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Abstract. We prove that the natural hyper-Kdhler metrics on the moduli space
of charge k instantons over Euclidean four-space and on the space of ADHM
matrices coincide. We use this to deduce formulae relating expressions in the
curvature of a connection to invariant polynomials in the ADHM matrices
corresponding to this connection. These arise from consideration of the group of
symmetries acting on the moduli spaces.

Introduction

The ADHM construction of instantons identifies the moduli space of charge k
SU(r) instantons over the 4-sphere with a space of complex matrices arising from
monads. If we consider framed instantons over R* instead, these spaces .4, , and
%Ank respectively, have dimension 4rk and are well known to admit hyper-Kédhler
metrics, and it has been supposed, as a sort of folk result, that the ADHM corres-
pondence is actually a hyper-Kdhler isometry. It is one of the aims of this paper
to prove this result.

Our proof boils down to identifying suitable hyper-Kéhler potentials for the
metrics on .#,, and .#,, and proving the apparently stronger result that these
potentials agree. In fact, we can view the hyper-Kdahler potential on .4, , as a
potential for the dilation action of R* lifted to the moduli space. This links our
isometry with the work of Groisser and Parker [9, 10]. As an extension of this
we shall prove a general result which describes potential functions for subgroups
of the conformal group acting on .#,, in terms of the potential functions for the
same groups acting on IR*. We observe that the hyper-Kéhler potential is also the
moment map for a circle action on .#,, (also lifted from R*) and deduce a formula
for other moment maps of other groups of isometries of .#,,. Since we have
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proved that ., , and ﬁ,,k are isometric, we can immediately deduce equivalent
formulae for these potential functions and moment maps in terms of the ADHM
matrices.

For the sake of completeness we also provide formulae for the action of SU(r)
acting on ./, via the framing at infinity. This does not arise as the lift of an
action on IR* but we can use other methods to find its moment map, see 4.14 and
4.15.

We can view the isometry of .#, , and ﬁnk in a more general way by extending
the ADHM construction to give an equivalence of H-invariant instantons over
R* and H-invariant instantons over R**. Here H is a group of isometries of R*
and H is a dual group of isometries of R**. Again we obtain hyper-Kéhler moduli
spaces. In [4] Braam and van Baal prove that such spaces, where H is a four
dimensional lattice in IR*, are isometric. The same result for H =IR has been
conjectured by Atiyah and Hitchin, see [2, chapter 16].

In fact there are several ways of proving the existence of the above isometry
for the case where H is a four dimensional lattice, and one expects some of these
to generalize to other possible groups. One can identify the tangent spaces to the
moduli spaces with suitable Ext groups and the fact that the ADHM map is an
isometry can be deduced from the fact that it is functorial. This shows that the
isometry arises from the formalism of the ADHM map and not from some deeper
structures of the moduli spaces. It will be the aim of a future paper to describe
this approach in detail.

Another way to view the agreement of the hyper-Kiher potentials when R*/H
is algebraic is to observe that the potentials for more general groups H are no
longer just functions but norms of sections of a natural polarisation of the moduli
spaces via the determinant line bundles, see [7]. Then the fact that the potentials
coincide goes over to saying that the Quillen norms on the determinant lines agree.
Indeed, this can be proved for the case where H is a four dimensional lattice. In
this way one can view Theorem 3.1 below as a degenerate version of a statement
about Quillen norms on determinant line bundles or, in other words, about the
spectra of twisted Laplacians acting on bundles over R*,

The paper is organised as follows. In Sect. 1 we review the ADHM construction
and recall some useful formulae. The Kédhler metrics on the moduli spaces are
described in Sect. 2 and we prove that in the k =1 case these metrics agree. We
also notice that the hyper-Kidhler potentials extend to the Donaldson compacti-
fications of the moduli spaces. This is used in Sect. 4 to deduce equalities of moment
maps for the actions of various subgroups of the conformal group of R* on the
instanton space and the associated space of ADHM matrices. This will allow us
to deduce formulae relating invariant expressions in the ADHM matrices to
generalised moments of the curvature viewed as measures. This can be done by
first proving directly that the two potentials agree and this is the content of Sect. 3.

1. A Review of the ADHM Construction

We shall review the ADHM construction in the form given in [5]. We do this
partly to help the reader and partly to fix the notation and conventions to be used
in subsequent sections.

We fix a principal SU(r)-bundle P over R* and consider the space .«/ of
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connections 4 on P with L? integrable curvatures F, and which tend to a pure
gauge at infinity, together with a trivialisation at infinity, we call these framed
connections. Associate to (P, A) the complex r-plane bundle-with-connection (E, A)
given by the standard representation of SU(r) on €". We choose the Killing form
—Tr(XY) on the Lie algebra su(r), and the standard Euclidean metric on R*.
Then there is an action [|F 4> = — [ Tr F 4, A *F , which is conformally invariant.
There is also a well defined charge keZ given by the homotopy class in z;(SU(r)) of
the pure gauge connection at infinity. We shall denote the space of charge k
connections by .«7,.

The gauge group ¥ acts freely on ./, and the quotient 4, is a Banach manifold.
We are interested in the subspace .#, , of %, which consists of gauge equivalence
classes of framed connections which satisfy the antiself-dual (ASD) equation F ; =0,
where we decompose £2%(R*) into its self-dual and antiself-dual parts Q, ®Q_.
We call such connections instantons. In this case we can extend the principal bundle
P to the 4-sphere S* and use the Chern-Weil formula to compute the charge:

1 1 _

The ASD equation is a first order elliptic partial differential equation and is
difficult to solve. The ADHM construction makes this easier by converting the
problem into one of linear algebra. We shall fix a complex structure I on IR* with
complex coordinates (z;,z,). The ADHM correspondence can then be stated in
the following form, see [5, Prop. 2]:

Theorem 1.1. There is a one—one correspondence between framed SU(r) ASD
bundles-with-connection of charge k modulo gauge transformations, and matrices

(@1, 03, @, )M, ((€) X My, (€) x My, ,(C) x M, (D)
satisfying:
(@) Lo, 01+ ba=0,
(i) Loy, 0]+ [og, 05 ] + bb* — a*a =0,
oy + A
(iil) | oy + 4 | injects as a map C*—TC***" for all 1eC,
a

(iv) (—oy—p oy +p  b) surjects as a map C**"— C* for all ueC.
Modulo the action of U(k) given by

(0ty, 005, a,b) ~ (g g~ 1, gag ™t ag ™", gb).

We will denote this space of matrices modulo U(k) by /Z,‘k.
If we arrange the data in the form of a monad

%y
%y

K—2SK®KopL

(—az a1 b)

K’

where dimg K =k and dimgL=r, then we can recover E fibrewise via the
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cohomology of the monad, viz:

K ker(—o, +w oy —z b).

12

X
o —z

Im|a,—w
a

The connection 4 is given by projecting the flat connection on R* x K@ K@ L
to E. The trivialisation at infinity is given by the summand L in the limit | x| — co.
Conversely K can be identified with the following vector space

{YeQE®S™):[yI=0(x|"?) and D ¢ =0},
where S is the negative spin bundle over R* and D is the twisted Dirac operator.

We can even give explicit forms for various quantities, particularly in the case
k=1.

Lemma 1.2.[8, p 104] If k=1 then there is a family of ASD connections A
determined by a scale 2eR* and a centre yeR* for which

Lemma 1.3. [1, chapter 2] The curvature of a connection A given by the ADHM
matrices (¢, &y, a, b) if F , = Pdxp?dxP, where P(x) is the projection onto the ortho-
gonal complement of E, in K® K ® L and

p2(x)=[(oy —2)*(ay — 2) + (o — W) (e, — W) + a*a] " ".id,.

Notice that, in general, we have tra*a = tr bb* from (ii) of Theorem 1.1.

In particular, for the connections in Lemma 1, (a4, «,) corresponds to the centre
y of the instanton and the scale 1% is a*a = bb*, so that p?(x) = (|y — x|* + A?) " L.

We shall now consider the Donaldson compactification .#,, of the moduli
space ./, ,. Note first that the moduli spaces we are considering are known to be
connected (see [5]). It is also well known that the boundary 0.#,, can be
decomposed into a union of lower moduli spaces, so that

My, = My, OR* X My OS*R* X My, 0 USFRY,
where S'IR* denote the i symmetric product of points of R*.

Formally, we can write down the L? density of the curvature of an “ideal”
instanton in S'R* x .#,_, as

1
|FA|2 =|FA’I2+ Z 87325(36—%‘)»
i=1

where A'e., _,, yeS'R* are the centres of the instantons and § denotes the Dirac
delta function. The topology of .Z,, is such that the action densities |F,|> =
Tr F, A F, all converge as measures (see [6, 3.13]). R

There is a corresponding completion of the dual moduli space .#, , of ADHM
matrices. This is given by ./, ; x S'R* - .4, via the maps

o 0 o 0 b
S (: Je o)
(01,03.4 5 x y [(0 diag(y‘;,...,y?)><o diag(y',..., ) @ 0{o)]
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where (y?, y}) are the complex coordinates of y,€R* If we take the union over
these inclusions one can prove that there is a one-one correspondence between

My, and A, .

2. Metrics on the Moduli Spaces

Recall from Taubes [14] that the L? tangent space to .4, , at a gauge equivalence
class of a connection in the orbifold {unframed connections}/¥ is isomorphic to
a subspace V, of L2nker(d} @d%)=Q'(adP), where d; and d, are the
differentials in the Atiyah—Hitchin—Singer deformation complex

Q%d P) -5 2'(ad P) 45 22 (ad P).
The remaining part of ker(d; @ d%) is generated by the elements
dyp,, for a=1,...,dimG—h°
where h° denotes the 0 cohomology of the AHS complex,
ie. ker(d,:Q°S* s*ad P)— Q!(S% s*ad P)).

We shall abuse notation by using s to denote stereographic projection of S* to
IR* and its “inverse.” Taubes proves (in [14, Lemma 8.4]) that

dim(ker(d; @ d%)nL}) = dim(ker(d} @ d%)nL?) = 4rk.

The extra generators d 9,0 (ad P) are determined by o,es*ad Pl and
then A+ 4,d ¢, is a pure gauge connection corresponding to the gauge action
at infinity, and hence

Proposition 2.1. (Taubes)
T, gy, = L nker(d; @ d¥)
~ L2nker(d} @®d*),

where M denotes M framed instantons modulo gauge.

We shall now review the construction of the Kahler metrics on the instanton
moduli spaces.

Fix a complex structure I on R* Let o denote the flat Kahler form on R*
defined by I. This is given by w(a, b) = g(Ila, b), where g is the flat Euclidean metric on
R*. Then this induces a symplectic form Q on o7, via 2(u, v) = [ Tr(u A v) A w/27%,
where u, veT,/,. Here we have identified the tangent space of o/ at A with the
space of one forms on R* with coefficients in the adjoint bundle ad P. Similarly
we have an induced complex structure I on .. This can be done either by observing
that T.«/ has a natural quaternionic structure, as Taubes does, or one can proceed
directly as follows

Proposition 2.2. The symplectic form 2 and complex structure I descend to the
moduli space defining an almost Kdhler structure there. By almost Kdhler, we mean
that Q(—, —)=g(I—, —) for an almost complex structure T

This is an example of the symplectic quotient construction in [11].
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Proof. Let aeQ'(ad P). Then if d o =0 and d*%a =0 the Kédhler identities imply
that L*d,I,= + 1" 'd*I?0= + 1 'd*a=0. Here L* denotes the adjoint of the
operator Lf = f A w. Moreover d,l, has type (1, 1) if d 4« does. Hence d; o= 0.
Similarly, d%Io = IL*d ;o =0 so that d*Io =0, and hence T descends to ///k "

The form 0 is well defined on T//k,, since if o« =d 7, then Q(dAy, B)=0 by
Stokes’ theorem and the closure of w. The boundary term in Q(d,y, f) is

Ilrm j 7B A w, but yeL? and feL? (strictly, we should have yeL3 and feL?). Hence

B~R" *2-¢ and y~R727¢ for some ¢ >0, and so the limit vanishes. It will also
remain closed on ./, by Proposition 2.4 below and non-degenerate so that Q
defines an almost Kahler structure on .4, , with respect to I O

In fact T is integrable, so that £ is a Kéhler form on .#,,. Its integrability
follows by identifying I with the natural holomorphic structure on the moduli
space of holomorphic bundles over CP? which are trivial over the line at infinity
with a fixed trivialisation there, see [5]

We have Kihler potential for w given by the function 4|x|. By this we mean
that w = — id9|x|?/4. We can use this to construct a Kihler potential for £ as well.

Definition 2.3. For any connection 4, the first and second moments m,(A) and
m,(A) are defined by the formulae

1
m,(A) =o [ x.TrFieR*,
R4

1
m,(4) = [ |x|?*TrF2eR.

167'[2 R4
These descend to the moduli spaces .%,,.

Proposition 2.4. The second moment is a Kdhler potential for the Kdhler form Q
on My,

Proof. Endow E with a holomorphic structure compatible with A. Pick
o, de T M, ®C so that 0,0=0=0,4 Note that, if t>0 is real, then

Fme—Fj+2tFA/\dAoc+0(Z)andhence
1.0 0 1 0 )
——i——m P TeF A 040
2 0qoa 47120j x| anTa

L T PTG A 0g) + Fynan ],
20y

Recall also that F, A a A &=0,0,a A & and so, using Stokes’ theorem twice, we
have
li 0 0
2 ddda
Hence — 1iddm,(a, f)=Q(e, f). O

Remark. The above result generalises to arbitrary Kadhler manifolds X with Kdhler

potentials f to say that there is a Kihler potential proportional to | f Tr F? for
X

the natural L? Kihler metric on the moduli spaces of anti-selfdual connections
on bundles over X, at least for those X for which Stokes’ theorem still gives the

my=—[w A Tr(a A a).

2
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desired conclusion in the above proof, e.g. all compact Kéhler varieties. Typically,
f =log|s||? where s is a nontrivial section of a polarisation of X, see [7].

We can extend this to a hyper-Kédhler structure on .#,, using the natural
hyper-Kihler structure on IR* given by symplectic forms w = w,,w,,»; and
complex structures [ = I, I,, I;. These all define forms £2; and complex structures
I; on AM,,, and, by Proposition 2.4, form a hyper-Kéhler structure on ./, ,.

Combining the above results we have proved:

Theorem 2.5. The moduli space A, , is a hyper-Kdhler manifold of dimension 4rk
with complex structures 1, I,, I, inherited from Q2*(R*) and Kdhler forms Q,, Q,,
05, where €, = [Tr(u A v) A @;/2n%. Moreover M, admits m, as a hyper-Kdhler
potential.

This can also be viewed in terms of the hyper-Kéahler quotients in [11]

The hyper-Kéhler structure on .4, is simpler since the flat Kahler structure
on the space of matrices M, , ,(€C) X M, (€) x M, (€) x M, (C) is invariant
under the U(k) action given in Sect. 1. Fgr different choices of complex structure
I on R* we obtain isomorphic spaces .4, ,(I), so we can identify these but with
different complex structures I.In partlcular we obtain a hyper-Kéhler structure
Qj, I, jon M, « when we take the usual Marsden—Weinstein quotient ™ *(0)/U (k),
where p is the moment map for the action of U(k). This is done in [3] where the
hyper-Kahler structure on .4, , is induced by pullback from .#, ,. We shall prove
in the following lemma and in the next section that this hyper-Kéhler structure
coincides with the one given in Theorem 2.5.

We note in passing that the holomorphic interpretation of .#,, shows that
the ADHM map preserves the complex structures and so the equivalence of the
Kihler structures will imply that the moduli spaces .#,, and /%,k are isometric
as Riemannian manifolds.

There is an obvious Kéhler potential for these Kdhler forms given by the norm
squared of the matrices, viz 3(|[oy > + o I + [[a > + [ b]?).

In the next section we shall prove the general result

21 p(A) |12 = my(4), (*)
where we shall use p to denote the ADHM correspondence. In the case k =1 the
direct computation is easy:

Lemma 2.6. If A is a k=1 instanton as in Lemma 1.2 with scale i and centre y,
then || p(A)||* = m,(A). Hence M, , is isometrically isomorphic to ﬂyl under p.

Proof. From 1.2 we have a formula for Tr F%, so we can compute both sides of
(*) explicitly.
6 2 34
2my(ay= O o | XA
T Re (A7 4 |x]%)
_5, § [x|* +|y?d*x
" (A% + |x[?)*
2

6 i
== Q1 +|yl?)—
nz( [vI%) G

= lp(A)I*.
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The last line follows since || p(4) % = |y|* + a*a+ bb* = |y|* + 24%. [
There is a corresponding result for the first moment of a connection:

Lemma 2.7. For a connection A as above, m,(A)=(tra,,tra,)eC? where
p(A) = (ala 0(2, a, b)

Proof. When k =1 the right-hand side is just y, the centre. The first moment can
be explicitly computed as above to give y, as desired. [

We shall use Lemma 2.7 as the first step in an induction proof that the formula
m;(A) = (tr oy, tro,) holds for all values of k.

3. On a Formula of Osborn

In principle, we could evaluate ﬂxlzTr F? directly, as in Lemma 2.6, for general
values of k to verify the formula m,(A4) = 3| p(4) |*> without any assumptions about
the metrics (and hence prove that the metrics coincide), but in practice this is
impossible. Our only hope would be to integrate by parts and for this we would
like to express TrF?Z as a total differential. Fortunately there is a formula of
Osborn [12, 5.5] which does just this. In our conventions the formula reads
*Tr F2 = — 1 AAlogdet L(x),

where L(x) = (ot; — z1)*(0ty — z1) + (4 — 25)*(2, — 25) + a*a for (aty, a3, a, b) = p(A),
and A is the Euclidean Laplacian on IR*.

There is an obvious interpretation of L(x) as a family of R* indexed Laplacian
operators on the “Dolbeault complex” K - K ® K @ L— K in degree 0. Since this
complex is a monad for all xelR*, L(x) must be invertible for all x. Osborn’s proof
of this can be viewed in this way and the evaluation follows certain renormali-
sations interpreted in this linear algebraic context. This is the best way of
understanding the formula but it can, however, be verified directly from the
formulae of Sect. 1. In particular, it is easy to verify for k =1 instantons directly.

The derivatives of logdet L are:

d;logdet L=tr ML},
Alogdet L=8trM — ) tr(MLML)),

d;Alogdet L= —12tr ML, — 23 tr(ML;ML;ML;)
—1AAlogdet L= tr[48M2 ~Y UM ML,
J

+Y CMLMLMLIML, + ML;MLQML}ML;)}
ij

where M = L™'. On the other hand the formula of Atiyah given in Lemma 1.2
can be used to directly compute Tr F2:

*TrF2 = —16tr{[A,M, AAM][A*M, A, M7+ 3(A,MAM + A,MAM — M)?},

where 4; = o; — z; and the brackets denote the commutator [B, C]= BC — CB. If
we now substitute for L, in the formula for A%logdet L we obtain the above
formula for *Tr F2. Thus proving Osborn’s formula.
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We can now integrate

1
my(A) = e [I1x24%logdet L(x)d*x

by parts, to obtain

mﬂA):i% lim | [R*x.dAlogdet L—2R*Alogdet L+ 8R*x.d logdet L]dS,
T R>o0 o3
: (%)

where R*dS is the measure on S3.
It is convenient to introduce the vector of matrices y where

1 i
Y1 =§(0‘1 +aof), 72 =§(0‘1 —af),

1 i
Y3 = i(o‘z +af), ya= E(sz — af),

Then the derivatives of Lare L] = 2(x; — y;). If we substitute these and the derivatives
of log det L into the integrand of (x) we obtain

tr[16R?{y, xYL?M3 — 24R*(R? — (y,x>)LM?
+2R*(L+ 2R* — 2y, x))(R*M?* + { My, My — 2{y, x> M*)M ]dS.
Here we must take care with non-commuting matrices, but we can cyclically
commute using the properties of trace.

In the limit as R tends to infinity the matrix M tends to R*.I,, where I, denotes
the k x k identity matrix. Hence we can neglect terms which have order smaller
than 1. Now substitute for L =aFo; + ok, + R* —2{y, x> + a*a in the integrand
to obtain

tr[(— 16R (¥ oy + oo, + a*a) — 24R(y, x>
+ 80R*{y, x>*)M?3 + 24R®( My, My>MdS.
The contribution from the last term in the large R limit is 48m2(| ot ||% + | oty ||?).

From the x> —x symmetry the potentially divergent term R®{y,x) can be
computed as follows:

[ trRO(y, x> M3dS =

3
SR

~12— [ tr ROy, x> (I(—x)* — L(x)*)M (x)*M(—x)*dS
Sk
=6 [ trR'°(y, x)*M(x)’M(—x)*dS
Sk
(px)?

R2

:6!&‘

3
SR

dS in the large R limit

6] tr[a’focl.(xf +x§)+oc§oc2'(x§ +xi):|ds
2 R? 2 R

= 37'52(”“1 I* + [l oy ).
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Hence we finally obtain

my(4) = (=321 (flog 1 + floa 2 + 1 |?)

32
+ (=72 +40 + 48)7> (Jloy 1> + 2 [1%)]

=3l [+ lloa 1> + lall® + [15]2).
Thus we have proved:

Theorem 3.1. For any [A]e,,, my(A) =5IIp(4)]>.
This, together with Theorem 2.5, implies:

Theorem 3.2. The ADHM correspondence is a hyper-Kdhler isometry of M, , and
%r‘k-

4. Homothetic Isometries and Moment Maps

We start by recalling a result of Groisser and Parker [9, Eq. 4.3] which can be
stated in the following form.

Proposition 4.1. Let H be a subgroup of the conformal group of a four-manifold M
with a lift of its action to a principal bundle P— M. Let the infinitesimal action be
given by X, for he (= Lie(H)). Then the infinitesimal action of H on </, is given by

Y, (A)= X, JF +d,u,
where ue£2°(ad P) represents X, | w,€2°(P;g), and w 4 is the connection form.

In [9] they use the example of P —S* which is the SU(2) bundle which double
covers the bundle of orthonormal frames in A, T*S* and so comes with a lift of
the conformal group action on S*.

Definition 4.2. If H is a group acting on a Riemannian manifold M, then call the
action exact if X, = — Vf, for some feQ°(H*).

An important example of these is the subgroup of the group of homothetic
isometries of Euclidean 4-space given by the semidirect product H=R* xR ™.
The action of (y, 1)eH is the linear one x+ Ax + y. We shall be interested in the
groups R* and R* separately. These are exact with f, =4[ x[?/2 and f, =(x, y).
We shall use Y}, i = 1,2, to denote the separated actions on the space of connections.
It is easy to see that these are all the possible exact conformal actions on IR*,

We can regard the two moments m, and m, defined in Sect. 2 as taking values
in the dual of the Lie algebras of R* and R*. We would like to prove that the
actions Y; descend to .#,, and that —Vm; =Y.

Theorem 4.3. If H is a subgroup of R* xR™* acting on R*, then the induced action
on o, descends to M, ,. Moreover, this action is exact with associated function

1
m(d)=— | fTrF}.
8% R4

Proof. To show that Y, descends to .#,, it suffices to prove that d; ¥ =0. Now
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d;d,=0as Ais ASD. So
drY=d%(X IF,)
=P.d,(X 1F,)
=H°f-F, see[10, Lemma 3.1].

Here H° denotes the trace-free part of the Hessian. For the group H of the theorem
this vanishes. This is because H is conformally Killing so that the Hessian of f is
proportional to the metric which has no trace-free part.

Noting the identity To I % =*(a A f) for a 1-form « and 2-form f, we have

5Am(b)=$jfTr(dAb AFy)
n
= —41—2jdf/\Tr(bAFA)
T

1
= —anjTr[(Tdf" *F ) A *b]

1
== 2| TILX I F ) A %b]

= —(X JF.,b>
= — Y(A)(b).

We can justify the use of Stokes’ theorem in the first line as the integral
| fTr(b A F,) over large spheres S; vanish in the limit R—co, as fbF, =

SR
OR™™). O
The notion of exact action is similar to that of Hamiltonian action when the

action is symplectic. The associated function is then the moment map. We can
prove an analogous result to the one above in this context too.

Theorem 4.4. Let H be a subgroup of the conformal group of R* acting symplectically
on IR* such that the action is Hamiltonian with moment map . Suppose further that
VIV has skew trace-free part. Then the action defined above descends to M, and
is Hamiltonian there with moment map

N 1
u(A)=QIuTrFi,

provided u= 0(]x|?) as |x| = 0.

Proof. Observe that X, = — IVy, generates the $ action. Then replacing Hf in
the proof of Theorem 4.3 with VIV implies that the action descends to .#,,. To
prove that we have the correct moment map note that

. 1
S4R(0)= , T uTr(dsb A F)

=#jrr[((x Jdw) A F,) Ab)]
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1
=5 A TIIX JF)ablno since Fyno=0

=—QX JF,.,b). O
Recalling that the measures Tr F2 converge on .#,, then the integrals in the
above theorems will extend to continuous maps on .#,, and hence:

Corollary 4.5. The formulae of Theorems 4.3 and 4.4 hold on Tﬁk,,.
We can now deduce the main theorem of this section:

Theorem 4.6. Let H be any group acting on R* whose action is exact (respectively,
Hamiltonian), with associated maps on M,, and M,, given by m(A) and (M)
(respectively, u(A) and j(M)). Suppose further that m(A) = m(p(A)) on M, (respec-
tively, u(A) = ((p(A))), for k = 1. Then these equalities hold for all values of k.

Proof. Since Y = p* Y, where Y and Y are infinitesimal generators of the H action
on ,, and ,, respectively, and from the definition of moment maps and
associated functions, there is a constant keR™ such that V¢, =0, where
¢ (A) = km(A) — i(p(A)), or ¢, (A) = ku(A) — fi(p(A)) for [A]e. 4, ,, depending on
whether the action of our group is exact or Hamiltonian. Observe that .4, , are
all connected and that S¥"'R* x .#, , = .#,,,. Then the hypothesis of the theorem
shows that ¢, =0and k=1. [J

We now apply the above to the homothetic actions on /%A,’k. These are given
by (g, %y, a, b)—(Aay + 24, Ao, + 2z,, Aa, Ab) and we can complexify the action to
that of € x €* via the complex structure on R*.

Lemma 4.7. The above actions are exact with associated functions
Falorg, 00, a,b) = (tray, troy),
Fale00) =5l 12+ llea 1 + la]® + [ b11?).
Proof.
gd(log 1> + oz |12 + lall® + | b(1%) = oy dor; + aydot, + ada + bdb,

while
d(troy, tro)(ye, y,) = yytrdeg + y, trda,.

It is easy to see that these equal 1 X, and 1 X, respectively. []
Recalling Lemma 2.7 we have:
Corollary 4.8. For all k and [A]e M, ,, set (xy,a,,a,b) = p(A). Then
m(A) =(trag, tro,).

Remark 4.9. Applying this to the dilation action we see that the moduli spaces
My, and A, , are isometric if and only if their Kéhler potentials agree.

Consider the S* action on R* which permutes I,,I5. A moment map for this
is |x|?*/2. This is because V|x|? generates dilations and hence I,V|x|? generates
rotations permuting I, and I, but fixing I,. This is the construction of the
hyper-Kéhler potential given in [11, pages 550-554]. Indeed this implies the
existence of a hyper-Kéihler potential on .#, , as in Theorem 2.5 and provides us
with an alternative proof of that theorem. Hence we have proved
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Proposition 4.10. The second moment m, is a moment map for each of the complex
structures I; with respect to the S* action which fixes I, and permutes the other two
complex structures.

These S'’s generate the nonsymplectic SO(3) action.

Corollary 4.11. The manifold m; ' (x)/SO(3) = M, ,/SO(3), for any nondegenerate
point xelmms,, is a quaternionic Kahler manifold for each k and r.

This provides us with a large selection of quaternionic Kidhler manifolds.

If we now turn to the other SO(3) in the rotation group SO(4) of R*, we see
that this action is given, on the Lie algebra level, by I, J, K. These cover the actions
on IR* given by (counter) rotations of pairs of € < R*. The respective moment
maps are

XX, +x3x, forthe complex structure K
X1X3+ x,x, forthecomplex structure I
XX4 + x,x3 forthecomplex structure J.
The matrices VX for generators X of these actions are skew symmetric and hence

satisfy the conditions of Theorem 4.4.
The action on the ADHM matrices is also by rotation on (x;,a,), so the

moment maps are given by Red{ M(xa,,a,), (¢, ,)), where M=1I,7J or K ( for

10 0
(up to scalar multiples of 2™)

. 1 0 1
example [ = diag ((O ), <1 >)> If we compute these we find moment maps

Imtr(o; o +a,08) for the complex structure K
Retr(o; a%) for the complex structure [
Im tr(o o) for the complex structure J,

where ¢ denotes transpose of the matrix. Notice that the moment map corres-
ponding to the complex structure I is distinguished. This is because the matrices
themselves arose from fixing the complex structure I on R*.

It s casy to see that [(x1x3 4+ x,x,) Tr F%/87% = Re tra;of for the k=1 case,
since

j‘(xl-x3 + x,%4)d*x _ I(J’1J’3 + Vaya)d*x
(A +Ix—yH* (2% +|x|?)*

Hence, by Theorem 4.4, this equality holds for all k. The other cases follow similarly,
and so we have:

Theorem 4.12. For all k,r, let (ay,%,,a,b) = p(A) for Ae M, ,. Then
1
gt;j(xlx:, + x,%,) TrF2 = Re tr (o %),

1
— [ (xyx5 4+ x3x) Tr F4 = Im tr(o oy + o500),
n
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and
1 5 .
872]()@64 + x,%3) Tr F4 = Im tr(o o).

Finally, we shall consider a group action on the moduli spaces which does not
arise from an action on R*, namely the SU(r)/Z, action on the framings of elements
of o/. This acts on .#,, with quotient .#;  consisting of (unframed) ASD
connections modulo the whole gauge group. It acts freely on the irreducible
elements 5, of 4, , and defines a fibration

G/Z(G)~ M}, ~ M.

This is true for any manifold M and for the moment we shall generalize our
discussion to the case when M is a Kéhler manifold of complex dimension n, with
base point x,, and let G be any compact connected semisimple Lie group. Then
it is well known (see [6], pages 237, 238) that there is a moment map for the action
of the gauge group ¢ on the space &/* of (unframed) ASD connections on some
G-bundle P given by F, A »" */ke?"(ad P) = Lie(%)*, where x =2 ""z%

It is also well known that the space of framed connections modulo gauge can
be identified with the space .«/*/%,, where 9, = {pe¥|p(x,) =id}, and 4/%,=G.
The centre Z(G) acts trivially on &/* so consider the quotient H = G/Z(G) which
acts freely on irreducible elements. We want to find a moment map for the H
action on the framings P, =~ G. This can be done by considering the identification
A G = A"/%, as follows.

Fix a basis {0y,...,0,} for (ad P),,~ g and extend each element o; to G; by
parallel transport along radial lines in a small neighbourhood N ;(x,) of x,, by 0
outside N,;(x,) and smoothly interpolated in the annulus Ann(4, 24; x,) by a bump
function. We choose 4 sufficiently small to allow solutions of d,6;=0 to exist
along radial lines in N ,,(x,) such that {d ,G;} generates the framing part of T, /Y.
This provides us with a model for T,H = {6;}, by which we mean an embedding
of T,H into £2° (ad P). Using this identification we define #:G % so that the
model $=~T,H=T,G<,N% dP)~Lie(¥%) is just n,:TH—T¥%. Denote the
pullback Q%'ad P)>T*H by n* and then we can define u:o/*—9H* by
wWA) =n*(F 4 A o"~ Y)/x. This is H-equivariant since F, A o" "' was %-equivariant
and for e T,H and ae'(ad P) we have

1
Au(6)() = ;'1*[[06 A dgn,0) A "]
=n*(d 410 1 2)@) = (d 40 ) 2)(e).

Hence p is a moment map for the H action. Now observe that u is -equivariant

and that the coadjoint action of %, on H* is trivial, and so pu descends to

u: /% — $H* and hence, by restriction, to p:.#4 — $H*, where .# denotes the framed

Yang-Mills moduli space. If we use the identification of {¢;} with {6;} now in

reverse we can identify n*(F 4 A 0"~ ") with (F4 A 0" ')(x0)e AT M ® = H*.
We have now proved

Theorem 4.13. Let (M, w) be a Kdhler manifold of complex dimension n and let G
be a compact connected semisimple Lie group. Then a moment map for the action
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of G/Z(G) on the framing of Hermitian—Yang—Mills G-connections modulo gauge and
framed at xeM is given by

NEF LA 0" B
23 n2

(A7) = ,
where 1,:G =% is the map defined above so that n*:Q?"(ad P)— Lie(G/Z(G))* is
evaluation at the point x.

In the case where M =IR* and we are framing connections at infinity, x,¢IR*
but we can use Uhlenbeck’s removability of singularities theorem [15, Cor. 4.3]
to make sense of (F ; A w)(o0). Let 5:5%\{c0} -» R* denote > stereographic projection.
Then there is a gauge transformation ge#% such that 4 = g(4) can be extended
across coeS* Moreover, the limit of n*(F ; A s,w) as x — oo exists on S*\{co} and
must equal the limit of #n*s*(F; A s,w) as x— co on R* Hence we have

Corollary 4.14. A moment map for the action of SU(r)/Z, on M, , which acts on the
Sframing of a framed ASD connection [A] is

1
ua) = — llm Ni(F 4 A o).
7(

We would like to relate this to the action of H on dual space % . Recall that
the fibre of P “at infinity” is given by the vector space L in the monad
K-> K®K®L—- K in the limit x > c0. The group H acts on Lin the fundamental
representation and hence, if we fix L, on the matrices a, b by b@® a*—by @ a*g,
and H fixes o; and a,. The moment map  for this action can be computed using
the fact that u = 0 minimises points of /. . in @ given H® orbit, (see [5], page 458).
Using the same calculation with S U(r) instead of GL(k,€C) we find
w(Loy,a5,a,b]) = b*b — aa*esu(r), we identify a Lie algebra with its dual via the
Killing form.

As before, the infinitesimal action of H on ., , is just the pull-back of the
action on ,/% . and the metrics agree by Theorem 3.2. Moreover the group H is
semisimple and hence moment maps are unique, so we can deduce:

Theorem 4.15. For all [A]e M, , and [o;,a,,a,b] = p(A4),

.
— lim *y*(F 4 A w) = b*b — aa*.
212 x-

We now have explicit formulae for the moment maps and associated functions

for the whole symmetry group of .#,, and ﬂ, k-
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