Commun. Math. Phys. 137, 473 517 (1991)

Communications IΠ

Mathematical
Physics
© Springer-Verlag 1991

Duality and Modular Invariance
in Rational Conformal Field Theories
Miao Li*'**
The Niels Bohr Institute, Blegdamsvej 17, DK-2100 Copenhagen 0, Denmark
Received April 28, 1990; in revised form July 21, 1990

Abstract. We investigate the polynomial equations which should be satisfied by the
duality data for a rational conformal field theory. We show that by these duality
data we can construct some vector spaces which are isomorphic to the spaces of
conformal blocks. One can construct explicitly the inner product for the former if
one deals with a unitary theory. These vector spaces endowed with an inner
product are the algebraic reminiscences of the Hubert spaces in a Chern-Simons
theory. As by-products, we show that the polynomial equations involving the
modular transformations for the one-point blocks on the torus are not independent. We discuss the solution of structure constants for a physical theory. Making
some assumption, we obtain a neat solution. And this solution in turn implies that
the quantum groups of the left sector and of the right sector must be the same,
although the chiral algebras need not be the same. Some examples are given.
Finally, we discuss the reconstruction of the quantum group in a rational
conformal theory.

1. Introduction

Despite the fact that much progress has been made in understanding the so-called
rational conformal field theories (RCFT's) recently, there remain many open
problems. Moore and Seiberg, in their work motivated by seeking a proof of the
Verlinde conjecture [2], formulated an algebraic approach to RCFT's [3]. They
refined the duality notations in the seminal work of BPZ [1] and obtained a whole
set of polynomial equations for the duality data (see also [15] for a rigorous
approach). Obviously, these data do not determine the conformal field theory
completely: there are perhaps countably many models corresponding to a solution
* Address after October 1: Department of Physics, University of California, Santa Barbara,
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to these polynomial equations1. Thus, classifying RCFT's must consist in two
steps, the first step is to classify all solutions to the polynomial equations, the
second one is to reconstruct from a solution the whole conformal field theory.
Let us concentrate our attention on the first step. The basic duality data
introduced by Moore and Seiberg and others [4] are the fusing matrices, the
monodromy phases of three-point conformal blocks and the modular transformations S(ή) for the one-point blocks on the torus. It was possible to eliminate the
latter as the basic data [5] and further in [6] it was shown that the polynomial
equations involving these data are not independent. However, the modular
property of the characters has not been eliminated from the elementary equations.
On the other hand, if one believes that to every solution of the duality data one can
associate a quantum group, this property is automatically satisfied for all known
quantum groups. Therefore, we believe that the elementary equations are those
involving only the fusing matrices and the braiding matrices. [6] is based on the
technique that various vector spaces can be represented by graphs. These vector
spaces are available in the Chern-Simons theory (CSGT) [7]. It is still a conjecture
that a rational conformal field theory corresponds to a Chern-Simons theory. So
to base [6] on a solid foundation we need to construct these vector spaces for any
rational conformal field theory. This is one of the purposes of the present work.
Our second purpose is to solve equations concerning structure constants, which
combine the left sector and the right sector. These equations are overdetermined.
We show that there are simple solutions and conjecture that these are only
solutions. Finally, we generalize Witten's construction of quantum group in SU(2)
WZW model to more general cases, using the so-called lassoing procedure.
To start with, we give a brief summary of the present status of the algebraic
approach to RCFT's in Sect. 2. Duality properties are described. We also present a
revised algebraic axiom system for duality data. We eliminate identities for S(n\
but supplement with the definition of S(ή). For the original algebraic axiom system,
please see [3].
In studying the polynomial identities, perhaps the most basic problem is to
choose an appropriate "gauge" of chiral vertices in which some duality data take
simple form. We shall do gauge fixing in Sect. 3. There are at least two advantages
with this gauge. First, elements of fusing matrices, when represented by closed
graphs, take simpler form. This enables us to prove the tetrahedron symmetry,
which in turn proves very useful in proving independence of identities involving
S(ή) and in solving identities involving structure constants, namely the coefficients
used to combine the left sector to the right sector. Second, such a normalization of
elements of fusing matrices allows us to compare directly to the normalization
introduced in the framework of the Chern-Simons gauge theory [7] and proves
useful in study of the quantum group. Some facts concerning the normalization of
fusing matrices chosen in our construction are undoubtedly known to some
experts, but have not been exposed systematically.
Construction of various types of graphs from duality data was introduced in
[15] and [14]. Reidemeister moves (taking braiding phases into account) were
verified mainly in [14]. In Sect. 4, we shall construct tetrahedra representing
elements of fusing matrices based on these works. We also prove tetrahedron
symmetries there. Although it is widely believed that there should be such
symmetries, this is perhaps the first time to prove them. Construction of open
I would like to thank V. Fateev for a discussion on this point
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graphs then inspires us to construct various vector spaces in Sect. 5, these vector
spaces in some sense are isomorphic to various Hubert spaces in the CSGT,
therefore isomorphic to spaces of conformal blocks in the RCFT. We show that
for a unitary RCFT, we can define an inner product for the vector space. The
inner products are represented by closed graphs. These graphs are needed in
proving independence of identities involving S(ή) in [6]. For an illustration, we
present the proof for one of them in Sect. 6. We supplement Proposition 5 to
show that S(ri) (together with T) actually generates a projective representation of
the modular group of genus one.
In Sect. 7, using the gauge fixed in Sect. 3 and tetrahedron symmetries, we give
a solution for structure constants. However, at present we are unable to eliminate
an assumption for couplings of chiral vertices, which is not necessary when all
fusion rules JVJk^l. The main result is that there should be an automorphism
among fusing matrices in two sectors. In our previous work [5], we obtained a less
strong similar result. This result suggests that our assumption is reasonable. We
give several examples at the end of Sect. 7.
Our second purpose of this paper is to reconstruct the quantum group [8]. It is
generally believed that for each solution to the polynomial equations, there is a
hidden quantum group. By investigating the monodromy property of solutions to
the Knizhnik-Zamolodchikov equations, one finds that the universal ^-matrix
naturally appears as the monodromy matrix [9]. Alvarez-Gaume et al. argued that
the quantum group as an algebra is the centralizer algebra of the braid groups
acting on the spaces of conformal blocks [10]. Moore and Reshetikhin proposed
some new chiral vertex operators and the quantum group acts on these operators
naturally [11]. In their construction, one has to invoke some so-called phenomenological observations. Still, a conceptual explanation is lacking. Starting from the
Chern-Simons theory, Witten has been able to define the relations among
generators of the quantum group by the so-called lassoing procedure [12]. The
drawback is that one must work with a Chern-Simons theory.
In [13], Alvarez-Gaume et al. defined another kind of quantum group, which
we shall call the IRF quantum group. It has a close relationship with the quantum
group in the original sense (which sometimes we call the vertex quantum group).
We show in Sect. 8 that the algebra defined in [13] is actually a quasitriangular
Hopf algebra, the alternative name of the quantum group (a short introduction to
quasitriangular Hopf algebras is given in Appendix A). We also show that
candidates for the irreducible representation spaces of this algebra, by definition,
also obey restricted tensor product property. This indicates its relation to the
vertex quantum group, because in the representation theory of the vertex quantum
group, usual notation of tensor products must be replaced by the one of restricted
tensor product when the deformation parameter is a root of unity. Based on this
observation, we generalize Witten's lassoing procedure for an arbitrary WZW
model, we give a systematic approach which applies to any WZW models. The
quantum groups obtained in this way are the ones one expects. For example, for
the SU(2) WZW model, the quantum group is Uq(SU(2)). Note that Witten worked
out the quantum group which is dual to Uq(SU(2)) by a special prescription. We
just give some evidence for the existence of some limits of the duality data, instead
of proving it. However, we give two examples in which the lassoing procedure
works. In Appendix B, we show that if the existence of these limits is granted, what
we have constructed is actually the quantum group. Perhaps the most important
thing which needs to be done is to construct the quantum group without using the
Witten's lassoing. In performing Witten's lassoing, one has to analytically extend
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some parameters to the complex domain and take an infinite limit of certain
indices for some duality data. However, our work on relating the IRF and vertex
quantum groups strongly suggests that it is possible to construct the vertex
quantum group from the duality data without invoking the limiting procedure.
This remains a problem in our future work [21].

2. Some Preliminaries for RCFT's
Let Jf be the Hubert space of a rational conformal field theory in which the chiral
algebra si® s3 is assumed. Here we use si to denote the holomorphic part and j ?
the anti-holomorphic part. The term rational is due to the finiteness of the
decomposition of Jf into irreducible representations of J / ® ^ :
^

= Θ(

.-O^®#Ϊ?

(2.1)

where ^ and M\ are irreducible representations of algebras si and sϋ respectively.
In particular, we identify Jf0 with si and if0 with si.
We concentrate our attention on the holomorphic part, but the results are also
valid for the anti-holomorphic part. The correlation functions on the sphere
decompose into terms factorizing into holomorphic and anti-holomorphic parts.
The independent holomorphic factors are named conformal blocks and can be
built from the chiral vertices. The chiral vertex is a certain coupling among three
representation spaces of si. Here we use the notation of Frόhlich et al. We will not
repeat the axioms [3,15] in defining the chiral vertices which are linear maps
We denote the space of all such maps by Vft with the finite dimension N)b this is the
fusion rule. A chiral vertex is specified by linear maps
F^>,z):^Jffc,

(2.2)

where | ^ ^
v
v
Suppose that we have a one to one map from the set (f) to itself, i->i , i is the
charge conjugate of L Let |0> be the vacuum. Then we have the following
properties of the chiral vertices:
1. There is only one coupling
τ/Oί. - ^ / O \ 't//?
v 'UP
V o . &l j \£jz *7l> i V —* t/ϊ o .

Here we use 0 to denote the unique vertex.
2. We have
such that
The last two equations give a normalization of corresponding vertices involved.
Let \ξf} be a basis for J^t. By property 1, we can choose a basis |ξfv> for J ^ v
such that
= lim <0| FoOi(|ξfv >, z)z2h^>.

(2.3)
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Here (<£f |) is dual to (\ξf». This also fixes the normalization of the vertex Foo/ once
the bases for ^ and ffl? are chosen.
We come to the duality properties. Define the braiding matrices B
as
IVΓQξj),zJ^IO,*2)]±=Σ
n,y,δ

BmnP

\_l

KJaβ

!T(±)V;»{\ξ{),z2)Vs»\\ξj},zj,(2.4)

where signs + are used to denote two ways of analytic continuation of operator
V™(\ξjy,z2)V£ιk(\ξι),z1) to V^n(\ξjyyz1)V^k(\ξι},z2). Equation (2.4) states that the
dimensions of spaces 0 m Vjm® V£ and 0 W V/n® V"k are the same, namely £ N^N^
=
m
Σ^VV^fc Pictorially, we can rewrite (2.4) as

17*

(2.5)

\ a

m β k

i 7

n 6

The fusing matrices can be defined as the structure constants of products of
chiral vertices:

= n,γ,i
Σ
This again means that the dimensions of two spaces ®mV-m®V{£ and
are same. The graphic representation of (2.6) is

1

J
i k

i a

m β k

(2.7)
\aβ

Note that objects represented by graphs in (2.5) and (2.7) are linear
independent, so both B(±) and F as matrices are invertible. So far we have used
3
open graphs with vertices of φ type to represent the conformal blocks. We will
not do so further, however, we shall use these graphs to represent quantities
constructed from B's and F's, following Frόhlich and King.
Finally, notice that Fikv \ υ
, as matrix with indices α and /?, is invertible.
L
kJoα
For the spaces Vk and V vp we can choose bases such that
(2.8)
This equation fixes the relative normalization of bases for Vjk and V vj.
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Finally, we give the algebraic axiom system for the duality data of a RCFT [3].
The duality data are
Dl. A set (0 with a one-to-one map: i-M v , the charge conjugation. We therefore
define the charge conjugation matrix by Cy = <5yv. The fusion rules N^ form a
commutative and associative fusion algebra [2]. In addition, JVy = Cy.
D2. Fusing matrices:

D3. The maps Ω(±): V^-^Vβ, which are given by phases
β ^α) are signs. Hence the conformal weights are determined up to integers.
The braiding matrices are not independent data [3]. Similarly, the modular
transformations of the characters and the one-point blocks on the torus are not
independent either. They are defined by
Ml.

1
So

-M V #-C
q

where
F-F
*-F

F

M2. Similarly

) ^ = Σ ei2^-h^S0fqFup
q,V

T,
\J

<lΔβy

where we have used the famous relation [3]
q~

c

The formula for Sitj was obtained in [3,17] and formula for S(j) was first
obtained in [5].
Now the constraint equations are
Cl. Pentagon identity
the detailed form is written in (3.1).
C2. Two hexagon identities
C3.
Remark. In [6], using M2 and C3, we proved the independence of identities
involving S(j) introduced by Moore and Seiberg in [3]. Since the proof is based on
graph manipulations, we shall present a proof for one of those identities in Sect. 6.

Duality and Modular Invariance in RCFT

479

For notations in Cl-3, see [3]. Note that combining the pentagon identity one
can replace two hexagon identities by two Yang-Baxter equations. All these
equations together with definitions Ml and M2 guarantee that we have a
consistent algebraic system with properties of duality and modular covariance for
any genus. By Dl and C3, it is possible to prove the Verlinde conjecture [2, 3,17,
10] and the contraints (ST)3 = S2 = C, where C is the charge conjugation matrix.
We will show this in Sect. 6. In the framework of quantum groups, Alvarez-Gaume
et al. claimed that one can lift C3 for all known quantum group [10]. It has a
natural explanation in terms of the quantum group. So we suspect that whether C 3
is really independent of the rest of the constraints or not. It is interesting to see that
only in C3 the central charge appears via Γ=diagί expΏπί At — — I I.
3. Normalization of Fusing Matrices

In this section we shall discuss the "gauge fixing" of the fusing matrices. There are
two purposes for doing this. First, to construct the closed graphs which represent
certain duality data in a neat way, which must be similar to the way in which
Witten defined normalization of graphs in a Chern-Simons theory. We will see that
for a general rational conformal field theory, one can obtain a normalization
similar to the one given by Witten. Second, to have a convenient normalization
will prove helpful in solving equations involving structure constants (in the sense of
Moore and Seiberg). Note that several authors have used the normalization we
will discuss for models with iV*k ^ 1. But a full discussion for the general cases has
not been given.
3Λ. Some Useful Formulae
To begin with, we write down the general form of the pentagon identities
i

4

P3S

LP

Sr

P L 'U * h H P

pJ

{

'

We give the following two special cases which will prove useful later. First, let
p2 = r2 = 0, we find only when p3 =j v , px = p4 = ί, rx = kv the corresponding F s in
the left-hand side of the above formula are not zero. In addition, the couplings α 1?
α2, y2, and γ3 are unique, which we can denote by 0. Similarly, in the right-hand side
of the formula, s = iw and β2 = 0, j?i = α3. Finally, we use the formulae

which come from (2.8) to obtain the special pentagon identities

VK

Γ* J Ύ \ ΓfeV kT

/»

L1

y Joo

L

ι

ι

Jβ<χ3

A π Γ1' i V T°
Lι

ι

Joo
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For fixed indices ij, fc, above equation states that as matrices

= Ft is not zero. Here we have replaced; v

are nonsingular provided F o o I

and fev by j and k respectively. The fact that Ft cannot be zero and i > =Ft is
proved in [2,3]. For a unitary theory Ft>0.
In (3.1), let p 3 = r 2 = 0, in this case the left-hand side gives Fh and we find
another useful formula

iJoo JθLi

U

iL

αr

(3.4)

'

Comparing (3.3) with (3.4), we deduce

FokΛ{ lY =F n

(3.5)

θk

Again in (3.1), let p 2 = r i =0, we find
ΣFo

k

7

κ

J

(3.6)

j0

oo

Combining this with (3.4) and (3.5), we obtain an important formula,

(3.7)
where by the superscript T we mean matrix transposition. This formula will be
relevant in our gauge fixing of the F's, which in turn implies tetrahedron symmetry
of the F's.
3.2. Gauge Fixing
We first prove the following theorem.

j

E

j

v

/c Ί

is α non-singular

N ik x N ik (complex) matrix, and its entry is nonvanishίng only when indices oc and β
are such that signs ε*kv (α) and εjk(β) are same.

Proof. The first fact can be easily learned from (3.4) or (3.5), since for a unitary
model, F^ is not zero. To prove the second fact, consider the following relation:

J
0

(3.8)
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This relation can be viewed as the fusing relation for conformal blocks, or the
relation among quantities constructed from duality data. For the latter explanation, see [14] and Sect. 5 in this paper. It is convenient to work with the latter
explanation. Doing braiding twice on both sides of the above equation (amounts
to multiplying braiding matrix twice in the second explanation), we have

— 2^-TOi

It has been proved in [14] that the quantity in the left-hand side of the above
equation is just

J
while the quantity in the right-hand side of the above equation represented by that
graph is given by the similar graph on the right-hand side of (3.8) with two
extra phases, finally we find

(3.9)

J
Recall that relation (3.8) and (3.9) must be the same, this is due to the fact that
the order of indices; and k is irrelevant in our case, since there exists an involution
z->l/z (roughly speaking, this involution exchanges points 0 and oo on the
Riemann sphere, thus (3.8) and (3.9) is the same as explained as relations among
conformal blocks. This result can be readily generalized to the other explanation).
Equating (3.8) and (3.9), we find ε^(α)ε4(/0 = 1 for a nonvanishing entry of the
fusing matrix. •
Remark. Similar to (3.5), we can prove
vj

F

p T

Lκ

J Joo

°

T

k
κ

Joo

by using the pentagon identity. The quantity on the left-hand side in the above
equation is just the coefficient on the right-hand side of (3.9). This can replace the
argument in the last paragraph.
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Now we shall show that by choosing a certain "gauge" for the chiral vertices,
these matrices can be diagonalized into the form
(3.10)

--F)ke,

with appropriate constants Fjfc, where e is the unit matrix. Surprisingly, in the
generic gauge, Fijk = (FjFk/Fiy/2, the same form given by Witten in the ChernSimons gauge theory!
For the space V{k, we do a "gauge transformation" given by a Njik x Njik complex
non-singular matrix A{k9 namely

ΣiriίiX

(3.11)

z).

β

We shall use Λ{k to diagonalize FOi I

which is block diagonalized, according

U

^J

to Theorem 1. Therefore, we also require that A[k is block diagonalized, namely,
under Ajk, chiral vertices Vjk with positive ε/k(α) do not mix with ones with negative
ε{k(oc). This is also quite physical, otherwise after gauge transformation, braiding
matrix may have no definite eigenvalues with new chiral vertices.
Since we have already fixed the normalization of some chiral vertices, the Ajiks
cannot be arbitrary, they are subject to
40 = 4 ^ = 1,

(3.12)

coming from property 2 in the last section, and
(3.13)

Aί-Aftt
from Eq. (2.8).
Under the "gauge transformation," we have
oi

(3J4)

\j

where we used matrix notation. By Theorem 1, all matrices in (3.14) are block
diagonalized in the same fashion. We see that under these transformations, Ft is

gauge invariant. From (3.14) one may think that FOi IΓ

v

1 can be diagonalized

into an arbitrary form, this is not the case as we shall see. First suppose all these
matrices are diagonalized, Eq. (3.13) then implies that we shall have

(315)

t

One easily sees that this is a consequence of Eqs. (3.5) and (3.7). Therefore there is
no obstruction coming from (3.15) [or (3.13)] to the simultaneous diagonalization.
Next we shall note that another matrix under the transformation involving A\k is
i

v|

w e h a v e

fe

{! ] ^ { !
which also contains A)k

]^V'

(3I6)
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Now suppose a certain F-matrix is diagonalized as in (3.10). We find from (3.16)
and (3.7) that FOj\

v

is also diagonalized, and

(3.17)

kb
ι

This is only a restriction on possible F^k. It means that F jk cannot be arbitrary. A
generic solution of (3.17) is Fjik,=fjfkv and/fev =fk. From (3.17) we find f]lf{
= Fi/Fj, and a typical choice of fj is fj^FJFj)112.
Finally note that F 0 ; = ^i by
definition, so fk = ]/ΓFk- To summarize, we have proved the following theorem:
Theorem 2. It is always possible to choose a gauge for chiral vertices such that
certain fusing matrices can be diagonalized as in (3.10) with
Fj^iFiFJFj)1'2,

(3.18)

and in the new gauge, braiding matrices have definite eigenvalues with new chiral
vertices.
Notice that (3.18) is the same as suggested by Witten in the framework of
Chern-Simons theory. We have not assumed Ft>0. Equation (3.18) must be
understood as a product of various factors γWi%
Remark. The gauge (3.18) is almost implied by our natural normalization for some
special chiral vertices set in Sect. 2. If we do not assume this normalization, then
A\o and AfWi can be arbitrary, now any solution must obey the following
restriction:
FJ^/F^FjAJJFiAio.
(3.19)
especially we can choose A\o such that in (3.18) every Ft is replaced by its absolute
value.
Finally, we note that (3.18) does not fix the gauge completely. We have residual
gauge transformations which are subject to
'jt^e,

Aik = A%.

(3.20)

These will prove useful in Sect. 7.
4. Construction of Tetrahedra
The tetrahedron graphs can easily be constructed both within frameworks of
quantum group theory and Chern-Simons theory. The construction for a general
rational conformal field theory is believed to exist, but nobody has given such a
construction. What we will give here is a straightforward consequence of the work
of Frόhlich and King [14]. By the duality property, one can show that there are
tetrahedron symmetries among entries of the fusing matrices. Both the tetrahedra
and the tetrahedron symmetries are used in the proof of the independence of the
polynomial equations involving S{n).
4.1. Definition of Graphs
We shall make use of the elegant pictorial representations of the basic data B's and
F's given in [14,15]. For simplicity, we assume N^S 1 in this section. The results
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obtained can be generalized straightforwardly to the other cases. We will first
review the definitions of fundamental graphs, following [15,14]. All topological
moves have been proved in those references, so we shall use them freely. Under the
gauge we have chosen in Sect. 3, we show that tetrahedra have the same meaning
as in the Chern-Simons gauge theory.
The basic data are represented by a cross of two edges or a vertex at which three
edges meet. We define

1

(+) =

(4.1)

(4.2)

(4.3)

Here each line is oriented and marked with an index corresponding to a
representation space J^. Since these graphs are open, namely we have outer legs,
each open region is also marked. Note that in (4.1-3) all lines go downward.
Now the polynomial identities can be written in the topology language: we
construct more complicated graphs from the elementary ones in (4.1-3). If two
graphs are equivalent under Reidemeister moves, the quantities represented by
these two graphs are equal to each other [14]. We have the following rules in
constructing more complicated graphs.
Rule 1. All edges are oriented and marked.
Rule 2. All edges go downward.
Rule 3. Each open region is marked.
Rule 4. Write down a B for a cross of two edges according to (4.1-2).
Rule 5. Write down a F for a vertex where three edges meet according to (4.3).
Rule 6. Each closed region is unmarked, dictating a sum over all possible marks.
We will not prove the Reidemeister moves here, but refer to [14]. An important
example is the Yang-Baxter equations

(4.4)
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Another example is a kind of pentagon identities

J
(4.5)

In order to construct more general graphs, in which some edges can go upward
or horizontally, we have to define more elementary graphs. Consider

Fi0

J 3
k k

(4.6)

J

J

We see from (3.4) that these quantities are not zero. Using the gauge fixed in the last
section and Eq. (3.6), we find
(4.7)

iθ

We further define new graphs

(4.8)
and

1

=1

if ΛΓ* > 0.

(4.9)

Use (4.6), (4.7), and (4.9),

_

k

1

. (4.10)
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By adding (4.8) in the construction of graphs, we can eliminate rule 2. Again
Reidemeister moves are guaranteed. For example

y

(4.11)

as shown in [14], and

(4.12)

p

r

m

The above equation is equivalent to
r

(4.13)

\'
a special case of the pentagon identity.
By (4.8), we can construct closed graphs. The simplest one is

(4.14)

which is related to the element of modular transformation of the characters, and
will be discussed in Sect. 6.
It is straightforward to construct a tetrahedron from the vertices in (4.3). Our
first step is

mp

\

i k

m

k

my

(4.15)

where we have used (2.8). The second step

k
0

Oa

m

"k

m

k
(4.16)
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Finally

(4.17)
Where we have omitted the mark 0 for the outer region, we shall always do so.
Choosing the gauge (3.10) and (3.18), we have a symmetric expression for F in
terms of this tetrahedron

mp

r s
i k

(4.18)

m

This expression is of the same form as the one by Witten defined in his original
paper on the Chern-Simons theory [7]. Here we have no factor (So 0 ) " *. So> 0 is the
vacuum functional of CS theory. This means that our graphs defined here
correspond to the normalized ones in the Chern-Simons theory. We stress that our
construction in (4.18) does not invoke any notion of a three dimensional quantum
field theory.
4.2. Tetrahedron Symmetry
In the Chern-Simons theory, since the tetrahedron diagrams are defined by
expectation values of geometric objects [7], the tetrahedron symmetry is an
automatic consequence. In the last subsection, however, we defined the tetrahedron more formally for a RCFT. Hence we have to prove its symmetry. The
tetrahedron symmetry is a consequence of Reidemeister moves and the following
two braiding αiles:

k

=εPse~iπ{hp~hr~hs)

i

(4.19)

and

=£P

giπ(hP

~hr~

hs)

(4.20)

r /

m

\s
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where εfs is a sign depending on the coupling type of the corresponding chiral
vertex, hr is the conformal dimension of the highest vector in J^r.
Equations (4.19-20) are implied by the three point conformal blocks. Before
showing the tetrahedron symmetry, we provide a proposition concerning signs
appearing in (4.19) and (4.20).
Proposition 1. a) // iV£ = N)m = Nnβ = Nknl = l and

k

then ε ^ m = εjtε ni.

b) ε?rε'Jm = εff.
)//JV

l

Proof, a) b), and c) follow from a), so we first prove a). Consider the fusing relation
j

ι

^
mn

\

k

m

/

Γ i I1

ι

\/

k i

'

(4.21)

i

Similarly

,i

j

•K a k

n/N

\J

Resolving braidings in the above equation, we find

j

i
,

e

jm

3

mn

k

m
where we have dropped out a common factor associated to conformal weights.
Comparing (4.21) with (4.22), we find that ε$έjm = ε"zε^ , since each term on the righthand side of (4.22) is independent. However, when the corresponding entry of the
fusing matrix is zero, the proposition needs not be valid,
b) Let in a) ί = k, l=jy, and n = 0, since

SO £^8^

^

c) From b)

0

p

_

v

^kkv — **k ί

ε

jf —

combining these identities, we prove c).

•

v

°kj'
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The term tetrahedron in (4.18) means effectively one can treat it as a
tetrahedron in 3 dimensions

(4.23)

The tetrahedron symmetry in turn implies that we can do various projections of
the tetrahedron onto the plane. The resulting various graphs are equal to one
another. For example, we have
Theorem 3. There is a tetrahedron symmetry:

(4.24)

m

m

Hence, by virtue of (4.18),
(4.25)
Proof. We go from the right-hand side of (4.24) to its left-hand side. Using (4.19-20),
we have
P

(4.26)

We remark that the graph in the right-hand side of the above equation
corresponds to a B. Using (4.19-20) again, we achieve

.

(4.27)
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Combining (4.26) and (4.27):
k
. (4.28)

m
Now applying Proposition 1, whenever the quantities in (4.28) are not zero, we
must have
v
ιv
ε™k ejpvεjvεjv = 1 ,
(4.29)

thus we proved (4.24).

Π

5. Constructing Vector Spaces

Various operators acting on the conformal blocks and on the states in the Hubert
space have been constructed when one treats a Chern-Simons theory. These
operators include generators for the quantum group [11], the half Verlinde
operators [13] and the Verlinde operators [2,5]. Usually, it is not so easy to work
everything out directly in these frameworks. One main issue for the reconstruction
problem is to construct vector spaces which are isomorphic to the spaces of
conformal blocks from knowing only duality data. To compare with the ChernSimons theory, we shall also define an inner product for the vector space. As we
shall see, this can be done for a unitary theory. This fact is not surprising since we
know that the rational conformal field theory corresponding to a Chern-Simons
theory is unitary.
One purpose for constructing the vector spaces with inner products is that we
can express other quantities such as the modular transformations S(ή) of one-point
blocks in terms of them. In this way, it is straightforward to show that the
polynomial identities involving S(n) are not independent of the set of equations
given in Sect. 2 [6]. We will provide the proof for S{ή)2 = Θ(ή) in Sect. 6.
After constructing all these vector spaces, we have explicit blocks in building a
rigid quasitensor category, which we denote as the Moore-Seiberg category (see
Appendix B). To recover the quantum group from this category, we have to
construct other vector spaces on which the quantum group acts. Mathematically,
we have to construct a functor from the Moore-Seiberg category to the category of
vector spaces.
We shall assume in this section that our theory is unitary. By the CPT theorem,
the F s must satisfy [17]
Γ,

r Pi
ln\

,

i Ίyδ
δ

hΎ
K

ΓΛ

=

iv

V/ι

v

Hi"
v

vy^

V
;
<2~r

iV

(5.1)

where by F we mean the complex conjugate of F.
Given a triplet (ijk) and any p, if N{k > 0, we construct the vector space W jjίjή of
dimension N{k which consists of states

\a)p =

m n
a

P

(5.2)
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where |m,n,αf> is an arbitrary orthonormal basis, introduced by hands. The
J
number of them is usually larger than N ik. By the inner product among \m, n, o^),
we associate an inner product among |α> p . By (5.1) and the tetrahedron symmetry,
it is easy to see that we have

α

m n
The coefficients in the above formula are complex conjugate of those in (5.2). The
inner product can be easily calculated

αv
k

(5.3)

β
P
(5.4)

β
the equality between the first line and the second line can be proved by lassoing the
graph in the second line by a cycle marked p. We see that all spaces W^{p) are
isomorphic to each other for fixed (ijk). Since there are Njik of α and (|α>p) are
orthogonal, we have proved
Theorem 4. The vector space W^(p) generated by (|α>p) is N{k dimensional
Denote the total number of vectors |m,n,a f > by Njk(p). Since all |α> p are
generated by these vectors, there must be Njik(p) ^ N{k. This is implied by the above
theorem. However we would like to present another proof for this. From (5.2), we
learn
NL(P)= Σ NlpNZN1vm=(Nj*NJf,yp.
(5.5)
where we defined matrix (JV^ = Njk et al. These matrices satisfy the fusion algebra
(5 6)

NiN^ΣNikNi
0

Substitute (5.6) into (5.5), we find

<j,jN*Op = N{k.
Thus, we proved
Proposition 2. Njik(p) :> Njk.
Define matrix Nt(p) by (Ni(p)yk = Njik(p), we shall prove
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Proposition 3. Matrices ΛΓf(p) form the commutative "fusion algebra"
(5.7)
Proof Using the Verlinde formula

we diagonalize ΛΓ^p) simultaneously by S:
SNt(p)S+= di
It is straightforward to prove (5.7) by using these diagonal matrices.

•

Remark. Note that usually
and ^ o l (p)
N{k(p) cannot be fusion rules of a rational conformal field theory. Thus, the vector
space generated by vectors |m, n, αf> has no direct physical meaning. At present, we
do not know what is the use of the seemingly interesting formula (5.7).
The construction for Wjk(p) can be extended to more complicated cases. For
example, the vector space W/li2k(p) consists of states

m

n

(5.8)

a I β
V
Now it is easy to prove that all these vector spaces are isomorphic to the
corresponding spaces of conformal blocks, since we can define the braiding and
fusing naturally. The braiding relation and the fusing relation result from
polynomial equations, for example

m

n
a I β

τp
In

j

k

m
\aβ

(5.9)

n
P

To prove that the above equation is equivalent to the pentagon identity, we need
the tetrahedron symmetry to rearrange the indices.
By the notion of the vector spaces, we can express various graphs in terms of the
fundamental ones. For example, let

(5.10)
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V

V

(5.11)

This can be proved by taking the inner product of the vector in (5.11) with the base
vectors and checking that the norms of the vectors in the two sides of the above
equation are same.
So far we have constructed various vector spaces which are isomorphic to the
corresponding spaces of conformal blocks. But for the latter we cannot define the
inner product. Recall that in the Chern-Simons theory, the Hubert spaces have the
natural inner product, so our vector spaces defined here are the algebraic
reminiscences of the Hubert spaces, if the correspondence between the RCFT and
the Chern-Simons theory exists.
Finally, we discuss the fusing of products of states. Let α e W}m and β e Wjϋ, we
can define the formal decomposition

= Σ
M>

which preserves the inner product. To show this let us recall
1
J

ι

2

(5.13)

>

and a similar formula for the inner product of the states appear in the right-hand
side of (5.12), and

k

(5.14)
In the discussion about the quantum group we shall introduce a "restricted"
tensor product, in this sense \y} together F in (5.12) may be viewed as an
intertwiner. Formally, we can write down

= Σ

(5.15)

where the subscript y for \δ} means that the state <
| 5> is in the y-th copy of W£n. The
1/4
factor (F t F 7 F f c )" takes care of the preservation of the inner product. The
quantities appearing in the right-hand side in front of \δ}y serve as the intertwiner
for certain operators defined in Sect. 8. But remember that (FiFjF^~1/4' plays no
role in the intertwiner, because it is a common factor. We should point out that
inspired by (5.9), which is equivalent to the pentagon identity, one can define some
variations of (5.15) [21]. This could prove helpful in studying the quantum group.
In conclusion, we have constructed various vector spaces in which a vector can
be represented by a graph in which all regions are not marked except for the outer
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one. Inner product of two vectors then is represented by a closed graph, i.e., a graph
without outer legs. We can define fusion maps among tensor products of spaces
Wj{. These maps will be used in discussing the quantum group in Sect. 8.
6. Modular Co variance for Conformal Blocks on the Torus
In this section we shall demonstrate how one can prove the polynomial equations
involving modular transformations S(ή) for one-point blocks on the torus. Moore
and Seiberg proved that if the duality properties for the four-point conformal
blocks on the sphere and the modular covariance for the one-point blocks on the
torus are satisfied by the duality data, the remaining duality properties and the
modular covariance of conformal blocks on a Riemann surface of arbitrary genus
are guaranteed. We already summarized the polynomial equations for the fusing
matrices and the braiding matrices in Sect. 2. These equations are sufficient for
constructing topological invariant graphs, as we showed in Sect. 4. In this section,
we use the definition for S(ή) in Sect. 2 and manipulations on graphs to show that
the equations for S(ή) are not independent [6]. We only demonstrate the proof for
one of them. For the proof of remaining identities, please see [6]. Actually,
Proposition 4 and Theorem 5 were proved by the present author and Yu in [6].
We offer Proposition 5 here in order to show that actually S(ή) together T(ή) form a
projective representation of the modular group of genus one.
For simplicity, we assume that ΛΓ}k^ 1. We write down the definition M2 in
Sect. 2 for S(j) again:

(6.1)
Sitj are entries of the modular transformation for the characters on the torus2,
corresponding to τ-» — 1/τ.
Proposition 4. The above formula has a simple pictorial representation

2

S(n)u=S0,0(Fnγ'

I

. " I )

).

(6.2)

Using the vector spaces constructed in Sect. 5, it is not hard to prove (6.2). In
(6.2) we have used the famous identity [3, 17, 15] Fn = SOfO/SOfn, (5.11) was also
used. Note that (4.14) is a special case of formula (6.2). By (6.2) we are able to prove
that S(n) is a unitary matrix and satisfies the first identity S(ή)2 = Θ(ή) required by
modular covariance. Here we define the matrix Θ(ή) as
ΘinX^εl^e-^C^.

(6.3)

where C is the charge conjugation matrix, C 0 = ^ 0 v.
2
It should be interesting to interpret Eq. (6.1) in terms of the quantum group. We will do so in
[21]
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S(n) together with T(n\ the Dehn twist along the a circle, provides a projective
representation of the modular group. If S(ή) is block diagonal, then each block
corresponds to an irreducible representation. Therefore, if ί and j are in the same
block, we expect that the phase in the front of C must be same, namely, ε";vε°v
= ε
vε
v
I/ λ/ This is guaranteed by the following proposition.
Proposition 5. // there exists a q such that F^l .

φ θ , then ε ^ε^v —

n

..yβ°..y.

Proof. Using statement a) in Proposition 1, we find sjiqεJnj = βιniεjiq, namely βJnj = βini.
Next, since JV"fv and N"JV are not zero, by b) in Proposition 1, we have ε°v = ε^ ε?-v
and ε^ v = ε^ ε^ v. Combining identities we obtained, we prove the proposition.
•
Now if S(n)ιj φ 0, there exists at least one q fulfilling the condition in the above
proposition, so the corresponding signs in the front of C in (6.3) agree.
At last, we come to prove
Theorem 5. S(n) is a unitary matrix and satisfies S(n)2 = Θ(n). This implies that S(n)
commutes with Θ(n).
Proof First we note that the inverse of S(n) is
^

^

+^

^

(6.4)

.

It is easy to prove that S(ή)S~ί(ή)=ί, so that S(n) is actually invertible. To verify
this, one notes that matrices Tq(n) satisfy the fusion algebra

as it can be verified from the pentagon identities [16]. In verifying that S~ 1(n) is the
inverse of S(n), we need also the identity (ST)3 = S2 for the modular transformations (of the characters) on the torus. We shall show later in this section that this
equation holds provided
(6.5)

'T-^oj.

Similar to (6.2), one can prove the following

S- 1 (») ί .., = So.o(f») 1 / 2 ( .

"

A

K3U'

] .

(6-6)

Using the tetrahedron symmetry, we can prove

I,

(6-7)

Subsequently we have Tqf(n)=Tqv(n). Substituting this into S*(n) and noting that
So,qv = So,q w e find St(ή) = S~1(n), namely S(n) is a unitary matrix.
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We are ready to prove S(ή)2 = Θ(n). Consider the graphic representation of
S" ^) in (6.6). Rotating the right cycle labeled by the index f (rotation can be
achieved by simple moves), we find
1

(6.8)

this means S 1{ή) = Θ~ί(n)S(nl and S(ή)2 = Θ(ή). This also implies that S - 1 (n)
= S(n)Θ~1(n), namely S(ή) commutes with Θ(ή). More generally, one can prove
that Tq(n)Θ(n) = Θ(ή)Tqv(n). This is a consequence of the fact that Tq(ή) can be
diagonalized by S(n), as snowed in [6]. •
Other equations can be proved also by manipulating graphs [6]. Besides the
duality property, we need use only (ST)3 = S2 which is ensured by (6.5), as we shall
show shortly. It is a natural conjecture that (6.5) is satisfied by any quantum group.
At last, we would like to point out that by similar graph manipulations one can
prove the Verlinde conjecture, using the definition for S in Ml of Sect. 2 [we need
not assuming (ST)3 = S2 here, unlike in the proof for S(j)2 = ©(/)]. A special case of
the Verlinde conjecture is SS^ = 1, by the property of the fusion rules. We then have
S2 = C. Further, using definition Ml for 5, we find
TST=Σei2π(h«+ho)S0fqNq,
where Nq is the matrix of the fusion rules and ^ = ht — c/24. Now substitute the
Verlinde formula for the fusion rules into the above equation. We deduce
(6.9)

S- * TSTS = dmgie^iSTS-Xj/SoJ,
3

2

we see that provided (6.5) is valid, the above equation implies that (ST) = S . So all
the mess equations concerning modular transformations are eliminated except for
(6.5). This is why we include only (6.5) as item C.3 in our whole system of identities
in Sect. 2.
Finally we make some remarks on Eq. (6.5). If we have a hidden quantum
group structure which organizes all those duality data. Equation (6.5) has a
natural interpretation in terms of the quantum group [10]. Notice that in our
algebraic axiom system (cf. the end of Sect. 2), (6.5) is the only equation containing
the central charge. For a quantum group, the central charge can be defined via an
invariant.
7. A Solution for the Structure Constants
In this section we discuss the solution of the polynomial equations for the structure
constants for a unitary theory. For a physical rational conformal field theory, we
have to combine left and right sectors to obtain physical correlator and field
operators. Before writing down the formula for the physical fields, let us recall
some results obtained before.
Suppose that we already have the largestchiral algebra. Let (ί) be the set of
labels of primary fields in the left sector and (i) the set in the right sector. A result
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obtained by Dijkgraaf and Verlinde and by Moore and Seiberg states that there is
one-one map Π from (ί) to (/). Sometimes we will denote T=Π(ί), such that the
physical Hubert space is
^0^®^
(7.1)
remember that 0 is always mapped into 0. The map Π is an automorphism of the
fusion algebra, namely
(7.2)

Nijk = Nϊjk-

In addition, we have Fi=Fj.
Bearing this result in mind, we can write down the formula for a physical field
/ i \αδ
d . vMr>,z)v;j(\ξr,z),

Σ

Φξr®ύ^)=

(7.3)

where cΓs are called the structure constants, they are not the structure constants in
the BPZ sense [1].
The polynomial equations originate from the requirements that for three-point
correlators and four-point correlators there are no nontrivial monodromies, and
the one-point function on the torus must be modular invariant [17]. Moore and
Seiberg proved that these structure constants are not zero, provided the
corresponding fusion rules are not zero. This is called the naturality theorem [17].
From the three-point correlators, one finds
(α)β|;;(α)e±ι'^^

(7.4)

this means that after the braiding, the correlator remains unchanged. There is
essentially one phase on the left-hand side of the above equation, since from the
two-point correlators we must have
Hereafter we shall use the notation
ε;/α,α) = εj/α)^ (ά)e ± ί π ( ^- h F + ^-^- h ΐ + flT).

(7.6)

Similar to (7.4), we have
/

\αα

/ /

V

\

α δ

7

β7v7α,α) = ^ r . v J .

\rj)

(7.7)

Consider the four-point correlators. The following equality
iϊ

Σ
m,fh

=Σ

\ /

n,n

il

mm

il

,

(7.8)

il

can be understood in two ways. Firstly, by fusing, we obtain the left-hand side from
the right-hand side, secondly, both sides must be equal to each other without doing
fusing. We thus have
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where all labels with bar are the ones under the map except for n. This equation is
equivalent to

where all the labels with bar are the ones under the map 17. We have used the fact
that
Γ

v

as a matrix in indices {(n, α, β), (π, <5, y)} is the inverse of

•G

We can obtain a relation among d's by considering the braiding of the four-point
correlators. This relation is not independent of (7.4), (7.7), and (7.10). So we will
investigate only these equations.
Now consider the one-point functions on the torus. The one-point conformal
block is represented by the graph
i

Let τ be the modular parameter, under the modular transformation τ-> — 1/τ and
logz-»logz/τ, the conformal blocks transformed by a matrix S(j). The entry is
S{j)lβΛa. Combining the left sector with the right sector, the modular in variance of
the one-point functions implies [17,3]

U U α, α

or equivalently
v««

β)

/ i\ββ

\ S(/) v fa=Σ<M J S(/T5'//?.
β \JιJ

(7.12)

Note that (7.10) and (7.12) are invariant under the gauge transformation (3.11),
provided we scale the d's simultaneously. After making some reasonable
assumption, we will get a solution to (7.4), (7.7), and (7.10). In this case, (7.12) are
automatically satisfied. So we doubt if (7.12) are independent of other equations.
Before investigating (7.10), we make the following assumption, which is
motivated by Eq. (7.20) and a reason presented after (7.26).
Assumption. Signs defined in (7.6) are independent of oc and α, if dl

I +0.

Remark. It is conceivable that the coupling α and α is not random. We assume that
we have only two cases. The first case is that even3 (odd) α is always coupled to even
By evenness we mean that ε{m(α) = 1, and it is — 1 if the coupling is odd
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(odd) ά. The second case is that even (odd) α is always coupled to odd (even) a. In
both cases ε}m(α, ά) defined in (7.6) does not depend on α and α. Currently we are not
able to prove this assumption from investigating polynomial equations. It is clear
that this assumption is true in case all Njk^l.
Theorem 6. Under the above assumption and the gauge fixing set in Sect. 3, namely
(3.10) and (3.18), we can use the residue gauge transformations satisfying (3.20) to get
a diagonal solution to (7.10),

"('•'

"'

n

,,

~.

_.,.„.

(7-13)

k J
Moreover, (7.12) is automatically satisfied by (7.13).
Proof We divide our proof into several steps.
Step 1. In (7.10), let fc = fc = 0, we find

R)cr<;)

where since the entry of d ί

1 is unique, we neglected the indices. By the naturality

theorem, d's are not always zero in the above equation, so we have

if there exists a; such that Nβ > 0. This is true. Suppose that there is noj coupled to i
and /, we should have NιNt = 0, where matrix Ni9 for example, is (AP)JJ1 = AΓ^. But let
us consider

this contradicts our assumption. So for any pair ι, /, (7.15) is valid. This means that
dl

I = const. Let us rescale φξ.®^
φξ.®^ such that d(

I =1.

Step 2. In (7.10), let i = T=0, we find

Using (7.4) and (7.7), the above equation reads

this implies again dί.v

G7-

j is a constant. Let us denote it by d.

Step 3. We come to an important case. Let n = n = 0, we have
(7 i 8 )
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In our gauge
Now we have to assume that we are treating a unitary theory. By the CPT
theorem, we must have [17]
d(.l

v

=d . l ) .

(7.19)

Combining this condition and the symmetry (7.7), we can cast (7.18) into a simple
form
(7.20)

In addition to the above equation, we can obtain various similar equations by
considering other simple cases of (7.10). We find they are not independent of the
above equation.
Now we use our crucial assumption. We simply drop indices α and /Tin the sign
ε^v i(α, β). Equation (7.20) reads in the matrix notation

ivy i
where by the superscript f we mean the hermitian and e is the identity matrix. Since

we find εJmvίd>0. Consider the special case that i = 0 and m=jy in (7.21), we have
d2 = d, namely d=ί. Thus
4v t = l .

(7.22)

Substitute these results into (7.21), we find that di

I is a unitary matrix.

Recall that in Sect. 3, the gauge is not completely fixed. To retain the form of
some special F s in (3.10) and (3.18), which are assumed here, we still have
"residual" gauge transformations A)m satisfying
A)m=A^j,

τ

{Aim,) A)m = e.

(7.23)

Now we perform a "residual" gauge transformation only in the left sector. Under
the gauge transformation, the structure constants transform according to
(7 24)

To preserve the CPT condition (7.19), we must have
Substituting the above condition to (7.23), we see that A)m is also a unitary
matrix. If we do not want to mix the various coupling types in the space Vjm, the
matrix A)m must be block diagonal. Notice that d I . ) is also block diagonal, by
\jmj
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our assumption. Since these two matrices are unitary and have the same symmetry
[cf. (7.7), (7.22), and (7.23)], we can use A)m to rescale d I . 1 into a unit matrix. This
unit matrix defines a map Π from Vjm to Vjm. Let us denote α = 77(α). Feeding back
this result to (7.10), we find the condition on the fusing matrices

ίr

By the tetrahedron symmetry, we rewrite the above condition as

FJ\ A =ί.vH, p
U

k

Jaβ

(7-26)

K Jά v ψ '

\J

This means that the composite map Π v is an automorphism of the fusing
matrices. Equation (7.26) is the generalization of the automorphism of the fusing
rules. It also generalizes the results in [5], where by some other argument we find
Π v must be an automorphism among squares of braiding matrices. This
independent result suggests that our assumption made before is reasonable.
Using the formula for S(j), we shall show that Eq. (7.12) is automatically
satisfied. Because of the gauge in variance, this implies that (7.12) is not an
independent equation. Substituting our solution for d's into (7.12), we obtain a
simple equation
S()lβi
(]f*Γβ
(7.27)
We prove the above equation by going from the right-hand side to the left-hand
side. Using the formula for S(/), we proceed

p-F

Γ/ v iv~\"VyV
' 'V|JV ίVJίv/

_
°'q

i,y
2

1

1

= Σe' «» -*'-*'>So>ίF<v/v .( ' r^Sa) "' '"",

(7.28)

in the last line we used the tetrahedron symmetry. From the last line in the above
equation, using again the tetrahedron symmetry, we find
[_l

j
Finally we proved (7.27), hence (7.12).

j

l

T =S(j){β'ix.

(7.29)

•

Note that Θ(j) commutes with S(j\ so

S0yp'taHe0We0V)ip'*

= ebi4^

(7.30)

ια

This together with (7.29) implies that if S(/)^' φ0, then
o

figv4v(α)βI Ivfi/Iv08) = l .

(7.31)
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This is just the statement that an irreducible representation of the modular group
extracted from S(j) is indeed a projective representation, since the phase in the
corresponding block of Θ(j) is a constant. We have proved this fact in
Proposition 5 in case all N{k^l.
For a diagonal theory, namely Π = v, (7.26) hence (7.27) are trivially satisfied.
Then we claim that this theory is local and modular invariant, provided we have
the duality for both sectors.
Equation (7.13) in Theorem 6 implies that there is an automorphism among all
duality data for the left and right sectors. If we believe that duality data determine a
quantum group, this in turn implies that the quantum groups originating from the
two sectors must be the same. If, a priori the chiral algebras are the same, we
automatically have the same quantum groups. Then our results imply that there is
a non-trivial automorphism of the quantum group, if the map Π is non-diagonal.
Examples. We illustrate our results obtained above by several examples. Our first
example is the rational torus model, or rational Gaussian model [22,17]. Consider
a scalar field compactified on a torus with radius R2=p/q, suppose q is an odd
integer. The chiral algebra in this case is enlarged [17,6]. The primary fields
labelled by integers — 2pq ^ r ^ 2pq, we have 4pq primary fields. The central charge
is 1 and the modular transformations for the characters are

VM
T

—λ

J2π(r2/4pq-l/24)

(7.32)

The conjugate of r is — r and the fusion rules are r x 5 = r + s mod4pq. In addition to
the diagonal model, we have a nondiagonal model in which the map Π is given by
2ps + qr^>qr — 2ps. It is easy to check that this map is an automorphism of the
fusion rules.
Next we have to check conditions (7.22) and (7.26). Since in our case fusion
rules are equal to or less than 1, (7.22) can be obtained without the assumption
made about ε. First we note that if s φ r v = — r,s and r couple symmetrically [3]
(the third field is unique). If 5 = r v , we have ε°rv = e~ιπr2. In both cases we have
b

ί2bΠ(l)Π(2)

—

λ

J

so we have to check the formula
expίiπί/i! + h2-h3-hm)-

hΠ{2) + ΛΠ(3))) = 1.

(7.33)

Let the field 1 be labelled by 2ps1 + qr1 and field 2 by 2ps2 + qr2. We find
(fti + λ2 - ft3) - (Λn(i) +hmi) ~ hm3)) = 2{sγr2 + r x s 2 )
which is a even integer, so (7.33) is satisfied. As for condition (7.26), we recall the
result obtained in [3] that in a certain gauge it is possible to have all nonvanishing
F's be equal to 1. This is consistent with our gauge set in Sect. 3. We see that (7.26) is
trivially satisfied.
Our second example is the level k SU(2) WZW model. According to the A.D.E.
classification [25], we have many nondiagonal theories in this case. We consider
D-type models first. The modular transformation matrix for τ-> — 1/τ is

fe + 2
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where ij are half integers or integers, it is not hard to see that we have an
automorphism of the fusion algebra for /c = 4n + 2:
Π(ί) = ί
k
Π(ί)=--i

ieZ,
i
ieZ+-.

( 7 3 4 )

This corresponds to D2«-i c a s e K a l s o corresponds to SO(3) level 4n + 2 WZW
model. With the automorphism (7.34), one constructs a modular invariant of the
partition function on the torus.
We know that the ε's are given by
s\j=(-ί)i+j-1.

(7.35)

Under the map (7.34), we have
l.

(7-36)

Again in this case we must have condition (7.33). But unfortunately (7.33) cannot
be always fulfilled. We conclude that we cannot construct a theory with locality
with D2n-1 model. This is not a surprise, however. Moore and Seiberg in [23]
showed that for SO(3) WZW model, one has only level An. This is confirmed in [24]
by investigating the Chern-Simons theory. If one introduces the spin structure on
the manifold, one can have level An + 2. To construct a local theory with D2n -19 one
must allow some twisted fields to be anti-selfconjugate rather than selfconjugate,
then one has to modify (7.35). As for D2n model, the chiral algebra is again
extended, this corresponds to <SO(3) level An WZW model. Since for this enlarged
chiral algebra, the theory is diagonal, we need not to check all those conditions.
Next we consider EΊ model when k = 16. We have a nondiagonal modular
invariant
Z = | χ 0 + Z8l2 + IX2 + Z6l2 + IZ3 + Z5l2-»-|Z4l2 + [(%i+X7)Z4 + c.c.],

(7.37)

where we use χt to denote the character of representation jf4 of the Kac-Moody
algebra. Obviously here the chiral algebra is enlarged, we have two representations
with the same character χ4. Denote these primary fields by φ4+ and φ4-. Denote
fields corresponding to χo + Xs, XI+XΊ, Xi + Xβ> and χ3 + χ5 by 1, φl9 φ2, and φ3
respectively. The corresponding conformal weights are 0, ^, ^, f. The conformal
weights of 04 ± are ^ . From (7.37), we see that there is a nontrivial map </>i<-></>4+.
Dijkgraaf and Verlinde found the fusion rules [2]. Fusion rules which are of
interest to us are those involving φί and φ4± and the ones larger than 1. For the
latter, we have ^33 = ^33 = 2. For the former, we have
N i i i = N i i 2 = N 1 2 2 = N 1 2 3 = N 1 33 = N 1 3 4 + = N 1 3 4 - = N 1 4 - 4 + = l , (7.38)

and those under the map 77. Note that all fields are selfconjugate. We first examine
3
2
3
the spaces F3 3 and F3 3. It is not hard to see that two couplings in F3 3 originate from
coupling Jf3 <g> ^f3 -• jff3 φ jf5 and Jf3 <g> Jf5 -* Jf3 φ Jff5. The argument for this is the
following. Now the chiral algebra is enlarged with the additional current φB(z)
corresponding to χ8. Under the action this new current the original spaces J^3 and
34?5 are exchanged, due to the old fusion rules. Under the original chiral algebra we
have
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namely we have four intertwiners. Since under φs(z) 34?3 and Jti?5 are exchanged,
only two of the 4 intertwiners survive which are invariant under this new current.
These two couplings are antisymmetric. Similar argument applies to F323, in which
all couplings are symmetric. We have no additional condition derived in these
cases, because the map Π is identical here. To check condition (7.22) for
nonvanishing fusion rules in (7.38), note that hx—h4+ = —ί and ( — 1 ) 1 - 4 = — 1
when we use Eq. (7.35). The condition can be easily checked to be fulfilled.
8. Some Remarks on Quantum Groups in RCFT

It is by now widely believed that the duality properties of a rational conformal field
theory are encoded neatly in the representation theory of a quantum group [8].
There have been many discussions on the hidden quantum group in a rational
conformal field theory [10,13,11,15,19]. Fora WZW model, say, of group SU(Nl
the quantum group is Uq(SU(N)), where q is a root of unity exp ί -—— J. Despite
these discussions, a full proof of the existence of a hidden quantum group for a
RCFT is still lacking. The work of Alvarez-Gaume et al. [10] only provides
evidence for the WZW model, while the discussion of Moore and Reshetikhin [11]
is purely phenomenological. One can also reveal the structure of the quantum
group by studying the Knizhnik-Zamolodchikov equations. But in general, we
have no corresponding set of differential equations for an arbitrary RCFT. Most
recently, Majid [19] gave a formal construction of the quantum group, starting
from a rigid quasitensor category (see Appendix B). Still this is not a complete
proof, since one must assume existence of a functor from this category to the
category of vector spaces which provide the representations of the quantum
group. It seems plausible that the final and perhaps most important step is to
construct such a functor, which includes the knowledge of the representation
spaces and Clebsch-Gordon coefficients. This section is devoted to such a goal.
The goal is partly achieved here, in the sense that for those models for which one
can perform Witten's lassoing we can obtain the needed CG coefficients. Indeed
we also construct the generators for the vertex quantum explicitly. Although we
cannot prove that certain limits do exist, we give some evidence for them to exist.
Moreover, if such a lassoing prescription indeed works, we show in Appendix B
that it actually gives rise to a quantum group.
As the first step, we discuss some aspects of work in [13] in the sense of the
quasitriangular Hopf algebra. A few points are clarified. Note that the quasitriangular Hopf algebra discussed in the next subsection is not the one we hope to find.
8.1. The IRF Quasitriangular Hopf Algebra
The exact definition of a quasitriangular Hopf algebra (quantum group) is given in
Appendix A. In this subsection we shall construct an IRF quantum group for a
rational conformal field theory. This quantum group was first introduced in [13].
The term IRF means that the representation matrix of an element has indices off
and so on, which are just used to label the representations of the underlying
quantum group which corresponds to the vertex model [8, 12, 18] 4 . Here we
4

We name it the vertex quantum group. For the WZW model of group SU(N)9 it is Uq(SU(N))
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introduce various vector spaces Wt on which the IRF quantum group acts. These
are the prototypes of V{ on which the vertex quantum group acts. We also define
the antipode and counit and all properties of a quantum group follow. Thus we
complete the study in [13].
Alvarez-Gaume et al. [13] defined a set of operators acting on the following
vector space:

W=Φu,kWi>

(8-1)

where W& is the vector space constructed in Sect. 5. We have already seen that this
space is isomorphic to the space of chiral vertices; in addition we can define an
inner product in this case (Sect. 4). Actually, the following vector spaces are
invariant under the action of the operators we will define later
(8.2,

w=®iwi.

As we shall see later, by the Brauer's theorem, the representation space Vt of the
vertex quantum group is a subspace of Wb when we consider the WZW model.
Let Φu denote a state in W, we write u= ( / " ) when φueW^. The braiding
matrices can be written in terms of indices u, v et al.

(8.3)

Explicitly, we have

We define two matrices B(±) acting on the tensor space W® W by

B(±)(φs®φt)=Σ B(±lt,uvΦu®Φv

(8.5)

As maps B( ±) have no inverse, because many vectors in W® W are sending to zero.
Only when they are defined on the "restricted" tensor product space which we will
define shortly, they have inverse. For our present purpose, we will not define the
restricted tensor product for W.
The two Yang-Baxter equations can be easily written in terms of B(±).
Consider the tensor product space W® W® W, let B12( ±) be the corresponding B's
acting on the first two W% and so on. We have the Yang-Baxter equations
B12(±)B23{±)B12(±)

=

B23(±)B12(±)B23(±).

(8.6)

Let τ be the twist map: W® W-+ W® W, defined by exchange of the order of the
tensor product. Define R(±) = τB(±), the above Yang-Baxter equations can be
written as
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Observing these equations, we soon find that if we view Rλ 3 ( ±) as operator valued
matrices with the operator acting on the third W and do so for R23(±), we can
rewrite the Yang-Baxter equations as operator equations
(8.8)
where entries of matrices T(±) are Tst(±) which are operators acting on W:
(8.9)
In this way we recover the operators defined in [13] 5 . Before proceeding to check
all the properties of a quasitriangular algebra defined by Tst( ±), we first consider
the vector spaces on which these operators act.
The key point we find is new is that W is not the irreducible representation
space of the operators T, rather, the subspaces Wt themselves form possibly
irreducible representation spaces of these operators. This is easily seen by the
definition (8.9) and the formula (8.4). Namely, under 7^( + ) a state φu in Wt is
mapped into Wt. To define the coproduct, we first define the "restricted" tensor
product of Wι and Wy Let φueWi and φveWj. We define φu®'φv = φu®φv
whenever ku=jv (see the graph on the right-hand side of (8.3)), otherwise it is zero.
By fusing, we have

^

= ®kWtjW^

j

(8.10)

In the second line we used the map F defined in Sect. 5. Thus we see that the
restricted tensor product of two vector spaces Wt and W>} decomposes into a direct
sum of Ws, which is the desired result for the representation theory of a Hopf
algebra. To clarify this point, we shall define the coproduct of the algebra A
generated by 7^( + ). The coproduct A is a map from A to A® A. We define

A(Tst(±)) = ΣU±)®Tut(±).

(8.11)

u

To show that this definition of the coproduct is consistent with decomposition of
(8.10), namely the elements in Wβ are intertwiners of the representations of the
algebra, we have to show that the following diagram is commutative
iF

iF
Tst{±)

(8.12)

>®

This is guaranteed by the pentagon identity. The above diagram is the refined
version of condition (2.19c) in [13] for defining properties of operators T's. By
definition, it is straightforward to check the coassociativity {Δ®Ίά)Λ =(ιά®Δ)Λ,
where id is the identity map from A to A.
The relations (8.8) among T's are equivalent to the following relations:

Note that in [13] only one set of Tst is introduced
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where we use Tγ{T2) to denote Γ(x)l(l(x) T). Note that the first relation is the old
one. To prove the second one, we start from the Yang-Baxter equation
this is just (8.7) with re-enumerated indices. As we mentioned before, R( —) is not
invertible. But effectively if we view it acting on the restricted tensor product, it is
invertible and we find
where we have used R(+) = τR~ί(—)τ. The above equation is equivalent to the
second identity in (8.13). So the two identities in (8.13) are equivalent to the two
Yang-Baxter equations. We can derive some other formulas for the T's, but they
are not independent. For example
)=T2(-)Ti( + )R( + ) .

(8.15)

We stress that although the above identity is not independent of (8.13) when we
know the definition (8.9) of the representations Wh it should be an independent
defining relation when we treat the algebra A abstractly. Associated with a matrix
jR( +) and generators T( ±), we have a Hopf algebra with relations (8.13) and (8.15),
provided we define the proper coproduct, the antipode and the counit [18].
To cast the algebra A into a Hopf algebra, we still have to define the antipode S
and the counit ε. These are defined by
S(Γ s ί (±)) = Γ f s ( ί ) ,

β(T s f (±)) = <5sf.

(8.16)

The above formulas can be deduced from the consistency conditions (presented in
Appendix A) for a Hopf algebra.
We claim that the Hopf algebra A we have defined is a quasitriangular Hopf
algebra. First of all, all conditions on the coproduct, the antipode and the counit
are satisfied. The universal ^-matrix can be found in a sophisticated way.
Remember that, although superficially what relations6 we have checked are the
same for the definition of algebra U(R(-\-)) defined in, say [18], this algebra is
essentially not U(R( +)). The reason is that Tst( ±) are not always nonzero for any
pair s, t. They are not zero only when is = it, as can be seen from (8.4). The
decomposition property (8.10) strongly suggests that besides Wb we have no more
essentially new representations, since usually all other representations can be
generated by taking the tensor products of some "fundamental" representations,
as in the representation theory of a group.
8.2. The Vertex Quantum Group - Witterΐs Lassoing
As we mentioned previously, the missing key point in the work of Majid on the
reconstruction of the vertex quantum group is the reconstruction of the
representation spaces. If, however, we have a family of solutions to the polynomial
equations which are parametrized by some discrete parameters, as for the WZW
models, we can analytically extend the parameters to the complex domain. In this
case, we take infinite limit of some indices in certain quantities and construct the
missing ones in the reconstruction of the quantum group. This was first pointed
(8.13) and (8.15) together with the definitions of the coproduct, the antipode and counit
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out by Witten for the SU(2) WZW model [12]. We call this procedure the lassoing
procedure, since this is based on the observation that the value of a closed graph
does not depend on the mark of the outer region so that we can take the infinite
limit of this mark.
Now suppose we are dealing with a WZW model. Each representation label ί is
the highest weight of this representation of the corresponding Lie algebra. Let us
consider the triplet (ijk) when N{k > 0. By the Brauer theorem, y — k is a weight in the
representation i. And in fact; — k together with α corresponds to a vector in this
representation, mark this vector by a. For simplicity we assume here Njk = 1, so we
will neglect the index α. Note that by the "phenomenological" observation for
WZW models, we find the space Wt is larger than the representation space Vt of the
vertex quantum group 7 . The restricted tensor product among the Wfs defined in
(8.10) is the analogy of the restricted tensor product among the V?s defined in [10].
We believe that the IRF quantum group and its representations encode all
information for constructing the vertex quantum group. However, at present we
have to use the lassoing procedure introduced by Witten in [12]. This method has
some drawbacks. First of all, we can provide only some evidence that certain limits
exist, we cannot prove that they exist. However at the end of this subsection we
demonstrate some examples in which our lassoing procedure works. Second, we
do not know whether or not any given RCFT is one in a series of RCFT's.
Our first observation is that we can recover the Clebsch-Gordon coefficients
from the F's lassoing. Suppose Vt and Vj are the irreducible representation spaces of
the quantum group. Let \i,a} be a state in V{ and [/,&> a state in Vj. By the C-G
coefficients we can decompose the tensor product of these states into the states in
the irreducible representations
*l*>c>,

Σ

(8.17)

kc

The weight is conserved, namely we have c = a + b. Now the fusing matrix is the
map from ^®(FJ (g)Ffc)-»(^(χ)I^)®Ffc, we must have
V KJ^ria,mdjy'jb,kc
K

Σ le
d

md

V Ϊ7

I

•'I
Ίfia, jb
jfnd,kc
K
K

n,d

\_ί

b

-Σ*mn \j

\ nd

ie

Kj

If we denote K by the following diagram

Ktjb=

X

(8.19)

if

then (8.18) can be written in terms of diagrams

Λ

A

K

\

h
(8.20)

7
The representation Vt is the deformation of the corresponding representation of the ordinary
group
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We find that this equality is similar to (5.9). In fact let us define
k

i

j
(8.21)

where a = s — t,b = t—p, and c = s—p. We will argue later that the limit exists. Note
that for the fixed triplet (ijk\ since c = a + b, we have only two independent
parameters in the C-G coefficient. However in the right-hand side of the above
equation, since we have taken limit p-+oo, we also have two independent
parameters. Multiplying an appropriate factor on both sides of (5.9), summing
over s and taking the limit /?-> oo, it is not hard to see that (8.18) is a consequence of
(5.9). We find that the functor property of F: ^®(tyg> **)->(*j® F))® Vk follows
from the pentagon identity, since (5.9) is equivalent to the pentagon identity.
Now we argue that the limit defined in (8.21) seems to exist. First we consider
the following limit

lim

(8.22)

These quantities are components of a vector in the space WJk(p) defined in the
Sect. 5, so we have

square of the absolute value of ί^

Γ

\-i

The above equation implies that the quantities in both sides are positive. After
analytically extending the parameter, these quantities become complex. When p is
sufficiently large, the numbers of 5 and of t depend only on (ijk), as one can see from
the fusion rules. So the sum contains finitely many terms. The quantity in the righthand side of the above equation is finite, so each term in the sum is bounded. This
suggests that the limit exists except for the ambiguity in the phase. Next we check
lim Fl

(8.24)

Since
(8.25)
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again the finite sum has a finite value even when s is large; this suggests the limit
lim FJFt exists, so does lim F\s. Combining our results, we have argued that the
s-> oo

s-+oo

limit in (8.21) exists.
Thus, by the lassoing procedure, we have defined the maps
j

and the maps
F:Vi®(Vj®Vk}^(Vi®Vj)®Vk
which are consistent with K. These enable us to define the forgetful functor from
the Moore-Seiberg category to the category of the vector spaces (see Appendix B).
By the formal approach in [19], we can recover the quantum group.
However, without invoking the formal approach in [19], we can define the
generators of the quantum group intuitively. As we have pointed out in the end of
the last subsection, is = it for the operators Tst(±) defined previously. So let us
consider here only those 7^f( ±) with is = it = i, here i isfixed.Thus 5 and t take values
in the vector space Wt. Next we consider the operators B(±) acting on Wt® Wt. By
the definition, B(±) map Wt® W{ into itself, so do R(±). Now (8.8) is valid when
restricted to act on W^W^ We also see that the coproduct, antipode and the
counit are well-defined when we consider only the operators mentioned above. So
we obtain a Hopf algebra generated by these operators.
Let φu be an element in Wj. Consider Tst(±) acting on φu. We rewrite (8.9) here
«Φv.

(8.26)

V

We take an infinite limit for ks again. All of the following become the infinite
h=iu j,=jv,
Jt

kv

( 8 2 7 )

Kt — Ku .

We define
js-ks = as, jt-kt = at,
. , _
. , _
(8 2 8 )
Ju κu — au, j υ κv — av.
These values are finite. Similarly, we can argue that the following limit exists (see
also [12])
lim Bsu_vt.
(8.29)
fcs-»oo

We denote this quantity by BasautOvat9 this also means that the above quantity
depends only on these indices. Now we define the operators 7^sαt( +) by using these
R's. Since now the entries of these new operators depend only on indices α's, we
shall reduce Wt to Vt and the representation space Wj to Vy The action of Tasat{ ±) is
defined as

and the coproduct

( 83 1 )
Again we have equations similar to (8.8) with β-matrix defined by
Rasat,auav

= ^asat,avau

>

(8.32)
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here all indices a are in Vt. In this way, we found a set of Hopf algebras (when i
varies) with the same representation spaces.
It is not hard to show that the generators of the vertex quantum group
commute with the intertwiners X's defined before. This is a consequence of the
pentagon identity after taking the limit. We present the details in Appendix B.
Note that the ICs define the functor from the Moore-Seiberg category to the
category of vector spaces (see Appendix B). In the spirit of [19] one actually
reconstructs the vertex quantum group.
For example, let us consider the WZW model with group SU(N). Let i be the
fundamental representation. Now the Hopf algebra defined before is just
Uq(SU(N)). We thus extend the consideration for 51/(2) WZW model in [12] to
more general cases. An example for SU(2) WZW model is given below, where we
find that the vertex quantum group is actually Uq(SU(2)). Finally, note that our
presentation is different from the one in [12], where the generators Tμ, the
deformations of the generators of Lie algebra are defined. These operators
generate the algebra, loosely speaking, dual to Uq(SU(2)).
Our discussion also reveals the relationship between the quantum group
considered here and the IRF quantum group introduced in the last subsection.
Obviously, further study is needed in order to understand the relation among
various quantum groups better. And one also hopes to avoid using the lassoing
procedure, since we cannot presumably assume that there is a set of solutions
parametrized by some discrete parameters to the polynomial equations.
Examples. We shall show that the lassoing procedure actually works in several
cases. First let us consider SU(2) WZW model. The main thing we want to
calculate is lim Bsu vt, which is called Rasau,atav> a n d plays the key role in the
fcs-*oo

defining relation (8.8) of the quantum group. Let all α's be in the fundamental
representation, there are just two possible values, 1/2 and —1/2. The limit of Bsu vt
in this case can be represented by the graph

All braiding matrices are known in this case. What we need can be found, for
example, in Witten [7]

(8.33)

Using this formula and substituting
SOi
. 2i + l
π
7
—
^ - = s i n -fc
——
π/sm3
+2
fe + 2 '
o,o
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we find
R

asau,atav

= ^ m Bsu,vt
ks-+ao

where we have used \q\<ί9 analytically extended from g = exp( - — - j . The last
delta-function in the above formula takes care of the conservation of weights. The
R matrix is a 4 x 4 matrix. It is illustrative to write it in the matrix form:
1/2

0
0
0

0
-1

qll2-q-112
0

0
0
-1
0

0
0

(8.35)

qll2l

This matrix serves for the definition of Uq(SU(2)) as is well known. Some signs
differ from the ones in the standard definition. These can be absorbed into a
redefinition of the generators.
Next consider the rational torus. The index i of the "integrable" representations of the current algebra runs in the set Z 2 k . The fusion rule is simply / +j
= /mod2/c. By our lassoing prescription, there is only one independent vector in
each space Vt. The weight is also denoted by I Rasau,ataίcan be non-vanishing only
when as = at = ί and au = av =j. The relevant quantities in our calculation are
ί
e

«<**+'+**.->-**-'-'-**>.

(8.36)

Note that we have taken all non-vanishing elements of fusing matrices to be one.
Using formula ht = ί2/(2k\ we find
% u = 9y>

(8.37)

where g = e x p l - ^ l . The relevant quantity in defining the quantum group is
\\2k ))
#i l, 11 = <7 B u t n o t e that this matrix is just a number so the defining relation (8.8)
for the generator does not give rise to any constraint. Therefore we learned that the
quantum group is just the algebra generated by a single free generator T together
with its inverse. So any irreducible representation space is one dimensional. The
deformation parameter q plays no role in the structure of the quantum group.
However, we suppose that for the fundamental representation T|l> = g|l>. Now
representation |/> is constructed by taking the/ h tensor product of |1>. Since the
co-product is given by A{T)=T®T, the action of T on \j} is just T\j} = qj\j},
compatible with (8.30) and formula (8.37) when we take ί = ί. Here we encounter
a special case that the deformation parameter q enters only in representations,
each set of representations is characterized by a complex number q. Different sets
are disconnected in the sense that any representation in one set does not appear
in the tensor products of representations of another set. Our quantum group
presented here is different from the one in [10].
Our calculation for SU(2) WZW model can be easily extended to the general
case oϊSU(N), where relevant B's have been calculated, see for example Witten [7].

Duality and Modular In variance in RCFT

513

A. Quasitriangular Hopf Algebras

In this appendix we describe the exact definition of a quasitriangular Hopf algebra
[8,18] and work out the universal ^-matrix for the IRF quantum group. Similar
consideration applies to the vertex quantum group.
A Hopf algebra A is an associative algebra with a unit η and the product ,
together with the coproduct A, the antipode S and the counit ε. The product is an
algebra map from A® A to A and the unit may be viewed as a map η from the
complex numbers C to A. Conversely, the coproduct is an algebra map from A to
A® A and the counit is a map from A to C. The antipode, as the reminiscence of the
inverse in group theory, is a map from A to itself. Now we require that the
coproduct is associative, namely we must have (id® A)® A = (A®id)® A, where id
is the identity map from A to itself. For the counit, we have e(l) = 1. The antipode is
an anti-algebra map, namely we have S(ab) = S(b)S(a). Besides, we have the
consistency condition
- (S®id)A = -(id® S)A=ηε.
This completes our definition for a Hopf algebra [8]. In Subsect. 8.1 we have
defined the coproduct and the counit for the generators of the IRF quantum group,
the definitions are extended to the whole algebra by the morphism property of
these maps. It is easy to see that the definitions for the antipode and the counit
in (8.16) follow directly from the above consistency condition.
We define the quasitriangular Hopf algebra. Consider the Hopf algebra A. Let
0ί be an element in A® A, having an inverse, and let τ be the twist map from A® A
to itself. If the following identities
(id®A)<% = @13@ί2,

239

(

)

m

~

\

VaeA,

are satisfied, then A is a quasitriangular Hopf algebra. Above we use the notation
01ij to denote the corresponding 3% taking values in the ith copy tensoring/h copy of
A.
To find the universal ^-matrix for the Hopf algebra A defined in Subsect. 8.1,
we follow the method in [18]. Associated to A, we can define the dual Hopf algebra
A* generated by generators Ust. We define the following pairing:
t t

<Ust,Tsr(-)>

= R(-)SS',tt' =

,

B(-)ss,χt.

Again these generators are subject to the identity
R( + )(U®1)(1®U) = (1®U)(U®1)R( + ) ,

(A.3)

where we used the same notation in (8.8).
The algebra generated by Ust is also a Hopf algebra. To see this, let us define the
product, coproduct, counit, and antipode by the following requirements:
(uv, a) = (u®v, A(a)),
(A(u\ a®b} = <w, ab},
ε(u) = <iι, 1 >,

where u,veA* and a, be A.

<S(iι), α> = <W, S(a)},
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If there exists a universal ^-matrix for A, it can be viewed as a map from A* to
A by the pairing. By the general construction [18], we can prove that the universal
^-matrix is given by the map 0t\ Ust->Tst(+), or
uv

(A.5)

m= Σ Rf τst(+)®τuv(-),
st,uv

where Rt satisfies
^δsuδtv.

(A.6)

It is not hard to see that Rt exists and is uniquely determined by the above
equation, when we use the tetrahedron symmetry to write B( + )ux yv in terms of
B{+)Xy,uv The explicit solution can be written in terms of B but we will not write it
down here.
As for the universal ^-matrix for the vertex quantum group, we can either find
it by applying a method similar to the one used here for the algebra generated by
Tab9 or by applying the lassoing method to the universal ^-matrix obtained above.

B. Moore-Seiberg Category
We briefly review the definition of the Moore-Seiberg category for a rational
conformal field theory in this appendix. Indeed mathematicians have studied the
similar category for some time [20], they call this kind of category the rigid abelian
quasitensor category. However, we prefer to call the category associated with a
RCFT the Moore-Seiberg category for the following reason: usually the rigid
abelian quasitensor category defined by mathematicians has infinitely many
building blocks. Namely the number of elementary objects is infinite. This is
because there is a functor from this category to the category of vector spaces. For a
RCFT, we have finitely many elementary objects and we need modify the notation
of the category of vector spaces, since usually the notion of the restricted tensor
product is needed.
For the definition of the category and abelian quasitensor category, see [3,18].
The Moore-Seiberg category is built from the elementary objects S£. Here to each
highest weight i of the chiral algebra, we associated an object Cv We need not
assume there is a chiral algebra here, we just suppose that we have a set (/).
Abstractly, we define the morphism set Mor(5 ί5 S3) contains only one morphism
Oβ, and the abelian group is defined by 0^ + 0^ = 0^. Define various tensor
products of the basic objects, and the morphisms are given by tensoring O's. One
also defines the tensor product of the objects with vector spaces. This enlarges the
set of objects. Now we impose a condition on the tensor product by
Si®Sj=®knfJ®Sk.

(B.I)

Here the vector space is the one defined in Sect. 5. As a quasitensor category, we
shall define the map F
Si®(Sj®Sk)ί(Si®Sj)<g)Sk,

(B.2)

this is provided by the map
Θ m W}m® W$ i ΘM W&® Wj

(B.3)
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In addition these F's must satisfy the pentagon identity. We should have another
map Ω:Si®Sj^>Sj(S)Si, and this is provided by Ω: W^Wβ. Ω must satisfy two
hexagon identities. Our category is quasitensor because usually we have not
Ω2 = l, instead this is a pure phase. To cast the category into a rigid one, we must
have an object Hom(X, Y) for a pair objects (X, Y). This is achieved by letting
S? = Hom(Si5l) and Hom(Si,Si) = S J ®S i v . Now we have the Moore-Seiberg
category. So far it is an abstract notion, although in defining it we need some
practical objects such as the maps F, Ω. These maps contain the whole knowledge
of the duality data. Moore and Seiberg have been able to define the rank of Sf
abstractly; the striking point is that this rank is given by 1/Fj . It should be
interesting to explain the formula M2 for S(J) in this way.
Now if we have a vector space Vt to each Su and for these spaces we can define
the restricted tensor product
Vi®fVj*®kWfi®Vk9

(B.4)

then the map ω: S^ Vx constitutes a functor from the Moore-Seiberg category to
the category of vector space equipped with the restricted product. Since for these
vector spaces we also have maps F, Ω which are well-defined in terms of the
restricted tensor product, ω is called as the forgetful functor.
Majid in a recent paper [19] showed that one can reconstruct the quantum
group by the forgetful functor ω. However the tensor product of the vector spaces
are not the restricted one, namely the dimensions of the vector spaces must be
conserved. It is not hard to generalize Majid's result to the restricted case. The
main point in the reconstruction is that a generator T of the quantum group is
defined by a set of linear maps 7]: yj-> Vi9 which are covariant in the sense of [19],
with an appropriate notion of coproduct Δ such that the following diagram is
commutative:

vi®vj
[K

- ί ^ U vi®vj
(B.5)

.

[K

Thus, the key point is that we must have a set of K's, namely the Clebsch-Gordan
coefficients. This can be easily extended to the restricted case.
We found that actually we still do not have the reconstruction theorem for the
quantum group, since usually we do not know how to extract CG coefficients from
the duality data. However, in Sect. 8, we show that for the WZW models, or more
generally for those models for which one can perform Witten's lassoing, one can
construct these desired CG coefficients. Also we constructed the generators
explicitly. We show here that these generators and CG coefficient satisfy the above
commutative diagram. For simplicity, let us assume that ΛΓ ^ l . Consider
Δ(Tas>at{±))

acting on φau®φav,

Σ
aS',au>,aV'

where φaus Vt and φaveVs. (B.5) implies

\ f l M ) v « ^ M , , f l υ A i f l υ ' = Σ Ba^C2aAaauJav^

(B 6)

α>v'

where aw and a^ are indices in Vk.
To prove (B.6), note that the commutative diagram for the IRF quantum group
in 8.12 implies
/L
s>,u',v'

"su,u's'*'s'v,v't^ u'v'==ίjt'sw',wt*i
w'

uv >

l " ')
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where
™v = Fjvk\

,

UFiFjFf,)

1/4

.

(B.8)

It is not hard to see that (B.7) is equivalent to the pentagon identity. Now after
taking the infinite limit in (B.7), all the F s go to 5's in (B.6). By the tetrahedron
symmetry and the definition for the CG coefficients, we find that
lim Fζ,v,HFky'i2KZ^'.

(B.9)

So multiplying a factor (Ffc)1/2 to both sides of (B.7) and taking the infinite limit, we
reach (B.6).
In Sect. 8, we mentioned that the CG coefficients and the F-matrix satisfy the
desired equations. Thus, by construction, we have a functor ω from the MooreSeiberg category to the category of vector spaces. Here we showed that the
generators defined in Sect. 8 commute with the intertwiners K, by the reconstruction theorem in [19]. These generators are the ones for the quantum group. To
summarize, we give the following theorem.
Theorem. // all those limits defined in Sect. 8 exist, then actually we have
reconstructed generators of the quantum group by (8.30) and CG coefficients in the
representation theory of the quantum group by (8.21).
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