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Abstract. We consider a classical Coulomb gas with a short distance cutoff in two
dimensions; equivalently a Sine-Gordon field theory. For low temperature f~! and
low activity z the gas is in a multipole phase, the Kosterlitz—Thouless phase. For
B > 8n and z sufficiently small we give a complete renormalization group analysis
for this phase and show that the flow of the effective measures is toward a free
field (infrared asymptotic freedom). This should lead to control over the long
distance behavior of the theory.

1. Introduction

A classical Coulomb gas in two dimensions with inverse temperature f§ and activity
z is defined by the grand canonical partition function

Zoz"/n![ Y fdxl-ndx,,exp(—/3/2Zqiqjv(xi—xj)>:|, (1.1)
n= g1yeens qn i,j

where the sum is over charges g;= + 1. The potential v(x — y) is the inverse
Laplacian (A~ !)(x,y) with a short distance cutoff (essential for B large). An
equivalent expression is as a Sine—Gordon field theory, namely

fexp(— 2z [cos ¢ (x)dx)dys, (@), (12)

where p;, is a massless Gaussian measure with covariance fv.

For a dilute gas (z small) there is a phase transition as the temperature is
lowered. At high temperatures (f small) there is a plasma phase with Debye
screening and exponential decay of correlations. This was rigorously established
by Brydges and Federbush [BF] and Yang [Y]. At low temperatures (8 large)
there is a multipole phase characterized by a power law decay of correlations. This
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phase was predicted by Kosterlitz and Thouless [KT], and its existence was
subsequently rigorously established by Frohlich and Spencer [FS] (see also
[MKP]). Heuristic arguments suggest that the transition point is at = 8x.

Our interest is in giving a complete renormalization group analysis of the
Kosterlitz—Thouless phase. This involves successively integrating out short distance
modes to leave effective measures for the long distance modes. One expects that
the measures become increasingly Gaussian (i.e. like p,) as the iteration proceeds.
One says that the theory is asymptotically free in the infrared.

Our main result is that for all §> 8z and for z sufficiently small (depending
on ff) we have infrared asymptotic freedom in the above sense. The region of
validity is sketched in Fig. 1. We also sketch the flow of the renormalization group
transformations as tracked by certain effective parameters f,z. It should follow
from our results that the pressure exists in infinite volume and is analytic in z
near 0. It should also follow that the infinite volume correlation functions exist
and decay like those of the fixed point (i.e. as a power law).

An idealization of the Coulomb gas is the pure dipole gas. The Sine—Gordon
transformation applied to this model leads to a field theory in which the interaction
only depends on the derivatives d¢ of the field. This model has been previously
analyzed by Gawedzki and Kupiainen [GK] using their powerful renormalization
group techniques. They also treat the infinite volume pressure and correlation
functions for the model.

Recently Brydges and Yau [BY] have provided an elegant and detailed
framework for the dipole gas and related models which in several ways clarifies
the earlier work of other authors. Among the improvements introduced in this
paper are: (i) an identification of appropriate Banach spaces of effective interactions;
(i) no need to split into large and small field regions; (iii) a clear formulation of
the polymer activity expansions scale by scale; (iv) a simplified treatment of the
fluctuation integral at each scale.

In the present paper, we show that the methods of [BY] are also extremely
useful for a field theory which depends on the scalar field ¢. In two dimensions
all local functions of the field ¢ are superficially relevant variables, and this seems
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to work against asymptotic freedom. However, the Sine—~Gordon theory has the
extra feature that the effective interaction at each stage is a periodic function of
¢ with period 27 and can be analyzed by Fourier series. We carry this out by first
reducing the ¢ dependence to a dependence on {¢(x)} for a finite number of points
x by a judicious use of the identity

)
()= o(x)+ | 0, dx*.

Then we Fourier analyze in the variables {¢(x)}. The zero modes are then functions
only of d¢p and local functions of d¢p are marginal or irrelevant and so can be
treated as for the dipole gas. The non-zero modes are irrelevant because of a
mechanism which corresponds physically to the suppression of charged particle
distributions.

To illustrate this new mechanism, suppose there is only one degree of freedom.
Then the Fourier modes are the functions exp (ipq), the fluctuation integral is
effected by convolution with a Gaussian measure dy; of covariance f8, and we have

Jexp(ig(e + 0)duy(0) = exp (—1/2 Blq|*) exp (ige),

which shows the contraction for g #0. The above is exactly the situation for a
hierarchical version of the Coulomb gas. (The hierarchical model was recently
treated in this fashion by Dimock [D]. However this paper turns out to substantially
duplicate earlier work of Marchetti and Perez [MP]. For other treatments of the
hierarchical model see [BGN], [KPW].)

For the full model our task is to develop a systematic framework for treating
the {¢(x)} dependence and the d¢ dependence at the same time. Given this, we
then want to show that it is exactly for § > 8z that the contractive factors dominate
other growth factors in the problem.

The methods of this paper are also useful for studying the infrared properties
of QED in dimensions d = 2, a problem we take up elsewhere [DH].

2. Renormalization Group Transformations

2.1. We define the initial measure in detail. The base space is taken to be the
2-torus with sides of length LY for integral L, N,

A=A(N)=R?/["Z2 2.1)

Define v° =(—A4)~! on (const.)* and v° =0 on constants (the value of v° on
constants should not matter in the infinite volume limit). Then v° has the kernel:

x—y)=[A]"" Y ePETI(pZe P! 22)
peA*\{0}

for t =0, where A* =2nL""VZ2. For t > 0 there is an ultraviolet cutoff: we take
t = 1 for simplicity, but our results hold for any ¢t > 0. Note that the kernel is C*®.
Let pz,0 be the Gaussian measure with covariance fv° on the restricted Sobolev
space {peH#(A):[¢=0}. Here s is a fixed integer and we assume s> 3 so for
peH(A) the function and its derivatives 0%¢, 0 < |a| < 2, are bounded continuous

functions of A.
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For X < A define
V(@) =2z | cos p(x)dx 2.3)
X

for zeR. Then the model is defined by the measure

Z%@)dppo(@) = exp (— Va(@)) ditgyo(@) 2.4
for > 0.
We rewrite (2.4) by making a Mayer expansion:

= exp( > VA)

= {;)l:[(exp(— Va)—1)
=Y [IK°(X)). 2.5)

{Xi} i
Here, in the first step, we break up V, into a sum over unit blocks 4 = A centered
on points in Z2. In the second step the sum is over collections of unit blocks {4;}.
Finally in the last step the blocks are grouped together into connected sets. We
use the convention that the blocks are closed so two blocks are connected if they
only have an edge or a corner in common. The last sum is over all disjoint collections
{X;}, where X, is a union of unit blocks. The polymer activities of the initial
interaction are thus given by:

. [T (exp(— V(@) —1) if X connected
KX, 0)= {?fx otherwise. 26)
We further rewrite (2.5) as follows [BY]. For functions X — K(X) on unions
of cells (“cell” = open blocks, open edge, or corner point) define the circle product
(Ki°Kp)(X)= Z K (Y)K,(2) 2.7

YuZ=X
YnZ=g

and the circle exponential
ExpK =5+ K+12K°K + -+,

where #(X)=1if X = & and #(X) =0 otherwise. We also define [](X)=1if X
is a cell and [J(X) =0 otherwise.

Now enlarge the sum in (2.5) to a sum over partitions of A into unions of cells,
defining K°(X) =0 if X is not a union of closed blocks. Then we have

2°= ¥ T1@+K)X)

=Y T 1@O+KIK)

= &xp(0 + K°). 28)

2.2. We perform renormalization group transformations designed to isolate the
long distance behavior. A single step consists of three parts: (i) a fluctuation integral:
high frequency modes are integrated out, (ii) relevant terms are isolated and the
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theory is reblocked on a larger scale, and (iii) we return to the original scale, but
in a smaller volume. The treatment follows that of Brydges and Yau [BY]. (However
they use the order (ii), (iii), (i).)

After j steps the base space is A; = A(N — j) and we have a measure

Z(@)dpg,s(@) = Exp (O + K (9))dug, (@) (2.9)

on functions on A;. The covariance of the Gaussian part is the operator v’ with
kernel
vx—y) =147 Y eP*TI(p2er’ + gip?)T1 (2.10)
peAT\{0}
for some constants ¢”.

The functionals K’(X, ¢) are still defined for unions of unit blocks X, although
now X need not be connected. The dependence on ¢ is to be localized near X in
a sense to be made precise. We assume that if S is any symmetry of Z? then
Ki(SX,Sp) = Ki(X, ). We also make the periodicity assumption K(X, ¢ + 27) =
Ki(X, ).

We isolate the dependence of Ki(X, @) on low order derivatives and require
that there are functionals K/(X, ) defined on triples ¥ = (o, {1, ¥,) of continuous
functions y,: A7 —R? such that

Ki(X,0)=Ki(X,y,) @11)

where
¥,=(9,0,0,0,0,0) (2.12)

The KJ(X, ) are to have the same support, symmetry, and periodicity properties
as K/(X, p). We also assume K(X,y) is analytic in i (see Sect. 3). Still there is
some freedom in the choice of K¥(X, ) which will be useful.

2.3. We now explain in detail the transformation from j to j+ 1 starting with the
fluctuation integral.
Define a new covariance v* on A; by

2\—1,,L%p4 -1
5#(1,):{(12 )M ol if p#0, 21)
if p=0.
ie. replace e?* by e-?* in (2.10). Then define the fluctuation covariance C by
v/ =v* + C so that
C(p)=p 2[(e** + 0/) "t — (""" + 0/) 1], (2.14)

Note that this is smooth and vanishes at p = 0 which is why we took a cutoff e?*
rather than say e?”.

Now integrals with respect to dug,; can be expressed as integrals with respect
to dug# X dpge. If we define

ZHp) = (,“ﬂc*Zj)((D) = I Zi(p + Odpgc(0), (2.15)
then [Z*dpuys=[Z'dpg,;. The new density Z* has a local expansion Z*=

&xp (00 + K*), where K* has the same properties as K’. There is an explicit formula
for K* (see Sect. 6).
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Fig. 2.

We next extract relevant and marginal pieces for K*(X, ). The first step is to
reduce the ¥, dependence to a single point. A set X is said to be small (X %) if
the centers of the constituent blocks have diameter < 1 in an [* metric. The possible
small sets are shown in Fig. 2. For each small set X we pick a distinguished point
xeX as indicated in the figure. The choice is unaffected by lattice symmetries.

We define for Xe%, ®eR, and zp Wi, ¥s),

(K“)'(X,@¢7>=K#<X,¢+ fws&), (2.16)

where the mtegral is along a straight line. Then (K*) is equivalent to K* (written
(K Y = K*) in the sense that they agree when @ = ¢(x),y = ¥,,.

Now (K*) is periodic in ® and we may expand in a Fourier series. The Fourier
coefficients for geZ are:

(X, q, )= (2m)~* j e“1P(K*) (X, ®,))d . (2.17)
The relevant terms are from the low order terms in a Taylor expansion of
k*(X,q=0,). These are (for X %)
F(X,{)=8E(X)— B2, )I‘ V1,u(¥)365,(X)Wy, (x)dx, (2.18)
v

where
SEN(X) = kHX,q =0,y =0),
Sk*(X,q=0)
01, ()Y ()
(the notation is explained more fully in Sect. 3). We calculate
;F(X,V?)=|Aj|5E"—1/2[3"50"£|¢1|2, (2.20)

b05,(X) = —ﬂ/lef[ ](lﬁ=0)dxdy (2.19)
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where
|A;) SFE/ = Z SE/(X),
X

66%6,,= Y. d¢l,(X), any A (2.21)

Xo4A
Here we have used the lattice symmetry to obtain the J,,.
We define Z* by extracting a Gaussian piece from Z*,

Z4(¢) = exp (| A;|0E — 1/2 B~ 1607 {109 ") Z*(@). (2.22)

Then Z* has a local expansion Z* = &xp([] + K*) and K* has the same properties
as K7, except that now K* = K*(U, ) is only non-zero for sets U which are unions
of L-blocks. The explicit formula for K* is given in Sect. 7.

Next we absorb the quadratic piece into the measure:

exp (| A;10E — 1/2B~ 150 {100 dpgyp = N jdptpe, (2.23)
where
. T2k 6l + 60%) L if p£0,
*(p) =17 ( )it
0 if p=0,

Ay =exp(|A;I0E) fexp(—1/2 f71 60/ [ |00 *)dpg (o). (2.24)
Then we have [ Z*dugs = N[ Z*dpg,.
Finally we scale down to A;, ;. With ¢/*' = ¢/ + §o/ we have
57 (p) = L25%(L™ " p).
We also define
K7 (X, ) = K*(LX, RY), (2.25)

where (Ry,)(x) = L™ *Y,(L™'x), and then [ Z*dug,. = [Z/*  dpg,s-.
To summarize we have transformed the interaction density; Z/— Z*—»Z* - Z/*1
in such a way that {Z/dug,; = A {Z7* *dp,,;-:. Our goal is to show that Z/— 1
as j— oo. At the same time we shall use the bounds we obtain for E’ and d¢’ to
control [ [ 4.
J

3. Analyticity and Norms

We consider general functions K(X, ) indexed by XeA and defined on triples of
continuous functions ¥ = (Yo, ¥,¥,) on A. As explained in Sect. 2, the polymer
activities for our functional measures are restrictions of such functionals K(X,¥)
to the subspace

Mo ={Y =y,:0eH (A)}. 3.1)

A basic regularity assumption is that K(X,y) is an analytic functional on a
neighbourhood of .#,,. That is, for any decomposition y =y, + f with y ,e.#, and
f=(fo, f1, f>) sufficiently small there is an absolutely convergent expansion

K(X, ) =Y 1/nl K, (X, 13 ). (32)
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Here for n=(ny,n,,n,) we have n! =no'n1'n2' and "= f° f1* f% (Cartesian
product). The quantity K,(X,¥,) is a multilinear functional on C(A,R)™ x
C(A,R%)™ x C(A,R*)™, symmetric on each sector and can be identified as the
(Frechet) derivatives of K(X, ) at ¢ = ,,.

The derivatives are assumed to have further regularity properties. Identify
C(A,R” ) with C(A x 2,), where Q= &, 2, = {u}, 2, ={p,v}, ISp,v=<2. We
define A" = (A x Q2,) x (A x 2,)" x (A x €,)"”, and assume that K (X Y, deter-
mines a continuous linear functional on C(A") and thus a signed regular Borel
measure on A" (Then f" is interpreted as the tensor product in C(A").) For general
FeC(A"), we write formally

NK(X,¥)

K(X,Yg; F)=| [m

where the integral is over A" and N = |n|.
Norms on the functionals K(X,y) are defined as follows. For the measure
K. (X,y,) we take the total variation norm, i.c. the norm as the dual of C(A™:

|Kn(X9 l//(p) = |Fs]ugl |Kn(X’ lp(p’F)l (34)

J FCy,...,En)dEy--dly,  (33)
V=ye

For any large field regulator
G(X,p)=exp[K/2] 0|2z (3.5)
(@1l £ is a restricted Sobolev norm on X = X U{corridor}; see Eq. (5.2)), we define
I Ka(X) llg =§ sup [| K, (X, ¥ )1 41 G(X, )], (3.6)
QeHg
where A=A, x --- x Ay and each 4; is a closed unit square in A.
Next, for any large set regulator
rx)=A%ex)
(where A = constant and @ is an increasing function of the length of the shortest
tree on X) we define

IKallo,r= Y T'XIK,X)ls- (3.7

X34,

Our functionals will be translation invariant so the norm does not depend on the
choice of a fixed square A,.
Finally for h = (hy, hy, h,), h, = 0, we define

K ”G,r,h = Z hn/“! ” Kn "G, r- (38)

Note that the n and X summations can be interchanged:

IKlgra= 2 TEOIK) g

X34,
where

1K) llgy =2 b/n! | K (X) 6. (39
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For each h let .#, be the open neighborhood of .#, defined by
M=y =y, +f,0eH | ful <hi}. (3.10)

Let X'; -, be all functionals K = K(X,) defined for ye.#, with the following
properties:

1. K is analytic in the sense that it has expansions (3.2) with symmetric measure
valued coefficients on each sector,

2. IK llg,rn < o0,

3. For any symmetry S of Z% K(SX, SY) = K(X, ¢),

4. K,(X,y,) is supported in (X)"

Note that for such a functional we have
I KX, ¥,) | < G(X, )T (X) " 'n!h™" || K || - (3.11)

It follows that the expansion (3.2) converges for all f = (f,, f;, f,) with | f, |, <h,
as required, and that

IKX, )< GX, @) T(X) ™ [T = fuloo/h) ™ 1 Kllg,rp- (3.12)

The last inequality shows that |- ||; -, is a norm on %' 1.
Lemma 3.1. %' -, is a Banach space.

Proof. (Sketch) We must show it is complete. Let K’ be a Cauchy sequence in
A .rn By (3.12) we have that the limit K(X,y)= lim K/(X, {) exists for Y e.4,.
j— o

By (3.11) Ki(X,,) is Cauchy sequence in the space of measures on A" and by
the completeness of that space there are limiting measures K, (X,¥,). By limits
one shows that K(X,y) has the expansion (3.2) around any point ¥, with
coefficients K,(X,y,). Now (1)-(4) follows, so KeX ;. Finally one shows
" K'—K "(;,r‘h_’o- O

We say that K is a local analytic functional if it is in X" ., for some G, I, h.
This definition only requires convergent expansions around points ¥,. But of
course there are expansions around any ye.#,. We have:

Lemma 3.2. If KeX ; 1y, Ny Where Ni=(|folws|f1lwsf2]w)s then K defined by
KX, ¥)=K(X, ¥ + 1) isin #'; -, and

| Ky “G,r,h <K ||G,I‘,h+N;‘
Proof. Let g satisfy |g,|,, <h,. Then y +f+ge#, , , and
K(X,¥,+g =KX, ¢, +1+g)
=Y 1/m!K (X, ¥, (f+g)")
=) 1/m!(K)n(X,¥,;8™)
where

(KuX, Y3 8™ = ). 1/m—m)!K (X, ¢, £ "g")

n=m
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and f*g® = faogbo farghi fa2452 The same formula defines a measure on A, and we
have

(KX, ¥) L4l _S_; Y Yo —m)! [ K (X, 0,)1 41,4 INgT,

n=m
and hence

| K¢ "G,r,h = z hm/m!< Z N ™/m—m)!| K, g, r>

nm

=Y (h+N)"/m!|K,ll¢, r

= ”K”G,F,h+Nf' a

The product of local analytic functionals is now considered. For KeX'; -, we
define

IKl,rn= sup (X K(X) Nl (3.13)

and note that
IK g,rn = 1 K llg,rn- (3.14)

Lemma 3.3. Let K\eX'; r » and KyeXs, rom Then Ky K26 G6,r,rpn and
(i) for all XeA,
1K (K0 6,6, < 1K1 () g, K2(X) g, 00
(i)
1K K3 ll6,6,rrom < | Kilo, rynl Ko llg, e
Proof. Part (ii) is immediate from part (i), so we prove part (i). By definition,
(K1 K2)(X,¥) = K (X, ¥)K,(X, ). We compute
(KIKZ)n(X> ‘/’(p) = Z n'/a'b' Sym [Kl,a(X, lp(p)@)I(Z,b(Xv’ ‘pq))]a
a+b=n

where Sym denotes an average over permutations of the points for each sector.
We find

1K1 K)yX) 6,6, 2 ml/alb! } Sl;p[Ile,a(X,%)lAllGfl(X,l//q,)]

a+b=n 4,4

LIl Kz,b(X, '//¢)1A' ” G; I(Xa Wq:)]
< ) nlalblK (X)), I Kyp(X) ”Gz’

a+b=n
and part (i) follows. [

We now use these norms to bound the initial interaction given by the activity
expansion with activities K° defined by (2.6).

Proposition 3.4. Let the large set requlator I'(X) = A"*!@(X) be such that ©(X) = 1
if X is a connected set. Then, for any hy, >0 with 484|z|e**! < 1, the functional
KCisin Ay ryand | K°| rp < 6°=6|z| Aet.

Proof. The functional K° depends only on i/, = ¢, and we may ignore any reference
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to ¥, ¥,. Clearly V(4, ) is analytic and has derivatives
Vo(4, ¢; F) = 2z [ cos™ (p(x))F(x,...., x)dx.
a4

Therefore || V,(4, ) || £2|z| and so V(A)ex'), with norm | V(4){],, < 2|z|eo.

Next consider
exp(—V(4,9))—1= Zl V(4,9)"/N!.

By Lemma 3.3(i)
V@MW S 1V,
and so the series is norm convergent:
llexp(—=¥(4)) — 11l S exp[2]z]e"] — 1 < 3|z|e".

For any connected set X, Lemma 3.3(i) implies

IKX) p<|| I] V=1 =(3lz|e)*),
AcX Lh
and thus
1Kl =Y, TX)IKXX)I,,
X34,
< Y (34lzleh¥.
X34,

X connected

This standard sum is estimated by a spanning tree argument:
y o A¥< Y NN Y #{X connected, 24,,|X|=N,t = G(X))},
Nz1

X34,
X connected

where 7 is any spanning tree on {1,..., N} and we count sets X whose connectivity
graph G(X) contains 1. For each t, the number of such sets is < N-8V~1, Cayley’s
theorem bounds the number of trees by N¥ 72, and so

1K Ny rn < Nzl rN-8VT1(NNT1/NY),

where r = 3A4|z|e. By Stirling’s formula, this is convergent provided 8er < 1, and
for 8er < 1/2 the sum is bounded by §° = 2r (i.e. twice the N = | term). [

4. Some Basic Lemmas

In this section we want to establish bounds on K’, k (defined as in Egs. (2.16) and
(2.17)) in terms of K, and also bounds going the other way. We write K’ as

K'(X,®,0)=K(X,®+ Hy,, ), Xe¥, (4.1)
where H = H(X) denotes the operator

(le)(y)=I¢1,u(z>dz“ 42)
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and xeX is the distinguished point. The Fourier coefficients are
KX, q.9)=Qn)" | e K'X,®,))dP, qel. (43)

We only consider functionals K' (X, ®@,) on small sets X. We define norms
| K'ly oll 6.rp just as in Sect. 3 except that now the first variable is in C = C({x})
instead of C(A). Also, for the functionals k(X, g, l//) we have for each geZ a norm
k(@)1 xco | 6,5 Which is just the restriction of |- |4 1, to a functional independent
of the 0-component of ¥ (note h = (hy, h,)).

Lemma 4.1. There is a constant B so
(i)
I1K'1yes ”G,r,h SIK "G,I",h0+Bh,,ﬁ’
(ii)
I @)1 xco llra=exp[—holqlII K'lxcoll 6
Note: Combining (i) and (ii) with hy — h, — Bh, leads to
I k(‘l)lxey Il G,rh= <exp[ —(ho — Bhy)lq|]1I K ”G he 4.4)
Proof. (i) For g =(90ag1,92)ec({x}) x C(A x 2,) x C(A x £,)
K'(X,® +go,¥, + 8) = K(X, ¥, + (go + Hg1,91,92))

=Y 1K (X, V3 (g0 + Hg,)°g" g%)
—Zl/n'[ ] K (X.¥,; 9% {(Hg) g1 g%
=Y 1/m!K(X, D, 7).

In the last step we have made the change of variable my=ny,— L m; =n,; +1,
m, = n,, and identified the derivatives of K’ as

’ n m m mo my— mz
Km(X: d), wwg ) =;|: ll]Kmo+l,m1—l,mz(X7 W{p? (Hgl)l ! )
A similar formula (with a symmetrization) defines a measure on A™, and

, ~ m
” Km(X, (D, l//:p)lA“ é;l: ll]z Sup |Kmo+l,m1—l,m2(X’ l/’go, 1A’HI(F1A)|

A" FeC(Amy|F|, <1
m
< Z[ ] ‘]; I1La H'C 1) I 1 Koo + 1ms — 1o X5 W)L s

where the linear operator F— 1, H'(F1,) is bounded by (diameter (4))' = (\/5)’.
When we sup the bound over ¢, the sum over A is done by noting the conditions

A,nX #@ forall i;
A=A fori<m, and i>my+1,

and hence
; [14H'(-1,) | £ B,
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where B = 16\/5. Now we have

’ m m
[ K1yl G,r,hézh /m!I: ll]Bl [ Koo + 1,ms —1,m3 6,
m,/

<Zl/n'h"° ' hy(Bh, )’[ ]HK le.r
= Z 1/nl(ho + Bhy)hi' W2 | K, 6,1

=| K ”G,r,h0 +Bh, b

(i) If K'e€ A -, the functional K’ is analytic in @ on the strip |Im @| < h,. In
the formula for k(g), with g # 0, we shift the integration contour by @ —» @ F i(h, — ¢)
(+ corresponding to +q > 0; any ¢€(0, hy)). Then

K(X,q, 1)) = e~ tho=9lal(2g) =1 j e 4PK(X, ® F i(ho — &), §)dD.

The derivatives k;(q) are related to the derivatives Kj; by the same formula. This
leads to

k(@) o ll 6.ra = e~ to=dldl || K'(- F i(hy — &), , Nyes ll6,roh
Se ool 1K 1yegll G,Iho—&h

by Lemma 3.2. This bound, true for any ¢ > 0, is therefore true for ¢ = 0. The bound
for k(g = 0) follows without shifting the contour. []

If we start with k, we can recover K’ by summing the Fourier series. If we then
define K" by K"(X, ) = K'(X,¥o(x), ) then K” = K, i.e. they agree on .# . In terms
of k we have

K'(X,p) =Y eo®k(X,q,4).). (4.5)

qeZ
Lemma 4.2.

()

I el lo=1 ho < qulho,
() If 1k@xeollgri < Ce™ 4" then for any &> 0 there is a constant C, so

” KHIXGS/’ “G,I",ho—s,ﬁ é CC&
Proof. (i) Itis straightforward that f(q, ) = €/9%°™ is analytic and has derivatives

Juol@, ¥ g3 F) = (i) F(x, ..., x)e"4"™.
We therefore have a bound | f,(q)ll¢=1 < /q|™ and part (i) follows.
(i) Now let f(X,q,¥)= €™ where x is the distinguished point in X. By
Lemma 3.3 and (i):

[ K1yl G.Ihg— S Z Dlg=r,r- Lhg—¢ I k(g)1x.o l6.ra
q

Z —lqle — O

q

II/\
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5. The Main Theorem

The renormalization group transformations have given us a sequence K°, K*, K2, ...
of interaction functionals. We want to show K/ — 0 as j — oo, which we characterize
in terms of the norms |- |l -,- We discuss the specific choices of norms, state the
result, and outline the proof.

It turns out that the large field and analyticity properties of the functionals
deteriorate slightly as we iterate. No single norm is adequate and we must allow
some weak dependence on j. Thus we consider || K/ i ripi w1th G/t > Gl GI=G°
and h'*! <h/,h/ > h° and I/ = I"°. We want to show I K|\ 7 is decreasing in j.

A fundamental condition is that [K°[o oy 18 sufﬁ01ently small. Since
1 K®lgo rope < | KOy, rop0 it follows by Lemma 3.4 that this is true if z is sufficiently
small. However to minimize the constraint on z we will not want to take I',h°
any larger than necessary.

A second fundamental condition is that L be sufficiently large. This guarantees
a sufficiently strong contraction. In fact we will be able to show that

IKI* |l g vt yier S L7 K |3 i (5.1)

for any ¢ <min (1/f/4n — 2); for definiteness say ¢ = min(1/2, 8/8n — 1). (By com-
parison, for the dipole gas Brydges and Yau are able to obtain (4.1) with any e < 1,
independent of f. Also, for their model analyticity properties improve and one can
allow R/ to grow in j. This improvement corresponds to the absence of marginal
variables in the model.)

We now define G/, I'/, h’. For the large field regulator we take:

Gj(X,¢)=eXp<1/2Kj Y. e ”}2(1/s>' (52)
O<|a|<s

Here X, is an enlargement of X which has a smooth boundary and contains all
points y with d(y, X) < 35/4 but no points with d(y, X) >#. The norm ||y is the
norm on L*(X). The exponent has a form suitable for dominating || by Sobolev
inequalities for || = 1,2. The coefficient x’ is given by:

szclﬁ_1<_zj:0L_‘e>, (5.3)

where ¢, is a sufficiently small constant (so GY(X, ¢) is integrable with respect to
dugc). Note that k® =¢, 7! and k° <k’ < 2«°.
For the large set regulator we take

(X)) =yX)r(X) =" 4¥ o(X)) (5.4)
with constants 4 =2L* and y = 2'/1, The function @ is defined by
O(X) =inf[]6( b)), (5.5)
T bet

where the infimum is over trees T connecting the centers of the blocks of X and
where 6 satisfies 0(1) =1 and 6({s/L}) < (2L*)~'6(s) ({x} is the smallest integer
greater than or equal to x). For definiteness we define

0(s) =L, L'<s<IM', n20.
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Finally we define

b/ = hi(1, 1, 1), (5.6)
where
B = czﬂ(l .y L‘i‘/2> (5.7)
i=1

and c, is a constant to be specified (see Sect. 6). We have h® = ¢, fand h°/2 < h/ < h°.
The main result is:

Theorem 5.1. For any f > 8, let L be sufficiently large (depending on f8), and suppose
|z| and hence 6° = 6A|z|e" are sufficiently small (depending on L and B). Then for
0=<j<N we have K'eX ;i iy and for 6/ = L7756,

| K’ g3, ripi = &7, (5:8)
|6E7| £ &7, (5.9)
|667| < B(hi)~ 287, (5.10)

Remark. Asa consequence || K| 4 r= 4o < 67. This gives the precise sense in which
K’—0 as j— 0.

Proof. At any stage the bound on K/ implies the bounds on §E’ and ¢’. Indeed
by bounds like (3.11), (3.12) we have:

|0E7| £ 1k?(q = 0) | 6/ ri s (5.11)
|607] < B(h) =2 k¥ (q = 0)ll 7,4 s (5.12)

and by (4.4) and the bound on K’
1 k9(g)ll 1,15 < exp (BhY|q1)d7, (5.13)

which gives the result (we have suppressed 1,_, from the notation).
The bound for K ° follows by Lemma 3.4. We now assume the bound on K/ and
use it to prove the bound on K’** following the sequence K/ — K - K* - KJ*1,
To estimate K* (the result of the fluctuation integral) we introduce

G*(X, ¢) = exp (1/2 ki S 272 9% I|§,,3>,

0<|a|=s
Ir'*(X)=I'(X),
b = hi*1(1,1/2,1/4). (5.14)
Proposition 1.
(i)
(i)

I K* gt e < 0,

&7 q=0,
K* < L
O los s 5 g1 g a1 470
We postpone the proof of Chap. 6 where f* is defined; roughly it is f log L/2x.
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The factor exp(—(|q| — 1/2)*) gives the contraction for the g # 0 Fourier modes
for small sets.
To estimate K* (the result of extraction and reblocking) we introduce

G*U @) =exp <1/2 CARED I S LR II53>,

O0<|a|<s
Ir*U)=yU)I'Q),
h* = i+ 1(1, L, L2). (5.15)

Here U is a union of L-blocks and in I"*(U) the |U]| refers to the number of
L-blocks, etc.

Proposition 2.
| K* ”G‘,F‘,h' < AR

The proof is postponed to Chap. 7. The issue is to find contractive factors for
large sets and for ¢ =0 modes for small sets.
We complete the proof of Theorem 5.1 by scaling the above bound to obtain:

KTt | govr pienpivr S 6F1

(Actually we get G*(LX, Ro) which is G'* (X, ¢) with X, instead of X 6. Since
for L large X5, = X6 the result follows.) [J

6. Proof of Proposition 1: Fluctuation Integral
We consider the one parameter family K(t), 0 <t <1 defined by the fluctuation
integral

&xp (0 + K(1) = pupex[€xp (0 + K9] (6.1)

By assuming inductively that Theorem 5.1 holds at the j* level, we have estimates
on K(0)= K, and we seek to produce bounds on K*¥ = K(1). The proof follows
[BY, Theorem B]. Now K(¢) is the solution of an integral equation:

K(t) = pupc*K(0) + 1/2 j) He-spc*(K(s), BCK () ds. (6.2)

We use the notation
(K1, CKy) = [dEdE C(& &K (&) K (&)
with & = (x,w)eA x 2, Q=02 x 2, x 2,,{dé=[dx} , and K,(&) = 6K/6y(¢).
Part (i): Part (i) of Proposition 1 is proved exactly as in Brydges and Yau by
considering the function (analytic in h)
k(t, h) = | K(£) |l 5, >
where h = (h, h, h) and
g(t, X) = [y¥IGHX)T[GI(X)] ™, 0<t< 1.
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Note that g(1) =yG*, I''=y~'I'* and ¥ <h/*! so
IK* | gt e < k(1 7).
Therefore, the bound of part (i) follows if we prove
k(1,7 1) S k(0, ) = | K7 || 6 i - (6.3)
It is essential that the interpolated large field regulators g(f) satisfy the
homotopy property:
Pe-wpc*gW) = g(t) forall 0su=st<1. (6.4)

The proof of this result given in [BY, Proposition 9.1] applies here provided x’
is sufficiently small; in particular we need

K <2BICl 50" (6.5

Lemma A.2 in the appendix shows that ||C| _,.,, the norm of the fluctuation
covariance as a linear operator C:#"_ (A) > #(A), is bounded by @(1) (the prime
indicates no zeroth order derivatives). Thus we can satisfy (6.5) by taking ¢, small
enough (recall k/ < k°=2c¢, 7).

The homotopy property leads to the following result [cf. BY, Proposition 8.3)]:
the power series for k(t, h) is term by term dominated by the solution of

k*(t, h) = k(0, h) + B C| jd ( kz(; h)) 6.6)
or equivalently,
* *\ 2
glf— =B C| <6k ) ,  k*(©O,h)=k(0,h). 6.7)

In our setup we have an extra derivative (0/0y/,) not present in [BY]. This does
not affect the proof, but it does modify ||C||:

[Cl=sup ¥ sup [3°0%C(x — x)|6(d(4, A)). (6.8)
AeA A’eA xeaz,laalcégl’

Lemma 8.4 of [BY] applies to (6.7) and shows that the solution k* is analytic
in 0 <t <1 and h near the origin, and that

k*(1, hy) < k*(0, hy), (6.9)
provided hy, hy, and k*(0, hy) are chosen such that 0 < h; < hy and

N (ho —hy)?
k*(0,ho) < - 681CI (6.10)

With hy = h; and h; = h;,; the bound (6.9) gives the required bound (6.3). The
condition (6.10) holds if
si< B =Ry
~ 161 Cl

This is true if 6° is small: Lemma A.2 says || C|| < O(1)L° and moreover, from (5.7)
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we have h'/+hi*! = @(1)BL™ 2. Thus the bound holds provided we choose
59 < O(1)BL°,

Part (ii): The analysis for the small set part K(f)1,_, is simplified by noting that
the circle product of two activities vanishes, (Ko K’)(X)=0, whenever X is a
connected set. This means the non-linear term in (6.2) drops out if X is a small set:

K*(X) = ppe*(K(X)), Xe&.

We are concerned with the Fourier components of K*. By the definition of k¥,

KX, q,9) = 2m)! | ddeKH*(X, &+ Hy,, 1)
= (2 [dupel0) § dDe™ KX, @ + Hypy + 0,9 +0)

= 2m) dpyel®) { dDe KX, @+ L() + HY, + 30,0 + D),

where { = (0, 000) and we have used
{={(x)+ H(00).
Because K/ is periodic in @, we can shift the integration variable @®— @ — {(x) to
produce the desired fluctuation integral:
(X, q,) = 2m) " [dpge(0) | de™ @ DKIX, @+ H(y, + 00,4 +0)
= [ dugc( KX, g, + 0.

The case g =0 is easily dealt with:
I1k*(q = O)llg#,ra¢ =< |l g k9@ = O) gy rig
< |K(@=0) ”g(oy_rf.ﬁ"

= 1k(q=0)llgs i
<6

The first inequality requires h* < h/. The second inequality follows from

lite-pc* Al S N Allgey, OSust=1, (6.11)

which holds for any functional A(X,y) or derivative as a consequence of the
homotopy property (6.4). The last inequality is (5.13).

When g #0, we use analyticity to make a complex shift {—{ +if in the
fluctuation integral for k*(g):

(X, g, ) = e~ 11/ @+ 17201,60719)
[dppelQe B O GHNIK, 4, + €+ i)

The sign of the shift depends on the sign of g. The function f is chosen to minimize

— flx)+ 1/2(f, BO)~ 1)
f(»)=BC(y,x),
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and then
f(x)=p*=pC(0,0)
12(f,(BC)™ 1) = 1/2 p*.

This choice of f produces optimal bounds on k*(q) for |g| = 1.
Taking derivatives and estimating the integral we find

KA, @ )1 all S €097 Y28 x| KI(X, g, + W, 1 i) 1 4]

Using the homotopy property (6.4) again yields

I kﬁ(X: q) ”g(l) < e~ \al= 1728 I k.J;(Xa q," lf) “9(0),

1 (@) ll g i < €141 DP | K3 (q, - £ i) g g
But Lemma 3.2 implies

1k (g, £ i)l i pige < 1K) 62,35 50
where Nf=(|5f|m,166flw). By Lemma A.2, |0f|,|00f |, < O(1)-B, and so for c,
large enough
b+ N, <h'.

The result now follows by (5.13). [

7. Proof of Proposition 2: Extraction and Reblocking

It remains to pin down the definition of K*, and to bound it using the bounds on
K*. The proof is an extension of [BY, Theorem A], with extra care needed to treat
the various Fourier modes.

The overall requirement on the reblocked activities is that

K*(U)= {X;U h(oX) [[J(X), (7.1)

that is, the equation holds for fields =y ,e.#,. The sum is over collections of
disjoint sets X; such that (i) the Mayer graph on {X,} (i.e. the graph on {X;} of
lines joining overlapping pairs X, X ;) is connected, (i) u;X; = U, where X, denotes
the smallest union of L-blocks which contains X, a union of unit blocks. The
quantities k, R, J are defined in terms of F (which is given by Eq. 2.18) by:

WX, )= [1 exp—F(Y ), (7.2)
Y'YnX#J

R(X,y)=exp F(X,§) — 1, (1.3)

J(X,¥) = K*(X, w)—{xg ) [TR(X), (74)

where in (7.4) the sum is over collections of distinct sets X; such that (i) the Mayer
graph is connected, (i) U, X; = X.

K* is defined as a sum K¥ + K%. The first term K¥ is chosen to include all
contributions which are first order in the Fourier modes of K¥ It will be small
due to renormalization subtractions for k*(3=0) and the overall smallness



282 J. Dimock and T. R. Hurd

of k*(q # 0). The remainder K% contains only terms which are either higher order
in K* or have factors of K* on large sets.
For unions U of L-blocks, we define

KiU)= 3 hX)I(X), (7.5)
XeS: X=U
K3 U)= Y hXOLKHX) = R(X)1yyy — R*(X)+ T (X)]. (7.6)
X:X=U
The quantity I is defined in the next paragraph in such a way that I = K¥ — R,

R*(X)= 3 []R(X), (7.7)

s |
JTX)= 3y VX, (7.8)

(X=X i

= 2sets

where (7.7) is summed as in (7.4) and (7.8) is summed as in (7.1) except condition
(i1) becomes U X; = X. With K¥ and K% chosen in this way, the reader may check
that (7.1) is indeed satisfied.

We define for Xe &

I(X,y)= Z eiqwo(x)i( X, q, ,ﬁ), (7.9)

qel

KX4=Q$F4}ﬂ&q=Q@~5W@3—%ZIQMXMJWAQMUMMW}

1 ~
+3 YIx|t )I(dZ[I 0,,(X;x, YW, (; x, y, z)dxdy]

+[F(X,§)— R(X, )], (7.10)

i(X,q#0,0)=Kk(X,q #0,¥). (7.11)

Here
qu(X; X, J’) = kg,O(X’ q= O’ ‘/; =0; X, U, Y, V)
and
Wuv(‘/’;; X, Y, Z) = i dS Z [(x - Z)alpua(z + s(x - Z))l//v(z + S(y - Z))

+(y—Z)6¢u(Z+S(X—Z))l/IW.(Z + S(y - Z))]

Since
W, (5 X, 9,2) = Y, (0, () — ¥,2)¥,(2)

and

605,(X)= — BI1X| ' [Qu(X;x,y)dxdy and K* =K*

we have that I = K* — R. In addition, this definition has the desired feature that
it can be bounded directly in terms of the Fourier modes k*(g), rather than K*,
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Lemma 7.1.

Y O(1)L36 0
. ! =

" I l(q)”G#,I‘#,h*§{exp(_(]q|_.. 1/2)B* + Bhi|q|)é' q#0’

ii

11t o < O)(L™3 + L4 exp (B + D)o,

Proof. (i) The bound for g # 0 follows directly from the bound on k*(q) since h* < h¥,
The bound for g =0 uses the fact that i(g =0) is an irrelevant functional, i.e.
that the derivatives i (X, g = 0, = 0) vanish if dimn = n, + 2n, < 2. This of course
is the point of performing the extractions.
Lemma 4.3 of [BY], which deals with functionals whose low order derivatives
vanish, is applicable here since (x;h7,,)~" < (1) and implies
(g = O)llg# razx < O (g = O)l 64 r# 5% i3>

where “dim = 3” indicates which low order derivatives are omitted from the norm.
By changing h* to h* in the dim > 3 norm, we can extract a factor of (2/L)3,

(g =0)llgh ragx < OL > 1i(q = 0) l it im 25+

Finally, we need to bound the norm on the right by @(1)| k*(q = 0)| 4. r## This
requires estimating each of the three terms of (7.10) exactly as done in [BY, Lemmas
42, 4.4].

(ii) Following the proof of Lemma 4.2 and using the bounds of (i) for i(q), we have

I gt rape = @(1)5"[153 + Z,o exp(—(lq| —1/2)B* + (Bh + h'* I)IQI)]'

Lemma A.3 in the appendix shows that for L sufficiently large,
|p* — BlogL2w| < 1, (7.12)

and hence f* > (B + 1)h/ > B/ + h/*'. Then the series converges and is dominated
by O(1)exp(— */2 + (B + 1)) (the |q| =1 term). By (7.12) this is bounded by
O(1)L™ P exp ((B + 1)h%) to complete the proof. []

Lemma 7.2.
(@)
(ii)

| K¥ llgx p*px < OQ)(L™1 + L2~ P4y exp ((B + 1))

| K3 llg* # g < O(1)L™ 157,
Remarks. (a) This finishes the proof of Proposition 2. We have for L sufficiently
large:
| K* || g* r* px < O(1)L™ > exp ((B + 1)h/)§/ < L7267 = 67+ 1. (7.13)
(b) In the proof we need the definitions
1K I(G“rh“zh“/n' Y TXOIK(X)llgs

X:X34

K6 rn= Z h’/n! sup I'X)K,(X) 6.
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Proof. (i) We have (cf. [BY, Eq. (7.4)]),
IKH gx o e < TRISQ, 1 1T 1G22 o x- (7.14)

where I'* =yI'* and 6G = G*(G*) ™.
But [h| <4 [BY, Lemma 6.1] provided 6° is sufficiently small (6° < O(L™ %xyh3)).
Furthermore since y* < 2'* we have by [BY, Lemma 3.1]:
ITNGR 2 e < 1L [ T ll g (7.15)

and the result follows by Lemma 7.1 (ii).
(i) The terms in K% are estimated similarly by

" K; “c*,r*,h* < “ K’zk "G*,I‘*,h# < 4 ” (K# - R)1x¢y —R* + J* " (Gl#)er# W (7~16)
For the first term, the large set restriction gives a contractive factor,

ICK* = R) Ly g 1542 g S 1L | K* — Rl g ot
<O(1)L™ 14",

Here we have used [BY, Lemma 3.1] for the first step and the bound || R[| £ O(1)L™16;
from [BY, Lemma 4.2] combined with the bound on || K*| for the second step.

The second and third terms in (7.16) contract because they are higher order.
By [BY, Lemmas 3.1 and 5.2], if 6° is sufficiently small (< O(L™3)),

IR* G 2 i S ODL? | R* |l gu 1 pig < O() L7107, (7.17)
Similarly, for the third term of (7.16), [BY, Lemma 7.1] implies
17 llgny2ram < N;Z OO MU NG o) (7.18)

Moreover, since J = K¥ —R—R™,
T 1503 rnpe < OLZ | T g1 pege < O L2,

where in the first step we decrease I" by y* = 2!/4, the largest factor allowed by
[BY, Lemma 3.1]. Therefore, provided 6° < O(L™3),

I ¥ 12 < OHL71S. O

Concluding Remark. We explain the sense in which we have established
Fig. 1. The conditions on the parameters (f,z) in Theorem 5.1 are satisfied if
z 2 O(1)L™"exp (— 1/2¢, p) for suitable n. Given this, z must be taken exponentially
small as f—o0. As f—8n we must have L— oo to ensure that the bound
(7.13) holds, and thus z—0 in this limit as well. Thus the constraints on (f,z)
describe a region roughly like that of Fig. 1.

The flow of the renormalization group transformations can be tracked by two
effective parameters. Of course the actual flow is in an infinite dimensional space.
For example we might define

Bt = o (B0 g

=p7'(1+d%),
Z;= I K/ ”G“’,m.%
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and then B; = (1 + 6’)" ! converges to f,, = (1 +6®)" " and z; >0 as j— co. The
points (8}, z;) would lie on the indicated flow lines in Fig. 1.

A. Appendix: Lemmas on C

Here we collect properties of the fluctuation covariance
i L a 2pd
Cx)=|A]"" Y eP*p~2 [ ds— (" + o)}, (A1)
peA* iz 0s

which are used throughout the paper. In what follows we take the torus A of side
IN,N >0 and assume || £ 1/2.

Lemma A.l. For each multiindex o,|o| £s and integer n=0,1,..., M, there is a
constant Ag y such that
Agp P71+ | x)2)7 i Ja|<2n
|0°C(x)| £ < Agplog L(1+ x>~ if |a|=2n
Ag (1 +x?M71 if |a|>2n.
Proof. We write
1
|x|2"0*C(x) = —2 [ ds|A|"1 Y e?*|x|>"(ip)*p~ 2sp*(e?* + 0) 2.
L2 peA*
When we rescale p—p’' = s'/?p we find
1
sup |x|2"|0*C(x)| <2 [ dss"~leli2~1
LZ

xeA

sup [sTRAITY T e (g (e +0) 2

xe(s~1/2A) ple(s— /2 Ay

The supremum over xe(s~ /2 A) is ¢(1) for any value 1 <s < I? and any volume
|s~Y2A| = 1. To see this, note that

[x|*<01)e™? Y, (1—cosex,)), &=2ms'?L™¥
n=1,2

for any xes™ 2 A. Insertion of this inequality and summation by parts on the
momentum lattice leads to

sup |sT12A|T?

Y eIy (ipy(p?) (e +0) 72

xe(s~1/2A) pe(s™ 1/2 Ay*
SOM)sPAITH Y (=4 (e +o)7?
pE(S' l/ZA)*
< @(1)[ Iz dp|(— ;)" ip)(P*)(e”* + 0) 72| + (9(1)]
R

=0Q0),

where — A4, is the lattice laplacian. The three bounds of Lemma A.1 now follow
by doing the s-integral. []
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Corollary A.2.
()
|0C|,, < O(1),
(i)
[00C],, < O(1),
(iii)
Icl<omr,
(iv)
ICll =55 < O(D).

Proof. Bounds (i) and (ii) are immediate from Lemma A.l with n=0. Starting
from the definition (6.8) of || C|,
ICI=sup 3 sup |6"0"C(x—x)|0(d(4,4))

AeA A’eA xed, x'eA’
a,a'eR2

Ssup Y [O()L"(1 +d(4, A)*)""1[O(1) L2 (d(4, 4)*]

AeA A’eA
which, for n= 3 yields bound (iii).
For (iv), C is considered as a linear mapping C:3#"_ (A) > #(A):

ICl-snsZsup 3 (1)*C(p)

PeA* q:1 <|a|<s

Ssup Y (PP A" +0)7?

PeEA* q:1<|alSs
<o),
and bound (iv) is proved. [J
Lemma A.3. For a torus A of side LN, N >0,

logL
C0) = ﬁi—a) + O,

Proof. Write
CO=5, )2 ] 4pC(p) + R

and ignore the error for the moment. Then the first term is

1 1 0 . ~ 1 1dsw .
(2_n)7 ];dpp ngség(ew +0) 1=ELj‘_s_gdp__(e(p) +0)7!
R” 2
1 1ds
— [ 22 (psm? —1)o
47'51:‘; N (e +6) l
log L?
4n(1 + o)

The error term is

R=

an )2 [ dp(p*— [P]sz) (p(p))
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where p(p) is a point between p and [p].~ and [p].~ denotes the point on the
lattice 2nL~¥Z? nearest peR2 We now note that |p* — [p]4~| < O(1)L~" and check
that

-
jdp}%(ﬁ(p» <o,

and the result is proved. []
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