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Abstract. We study the Schrodinger equation for an electron in a one dimensional
crystal submitted to a constant electric field. We prove the existence of ladders of
resonances, the imaginary part of which is exponentially small with the field.

The Schrodinger equation for electrons in a crystal submitted to an external
constant electrical field has attracted much attention [13] since it is a first step in
understanding conductivity in solids. A recent review on the subject can be found
in [11].

For several decades, the experimental evidence of resonance states (called also
Bloch oscillators), was questioned. In fact, it was only recently, that their effect
clearly appeared in the electro-optical properties of semiconductor superlattices
(man-made crystals in which layers of two distinct semi-conductors alternate, the
period in the perpendicular direction to the layers can be of the order of hundreds
of normal lattice periods) [4, 12]. As it will be shown, resonant states live in regions
whose length is proportional to the spectral band widths of the Bloch Hamiltonian
and inversely proportional to the external field. So, occurrence of small energy
bands near the Fermi energy, as in superlattices, favour their observation.

NZIathzematically, existence of resonances for the one dimensional Hamiltonian
— 2%; diix_z— + Vp(x)+ Fx has been rigorously proven for large external electric fields
by Agler and Froese [1] in the case V(x) is a Fourier series with a finite number of
terms (F is the product of the particle charge by the electrical field). Nothing was
said in this paper about the resonance widths which were expected to be
exponentially small with respect to the electrical field (see the numerical treatment
of the semi infinite Kronig-Penney model [2]).

In this paper, we give a new proof for the existence of the resonances, establish
the link between their widths and the spectral properties of the Bloch Hamiltonian,
and prove their exponential behavior. The localisation of the resonance states is
understood in the scope of the tilted bands picture introduced by Zener. We shall
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exploit the similarity of the situation with the one which appears when there are
potential barriers and shape resonances occur. In this case, the wave function, in
classically forbidden regions, has exponential behavior while in the wells it
oscillates. In our problem, in regions where E— Fx belongs to a gap the wave
function has exponential behavior, while in regions where E— Fx belongs to a
band, it oscillates with an amplitude which remains quite stable [see Fig.1]. By
analogy, we shall call “Zener barrier regions” the first ones and “Zener allowed
regions” the last ones. In the case where the periodic potential is analytic, the
number of gaps is generically infinite and the gap widths decrease very rapidly as
the energy increases, so we are faced with a problem similar to the one with an
infinite number of barriers whose height is decreasing.

In Part I, we describe the transformation under which the hamiltonian is
converted into a non-self-adjoint operator, the eigenvalues of which are the
resonances of the former problem. Subsequently, all the study will be done on this
new operator.

In Part II, we use ideas borrowed from the papers of Briet-Combes-Duclos [4]
and Helffer-Sjostrand [8] on multiple wells operators and shape resonances. They
introduce single well Hamiltonians obtained by “filling” all the wells, except one.
Each of these operators has discrete spectrum. They, then use a formula which
links the resolvent of the original Hamiltonian with the resolvents of the single well
operators. Thus, they link the resonances of the original problem to the
eigenvalues of the single well operators. Like them, we introduce partitions of
unity, and define new operators, H;, whose potential coincide with the initial
potential only in a region, outside this region, the potential is simply the periodic
one. We will also define an operator, Hy , ;, which is the only one to be affected by
the analytic transformation, and which plays a special role in our analysis.

In Part III, we will study the spectrum of the H; (i=1, ...N), show that, to the
contrary of H, the H; have eigenvalues and that the corresponding Green functions
decrease exponentially in the “Zener barrier regions,” as does the Green function of
the multiple well problem in the classically forbidden regions.

In Part IV, we shall prove that Hy , ; does not have eigenvalues in some energy
regions and again, that the corresponding Green function decreases exponentially.
Using the formula which links the resolvent of the non-self-adjoint operator to the
resolvents of the H, we get the resolvent expansion for the resonances. In
particular, we get an upper bound for the resonance widths.

We have become acquainted with the works of Combes, Hislop [6] and
Buslaev, Dimitrieva [5]. They cover different electrical field regimes and the ideas
behind their proofs are different. Let us emphasize that we are not considering a
multiple well problem as in the Combes-Hislop approach. In particular, even if E is
larger than Vp(x)+ Fx, we can be in a “Zener barrier region.” In our paper, we are
not performing strictly a semi-classical limit: some of the results are proven
e2h3 d?

2m dx?
2 2 F
simultaneously h—0 and F—-0 in — 2 D + Vp(x)+ Fx, in such a way i —0.

considering the limit ¢—0 in — + Vp(x)+€Fyx, r>1 that is taking

Notice that if 4 is sufficiently small, F can be taken arbitrarily small. The choice,
r=1,has been donein order to get large “Zener barrier regions” for ¢ small enough,
since their width is proportional to the gaps, which are, in the energy regions of
interest of order ¢ or &(—loge) !, and inversely proportional to F.
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In Parts I, IL, ITI the discussion is independent of &. To simplify the notations we
will write:

d2
H=— e + Vp(x)+ Fx.

Hypothesis. Vp(x) is a periodic potential (of period a), symmetric about the origin,
analyticin the strip ]Imz| < 4, and for some E, > V,, [maximum value of Vp(x)] and
all E satisfying Eo>E >V, V(x)=E has two simple roots iy(E) and —iy(E),
()(E)eR), which are closer to the real axis than any other roots. (H.1)

I. Local Deformation

We construct an analytic family of operators using the following space
transformation:
ty:xeR—-t(x)=x+ibf(x); 0<b<A,

where f is a real C* function whose graph is represented below

Fig. 1

It is constant outside interval [«,,a,] which will be made precise later. We
define a transformation U, on I(R) by:

Us:8(0)—>(Usg) (x) =)/ 1 +ibf'(x)g(x +ibf(x)).

2
Under this transformation our hamiltonian H= — Ed? + Vp(x)+ Fx becomes:
H(b)'—UHU“‘—————l —d—2> L + V(e +ibf(x)
=UHU = 1 \ T o) Tximgog TP/
1 1
F(x4+i - -
+ (x + lbf(x))+ 1 + lbfl(x) Sb(x) 1 + lbf'(x) )

" ”\ 2
where Sy(x) is the Schwarzian: S,(x)= % [tt—’,’ — % C—f’) }
b b

Remark. If the support of ¢ is included in [«,, + c0) then

(H(b)$) (x)= — % $(X)+ Vp(X)p(x) + Fxp(x).

H(b) is a non-self-adjoint operator whose eigenvalues correspond to the re-
sonances of the original operator.
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I1. Partition

As was mentioned in the introduction, the idea behind the partition we adopt, is

based on the Zener picture of the tilted bands. If F is small, it was believed since

Zener that on some small interval centered at x;, Fx could be approximated by Fx;.
2

. . . . d
Then, locally, solutions of the differential equation | — pR +Vp(x)+Fx ) p=E¢

could be well approximated by a linear combination of Bloch waves correspond-
ing to the energy E — Fx;, called effective energy. a2
Recall that Bloch waves are solutions of equation Hgy.,= (— e

+ Vp(x)) v = Ey, with the property: v, (x + a)=e**Ey , (x). If we call A(E) the
trace of the monodromy matrix (see a more complete discussion in Part III), k(E) is
given, modulo %Tn’ by 2 cosk(E)a= A(E). Consider real E, if —2<A(E)<2, k(E) is
real and E belongs to the spectrum of Hp; if A(E)> 2, k(E) =ix(E) with k(E)e R *; if
A(E)< —2,k(E)= g +ix(E) with x(E) e R *, in these last two cases E belongs to the

resolvent set. The spectrum is constituted generically by an infinite number of
intervals called bands, separated by intervals (E,, E;) of width I}, i=1,2, ... called

gaps. E; will denote the infimum of the spectrum.
2

d
If F is small, it was believed that the solution of ( e + Vp(x)+ F x) ¢=E¢p,

at points spaced by a, or they oscillate with an amplitude which is nearly constant if
the “effective energy,” E — Fx belongs to a band or they behave exponentially, if the
“effective energy” belongs to a gap. This belief has been confirmed by numerical
computations; Fig.2 below gives an example. Curves represent the real part of
solutions of the Schrodinger equation corresponding to different values of E.

Fig. 2

To define the unity partitions we need first to define some intervals on IR. We
denote by N, the number of bands entirely inside (V,, V;,), where V,, ¥V}, are
respectively the minimum and maximum value of V,(x). We take now: N=N,+1.
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We denote by W,(x), the saw-tooth-function: W, (x)=x if 0=x<a, W,(x+a)
= W),(x) and define,

- d? a2 .
Hp=— e + Vy(x)+ FW,(x)= — 2 + V,(x).

To simplify notations concerning spectral values for H, we shall forget the ~,
for instance we shall denote (E,, E}) the i* spectral gap interval for H,. We denote
by E",i=1,2... the values of E for which the derivative of the discriminant, A(E), is
zero (point E" is near the middle of the i gap) and «!*:= k(ET).

VAN

We denote by [x] the entire part of real number x, and define:

_ | Exn—Ei _|EN—Ei| ._
‘u,i_li Fa il, yi—[: Fa :I l—1,...,N

(notice that uy<O0<puy<...<pj <py <pg, see Fig. 4)

M3 M| | | M2 M
va¥y VoV,

Fig. 4 LA £,

Tilted bands are framed.

|

B B
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We denote by:
&, 8;, the values for which, ®(&)=x(&)=

m
Ki’

&.,&,, the values for which, (&)=x(&)=

~3

S-S

and such that &,<&,<E'<é&.<é&,

We define:
_[B-4] | _[Es-e
TR R
Gi= EN——éai , ‘7;= EN_gi .
Fa Fa
, dA(E) ) .
If E<Ey, <0 and A(E)-> o as E—oo, so for i=0, we need special

dE
definitions. We define E? such that A(E%) = A(E™), then v}, v, m,, will be defined as
before, while 7, v, are the symmetric of 7, and v, with respect to m,,.

Notice that:

Uy <Vy<Ty<my=0<Vy<vy<uy<...

<Pi<vi<T<m <V <v;<p;<...

<o <Vo<Vo<my<Vy<v, (see Fig. 4, where N=5).
Let x(I) be the characteristic function of interval I.
Define the following set of operators whose potential coincide, in some

intervals, with the potential in H(b):

d2 o~ ’ / 4
Hy=— s + V(%) + x(— o0, voa)Fvpa+ x(voa, + 0)F[x],
¢ o
H=— = + 7,0+ o~ o0, via)Fvia+ 10va, ;- \a)F [x]

+x(v;_,a, + ©0)Fv;,_;a for i=1,..,N.

Heo — 1 (_f_) 1 + 1 W) 1
MU 4 ibf (%) dx?) 1+ibf'(x) ~ 1+ibf'(x) ° 1+ibf'(x)
+ x(— 0, vya) [V, (x+ibf(x))+ F(x +ibf(x))]
+ x(vya, + o0)(V,(x)+ Fyya).

In the same spirit as the method proposed, for the shape resonances, by Briet,
Combes, and Duclos [4] and Helffer and Sjostrand [8], we want to study the
resolvent of H(b) in terms of the resolvents of H; (i=0, 1,...,N+1).

We define a partition of unity in the following manner:

Jy .+, is the characteristic function of (— 0o, my=0),
J, is the characteristic function of (m;,m;_,),

J, is the characteristic function of (m,, + ).
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Another set of functions, named J,, are defined in the following manner: J; is a
C¥ function which takes the value 1 on (¥, a, 7;_,a), its support is (via, v;_,a) for
i=1to N. The support of J , ; is (— 00, vya), it takes the value 1 on (— o0, Tya). We

. . . . . d F\"
impose the following conditions on their derivatives: —d—n’ <a, )= 1,2 (a, are
constants). x i
1 %2
3, y
Fig. 5 of : j H X“.“.XG

I O AN PR TPYTUR PRVAVAYTRITIS

Now, we establish the link between the resolvent of H(b) and the resolvents of
H,. Let us denote:

then:

_  N+1 . N+1 42 -
(Hb)—z)R= 3 J(H(b)—2z)RJ;+ X |:— i Ji:l R;J;.
i=0 i=0

As H(b) and H; coincide on the support of J;:J;(H(b)—z)=J,(H;,—z), using
N+1

J;J;=1 we get:
0

i=

- N+1 d2 -
(H(b)—Z)R=1+ Z li'——_2, Jljl RiJi'
i=0 dx

2

Denoting: M;=| — —;
enoting: M, [ g

J,ZI and K;=M;R,J, we obtain:

N+1 - N+1 -1
R(b)=(H(b)—2)" = <.§0 J,.R,.J,-) <1+ p Ki> . (IL1)

To prove that H(b) eigenvalues are at distance e ~** from the eigenvalues of H;
N+1
we need to prove that the “ Y K,|| becomes smaller than 1, as z becomes distant
i=0
from eigenvalues of H; by a quantity which is exponentially small with respect to F.
The kernel of K is:

d*J;

&, dJ, dG,
dx?

dx dx

Gi(x,y;2)Ti(y)—2 (%, y;2)7:(9).

In the subsequent section we shall prove that G(x, y; z) and %(x, ¥;2z), when x

and y belong to the same ZBR, contain a term which is exponentially small with
respect to F.
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III. Study of the H; and K;

First we will consider the spectra of operators H; for i=1 to N. Afterwards we will
consider the operators Hy, , and H,, which have a distinct definition and play a
distinct role. 5

The potential term in H, is constituted of three parts, it is equal to: V,(x) + Fvia,
on interval (— oo, vja), it is equal to I~/p(x)+F [x] on interval (via,v;_,a) and it is
equal to I7p(x)+F v;_ .4, on interval (v;_,a, + 00).

Intervals (E;+ Fvia, E; ., + Fvia), j=0, ..., 0o are contained in the continuous
part of the spectrum of H,, since continuous part of the spectrum of the operator:

2

d -
H%eft: 72 + I/;,(x)+Fv£a,

defined on I?(— oo, va), with Dirichlet condition at via is:
U [E;+Fvia,E;.,+Fva].
ji=0

Similarly (Ej+Fv;_a, E;,,+Fv;_a), j=0,...,00 are also contained in the
continuous part of the spectrum of H; since the continuous part of the spectrum of

. o
H:.'lght___ _ W +V;,(x)+Fvi—la’

defined on I?(v;_,a, + o) with Dirichlet condition at v;_,a is:
,-@o [E}+Fvi_ 10, E;, , + Fv,_a].
The choice of v’s has been done in such a way that:
A= {,-Qo (E)+Fva,E,,, +Fv§a]} U {jgo [E)+Fv,_a, Ej+1+Fv,-_1a]}

is not all IR, in particular, interval I;=[E}—(&;—-,—E;_), EN+(E;—&})] is
N

included in the complement of A; Furthermore by construction, I= () I, is
non-void. i=1
Now we look at the spectrum of H; in interval I.

Proposition 1. In interval I, the spectra of H; (i=1,...,N) is composed of
eigenvalues spaced by Fa+ O0(F?).
If via<x<y<v,a and Ecl the Green function corresponding to H, satisfies:

] 1
—a Y «(E—Fai) ——n""lx—yl

i== e [/5
“ dist(E, o(H))

1
e ﬁ klx—y|
dist(E, o(H}))’

G,y B) ¢,

IIA

dist(E, o(H))

G,
.E (x,y;2)

S ek

X
where {x} denotes [E]’ ¢; and c; are constants independent of F.
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Proof. Take E inside I, the Green function is given by:

+ -—
vy () .
G(x,y;E)= ———————=, if x<y,
BB Wi e Y
where p* € I2(— 00;0), p~ € I2(0; + o0) and satisfy Hy* =Eyp*.
In each interval [(j—1)a,ja], " and y~ will be expressed as linear combi-
nations of functions ¢; which satisfy:

$;[—Dal=1, %’1 [G—1a]=0,

2 —1)a] =0, %[U—i)a]=1.

and are solutions of:

a2 . . . ..
<—W+Vp(x)+Fa]> ¢=E¢ if vi<j<wv,

¢
(-W'FVP(X)'FFVQCI) ¢=E¢ if j<vi,

P .
("W"'Vp(x)'FFVi-ﬂ) ¢=E¢ if j>v,.

Denoting:
v*=ai 0} +b} 4] )
and:

1 2
A=gia, =G, B=gkia, D=1,

it is easy to show that:
a5\ _ (Ai-1 Bj—l) (“j—l) =M (aj-1>
<bj> (Cj—l Dj—1) \bj-1) ~ 7T \bj-1)’
. Aj_ 1 Bj_ 1 . .

We shall denote by M;_ ; the monodromy matrix D , its determi-
nant is equal to 1. Cj-1 j=1

Ifj < v}, M;is constant and equal to M, , its eigenvalues are e**~F*9-¢ where
k satisfies 2 cosk(E — Fvia).a=Tr M, (TrM,,, called discriminant, was denoted 4
in paragraph II). Since by construction, E—Fvia belongs to a gap,

Imk(E — Fvia)%0. Then, on (— 0o, vja), the solution y*, which decreases at — oo, is
a Bloch wave and satisfies:

P (i +j)a)=e " ME-Pimiayt(yig) (Imk>0, j<0).

We normalize it taking p*(via)=1.

If v;<j<v;_,, ecigenvalues of M, are e** F~Fi9¢ where k satisfies:
2cosk(E—Fja).a=Tr M,

If vi<j=<u;, E—Fja belongs to a gap, so Imk(E — Fja)=0.

If y;<j=<u;_,, E—Fja belongs to a gap, so Imk(E — Fja)=0.

If u;_,<j=<v;,_,, E—Fja belongs to a gap, so Imk(E — Fja)+0.

Ifj>v;_, M;is constant, as E— Fv;_a belongs to a gap, Imk(E — Fv;_a)+0.



178 F. Bentosela and V. Grecchi

Then, on (v;_ ,a, + o), the solution y ~, which decreases at + oo, is a Bloch wave
and satisfies:

Y- (v;_ +j)a)=etHE-Fvi-adiey=(y. gy, (Imk>0, j>0).

We normalize it taking v~ (v;_,a)=1. +
In Appendix Al we diagonalize M;: M;=S; 'ID;S; and show that ( )

J

+ +
=S, ( Pt ) increases exponentially as j goes from v} to v;, whlle,v—Jr remains small,
j ot uj
so the direction of vector <b +> remains approximately constant and furthermore
does not depend on E. J
The behaviour of y ™ in the region (vja, v;a) is more intricate as we have to start
on the right of v;_ ,a with the Bloch wave which decreases at + oo, then going to the
left of y;_,a, we cross a region where the eigenvalues of IM; are purely imaginary

In Appendix A1 we show that, 1f, 7 D’. <1, one can write M; ' =T R,T; ',

where IR,, is the rotation matrix corresponding to angle 8 = k(E — Fja).a, and the

vector b” essentially rotates by an angle 0 =k(E — Fja).a every time we apply
M ! k(E Fja).a goes from 0 to = as j goes from y;_, to ;. Furthermore when we
ary E by the quantity Fa the total angle the vector rotates varies by a quantity

near n. This means that in an interval of length Fa, exists a value for E such that
- +
vectors Z’_ > and Z’+ get the same direction, then, v~ and y* become
i j
proportional. This value is an eigenvalue of H,.
Replacing in (IIL1) p* by the expressions (IIL.2) we get for x <y,

[a{:}(ﬁ{lx}(x) + b{i}‘ﬁ{zx}(x)] [a(;}¢(ly}()’) + b(;)¢(2y)(,\’)]

G063 E) agbgy —agag,
and:
G([xla; [vla; B)= ol — 0
(gl 0} bt V2 B
ag  ag

In this expression the denominator is an analytic function of E whose zeros E;
are spaced by Fa+ O(F?). For E close to E, it has a lower bound of the form:
BIE—E, for E in a neighborhood of E,, (§ increases as F decreases).

Using the fact that a™ increases exponentially on the interval (via, v;a), one gets,

. . o (E—Fai) .
if x and y belong to it, that the numerator behaves like e 5 " The sameis

true for d Gi{x,y;E). QE.D.

Now we look for bounds on the norm of K;=M;R; J,. Let us remark that the
supports of M, and J, are disjoint, but support of K M;R.J; is not entirely
contained in a gap, so we cannot use directly Proposmon 1. The natural way would
be to control the behavior of y* in the “Zener allowed region.” Unfortunately we
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dont know how to do that and are obliged to introduce a new “decomposition”
of H,.

Let us introduce:

I} is a C§ function whose support is (— 00, v;a) and takes value 1 on (— oo, #,a).

I? is a Cg function whose support is (¥,a, ¥;_ ;a) and takes value 1 on (v,a, v;_ ,a).

I7 is a C¥ function whose support is (v;_;a, +c0) and takes value 1 on
(i;:— la, + Oo)

We impose also:

I+ +U7 )Y =1. (ITL3)

Now define the operators:
2

d -
Hf=— pe + V,(x)+ x(— o0, via)Fvia+ x(via, v.a)F[x] + x(v:a, ©)Fv,a,

d? ~
H ? = Ix? + Vp(x) + x(— oo, V@) Fva+ x(Via, ;- ;@) F[x]

+ x(V; - 1a, 0)FV;_ ¢,
a2 .
H =- 2 + Vp(x)"'X(“‘Ooa Vi1 @)Fv;_ja+ x(vi-1a,v;- 10)F[X]

+x(v;_1a,00)Fv;_,a.

H: coincide with H; on the support of I, s=— +,0, —

Denoting:
Ri=(H:!—E)™', s=+,0,—,
we get:
(R I + PR +I7 Ry I7](H,~E)
=Y+ +I7)? ~ LR [H, 1]
— I RF[HY, 191~ 17 RT[H, 17,
Denoting:
N =[H,I], N}=[H],I}1, N;=[H,I],
we obtain:
Ri=I7R I} +I?RI?+I7 Ry IT
+I} RN} R+I?RINJR,+I7 RT N[ R,
and:

Ki=MRJ,=MJI;} R I} T+ MJI R I J,
~MI}RIN}R,J,—M,I R; N7 R,J,.

Introduce y;" the characteristic function of (¥,a, v,a) which is the support of N;*
and y; the characteristic function of (vi_,a, ¥;_,a) which is the support of N; .
Then:

IKM S WML R T T3+ IMUL R 1 || NG R |
FIMJIRIIT T+ MRS 2 | INT R
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Let us consider the first term, K;" := M,I;" R} I} J; and estimate its norm by:
1K < sup [IK; (x, y)ldy+ sup [|K; (x, y)ldx.
x y

daJ; dI +
dx dx

2 +
{ I 167 (e B2 P 1 20

As

=0 its kernel, K;*(x, y) is:

(x, y,E)} L' )JT().

5 I and I} J; are in the same ZBR and are disjoint. Using

aJ; ., d*J;
Supports ofEIi or—3

'J; <a <£> , n=1,2 we remain only with the problem of the estimates of
+

dxn n 1—;
G (x,y;E) and dgé (x,y; E) with x and y separated by a distance, larger than:

l;:=dist <supp % It suppI;”.T,-) =(m;—7)a.

The estimate is obtained as in Proposition 1, except, it can easily be seen that,
H; has no eigenvalues in a neighborhood of Ej. So we get:

1 F 1 F¥) -2
;- — V3
R LI
where W, and W,, are two constant energies.
The second term in ||K;|| contains | M,I; R;" x;" | which is of the same form as
2

the previous one and term |N;'R;|| whose bound is found using the fact 2 is
relatively bounded with respect to H;. So this term is bounded by:

At F L (B PY]
Wi d® " W, Ta @ dist(E;o(H) \“*a? 72T, T2/ T

where W3, W,, are constant energies and c;;, ¢;,, ¢;3 are constants.
The following terms in || K| are estimated in the same way. Introducing,

li-y:=dist (SUPP % Ii_asuppli_ji> =(Vi-1—m;—y)a

finally we get:

F
Proposition 2. Two polynomials P}, P? of degree four exist in T whose terms of

. ; 1
degree zero are absent and whose coefficients all include Tist(B; o)’ and such that,
F _ ":"_I- F _ k- U
IK{(E)| =P} <f> e V3 +P? (F) e )3, (I1L4)

where l;=(m;—V)a and I,_,=(F;_,—m;_,)a.
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. L
Remark. l;and [;_, are proportional to F’ 50 || K{E)|| becomes exponentially small
as F goes to 0.

IV. Study of Hy ., and K ,,

We study now the non-self-adjoint operator Hy, ; and in particular, its resolvent
in a narrow rectangular subset of the complex plane which contains E}. The aim is
to prove that Hy, , has no spectrum in this domain, and so, controlling K., to
prove that resonances appear as perturbations of the H; eigenvalues (i=1, ..., N).

We use once more the technique described in Part IIL

o4, 0, Which enter in the definition of function f (see Fig. 1) are chosen in this
way: oy <o, < Uyd.

To study Ry, ,=(Hy,;—E)™! we introduce again a new partition of unity:
I%., and Iy, ; are C¥ functions which take value 1 respectively on (— oo, ¥ya) and
(vya, + o0) and whose supports are respectively (—oo,vya) and (¥ya, + o) and
such that (I, )2 +(Iy+)*=1

Now define the operators:

o __1_(_82h_3d_2)_1—+1/(x+ibf(x))
Y= T\ 8 2m dn?) THbfe) T2

+eFy(x+ibf(x))+

1 5,(x) 1
1+ibf'(x) " 1+ibf'(x)
- 2 h(z) d2 T7 ’ r ’
Hy,,=—¢ m D2 + V,(x)+ x(— o0, Vya)e"Fyvya

+ x[vya, vyale'Fo[ x] + x(vya, 0)e"Fovya.

Hjy ., coincide with Hy, , on the support of Iy, ;.
Denoting R, , =(H%+,—E)™!,s=0, —, and doing again the same calculus as
in PartIII where i is replaced by N + 1, we obtain:

IKy+ il SIMysidys 1Ry 1dn s 1Tyl
+ Myt Iy 1 Rys 12X+ 1l INy+ 1Ryl

Hy ., has no eigenvalues at least in a neighborhood of E¥.
Using the same technique as in Proposition 2, we get the same kind of result:

Kily

|Kysa(B)] < [P (FE)] e Vo,

where Py, , is a polynomial of degree four whose term of degree 0 is absent and
whose coefficients all include |[Ry, .

To study the resolvent of Hy , ;, we will construct an operator Hy, , the Green
function of which is explicitly known, and show that (Hy,; —Hy. ;) Ry.+, is a
bounded operator whose norm is smaller that 1 as long as ¢ is sufficiently small.
First we use a technique inspired by the one proposed by Herbst and Howland
in[9].
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Definition of H) ,,. Let us recall that

1 da?
o= g (= e +509) gt
+ x(— 00, vya) - (V,(ts(x)) + & Foty(x))

+ x(vya, + 00) (r/p(x) +¢&Fovya),
where t,(x)=x+ibf(x).

Let us now introduce a new space transformation, ¢:xeIR—#(x)eIR, which
leaves invariant y(vya, +co) and will be defined below. Let us denote U the
transformation on I*(R),

U:g(x)~(Ug) (x)=)/1(x)g(¢(x)).

2

Under this transformation — e becomes

d? _ 1 d? 1
U(“EF>U'“=RE< cu2+()>u)

where S is the Schwarzian, and g(x) becomes U(g(x))U ~!=g(t(x)), so Hy.,
becomes

(e E)on
VU= ey Y\ ae) U ) oy A
+ (= 00, a) [V (t3(t(x))) + & Foty(t(x))]

+ x(vya, + 00)(V,(x)+ & Fovya)

1 1 d?
=%@mx & 3 +(— 0, 1) TV, (t,1()

+F tb(t(x))](ti(t(x))t'(x))z) :

+ 1 1 1
t(t(x))* t'(x)? th(t(x))?

+ x(vya, + ) (V,(x)+ & Fyvya).

Let us take an energy in the N'* gap and such that E—¢&"Fyvya— V,,>0.
For xe(— oo, vya) we will choose #(x) such that:

(Vt(t(x)) + & Foty(t(x)) — E) (6t ()t (x))* = Vo + &' Fox — E,

where ¥}, is the mean value of V,. Denoting 7(x)=t,(t(x)), this expression can be
written in the form:

(V(t(x)) + & Fot(x)— E) (T (x))* =V, + €' Fox—E.

So for x <vya, t(x) will be given by:

L1
t(t(x)) £'(x)

Sy(t(x))

S(x)+

—Vyw)—¢eFoudu= | |/E—V,—¢&Foxdx

and for x>vya, by 7(x)=x. So now, #(x)=t, *(z(x)) and in particular t(vya)=vya.
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Let us come baCk to HN +1s
! 1 8 + ( 0 a) ( / + &Fyx— E)
t;,(t( )) tl( ) l 7.2 X s vN 0 0

1 1 B 1
* w0 1o VY e t(x)l St

U ‘t;,(t(lx»—z SWCNU +2(vyas +00) () + Fyna).

We will write HN+1—E=HN+1—E+Q(X) with:

HN+1_E=Udl

N 1 1 d
HN+1_E=U—1 t;,(t(x)) m < dx2 +X( OO,VNa)(VO-FErFOX—E))
1 1
X i) 7o U 0N +00) (V(x) + Fyya), (IV.1)
and
=U"1 1 ! S Ut 1 S.(t(x))U
Q) =U"" o vo? SV U g S
1 1 _
- o ATy 0 i

Using the expressions for the Schwarzians, we get:
2 1
Qlx)=x(— oo, va)e” o

(1 V5 (ts(x)) 5 (Vy(tx) +eFo)?
4 E—V,(ty(x))—&Foty(x) 16 (E— V,(t,(x) — & Foty(x))?

Se2F2 E— V(t,(x))— € Foty(x) (IV.2)
16 (E—V,—e'Fot (x))? >

|
Let us remark two facts: Q decreases at —oo like —; because, E— V'

Ix|
—¢&"Fyvya>0, Q(x) has no singularities as long as b is sufficiently small, this
remains true even if E has a small imaginary part.

Study of (Hy,,—E)™ . ,
As Airy functions are solutions for — Ed—z ¢ +(Vo+eFox—E)p =0, from (IV.1)
we can deduce that: X

—1\-1/2 _
)
0
dt_l B 1/2 ’ . —_ —_ E"" V
(dx > t}(x)Bi <e” 2ANBEL3 <t Hx)— 3’F00>>

are solutions for (Hy. —E)¢ =0 on interval (— o0, vya).
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As x> — o0,

0

E-V, dt™1\ 72
+Bi <s(‘2+’)/3F5/3 <t‘1(x)—— F °>>} < Ix ) tp(x)
0
behaves like:

-, _ E“*Vo _ -1/4
81/6 /12F0 1/12( 8,-F0 —t 1(x)>

_ 3/2
X expi (2/33'1+'/2F01/2 (%%/9 ~t’1(x)> +7r/4>,
0

so it decreases exponentially at — oo, while,

1P_(X):={Ai (S(—2+r)/3Fé/3 <t—1(x)— E_:;Vi»
&'F,

E-V, dt~1\~12
—Bil e72IBEL3 [ =13 0 at ,
(e (- LR ()
behaves like

E-7, —14
1/6~r/12 p—1/12 0 _ -1
e F, (———erFO t (x))

E—V. 3/2
X expi <2/3£-:‘1’L’/2F(§/2 <—8,—F—2 —t'l(x)> +TL'/4>
: 0

so, increases exponentially at — co.
Call ¢~ the I*(0, + oo)-function, solution of Hy, ;¢ =E¢. On (+ vna, +00), ¢~
is a Bloch function, decreasing exponentially at + co. It can be written in the form:

¢~ =¢, +mE—Frya)p;,,

where

D(E)— A(E) [/<A(E)+D(E)>2 4
2 B 2

m(E)=

B(E)

Notice that: m(E — Fvya)= dde (vya).

For some Aye[Ey, Ey]; B(4y)=0 (see Eastham [7] p. 37)=m(A4,) is not
defined. Denote:

Ey—E " —E .
= {E|iE- > 5 M, = [ B gy B B |

10 4 4
and I =I} nI;%;
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Lemma 1. 3¢, such that for all e<e,, such that: Dy={zeC|Rezely, lmz|<&Fob}
is in the resolvent set of Hy, ,.

Proof. The Green function for Hy. , is given by:

2m ¢*(x)p"(»)

WG9 )
We calculate the wronskian at point vya, then we divide numerator and

denominator by ¢*(vya) ¢~ (vya). As we choose ¢ ~(vya)=1 we get for the new
denominator,
¢™'(vya)

¢*(vya)
*'(vya) and ¢ * (vya) are explicit since ¢t~ !(vya) = vya. Furthermore as ¢—0, we
N N N

can replace the Airy functions by their asymptotic expression. We get that ¢ * (vya)
behaves like:

Gy+1(x,y;E)=

W(E):=m(E + Fvya)—

B E—V -1/4
1/6 r/lZF 1/12< erOO __vNa)
E—Y, 32
X expi (2/38“‘”'/2F(}/2 <Wo —vNa) +1z/4>
0

and ¢ *'(vya) behaves like,

_ +1/4
jg=5/6+5r/12 p+5/12 u —vea
0 8rFO N

E—¥, 2
X eXpi (2/38‘”’/2F(§/2 < oF 0 —vNa> +1r/4>.
(1]

¢*'(vya)
¢ (vya)

e¢—0. As E is real and belongs to a gap,

‘/ <A(E)+D(E)>2
—) - 1

is real and so is m(E). Then, w(E) is non-zero.
Furthermore |w(E)| is larger than M(E)e ~*, where M(E) s a positive constant. If

So it is easy to see that contain an imaginary part which increases as

EelIy, A(E), B(E), D(E) are analytic functions, the derivative ZE exists and its

modulus is bounded by M'(E)e™!, [where M'(E) is a positive constant]. So
, e M(E) M(E)
w(E +if) do not vanish if § is smaller than ——-. Takin = 1nf ——, the
(E+if) g vy TR fo= ol yrizy
wronskian is non-zero for all E such that ReEe Iy and |[ImE|< [)’0
Since

HX(_OO>VNa)(ﬁN+1_E)_1X(—oo ol
< sup | IGxy:Bldy+ sup | GG y;E)dx,

xe(—o0,VNaG) — ye(—oo,vNa) — oo
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using the explicit expressions for ¢ * and ¢ ~ in the Green formula (IV.3), we get for
[ImE| < &"Fyb, if ¢ is sufficiently small in such a way &"Fyb < f,, the following upper
bound:

¢,

||X(— 0, vNa)(HN+ 1 _E)— IX(_ 0, vNa)” é bngO +ImE’

where C, is a constant.
Lemma 2. 3g,>0 such that if ¢<e,, then Dy is in the resolvent set for Hy, ;.
Proof. HN+1=ﬁN+1—X(—OOsVNa)Q~
We want to prove that
4]l := I x(— 0, vwa)@'*(Hy ., — E)~*Q"*x(— o0, vya)|| <1

for Ee Dy and ¢ sufficiently small. Let us analyze the behaviour of the different
terms with respect to ¢. As E belongs to the N'® gap, its distance to the top of the
periodic potential is of order of —¢g(loge) 1. In fact, as e—0, Weinstein and Keller
prove in [14] that, in the neighborhood of V,,, “bands” and “gaps” have quite the
same width, while the first bands (i.e. near V) are exponentially narrow and the
first gaps of the order of ¢. Recently, Méirz [10] improve this result showing that
near V), the gaps and the bands behave like &(—loge) ~!. Then, the first term in Q
is bounded by a term proportional to —¢eloge. Apparently the second term has a
worse behaviour but calculating its maxima it appears that it behaves also like
—e¢loge. The third term is of higher order ine.

o 2m (¥~ ()
GV )= 202 5 nag~ na(E)
likee™ 1.

The Hilbert-Schmidt norm of y(— o0, vya)Q'/?

x(— o, VNa)Qllz(ﬁN+ 1—E)” 1QI/ZX(— 00, Vya),

exists but we do not get any decrease as ¢e—0, because taking brutally the modulus
of G we kill the oscillations of the Airy functions. So, we have to use a clever
technique which consists in considering Tr(4A* A A¥), (this technique was inspired

by [11,p.23]).
So we get the integral:

behaves like ¢~ !, since w(E) behaves

?dxljvdylfvduljvdv

x Q(x)2()Qu)Qv)G(x, y)G(u, y)G(u, V)G(x, v).

In sector v<u < y <x, for instance, the product of the four Green functions give
us

16~ (1)~ (1" W~ W)™ V)I*/$* (vwa)*d~(vwa)* w(E)*.

¢*(y)¢ ~(y) contains a term which oscillates like

_ 3/2
expi (2/38"1““'/2F(',/2 <£r—li —s"‘(x)) +n/4>.
&'F,
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One can use integration by parts and explicit formulas for integrals of Airy
functions to prove that Tr(4A4A*AA*) goes to zero as ¢ decreases.

Now we can collect the sparse results to prove the main theorem.

V. Main Result

Theorem. Given h, and Fyandr>1,if V), satisfies (H.1), &, exists, such that if e<g,,
2 2

there are at least N(¢) ladders of resonances for —szﬁﬁ + V,(x)+&"Fy, where
d2

N(e)—1 is the number of bands of —&* 2—d— + Vj(x), strictly contained in the
interval (V,,, Vay). Their width is exponentially small with respect to F, and e.

Proof. To look at the spectrum of H(b), we use formula (II.1). We want to show
N+1

that for ¢ sufficiently small and E not too close to the H, eigenvalues, Z K,(E) has
a norm which is smaller than 1.

Let us denote by D;:= (f € I}(R)|support (f)Csupport J). As K; sends D; on
D, ®D;_,, we emphasize this fact,denoting K;: =K ;,; + K; ; ;. Itiseasy to see
that

i <2 sup (IK; i1/l + 1Ky i- 1) <2}/2 sup [IK].

We have first to observe the effects of the introduction of ¢ in the formulas giving
2

2
| K{E)|. In Proposition 2, including &* 2}’—’:1 in front of — d—‘i—z in the definition of H,,

2
we have to multiply the right-hand term in (IIL.4) by 32;—::1 (which has the

dimension of an energy times a length to the power two). In (II1.4) we have also to
replace F by &'F, and I; by a gap width, I(¢) of order ¢ for small i and of order
&(—loge) ™! for i=N(e).

Since the eigenvalues of H; are distant by &Fya+ O(¢*'F2), in an interval
included in Iy of width ¢"F,a, the number of eigenvalues coming from the distinct
H, (i=1...N(e)) is approximately N(e). As N(¢) is of the order of ¢, [let us write
N(g)=de™'] it exists in this interval an eigenvalue, let us say, A7, from H;, whose
distance to the other eigenvalues is larger than d ™~ '¢! *"F,a.

Choosing E on the circle (C) of radius d~'¢' *"F,a/2, centered at A2, we will
evaluate now |K,(E)||,

K7l K alioy
rF — - I‘F —
K@1sers () aer, (TR V=N,
V1)

Remember that polynomials P,;, P,, have no constant term and that their

. . 1 . .
coefficients contain TSUE, o(H)) As dist(E, o(H;))=d ™ '¢' *"F,a/2 it appears that

terms in front of the exponentials are of the order &° for small i and of the order
—loge for i=N(e).
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In Appendix B using the formula given by Weinstein and Keller [14], for the
discriminant, we show (see Lemma B1) that x[* decreases as i goes from 1 to N(g)

(ER— V)
&

and «j behaves like . Since gaps and bands near V;, behave like

&(—loge) ™! as & goes to zero, k1t behaves like (—loge) ~*. So the exponential terms
_ce""(—lge)'z . .
in (V.1) are bounded by e FoV3 | while the polynomial terms are bounded

N(e)
by quantities of order —loge. Then (| Y K;
_cel~r(—logg)~2 i=1

loge - e FoV3 and goes to zero as ¢ goes to zero.
b

(e+1 N@E+1 ~1
Using now (H(b)—z)"!= ( Z J:R;J ) (1 + Y Ki> it is clear that the
i=0
resolvent is defined on the circle (C), then we can assert that the resonance exists.
We can take a circle C' of radius much smaller, for instance of order

is consequently of the order of

_cel“r(—loge)~2 N +1
log-e Fov3  Ttisagain true that Z K,|| <1if Ee C’, so we can deduce
i= _cel~r(~loge)~2
that the resonance width is smaller than: c, -loge-e Foy3

Appendix A

A; B;
Study of Product of Matrices M. The matrices IM;= < C, D ) defined in Part I11

have determinant equal to 1. )
J

Their eigenvalues A}, 4; =(4;") ! can be real or complex depending on —2—,

A;+D; A;+D;\?
=3P (B 1

Jj_ + _ ,tK;j
=chkja we get ] =e™ "%,

A;+D; . A+D
a) If ’; 1 >1 then denoting — +

A;+D; . A.+D.
+2; < —1 then denoting it2i —chi;a we get A = —e ™"

2
A;+D;
o If —1< —; J <1 then denoting At

b) If

+ikja

D,
! =coskja we get A} =e

+
In cases a) and b) M; can be written as S; (A 0 )S_

0 (47!
In case ¢) M;=TR(k;a)T; ', where R(k;a) is the rotation matrix by the
angle ka
As A, »B;, Cj, D;depend analytlcally on E, for small F, M; and M, , differ by a

quantity of the order of FaandS;'S;_, or T; 'T;_, can be written as the sum of
the identity plus a matrix the norm of which is O(F a). In fact:

A=Ay Aoa— Ay | A=A A=A

J

B, | B B, B, B,
S8 =1+ | : : :
i \ifm Ay A Ay | Aam A, A A,
\ Bj-l B; B;j- B,
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0
long as v<j<Vv' and its norm increase exponentially.

Lemma Al. The vector M;... M,S;* (1) rotates by an angle smaller than 6Fa as

Proof. As v<j<V' we are in case a) or b) then we can write:
M,..M;M,S;'=SDDS;'..SDS'S,_,D,_;S,_;...
D, ;8,48
=SD(1+A)...D1+A4)...
D, (1+A,,,).

Denote:

v; (;) =D1+A)...D{A+A)..D,(1+4,) (é)

1
Dy (A+A; ) <’1>

J
=V~( f1 O ><1+5;+1 51131 ><1>
’ 0 j—+1 5]4-1 1"‘5‘)4-1 J

1
=y (1 +01 4832 [ -
'VJ ]+1( +1 ’11 l+l) )’]+1(6J+1+n1‘(1+51+1))

1+1(1 +0 +1+’7;5}3 1)

By identification:
’))J+1_'y} _]+ 1(1 +51+1+r’16}‘%1

" 1+1(5,+1 +’7,(1+51+1))
AL )»f+1(1+5 1+’115,131

Ai+1(1+46Fa)
At (1—06Fa)
<@dFaandn,=0,onecan prove that ;. , < 5FQ One can

1
A1 +0Fa) .
A (1—oFa) ~¢<1forall jsuch that

Now consider the sequence 7;. As long as <g<1, for all i<j, using

- +15,211
j+ 1(:l 6 jt+1
find F sufficiently small in such a way

the fact

v<j<v.
Remark. The lemma is also valid on the other side of the “band” as u;_ | <j<u;_;.
Lemma A2 If M '...M;'...M,." is applied to a vector; this one rotates by an

angle: Z (k a+ Faa;), where the o; are uniformly bounded quatities.
i=pi-

Proof. As ,u,.<i< U;_ 1, we are in case c¢) then:
MMM =T ]R(—k AT L TR(—ka)T; ...
T, R(—k,_aT;"
="II‘m1R( k,a)A+36,).. R(—ka)(1+35)...
.R(—k g_la)(11+3,‘i )
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Denote

. (cosf;) 1

7 (Sin0i> =R(—ka)(1+3)..R(—k,,_a)(1+35,,_) (0>.
Then:

0,.,=0,—k;,,a+Fao;,,, where o;,,;=0(1).
Hi
So the total rotation angle will be 6,,=— Y (ka+Fao,).
When we vary E, §,, varies by a quantityjh_l
i dkl
d9m=—i=§ iE dE+Fa dE % 4E.

Suppose the variation is dE=¢Fa, 0<£<1, as k; is a function of Fai:

ki dk(E— Fai) do(E — Fai)
e, =—¢éa- — " Fa+F ————F
K ¢ ,~=§_1 dE dE
As F-0, do, —»éaj—dE Em.

We notice that this quantity is small and goes to zero as F—0.
So the total angle variation as E is increased by Fa is near =.

Remark. Adding Fa to E just translate all the indices, so, the only difference
appears at the extremities of the product and we get an extra rotation of 7 (0 at one
extremity, 7 at the other).

Appendix B

Lemma B1. If V(x) is real analytic and for some E,>V,, and all E satisfying
Ey>E>Vy, V(x)=E has two simple roots iy(E) and —iy(E) which are closer to the
real axis than any other roots, two constants A and A’ exist such that:

s 2)/2m(Vy, A2mVu—Er 12, Ne—1,
ahoaf
- 2}/2m(Egy— V)
o> ehoal/z ‘

Proof. Hypothesis on V is hypothesis (P3) in the work by Weinstein and Keller. In
[14, formula (4.6)], they give the following expression for the discriminant:

A(E)~ _2(e2Ha(E)l+ 1)1/2 sin [g +8_1 ? [E— VP(x)]L/dejl’

where: a(E)-—ym(x) E]"2dx with Vp(xo)=Vp(x,)=E, i= im and
0

[f]+:=max(f; 0) Notice that if E <V}, a(E) is positive and that the maxima of
A(E) appear approximately when

sin [5 +e ! [ [E— V,,(x)]lﬂdx] =
2 0

so we can check that their distance behaves like &.
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To estimate oc(E) we replace the periodic potential in the integral by the
d .2
2

a*v . . .
we replace —dx—zM(O) by another constant — A4 in such a way the inequality becomes

parabola Vy, + ——~ 4y 2 ——2 (0)x2. Supposing V(x)> Vy + ——= (0)x2, [if itis not the case,

true | we will get a lower bound foro(E?),fori=1,2...N(¢)— 1. In fact if X, and X,
are defined by V,,— AX3—Er"=0, V,,— A% —E"=0, then:
Vi—EP
Tw/d
Using the fact: 4(E)=2chxa and A(E")~ 2(e*"*®2 4 1)!/2 one obtains:
2]/ 2m(Vy;—E™)
¥ ehoa[/— .

For E,>E>V),,, by hypothesis the solutions of V(x)=E are pure imaginary
points. Let us denote Xo =1y, and x, =iy, the solutions of V(x)=E}. It appears

A ET)> % { [Vy— Ax?— EMM2dx=
X0

that «(E)= — — j LE — Vi(iy)]'/? dy is negative. In the neighborhood of the origin,

one can choose A’ such that V(iy)> V,,+ A'y?. Defining by 7,, 7, the solutions of
—Vy—A'y?=0, we get

Vu—ER

n/A

ER)> — — I [EN—Vy—A'y*]"2dy=

Then one obtains k> 2—————12m(EN—VM)

shoa\/z
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