy]), V =exp(wo + ws).
From the definition of ug, u5, wy, w5 it is seen that

U= O(rZN— 2cos29[a+m)
el

y r=|x|. 4.4
V= 0<r”exp[— 9 %o r{l),
8cos?0
In this section, we assume the condition
N+2
Y A g (4.5)
cos” 6

Thus there is a x:4 < k < 2cos? O[a + f] — 2N so that U = O(r~*). Note that (4.5)
is a new condition for the parameters.

In view of (4.2) we formally put the following constraints for the solution pair
of (4.3):

2g*tan?6 | Uexp(2cos®O[£ — (])dx = 2na, (4.6)
RZ

and

9_ 5 ],V exp(Qdx+2g7 | Uexp(2cos?0[¢ ~(])dx =2,
]RZ ]RZ

namely (as a consequence of (4.6)),

2

2 cos2 O R

J V exp(0)dx = 21r< Zz 9). (4.7)

From (4.6)—(4.7), it is seen that we need to assume the additional condition
o
a>0, B > ey 4.8)

which looks the same as that in Sect. 3 (see (3.10)).
Define

1E0 = [ dx{3IVE + 301V + /¢ - b,

Consider the minimization problem
min{I(&0)|& (e, (&) satisfies the constraints (4.6)—(4.7)}. 4.9)
Lemma 4.1. With the choice ¢ = tan? 0, a minimizer of (4.9) is a solution of (4.3).

The proof of this simple result is similar to that for Lemma 3.1 and, hence,
omitted. In the rest of this section, we always assume ¢ = tan? 6.

Next, we shall find conditions under which (4.9) has a solution. We make the
decomposition for & (e# as before: ¢ =E+ &, ( =0+ with EleR,&,{'cH.
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Then, by virtue of (4.6)-(4.7), we have

E=0— 1 2 r__
E=¢( 200320111[1!2 U exp(2cos? 9[¢ C])dx]+Cl, (4.10)

I=— ln[ f Vexp(C’)dx] +C,. (4.11)
R2
By (4.2) and (4.10)—(4.11), the functional I takes the convenient form

1¢0=| dx{llVf’I2+EIVC’I2}+ [ dx{f& —ohl’}
R2 2 2 R2

+ 2na<l3 - g)m[ [} Vexp(C’)dx]
R2

o

3 ln[ | Uexp(2cos?0[¢& — C’])dx:| + Cs. 4.12)
cos? 6 R2

The fact that V =exp(w, + ws), wy = O(r?),w; = O(Inr), hy = O(r %) (x >4) and
Jensen’s inequality again imply the lower bound

| Vexp(()dx=C,, (4.13)
R2
where C, >0 is a constant. Besides, using (4.5), U = O(r2N~2¢0s*0la+6]) — O(r~¥)
(see (4.4)), and Lemma 2.1, we have
{ Uexp(2cos®0[& — {'])dx
]R2

< Cs | exp(2eos?O[E —{'])dp
]RZ

1/q

1/p
§C5<f CXP(2P00829|5'|)61#> (I exp(2él¢0529|C'|)¢1Il>
R2 R2

cos*

<C(e) exp<4

0
. [PIVE I 2w + qIVE |Iiz(ax,]>, (4.14)

where p,q> 1,1/p + 1/q = 1. Therefore, using (4.8), (4.13)—(4.14), and Lemma 2.2
in (4.12), we get

I 20,1V 1 220an + 0211V I} 24y — Cle. 5 9), (4.15)
where
1 7macos?6 tan’0 mocos? 6
0y ==-— p—¢ 0= - qg—e
2 4n —¢ 2 4 —¢

We now require the condition

o
1>=-pcos?f,
21’

tan? 0 > gq cos? 6. 4.16)
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Lemma 4.2. There are p,q> 1,1/p+1/q =1 so that (4.16) holds if and only if
a < 2tan?0. 4.17

Proof. Suppose (4.16) is verified. Adding the two inequalities in (4.16) gives (4.17).
On the other hand, assume (4.17) is true. Set p = 1/sin 0, g = 1/cos? 0. Then it is
seen that (4.16) holds. [

Let (4.17) hold. Then it follows from (4.16) that an ¢ > 0 can be chosen suitably
to make d,,9, > 0in (4.15). As in Sect. 3, then we may prove that the optimization
problem (4.9) has a solution.

We summarize the restrictions (4.5), (4.8), and (4.17) on the parameters as

follows:
2tan?0>a >0,

_
tan26’

p

(4.18)

Let (¢, W, P}, Z;) be the solution of (3.3) constructed from the solution pair
(,0) of the system (4.3). We easily see that

o

HL |W2dx = n! U exp(2cos® O[¢ — {])dx = periet 4.19)
4mcos® 0
“!2 0*dx = n{ V exp(()dx = - <ﬂ . ta:2 0). (4.20)

So again different values of «, f give rise to gauge-distinct multivortex solutions
of (3.3). Hence we can state

Theorem 4.3. Under the condition (4.18), the Bogomol'nyi system (3.3) has a smooth
solution quartet which verifies all the properties stated in Theorem 3.3 except that
(3.29)—(3.30) are now replaced by (4.19)—(4.20).

Finally we turn to an investigation of the asymptotic behavior of the solutions.

5. Asymptotic Decay Estimates

Using some suitable weighted Sobolev spaces, McOwen [6] has studied the decay
rate of the solutions of the conformal deformation equations in R?. Qur approach
here to (3.7) and (4.3) follows the main line in his work.

For 6eR and selN (the set of nonnegative integers), define Wi ; to be the
closure of the set of C® functions over IR? with compact supports in the norm

1712, = 3 0+ XD 7D g

lylss

Let Co(IR?) be the set of continuous functions on IR? vanishing at infinity. The
following lemmas are cited from [6].
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Lemma 5.1. If s>1and 6 > — 1, then W2, = Co(R?).
Lemma 5.2. For —1 <6 <0, the Laplace operator A:W%J,—» Wf),“z is 1-1 and
the range of A has the following characterization:

A(Wig:{feWg,‘Hz ] fdx=0}.

R2

Lemma 5.3. If e and AE =0, then & = const.

Lemma 5.4. Let (£,{) be a solution pair of (3.7) which is obtained in Sect. 3 as a
minimizer of the problem (3.14). Then &,{ approach some constants at infinity.

Proof. Let the right-hand-sides of the two equations in (3.7) be denoted by f; and
h, respectively. Then f,, h, e L(dx) and

[ fidx={ hydx=0
R? R2

in view of (3.8)—(3.9). Besides, using Lemma 2.1 and (3.11), it is straightforward to
examine that f,h, € Wg, 542 for —1 <6 < 0. Hence, by Lemma 5.2, there are unique
¢1,0,€W3 ssothat AL, = f,, A{, = h,. From Lemma 5.1 we see that both &, and {;
vanish at infinity. In particular, &,,{, e L*(dy). Furthermore, since V&,,V{,e W} ;.
and 6> —1, so V&,,V{,el*dx). As a consequence, we have obtained that
£,,,e#. Finally, by Lemma 5.3 and A(¢ — &) = A({ — {,) =0, we see that £ — &,
and { —{, are constants. []

Thus the discussion of Sect. 3 and Lemma 5.4 lead to

Theorem 5.5. The solution (o, WP, PP, Z*P)) obtained in Theorem 3.3 enjoys
the following sharp decay estimates:

2,2
(qo(“’m)z=0<r”2["+”]exp[— 9 @ {D’

SCoszf)r
r=|x|. (5.1

Iw(a,ﬂ)|2 = O(r-(ﬂ—ZN)),
A similar investigation on the system (4.3) can be carried out which enables

us to conclude with

Theorem 5.6. The solution (p®P, W®P, PP, 7= obtained in Theorem 4.3
vanishes at infinity according the rate

2,2
@2 = 0f rPex [— g %0 rZ:D,
@) ( P 8cos? 0

| W(ayﬂ)ll = O(r—Z([a+ﬂ]c0526—N)),

r=|x|. 5.2)

Remark 5.1. Using (5.1)—(5.2) and the Bogomol'nyi equations (3.3), the asymptotic
behavior of the magnetic and weak field strengths, P,, and Z,,, can easily be
described.
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Remark 5.2. Let (W, P®) be the solution pair of the SO(3) Bogomol'nyi equations
(2.4) obtained in Sect. 2. It can be proved that there holds the decay estimate

[W®@)2 = 0N *exp[— imir?]), r=]|x|.
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