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Abstract. We study the dynamical entropy in the sense of Connes, Narnhofer, and
Thirring of automorphisms on quasi-local algebras in quantum statistical me-
chanics. We extend their Kolmogorov-Sinai type theorem for AF-algebras to
quasi-local algebras which are not necessarily AF-algebras.

1. Introduction

In their recent paper [ 5] Connes, Narnhofer and Thirring generalized the notion of
a dynamical entropy introduced by Kolmogorov and Sinai [8,15] for classical
dynamical systems to the case of automorphisms of C*-algebras invariant with
respect to a given state, and they obtained a Kolmogorov-Sinai type theorem [5]
for approximately finite (AF) algebras. The main purpose in this paper is to extend
their result to quasi-local algebras in quantum statistical mechanics which are not
necessarily approximately finite.

The concept of the Kolmogorov-Sinai (KS) entropy of measure preserving
transformations became a key notion in ergodic theory [2] and also it allowed a
formulation of the variational principle in statistical mechanics [14]. A quantum
or non-commutative analogue of KS entropy was required for both to provide an
important mathematical concept for quantum dynamical systems and to be
applicable in quantum statistical mechanics. There have been several attempts to
generalize the classical theory to non-commutative cases [3, 4, 6, 10]. In order that
a generalization is meaningful, it is natural to require that if it is restricted to
classical systems, it must reduced to the KS entropy and that it has the continuity
of the KS type [8, 15] to be able to compute the entropy. Due to much progress in
quantum statistical mechanics [1, 9], Connes, and Stérmer were able to handle the
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tracial state [3]. In [5] Connes, Narnhofer, and Thirring extended the tracial case
to the non-tracial situation, and they also established the continuity of the KS type
for AF-algebras. In order to apply Connes, Narnhofer, and Thirring (CNT) theory
to unbounded spin systems and Bose particle systems in quantum statistical
mechanics [1] one has to extend the continuity of the KS type to quasi-local
algebras which are not AF-algebras.

We organize the paper as follows: In Sect. 2 we review the definitions and the
results on the CNT entropy [5] which will be used in the sequel. In Sect. 3, we list
basic assumptions on quasi-local algebras (the tensor product property) and on
the states (the locally normal property), and then give our main result. Section 4 is
devoted to proof of the main result. As a simple application of our results we
compute the dynamical entropy of space translations for product states of the
unbounded quantum lattice system in Sect. 5.

2. Dynamical Entropy of C*-Algebras

As a preparation, we review the definition and some results on the dynamical
entropy in [5] which are needed in the sequel. Throughout this section we consider
a C*-dynamical system («/,0,¢), where o/ is a unital C*-algebra, 0 is an
automorphism on &/ and ¢ 1s a state over & which is invariant with respect to 6.

Let <7 be a finite dimensional C*-algebra and let ¢ and y be states on /. The
density operators corresponding to ¢ and y are denoted by g, and g,, respectively.
The relative entropy for the states ¢ and y is defined by

S(¢|w) =Tr(g,(loge, —10gey)), (2.1)

where Tr denotes the trace.

A completely positive unital map y between two unital C*-algebras o/ and 4 is
defined by a positive unital map such that the map y between M, (<) and M (%)
the n x n matrices with elements from .o/ (respectively %), (y(a));;=(a;;), is positive
for all n. With respect to composition they form a semigroup which contains
*-homomorphisms. If #C.«/, a positive unital map y: o/ -»% with (b, ab,)
=b,y(@)b,, b;e B, ac A, is called a unital conditional expectation. The natural
inclusions and unital conditional expectations are completely positive unital
maps.

We recall the definition of the CNT entropy in [S]. Let &/ be a unital C*-
algebra, A1, ..., 4, finite dimensional C*-algebras and y;: #;—.«/ a completely
positive unital map, j=1,...,k. Let ¢ be a state on .« and P: &/ >4 a completely
positive unital map of & into a finite dimensional abelian C*-algebra 4 such that
there is a state p on 4 for which yo P=¢.If p,, ..., p, are the minimal projections in
4, then there are states ¢, i=1,...,r of & such that

P= T 4ilpi,  xed. 2.2)

Since puo P=4¢, .
¢= i; Wp:)P; - (23)

That is, ¢ can be written as a convex combination of the ¢;. As in [5], let

&,(P)= X u(p)S(| ¢ 24)
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The entropy defect is given by
S,(P)=S(w)—¢,(P), (2.5)

where S(u)= — Z u(p) logu(p;) is the entropy of pu.

Let %, j= 1 k be a C*-subalgebras of # and let E;: #—%; a y-invariant
conditional expectatlon Then the quadruple (%,E; P, ,u) is called an abelian
model for (<, §,7,,...,7,) and its entropy is defined to be

S(ul \J(gaj)— Z S,(ey)> (2.6)

where ¢;=E;oPoy;: /;—%,; is a completely positive map from 4} to ;. The
supremum of the entroples of all such abelian models is denoted by

H¢(7’1,.,.,Vk)-

If 0 is ¢-invariant automorphism of 7, let y: A/ —.of be a completely positive
unital map of a finite dimensional C*-algebra 4" to &/, and denote by

.1 -
hy,e(v)= klgg = Hy(y,009,...,05 1oy). 2.7)

The dynamical entropy of 6 with respect to ¢ is defined by
hy(6)= sup hy o(7). (2.8)
?

For the details, we refer the reader to [5].
We collect some useful properties of H, from [5]:

Proposition 2.1 [5, Proposition IIL6]. a) Let 0;: 47—/ be completely positive
unital maps, then

H¢(?1 00, .., ko 9k)§H¢(V1, e Vi)

Equality holds if A;C.A] and 0; is a conditional expectation for all j.
b) Hy(y1,...,70) depends only upon the set {y,,....,y,} =X, that is H(y,y)=H(y).
c) With the notation of b) one has

max{H,(X), Hy(Y)} SH,XUY)SHy(X)+ Hy(Y).
Proposition 2.2 [5, Proposition IV.3]. Let o/ be a unital C*-algebra, ¢ a state and
N j=1,...,k be finite dimensional C*-algebras, 7, y; be completely positive unital

maps from N to . Let d be the max of the dimensions of the As and
&= max ||y;— y]|| Then the inequality
J

[Hy((v)j=1,..0 —He((Dj=1,...)| = 6ke(5+ In(1+de™Y))
holds.

In order to be able to compute h,(6) it is necessary to have an analogue of the
Kolmogorov-Sinai theorem for the ordinary entropy of automorphisms. The
following is the KS-type theorem obtained in [5]:
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Theorem 2.3 [5, Corollary V.4]. Let o/ = ) <, be an AF-algebra, then for any
state ¢ on o and automorphism 0 with ¢ - 0= ¢, one has
h¢(0)= lim h¢,o(rn),

where 1,: 4,— s is the homomorphism of inclusion.

The following result show that the entropy of an automorphism 6 of a nuclear
C*-algebra o7 with invariant state ¢ determines the entropy of the corresponding
automorphism of the von-Neumann algebra (/)" the weak closure of 7 in the
GNS construction of ¢:

Theorem 2.4 [5, Theorem VIL.2]. Let s/ be a nuclear C*-algebra, ¢ a state on </, 0
an automorphism with ¢ - 0= ¢. Let M =m,(4)", , O the natural extensions of ¢, 0
to M, then

ha(@)=hy(0).

For the proofs we refer to [5].

3. Dynamical Entropy of Quasi-local Algebras: Main Results

In this section we state our main results and then give some examples for which our
results can be applied. We work within the framework of quantum statistical
mechanical systems which we start from strictly local algebras &/, indexed by

bounded regions 4 in R” (or Z”). The norm closure of () </, is the C*-algebra .o of

A

quasi-local operators. For the general definition of quasi-local algebras indexed by
directed sets, we refer reader to [1]. Let o/ be a quasi-local algebra whose
generating net {.«,} is formed of von-Neumann algebras 7, in separable Hilbert
spaces #,. A state ¢ on </ is said to be locally normal if ¢ is normal in restriction
to each &Z,. Then ¢ in restriction to each ./, is determined by a density matrix g ,
on a Hilbert space J#,.

We list some assumption on quasi-local algebras and then state the main result
(Theorem 3.2).

Assumption 3.1. Let (o, {«/,}) be a quasi-local algebra indexed by bounded
open regions A CR" (or Z") and let ¢ be a state on /. We assume that the fol-
lowing properties are valid:

(a) For each 4, o/, is a von Neumann algebra in a separable Hilbert space #,.
(b) Tensor product property: Let A4, CA. Then there exists 4,CA such that
A;nA,=0 and A =, Ay,

(c) Locally normal property: ¢ is locally normal and for each A the corresponding
density matrix g, belongs to </,

Remarks. 1. In the most quantum statistical mechanical systems the equilibrium
states obtained via thermodynamic limits of local Gibbs states are turned out to be
locally normal [1, 12,13].

2. It may be worth commenting that Assumption 3.1 (b) is not satisfied in
relativistic quantum field theories. Assumption 3.1 (b) will be used to construct a
completely positive unital map o, from o/ to .o/, which converges to the identity
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map in the pointwise norm topology as A tends to R” (or Z*). See Lemma 4.1 in
Sect. 4 for the details. In order to get such a map or a weaker version of it in
quantum field theories, one has to replace Assumption 3.1 (b) with other appropri-
ate property.

3. Our results stated below can easily be generalized to quasi-local algebras
indexed by directed sets under the assumptions analogous to those in Assump-
tion 3.1. To avoid the additional notational complications, we restrict ourselves
to quasi-local algebras indexed by bounded open regions 4 in R® (or Z).

Foragiven 4,let A,i=1,2, ... be the eigenvalues of the density matrix g , listed
in decreasing order (counting multiplicities), and let 5#, , be the subspace of #,
spanned by the eigenvectors corresponding eigenvalues 44, 4,, ..., 4,. Denote by P,
the projection operator from 4, to 5, , and

Ay =P, 4,P,®C- P/, (3.1)

where P; =1 — P,. Then from Assumption 3.1 (c) it follows that each 7, , is a finite
dimensional unital subalgebra of «,. For each 4 and n, let 7, , be the embedding
map of &/, , into & ,. Throughout the paper we will adapt the convention that
ATR” indicates A increases to R* so that 4 eventually contains any bounded region
of R".

The following is our main result analogous to Theorem 2.3 for AF-algebra:

Theorem 3.2. Let (<, {<Z ,}) be a quasi-local algebra indexed by the bounded regions
ACRY (or Z°), 0 an automorphism on </ and ¢ a state on &/ invariant under 6. Under
the assumptions in Assumption 3.1, one has

hy@)= lLim Lim hy o(s/,,).

ATRY(ZY) -
Here the convention that the subalgebra </, , is standing for the inclusion map
A 4 n— S has been used.

Corollary 3.3. Under the assumptions as in Theorem 3.2, one has
hy(@)= lim sup  hy o(ANy).

ATRV(ZY) S 4CH 4
N 4:finite

Proof. The corollary follows from the definition of h,(f) and Theorem3.2. []

Next let us establish a non-AF version of Theorem 2.4:

Theorem 3.4. Let (o£,0,$) be a dynamical system and let M =m,(Z)', $,0 the
natural extensions of ¢ and 0 to M. Then under Assumption 3.1 one has

hy(0)=hy(0).

Proof. Inthe proof of Theorem 2.4 in [5], the nuclearity of <7 is not used and so the
same method as that used in the proof of Theorem 2.4 in [5] can be applied to our
case. For the details, we refer to [5]. [

It may be worth to give some examples of quasi-local algebras satisfying
Assumption 3.1 (a), (b).

Example 3.5. (Unbounded) Quantum Lattice Systems: For each site xe Z", one
assigns a separable Hilbert space #, =~ # . For each finite 4CZ’, let #, be the
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tensor product space #, = ® H#- The local C*-algebra </, is then defined by

oA =L (H,). For 4,CA, one has that o/, =/, K4 4 4,- Note that if 5, is not
finite dimensional, then &/ is not an AF-algebra.

Example 3.6. CCR algebra: Let J be a (pre)-Hilbert space egulpped with inner
product (,) and let o(f,g)=Im(f,g) for all fje% Let of be a C*-algebra

generated by non-zero elements W(f), for f e #, satisfying
1) W(=f)=W(f)*,
2 W(f)W(g)=e V92 W(f+g) forany fge#.

Then there exists the unique C*-algebra &7 = o/ (#) generated by Weyl operators
W(f) up to *-isomorphism [1].

For each bounded open set 4CR”, let &/, be the CCR-algebra generated by
W(f), f € I}(A). Then (o/, {/,}) is a quasi-local algebra indexed by bounded open
set A CR". Note that for each 4 CR", &/, is *-isomorphic to £(&#,), where &, is the
symmetric Fock space [1]. Since I?(A)=I*(A,)®I*(A4,) for A,CA, where
A,=int(A\4,), it follows that &/, =, @,

Finally we remark that CAR-algebra over I?(R") is isomorphic to X) M,(C),,

and so Assumption 3.1 (b) is satisfied if one chooses the inndex set
I={I:1CN,I:finite}. Note that CAR-algebra is AF-algebra and so the CNT-
theory [5] can be applied directly.

4. Proof of the Main Result

In this section we prove Theorem 3.2. The proofiis rather lengthy and so we divide
the proof into several parts. We first establish some technical lemmas.

Lemma 4.1. Let (4, {s/,}) be a quasi-local algebra satisfying Assumption 3.1 (b),
and let 1 ,: 54 ,—f be the embedding maps. Then for each bounded region ACR"
(or Z*) there is a completely positive map o ,: o4 -4, such that

lim |t 004(x)—x|=0.
ATRY(ZY)

for any xe o.

Proof. Recall that the quasi-local algebra o is defined to be the norm closure
of U o,. First we will define o, on the dense subset U o, as

follows For xe«,, o4x)=x. If x is not in /,, there exists A’ such that

xesl,, and ACA'. By assumption 3.1(b), there exists A”"CA’ such that

at xesof, and ACA’. By Assumption3.1(b), there exists A4”CA’ such that

AnA"=0 and o, =L, ® .. Since {yQz|yed,, ze L, .} generates A, it

suffices to define o 4(x) only of the form x = y®z, where ye &/, and ze o/ ... Let ¢

be a state on /. We define g ,(y®z)= ¢(2)y. By the linearity o, extends to | ) 2.
e

By using a corollary of the Hahn-Banach theorem it is easy to show that ¢, is a
contraction. Hence o, extends to &/ by continuity. By the above construction
0,: % -4, is a unital conditional expectation.
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We now prove the convergence. For any x € o/ and ¢>0, there exists A4’ such
that there exists x' € &, with || x—x'|| <&/2. Notice that 7,0 g ,(x')=x" for A'CA.
For given x € & and ¢>0 we choose A" and x’ € &/, as above. Then for any 4 with
A'C A it follows that

ITacoa(X) =%l S lTg004(x—X) + X — x| £2]x—x"|| <.
This proves the lemma completely. []
The following is a consequence of Proposition 2.2 and Lemma 4.1:

Lemma 4.2. Let (o/,{</,}) be a quasi-local algebra as in Lemma 4.1, 0 an
automorphism on </ and ¢ a state on </ invariant under 0. Then one has

hy(0)= lim sup  hy o(t4°74)s
ATRY(ZY) ya: N > 4,
 :finite
where ©,: % ,— </ is the inclusion map.

Proof. Let 1, and o , be the completely positive unital maps defined in Lemma 4.1,
and let y': /"> o/ be a completely positive unital map from a finite dimensional
algebra A" to &. Put y,=1,00,0%". Then
lim [y, —y'[=0,
ATRYV(ZV)
since by Lemma 4.1 y';’s are contractions which converge pointwise in norm to y’
on the finite dimensional algebra .#". Thus Proposition 2.2 shows that

lim  hy o(y)=hs o).
ARV (ZY) ¢,0(VA) 6,007
Thus we use Proposition 2.1 (a) to obtain that
hy,(0)= sup h !
¢( ) y’:A’E.yI 6,007
=sup lim hy o(y),)
¥ ATRY(ZY)

lim sup hy o(y)
ATRV(ZY) v’

lim sup  hy 4T 07,)
ATRY(ZY) y4: N > 4

hy(6). 4.1)

This proves the lemma. []

INIIA

IIA

Let ¢ be a state on a C*-algebra /. For any positive element x in the
commutant 7,(&/), we write

d«(@)=¢(xa), P.(a)=(xa)/p(x). 4.2
Then ¢, is a state on </.

Proposition 4.3. Let (<, {/,(}) be a quasi-local algebra, 6 an automorphism on o
and ¢ a state on <f invariant under 0. Assume that the conditions in Assumption 3.1
are satisfied. Let o/ 4 , be the finite dimensional subalgebra of o/, defined in (3.1).
Then for a given completely positive unital map y,: N >, from a finite
dimensional algebra A to <f,, there exist completely positive unital maps
O yn: A y—H 4, such that the following property holds: For any &¢>0 there exists
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no € N such that for n=ng, ke Z and for any finite sequence {x,, ...,x,} of positive
elements in ny (/) with Y. x;=1 the bound

1
'21 H¢x,~ ° Gk ° TA ° ‘CA,n ° O-A,n ° yA_ d)xi ° ek ° ‘CAO yAHZqS(xi)_ ! <&
holds, where 14 ,: A 4 ,— 4 and v 4: 4 ,— s are the embedding maps.

Proof. We first construct ¢, ,: /,—, ,. Let P, be the projection from #, to
#, , defined in the above of (3.1). Then P,—1 strongly as n—co. Define
Opn: Ay 0 OY

0.4,n()=PoyP,+(d(P; yP) (P )Py (4.3)

for any yes/,. Then o,(1)=P,+P;=1. A direct computation shows that
04 n(x18%5)=x,04 ,(a)x, for x,, x,e, ,, ac,. Therefore o, , is a unital
conditional expectation.

Next we prove the bound in the proposition. For a convenience we write that
for any xeny(o/), 0=x=1,

¢x(A’j)=¢°x°0j°rA°yA’

¢x(A,jan)=¢OxcejotAOTA,noo'A,no’YA'

From (4.3) and the invariance of ¢ under 6 it follows that

$x(4, j,n)(@) = O (x)P,y4(a)P,)
+¢(O 7 (x)P)P(Py 4(@P)p(Py) ™"
=1+1,, 4.4
$x,(4,)) (@)= O (x) (P, + P, 4(a) (P, + )
=0/ (x)P,y4(@)P,) + (0~ (x)P,y 4 (@) P;)
+ 07 (x)Pyy4(@P) + 0~ (x)P; v 4 (@)Py)
=l +11,+11,+11;. 4.5)

We use the Schwarz inequality and the facts that P,, P, € o/, and 67 (x;) e m, ()
to obtain that

L2l (0 (x)P:)lly 4(a)
S o) 2O (x)P) 2lly4ll llall,
1|+ 11| £2¢(0 7/ (x)P)" " $(Py 0~ (x )y a(@)*y a(@)P;) /2
S2¢(x)" $0~ (x)P) 2 [y 4ll llall,
5| O (x)P) 7.4l lal
S ()" 2O (x)P) ) Iy all lal -
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Thus the above bounds imply that since ) x;=1,

% 194 m) = b4, $) "
< T 16607 1(x)P:) 7.
—16]l7412 6(PY)
~1617,0° 3 n.

The above tends to zeros as n— oo. This proved the bound in the proposition. []

Proposition 4.4. Under the assumptions as in Proposition 4.3, one has that for a
given completely positive mapy ,: /" — s/ , and € >0, there exists ny € N such that for
n g no,

|H¢((9i°‘5/1 °Vai=0,1,....k—1)
—H¢((0i° TA°TAn°04,n°Vadi=o,1,...k—1)| =Ke.

Proof. We will use the method similar to that used in the proof of Lemma 2.1 of
[11]. We remark that an abelian model (%, 4, #));=,, ..., for (,¢,07cy);—;, . 4 is
equivalent to a decomposition of the unit {x;};-;,_; such that x, e m, (), x; 20,

Y x;=1. Denote that
I

= o $,@=d0u,0,  $=¢/g(1).
im:fixed

Then H,, can be written as in [5]

H¢((0i °T407 )= 0, 1,0nk—1)
- s [ n6a)- T, T 6. 0)

Zowy=¢ L)

.....

k-1
+ mgo {S(d?oemoTAoyA)_ lz ¢<i$)(1)s(43gx)oemoonyA)}], 4.6)

where 7(x)= —xlogx.
In order to show the method of the proof we first show that for n=n,,

|H¢(TA°?A)“H¢(TA°TA,n°UA,n°)’A)l<8- 4.7

For a notational simplification, we use the following abbreviated notations:

dA)=dotyoy,, ¢j(A)=¢j°TA°VAs
A, N)=¢oT40T4,°0,,°74, o;(4, n)=¢j°TA °T4n°04,n°V4>

¢i(A)=;(N/D;(1),  di(A,n)=d;(4,n)/d[1). (4.8)
We assume that {x;} define for H (7,7 ,) a (close to) optimal decomposition, i.c.

Hy(t4o7 ) =S(@(A) — 2 &:(S(G:(A)+e. (4.9)
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For this decomposition one has
Hy(t4°Ta,n°04,n° 70 ZS@(A, 1)~ T ¢:(1)S(:(4, m)). (4.10)

By Proposition 4.3 We have that for n=n,,

; lg:(A)—di(4,m)|>$;(1)~ " <e.
As in [11], we write

p:(A)— i(A,n)[|* p; (1)~ =£;0;(1)

and decompose the sum into two parts:

I={itg<e®P}, I,={ig2e"}.
Then it follows that
Y di(1)=e'.
I.

Put v= Y ¢, Then we have that v(1)<e&'/3. For i€, we estimate

I
I$:(A)—Ps(A,m)l|> = (1) "2 | ps(A) — Pi(A, m)|> <™.

By the continuity of entropy in [11] and Proposition 4.3 (with x, =1 and x;=0 for
i=2,3,...,1) it follows that for iel,

S(:(4)— S(i(4, n)| <& *log(2d/e'),
IS($(A)—S(P(4, m)| < &'/ log(2d/e'/?),
where d is the dimension of 4". From (4.9), (4.10) and the estimates in the above, we
obtain that
H¢(TA ° VA)—H¢("-'A °T4n°04,2°74)
S S(¢(A)— S($(4, 1)
+ igl 6:i(1) [S(Pi(A)— S(Bi(4, n)

+ ¥ (1) (S@AD)+ISG(A,m)))+e

iel.

<e&'?log(2d/e'?) +e'3 log(2d/e!/3) +2e'3 log(d) +¢.

Here we have used the fact that [S(¢)| < | ¢ | log(] ¢ [ d). By redefining ¢ in the above
and interchanging the role of ¢(A4) and ¢(4, n), etc., we proved the bound in (4.7).

The proof of the proposition now follows from Proposition 4.3, (4.6) and the
method used in the proof of (4.7). Notice that the sum over j gives k factor in the
bound. This proved the proposition completely. []

Finally we turn to the proof of our main result:

Proof of Theorem 3.2. From Proposition 4.4 it follows that for a given
yA:'/V _’dm

h¢,o(TA 0y, = lim h¢,o(TA °T4n°04,n°Y4)-
n— oo
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We now use the above relation and Proposition 2.1 (a) to conclude that

lim hy,o(tsotan) S SUP Py o(Tso74)

YAt A

IIA

sup  lim hy o(t4°T4,,°04,°74)
YyA:N 2 4 >0

lim  sup  hy o(t4°T4n°04,°74)
n=>0 ypo:N A

lim hy o(t4074,,),

n—o

IIA

IIA

and so

lim h¢’9(TA o TA,”) = sup h¢,9(TA ° y{l) .
n— oo N oA 4

YAt
Thus Theorem 3.2 follows from Lemma 4.2 and the above result. This proved the
main theorem completely. [

5. A Simple Application

Recently the dynamical entropies of space translation for the Gibbs state of one
dimensional bounded quantum lattice system [5, 11] and Bogoliubov automor-
phisms for the quasifree state of CAR algebra [16] were computed. We expect
that these results can be extended to the unbounded quantum lattice system and
CCR algebra, and leave it to further study.

As a simple (almost trivial) application of Theorem 3.2 (and Corollary 3.3) let us
compute the dynamical entropy of space translations for product states of
unbounded quantum lattice systems. As in Example 3.5, we assign for each site
x eZ a separable Hilbert space 5, ~ . For each finite 4CZ, let

Hy= @ He A= @ L.

Let o,=~0 be a density matrix on J#, with eigenvalues A,ieN, listed in
decreasing order, ¢, the corresponding state on #(,), and ¢= [] ¢, the

product state on the quasi-local algebra o/ = (U o A)'. *ex
A

Theorem 5.1. Let (/,{</,}) be a quasi-local algebra for a unbounded quantum
lattice system indexed by ACZ, 0 the automorphism on </ given by one step lattice
translation, and ¢ the product state. Then the equality

holds. '
Proof. Let A={1,2,...,1}CN. For a given finite dimensional subalgebra 4, C.oZ,
and keN, let M, ; be the finite dimensional subalgebra of <), A(k)={1,2,...,

I+ Kk}, generated by 6/(A4,),j=0, 1, ..., k—1. Then by the monotonicity of H, in
Proposition 2.1

H(b('/t/‘A’ 9('/1/‘/1)9 [ERT] ek('/V-A))éHdJ(MA,k’ '--,MA,k)
=H¢(MA,k)-
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We use Proposition 2.1 and Proposition 4.4 to obtain
H,M, )= lim H (o 40,n)

< lim Sd)('dA(k),n)
=—(I+k) X A;log4;.

Thus by Theorem 3.2 (Corollary 3.3)
hy(0)< — 3. 4;10g4;.

Next we get the lower bound of k(). By the monotonicity of H,,

Hd)(dA,m O(MA,n)’ LEREY BMk_ ! (dAn))
Z H (A g, O"(A g )s -, 0" V(A ) (5.1)

For 4={1,2,...,1} we choose m=1. Since ¢ is a product state and 6™ (<, ,) are
pairwise commuting subalgebras, the right-hand side of (5.1) equals to kH (4, ).
Let 9= A;p, be the spectral decomposition of the density matrix, P,=p, +... +p,
and P;=1—P,.Then {p,,..., p,, P;;} defines a decomposition of ¢,. A direct
computation shows that

Hy(y)2 —1 ( i liIOg'li)'
i=1

Thus by Theorem 3.2 and the above calculation we obtain
hy(0)2 — ¥ 4;10g4;.

This proves the theorem completely. []
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