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Abstract. We consider a large number of particles diffusing on a circle interacting
through a drift resulting from the gradient of a pair potential whose support is
of the order of the interparticle distance. We derive a nonlinear bulk diffusion
equation for the density of the particle distribution on the circle. The diffusion
coefficient is determined as a function of density in terms of standard thermo-
dynamical objects.

1. Introduction

In this article we study the hydrodynamic limit for interacting Brownian motions
on the one-dimensional circle. The interaction is between pairs of particles and
is repulsive in nature. The scaling is such that the range of the interaction is of
the same order as interparticle distance and therefore each particle interacts with
only a finite number of nearby particles at any given time.

We obtain a nonlinear bulk diffusion equation and the diffusion coefficient
is naturally expressed in terms of the thermodynamic functions of our one di-
mensional system. The main limitations are the finiteness of volume that is forced
because our basic space is the circle, the repulsive nature of the interactions that
is assumed and that we are in one space dimension.

In this context the fluctuations around equilibrium have been studied earlier
by H. Spohn [5] and the self diffusion in equilibrium by Guo and Papanicolaou
[1]. Their results have been derived for infinite volume and arbitrary space di-
mension. Of course these results deal essentially with equilibrium problems where
a lot of control through estimates is available.

Our method is similar to the one used in Guo, Papanicolaou and Varadhan
[2] and uses estimates based on entropy and its rate of change. Section 2 describes
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the results precisely and Sects. 3-9 contain detailed proofs. Section 10 contains
some results concerning the Gibbs measures of one dimensional systems. These
results are all well known to the experts although it is difficult to find precise
references to the results in the form we need. We have therefore included a quick
exposition with sketches of proofs.

Along with S. Olla in [3] we have modified the methods of this article to
extend these results to the case of interacting Ornstein-Uhlenbeck processes and
they will appear in the next article.

2. Summary

We denote by S the circle of unit circumference and consider a system of N
interacting Brownian motions with S as a state space satisfying the following
system of stochastic differential equations:

dx;(t)=—N D) V' (N(x;(t)—x;(¢))dt+dB:(t) , i=1,2,...,.N . (2.1)
JijFi
Here, §,,..., Byare N independent Brownian motions and V() is an even function
on R satisfying the following assumptions:

(1) V=0,V (0) >0 and V has compact support.
(ii) V is once continuously differentiable.
(iii) V'(-) is repulsive in the sense that

v(z)=—zV'(2)20 . 2.2)

Then the process [x, (¢),..., xy(¢)] is a Markov process of diffusion type on
S", the N-fold copy of S, w1th an infinitesimal generator given by

1N 9 ,

J¥i

It is easily verified that

JVIN(x—x) 9 —ZVNx—x)) 9
e —e 4
L ox,° %) ¢4
so that Ly is formally symmetric with respect to the measure
1
dun(x) =Zvexp [—Z V(N(x,-—xj))] dx,...dxy . 2.5)
i

It is straightforward to verify that the Markov process x () with L, as generator
is in fact reversible with respect to the invariant measure uy given by (2.5). The
constant Zy is for normalization and is so defined to make u, into a probability
measure.

We start x(0) with an initial distribution with density f%(x,,..., xy) With
respect to the invariant density uy. The density at time ¢ with respect to uy is
denoted by f&(xi,...,xy) and is given as a solution of the forward equation

fn

di =Lyfy with fy],- o=/ - (2.6)
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The empirical distribution of the process at time ¢ is defined by

vt A) =y X xa(i(0) for AcS @7

i=1

and &, (¢) is viewed as a random measure on S. If we denote by M, (S) the space
of probability measures on S, one can view &, (+) as a stochastic process with
values in M, (S). In view of the continuity of the trajectories, we can pick a time
T < oo and consider the space C[[0,T], M, (S)] of measure valued continuous
functions on [0, 7], and our basic markov process with initial density f% will
induce a measure Qy on CJ[0, T], M, (S)]. Our main result is to show that under
suitable assumptions on f', the measures Qy as N— oo will concentrate on a
single measure valued trajectory which is the solution of a certain nonlinear
diffusion equation.

In order to describe this nonlinear diffusion equation we have to introduce
some thermodynamic functions of one dimensional systems with pair interaction
given by V' (-). The partition function in a finite region [0, /] with activity A is
given by

. o ni | ! -3 V(x,—x)
Zan=3 S . fe dxy...dx, . 2.8)
n=0 % o o
It is known [4] that the free energy defined by
log Z
F(A)= lim M 2.9)
1= oo
exists and is a convex function of A for all 4,
dF
=— 2.10
p="r (2.10)

is the “density” corresponding to the activity A and is a continuous strictly
monotone function of A. This function of course can be inverted to yield A =1 (p)
as a function of p. The free energy expressed as a function of p, i.e.

P(p)=F(4(p)) .11

is called the pressure and is again a continuous strictly monotone function of the
density p.

Our main result can now be stated. Let us assume that the initial densities
{ o} have the following behavior as N— oo:

{ fWlog fNduy<CN forsome C< oo andallN ; (2.12)
[ fnduy—0 as N—oo (2.13)
AN, Je

for every smooth test function J on S. Here Ay ;. is the set of configurations
(x1,-.., xy) such that

AN,J,a = {x: % ZJ(XI)_ S J(G)p() (0)d9 I > 8} ,

and p, (0) is some fixed density on S such that p,(6) =0 and Spo (0)dé =1. In
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order for (2.12) and (2.13) to be compatible p, (§) will have to satisfy some minimal
regularity conditions. In any case (2.13) asserts that

St ... +a,,

N = po(0)do
in the sense of weak convergence, in probability with respect to the initial dis-
tribution f%duy.

Under these assumptions we establish that Q, converges weakly to a limit
which is the degenerate distribution on a single trajectory in M, (S) described by
p(8,1)dA, where p(6,1t) is defined as the unique solution (satisfying mild regu-
larity conditions) of

ap(o,
020 1P @, oo 2.14)
with
PO, )] 1—0=po(0) - 2.15)

3. Outline of Proof

The proof of our result is based on the following ideas. For the sequence {Qx}
of probability measures on the space Q,= CJ[0, T'], M, (S)] of measure valued
trajectories we first establish compactness under weak convergence.

Theorem 3.1. The sequence {Qn} is tight on the space Q.
In order to establish that the limit Q, exists and is concentrated on a single
trajectory we establish properties satisfied by the support of any limit point Q,

enough properties so that one is left with a single trajectory satisfying all of them.
Let us consider a smooth function u(6) on S and the corresponding functional

eV =y Zuu) .

By It6’s formula we see that

1 N
dn)=75 Z u” (x;(1))dt
- Z_ V" (N (x;:(1)) — x;(0)u’ (x;(2))dt
1 N
N ; " (x,(2))dp;i(2) - (3.1

By the law of large numbers, as N— oo, the third term goes to zero. As for the
second term
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20 V(NG = x()u’ (x:(2)

=% 2V (N (1) = x;(0) (i (1) —u’ (x, (1))
(by skew symmetry of V")

=% 2V (N ()= x(0)u” (x: (1) (x: () = x;(2))
by (mean value theorem)

=T ZW(N(xz(l) X (O)u’ (x:(1) .

If we are at some point (6, ¢) in space time and the local density of particles is
p(0,1t) then the system should be in local equilibrium there in a Gibbs state with
density p and it is not a difficult calculation to show that in an exact Gibbs state
of density p

im - Y w—x)=P()—p . (32

= I o
One therefore hopes to estabish that if at a typical time ¢, [Jx,(,) + ...+ 00l
is close to p(t,6)df, then %\/Z w(N(x; ()= x;(O)u” (x; (t)) +— Diu” (x;(2))
should be close to % { P(p(t,0)u” (0)db.
In this manner we establish
Theorem 3.2. Any limit point Q of Qy satisfies
(1) QOla(t, *):a(t,df)=p(t,0)do for a.e. t]=1.
(i) E9[p:p(0,0)=po(0) a.e. ]=1.

(i) Q[P:[u(®)p(t,0)d0 — [u(0)po(6)do = Su” OP(p(t,0)do]=1.

N [ —

t
{
0
Wi

-

Given Theorem 3.2, Q lives on the set of weak solutions of

ap
E‘"‘(P(P))oe with
(3.3)
p(t,0)|,=0=po(0) .
One can establish the uniqueness of weak solutions of (3.3) under the as-
sumptions

O e

{p°(t,0)dtdo < (3.4)
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and

1
J p(,0)

0 s

N

3 2
[55 Pp(t, 0))] df < oo . 3.5)

In order then to complete the proof we only need to establish

Theorem 3.3. Any limit point Q satisfies

E? [? {r’a, G)dtde] <o
oS

and

o[t 1 [d ?
E [g Sp(l 5 [d—e—P(p(t,G))] dtda] <o .
(U ’

Finally a word about the strategy to be used in establishing Theorems 3.1.,
3.2 and 3.3. Since N— oo we need to develop estimates that hold uniformly

1 T
in N. We will need properties of the solutions fy, and ﬁv=} S fnds, where
f solves 0
3 fn
ot

=Lyfy -
Our assumptions is that S flog fyduy< CN. One knows that

S Swlog fuduy=Hy(2)
is nonincreasing in ¢ and

d _ _ 1 S |Vin]?
di Hy(?) In(2) > I duy -
The functionals

Hy(0)= flog fduy

\vs1?
f

are lower semicontinuous, non-negative and convex. Therefore one gets easily

and

1
(=5 S dun

Hy (= (7 § 755)

17
< §H(fN)ds
<H(f\)SCN .

Similarly,
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1 T
IN(fN) é? S In(fv)ds
0

=—[Hy(f¥)— Hy (/)]

S~ Hy (W)

Nl Ni—= N=

IIA

N .

In some sense our procedures are based solely on the two estimates derived above.

4. Some Estimates Based on Entropy

Given a density fy relative to the invariant measure u, with entropy
Hy(fy)= § fwvlog fyduy, we shall obtain in this section some preliminary esti-

mates based on a bound of the type
Hy(fy)SAN . 4.1)

Lemma 4.1. There exists a constant C such that for every N and every fy satisfying
(4.1) we have

E/v & D V(N (xi— xj))} <4+cC,

where A is the same constant as in (4.1).

Proof.

E/~ & .Z. V(N (x;— x,))}

< % log E*" {exp [Z V(N (x;— xj))] } +4

1 1 - X1 — X,
é—ﬁlogZN-I-A:——]vlogge ZVING f))dxl...de-f'A

§%S (Z V(N(xi—-xj))> dx,...dxy+ 4

<C+4.

From now on for the rest of the section we want to derive some consequences
of an estimate of the form

E/~ & D V(N (xi— xj))} <B forallN . 4.2)
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. . . 1
Let us divide the circle S into a large number / of small arcs length I Let us

denote them by S, S,,..., S;. If we are given a configuration of N points x,..., xy
we can form the frequency counts

= Z XS, (xj)

of the number of points among x,..., xy that fall in a given arc S; for 1 i<
1/

We wish to estimate )’ g7 in terms of Z V(N (x;—x,)). Let us subdivide each
=1

1
arc S; into 2k arcs of length Tk and we assume that the size E is of the order

%, where J is small, independent of N, and is so small that V' (x)2# for |x| <0

for some positive constant # > 0. For 1 i< 2/k, if we denote by 4, the frequency
counts for the smaller arcs, then
21k

Zg,<2k2hz.

If we translate the basic arcs S, by half their lengths and denote them by S, .,
with their frequency counts g;.,,, then we have just as well

21k )
Zg1+1/2<2k Z h;
If from among x,...,xy, we have a pair x,x, with |x, —x]
1 . .
< 27 then they must belong either to the same S, or S, ;,, for some i. Therefore
ZX|x| §1/2(|(xi—xj)I)ézgiz_*-Zgiz-f-l/Z
i,

21k

SCIPNH
1

= ZV(N(X %)) - (4.3)

1 1
If W(x) is a function that is supported on [—2—1, 2—1] and is bounded there by

a constant || W|| then

S W) < || W] - 4—2 VOV (- ) 4.4)

LJ

provided only that :,g];= J is sufficiently small.

Lemma 4.2. If W is a fixed compactly supported function then we can estimate

A
EN 5 ZWQAi—x) S| W||-B-C,
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where || W|| is a bound for W, B is any constant satisfying (4.2) and C is a universal
constant depending only on V and the size of the support of W (). This estimate
holds uniformly for all A in the range ¢e< 1 < N.

Proof. We need basically / to be cA for fixed constant ¢ in (4.4) and that forces
on us a choice of k= CN/A for some other constant C. Now Lemma 4.2 is an
immediate consequence of (4.2) and (4.4).

5. Some Estimates Based on the Dirichlet Form

In this section we want to explore some of the consequences of assuming that
the density fy satisfies

E/ [ﬁ > V(N(x,-—x,))] <B 5.1)
and
1 5 1 _
ES Vvl fTvd,uN—IN(fN)éDN . (5.2)

The basic estimate uses integration by parts for any “suitable” test function
U=u(xy,...,xXy)

| E'MLyul| = | § (Lyu) fyduy|

1
= IE S(Vu: VfN>d1uN|

o) (s )

1 172 ,
< (3 117ul fudn) @M (53)

Of course such an estimate is only as good as the test functions u that we can
find to use in the estimate. The following class of test functions will be particularly
useful:

Uy (Xt5ees XN) =20 Fnea(X,— X)) (54)
i
where &y, ,(x) is a function on R that has sufficiently small support that it can

be viewed as a function on S. For each fixed A and ¢ we will have a choice of
uy made for all sufficiently large N. The function %, ; (x) is given by

X

Dnea®)= [ Gnea(y)dy (55

— oo

and
GN,e,A(x)= S gN,e,A(y)dy s (56)

where gx . 2(+) is a function R with support in a small interval around the origin,
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satisfying in addition

§ enea(ndy=0 (5.7

— oo

and

oo

{ yenes(»dy=0, (5.8)

— oo

so that G and & have the same support as g. The function gy, ;(y) will be of
the form

gnea(¥)=(Ne)g(Ney)—Ag(dy) , (59

where g is a nonnegative, smooth, symmetric function with compact support with
total integral 1,

fedy=1. (5.10)

Clearly if A is big enough and ¢ > 0 is arbitrary then for sufficiently large
N,uy(x,,...,xy) is well defined.

In order to use the integration by parts estimate (5.3) we have to compute
Pyuy and |Vuy|?,

FLyun=Ng Zg(N£ (xi—x))—A Zg(l(x,—xj))

—2N 3 (Z [G (Ve (x) — G (A (x,— xp)])

-(Z v (N(xi—xk))> ; (.11)
k
|Vun|*=4 2| G (Ne (i =x) = G (A= x| - (5.12)

One can use the fact that ¥’ is an odd function to rewrite (5.11) in the form
Zyuy=Ne¢ Zg(Nf:(xi“xj))"/1 Zg(/l(xi—xj))
—N D! [G(Ne(x;— x;)) — G(Ne(x, — x7))

i, j,k

—G(A—x) T G(Ala— )V (N (xi—x)) - (3.12)

Let us take the special case of ¢ =1 and A =1. We assume that the support
of g is small enough that A =1 works. Otherwise we can take any value A,
for 4.

We can write inequality (5.3) in the form

Dl/2 1 12
S\ [Ef” {5 IVuNIZH , (5.13)

with & =1, the first term on the right-hand side of (5.11) is

1

B % g (N (xi— x,-))} ’
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which is uniformly bounded because of (5.1) and Lemma 4.2. The second
term is

EA L

which is bounded by a bound for g. The term

% 2165~ Gl )V (N (5= x0)

i, j,k
C ’
=5 Z [xi= x| | V" (N (x:— x0)) |
i,j,k
by using a bound on the derivative of G. We can use the function y(x) = — xV’ (x)
and write this term as

C C
7 D VIV x) S Tw (VX))
i, ),k ik
which is bounded by (5.1) and Lemma 4.2. It is easy to estimate
|[Vuy|*< CN?

by using a bound for G. Since in the inequality (5.3) every term has been bounded
except for a single term we obtain

" & 2 LGN (o= x,)) = G N (=) V7 (N (i~ xk))} <C, (519

i, jk

where C is a bound depending only on B and D. The function F(x—y,y—z)
=V’ (x—2)[G(z—y)— G (x—y)] is nonnegative and one can check easily that it
is possible to pick g in such a manner that

Fx—y,y—2)2y(x—2)y(x—y) . (5.15)
From (5.14) and (5.15) we obtain
1

Efn {(i ,ZJ: !//(N(X,—xj))>23 <E/~ {N o (; W(N(xt~xj))>2}

1

— E/w {% > ,/,(N(xi—xj))w(N(xi—xk))}

1,7k

§EfN {% Z F(N(x;—x;), N(x;— xk))}

i,k
<C.

In other words (5.1) alone is sufficient to provide a bound for

B (3 Sv =)
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while (5.1) and (5.2) provide a bound for
1 2
E/™ {N Z w(N(x;— xj))}

We have therefore proved Lemma 5.1.

Lemma 5.1. There is a constant C depending only on B and D such that

B &, SwVx— x,-))} ‘<c
L [ ]
39> S Jsc.

6. Compactness

In this section we will establish Theorem 3.1. Since the state space M, (S) is
compact we need only establish estimates of modulus of continuity to appeal to
Prohorov’s theorem. It is therefore enough to prove

Lemma 6.1. For any smooth function J on S, and ¢ > 0,

lim limsup Qy [ sup -]%ZJ(xi(s))—%ZJ(x,-(t)) >e|=0. 6.1

60 N—oo 0sSs<t=
|s—1] <6

Proof. Let us take s < ¢. Then
1 1
5 DICa) 5 2 ((s))

1

=N S J” (x;(0))do + SZJ’ (x:(o))dp; (o)

- S 2V (N (x:(0) = x;(0))J” (x:(0))do

=n+ntn; . (6.2)
The first term is clearly bounded by
|| £3CE—s) , 6.3)

where C is a bound for J”.
The second term is a Martingale term and by Doob’s inequality

257 (i) dBi (o)
0

E sup

01T

SC exp E

0<!<T

=3 5 I (x,(0))dB;
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1 T
=C5 [ 21 (xilo))|do
0
C-CiT
<
==, (6.4)
where C, is a bound for J’.
The third term can be estimated by estimating the integrand
2 V' (N (xi(0) = x; ()]’ (x:(a))
ij
=2 V' (N(x:(0) = x;(0) (V' (x,(0)) = J" (x;(0)))
ij
< CZ | V" (N (xi(a) = x;(0)))| | xi(0) = x;(a)| ,
iy
where C is a bound for J”. Recalling that w(z) = —zV"’ (z) we can estimate

1
Il SCJ 5 IV (@)~ (o) ldo
One can then complete the proof of Lemma 4.1 if we show the following estimate:
T 1 2
sup E%" | [NZ v (N (x;(0) —xj(a)))] do < «© .
N 0

This follows from Lemma 5.1.

7. Local Gibbs States

In establishing the hydrodynamic scaling limit one of the problems we
have to deal with is expressing average microscopic quantities like

1 . . . . .
I; Z w (N (x;— y)) U(x;) purely in terms of the macroscopic density function. This

is of course possible only if the configuration x,,..., x, is suitably organized and
we have to establish that during our stochastic dynamics most of the time the
configurations are suitably organized with a very high probability.

To make this precise let us fix a value of / and consider a functional H (w)
which is a bounded and continuous functional of the configuration of points in
the interval (—/, /). We can view H(w) as a functional of a point process on R,
which depends however only on the configuration of points in (—/, /). If we have
a set (x;,...,xy) of N points in S, for any given x, we can look at the points
Xt x— x| < i and consider the points N (x;— x) on the line (— o0, c0) obtained
from the original (x,...,xy) on S. The resulting point process on R, while it is

N
somewhat arbitrary due to the cutoff at the edges namely around +—, for every

I the configuration is natural and well defined on [—1 /], provided N is large
enough. We can evaluate our functional H(w) at this configuration, which we
denote by wy and obtain a value H(wy).
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We are interested in the quantity

En(xr,e.,xy)= | H(wy) U(x)dx . 7.1
S
Corresponding to the set x,,..., x, we have the empirical distribution
1
aN(dx)=]—\—,(§x, +...+4d,,) -

We pick a mollifier /4 (x) with compact support, i.e. a nonnegative function 4 (x)
with | (x)dx =1, and assuming that the support of / is contained in [— 1,3, we
can lift /4 as a function on S, and for A 21,4 A(Ax) is a mollifier on S as well.
We can then pick for A = 1, a natural version of local density for the configuration

(x1,...,xy), by
P29 =% 2 h G (5= )

=(h;*ay)(x) , where

hy=2Ah(Ax) . (7.2)

For a one dimensional system, there are no phase transitions and we have a
unique Gibbs state P, viewed as a stationary point process with density p that
corresponds to the given pair interaction V' (x). Since we expect the arrangement
of points near x to be a random arrangement from P, with p =p;, by (7.1) we

expect to replace &y (xy,..., Xn) BY iy 1(X1,..., Xn), Where
NN (Xt xn) = | H(pa(x) U (x)dx (7.3)
S
with .
H(p)=E"[H(w)] . (7.4
The error between &y and 77y, ; is expected to be small provided 4 is large and
N is large and (x,,...,xy) is a typical configuration from a nice distribution
Svduy.
Let us denote by .y 5 p the set of probability densities f,, on S” that satisfy
1
F™ {N D V(N (x;— x,.))z <B, (7.5)
1 S |Viv]?
— <
5 I duy<DN . (7.6)

Because of translation invariance of the expressions (7.5) and (7.6), if we replace
Jn by

Gy xy)={ fu(xita,...,xyta)da

S

due to linearity in the case of (7.5) and convexity in the case of (7.6), fy will
satisfy the inequalities (7 5) and (7.6). In other words, if fy€ &y 5 p so does
fw. Let us denote by &5 ~.B,p> the translation invariant densities in &y 5 . Our
goal is to establish that for each fixed / and H(*)
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Theorem 7.1.
lim limsup sup EfN|£N—nN_A| =0 .

A= N—o©o fNE XN BD
Since P, depends continuously on p, H (p) is continuous in p and we can establish
Theorem 7.1 in two steps.
Theorem 7.2.

limlimsup sup E™|éy—nnn|=0,

e—=0 N— o fveX&NBD
and

Theorem 7.3.
lim limsup sup E™ [ |p,(x)—p.n(x)|dx=0 .

£—0 N—c  fNZN,B,D S
A— o

Remark. In view of the comment made earlier about translation invariance in
Theorems 7.1, 7.2 and 7.3 we can in the proof replace &y, 5 p by & ,3, B.D-

We can write
E™| [ H(wy) Ux)dx— [ H(ps(x) U (x)dx]|

N ,
<E"| [5; i Ho(wz)dx] UO)dy = | H(ps () U (x)dx|

|y—x|<a/N

+||HIIEf”SiV— [ U —ux)|dydx .

2a |U—x| Za/N
To fixed a, H and any sequence A =4,
limsup sup E™| [H(@x)Ux)dx— | f(psy(x) Ux)dx|

N—oo  fne N8 D

Xy H(wmdx—ﬁ(pm(y))u

2 |y—x|=a/N

<||U||limsup sup E™ [de
N— oo

SNn€ N, B D

by assuming continuity of the function U(x).
If we now replace fy by fy then

N

E™ [gdy’z § H(w’i«)dx—FI(paN(y)H

|y—x|=a/N

_ g [de‘zﬂ i H(w;‘v)dx—ﬁ(pm(y)‘]

ly—x| Sa/N
N ~
=EfNH2_ | H(w,"v)dx—H(plN(O))H -
A x| ZaN

The proof of Theorem 7.2 can therefore be reduced to the proof of the following
theorem.
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Theorem 7.4.
Neg

limlimsup sup E/|— [ H(wy)dx—H(py,(0))| =0 .
e—>0 N—co fNeM?V,B.D 2 |x| < 1/Ne

The proof of Theorem 7.4 proceeds as follows.
The computation of S H(wy)dx and p,_(0) requires only a knowledge
| x| <1/Ne
of the location of the particles from among x,,..., x, that belong to some interval

1]
of the form |x| éN_a+NO’ where [—/y, [y] is such that H(w) depends only on

the configuration there. So if we project fydu, onto the configurations in such
an interval and expand the interval by a factor of N, we will get a set

. . 1
B 5.p.e of point processes on the interval | x| <—+/,. Theorem 7.4 reduces to
proving that €

1/e

= f H(w")dx—ﬁ(pe(O))FO. (7.7)

lim limsup sup E”
2 —l/e

e>0 N—ooo yeZBf,,.

Let us note that because of translation invariance and blowup by a factor of N,
the local density of particles is normalized at 1. Therefore the collection

. 1 1 .
9(?(,)\,, s.p.: Of point processes on [— <;+ b}, g+ lo) | 1s compact as N— o and

we denote by %y 5, the set of limit points. Verifying (7.7) reduces to verifying

1/e

z | H(w")dx—ﬁ(pe(o))l]=0. (7.8)

lim  sup E"[
2 —l/e

e—0 veBeops

In the appendix we have introduced the collection of Gibbs measure with
boundary condition w and particle number # on the interval [ — [, []. Let us denote
the convex hull of these measures with » and w varying by I". The subset with
the average particle density less than or equal to 1 will be denoted by I/".
According to Theorem 10.3 of the appendix,

lim sup Ey[

1
[~ verfd,

L H(wﬂdx—f‘f(p,(onu 0,

and we will complete the proof of (7.8) by establishing
Lemma 7.5. For any B, D and ¢ >0
9?3,1),5 Crl(/ls)+lo .

Proof. Since the density can only drop under the weak limit it is clear that it is
sufficient to prove 9.§B, e L+ 1/e -

Let us assume that V' is supported on some [ — ¢y, ¢o] and look at the set of
limit points of the point process on a slightly larger interval of the form

1 1
[— (g-l-lo-l-co), ;+lo+co] in the expanded scale. Let y be any limit point.

We want to characterize the restriction of v as a point process on
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1 1
[—<E+lo>,<;+lo>] which is a member of I.,,. Let us consider a

diffusion on the configuration space of point processes on the interval
1 1 1
[ - (; + L+ c0>, . + i+ co] under which the particles in [ - (E + lo> s

1
(; + 10) diffuse with reflecting boundary conditions at the end point and those

1 1
outside [ - <;+ lo>, <E+ lo>] stay put. The generator is given by

1o & , a 1 , 3
L—2 Z 8x,2 %V (xz—xj) axi 2 §V (xi ya) axi )

where x,,..., x, are the particles inside and {y,},... are the particles outside. The
outside configuration w and the number n of particles inside do not change and

1
for this diffusion L the family u,,, with [’ = <;+10) is precisely the set of

extremal invariant measures. Therefore all we need to show is that v is invariant
for the diffusion L.

Let us take a function u(x,,..., x,,b) of the form u(x,,...,x,)¢(b) with a
smooth u, satisfying Neumann boundary conditions. Strictly speaking
u(xi,...,x,,b)is not a continuous function viewed as a function on configurations

1 1
in [— <;+ [+ k0>, ;+l+k0] because of the distinction between outside and

inside variables. Its discontinuity points are on the set where a particle sits exactly
on the boundary. These have probability zero because the homogeneity in space
makes any local density at most one in the limit. So we can calculate

{ Ludv = lim | Ludvy

An N—oo 4,

= lim S LANdeNd‘uN >

N— oo An N

where fyduy is the measure on S which produced the v, by restricting
in the set &% 5 p,. for some choice of &’. A4, is the set with n points

1 1
in [—(;-I—l(,), [E-HO]] and A,y is the set with #» points in

9 ()

. An elementary calculation using integration by parts

N ° N
yields
2 ﬁn af N
Lyiyfnduy= Z s
A;EN ASN ax ax
where Z’ is the summation over those variables x,,...,x, inside

1 1
—+1,) (=+1
<8 °> <8 °> 1 a4,

TN N . The factor — P comes from the stretching. o, are of
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order N and therefore we only have to prove

1 . %)2 1
wpy 12 (ax,. Tyl

An,N

We can calculate by translation invariance

1
32 () a5 w 2(50) 5,0

3x;) fw N 2 ox;/) fn
1
2(3+4)
<——-ND
- N

and we are done.

This proves Theorem 7.2.

We now turn to the proof of Theorem 7.3. We have to carry out some
construction. Given any set (x,,..., x») of N points in .S, we have earlier associated
the empirical distribution

1
ay (dx) =N [0+ ...+0,]
and a mollified density
A
pi(x) =NZ h(A(x—x7)) .

For most configurations the density p,y(x) can be highly oscillatory and
{ H(pen(x))dx and | H(p,(x))dx for fixed ¢ and A can be very far apart. To
rule this out we plan to calculate the Young measure associated with the functions
p.n(+) and show that for N large and ¢ small, these are nearly degenerate.
Corresponding to a mollified density p, (x) we can define a probability measure
7 on SX R by the relation

| F(x, p)n(dx, dp) = | F(x,p2(x))dx .

7 clearly enjoys the properties

[ pr(dx,dp)= [ pa(v)dx=1, (7.9)
{ F(x)m(dx,dp)= | F(x)dx , (7.10)
or m projects to Lebesgue measure on S. If we denote by .# the space of prob-
ability measures on Sx R, then through 7 and p, we map x,,..., xy into ./Z.

We already have a map ., that maps (x,,..., x,) into M, (S) by

1
aN(dx)=N[6x1+ R o JON I
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We now take both the maps and map (x;,..., xy) into the pair a,, 7, a point in
M, (S)x.#. With the choice of A = Ne, this produces an induced probability
measure QAN’e on M, (S)x.# for each fyfrom &y g pand choice of &. The range
of such Qy, will be denoted by %y 5 p,, their limit points as N—oo by
s p,. and the limit points of these as ¢ =0 by . ,. Our goal is to prove
Theorem 7.3 and the main step is

Theorem 7.6. Let O € g . Then for almost all (o, m) with respect to Q,

a(dx)=p(x)dx
and
7 (dx, dp) = dx8, ) (dp)

for some function p(x) in L, (S), i.e. the young measures are trivial.
We will reach Theorem 7.6 by a series of lemmas:
Lemma 7.7. Let O € ,@B‘ p. Then Q has the property

Ola : a(dx) = p(x)dx for some p]=1 ,
and in fact

E° [gpz(x)dx] <C-B,
S

where C is a universal constant.

Proof. From Lemma 4.2 we can conclude that
EC [ AW (x—y)alde)a(dy) < || W] CB ,
S
where W is a nonnegative function of integral 1. Since the bound is uniform in
A we can let A = oo and establish Lemma 7.7 by Fatou’s lemma.

Lemma 7.8. For any Q. in &g p .,

Qcl(a,m): § pr(dx,dp)=1]=1, (7.11)
Q.l(a, m): m(dx, dp) = dxm.. (dp)] =1 , (7.12)
Ocl(e, m): a(dx) = p(x)dx with p(x) = [ pm(dp)] =1 . (7.13)

Proof.
E9% | p*m(dx, dp)=E™ [ piy (x)dx
S

=E™ | le X h(eN(x;,—x)) zdx

—& pmw —
NE DI W(eN(x;,— x;))

< ||W|BC (byLemmad4.2),

Now (7.11) is a consequence of the unitform integrability (7.9). Relation (7.12)
follows from (7.10). (7.13) is just the routine fact that the mean of the Young
measures defines the function which is the weak limit.
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We now try to use the bound on the Dirichlet form and use inequality (5.3).
The expression for .Z Uy given by (5.11) can be written as
1
FZNUN=T,—T2+T3—T4 , (7.14)

where

T1=%Zg(N5(xi"xj)) s
e
2_szg( (xi—x))

1
L= 2 [GING (e =x) = GN& (=) V' (N (x; = x0)
i, j,k
1

L=y

22 [GA (= x) = A= )NV (N (x; = x0))

i, 7,k
The inequality (5.3) takes the form
EMT + LIS EMT,+ T.)+ D' (ETy)'” (7.15)

where
4
Li=—5 2| 26N (= x) =GR x—x)|” .
i J

Because | G(NJ(x,—x,))— G (A(x;—x;)| is bounded by 1 and G (Ndx)— G (Ax)
is supported on some interval of size A ~ ' we can bound
| G(NO(x;=x))—GA(;—x))| =x(A(xi—x) ,

where yx (x) is a bounded nonnegative continuous function with compact support.
Therefore in (7.15), Ts can be replaced by

Ty=s 2 22— 1)

We next want to chase the inequality (7.15) through subsequences to get a
limit point of Qy . in ,Q?B, p.e and then again through limits finally to a limit Q

1n ﬁB,D.
We have
_9 _
T, = NZg(Na(xi X))
=6 | 2 g (N (x;— x)h (N (x;— x))dx
S
=6 | H(wn)dx ,
S
where

H(w)= Zg(é(xi— xNh(x;) .
If it were not for the fact that H (w) is unbounded we could apply Theorem 7.2
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and we would have
lim ET,=E? { dx[| Hs(p)n.(dp)]

N—

Hs(p)=E, [0 X g (6 (x:i— x))h (x)]
= [dg(d(x—y)h(x) RS (dx, dy) ,

where Rf,z)(dx, dy) is the two point correlation function relative to the Gibbs
measure with density p. However since H (w) is nonnegtive and continuous Fa-
tou’s lemma can be used to conclude

with

E° | dx[| Hy(p)m, (dp)] < lim E™T, . (7.16)
s N—oo
We next look at T3,
I =% 21 [G (NS (x— x7)) — G (NS (x; — x)))] V7 (N(x; — x4))

ij,k

= [ dx DG (NS (xx = x;) = G (NS (x; = x)] V'’ (N(x; — x,))h (N (x,)
= S H,(wy)dx ,
s

where
H(0)=2[G(0 (e —x)) — GO (i — x)N V' (xi— x )b (x;) .

One can check that because of the monotonicity of G and the fact that
xV’ (x) £0 for all x, H, (w) is nonnegative. One can then obtain by exactly the
same reasoning as above

E [ ax[| A, s(p)m, (@] < lim E™T, (7.17)
S N—
where

A )= [[IG(E =)~ G@x— IV (x—yh(x) R (dx, dy, d2) ,

where R$)(dx, dy, dz) is the three point correlation.
We now turn to 75:

EC([2g(A(x—y)da(x)da(y)=E? [[Ag(A(x—y)p(x)p(y)dxdy
= lim EMT, . (7.18)

N— oo

As for T,

1
T=y 2 [GA(u=x) = GG =x)IV' (N (x,~x0) -

i, j,k
We know that V(N (x;— x;))=0 unless |x;— x| < C/N. Therefore we can ex-
pand G (A (x; —x;)) — G (A (x,— x,)) by Taylor’s formula with remainder and
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|G (A (o —x))— G(A(x;i—x)| éig(/l(xk—xj))(xk—xi)‘i'% |xe— x|,

where the error term depends only on 4.
We can now write

T,= % 3¢ (A (x,— x))w (N(x,— x,)) + Error ,

C
E’[|Error || E™ e > w(NGx;— x)))

ij, k

<—by Lemma4.2.

=1le

We now try to evaluate

n— oo

A
lim E” [_]\? 2.8 (A 0= x)w (NCx; = x))] -

The function Ag(41(x—y)) on SXS can be approximated by functions of the
form

X 496, ()

uniformly on Sx S and if we denote by
1

AgA(x—y)— 2 a, ()b, () =c(x,y) ,

then

1

1
E™ |55 2 e (o )y (N (5= x0) | <73 [| C| NE [Z w(N(xi—xj»]

< ||C]|| byLemma4.2.

So the error is controlled uniformly in N. We can compute

1
lim B =5 3a(x)b o)y (N (i x0))

N—

1 1
= lim E" [ﬁ Tb ()5 Da(aw (V (xi—x0)

N— oo

1
’NZa(xk)(//(N(xi_xk))_ fa X !//(N(xi—xk))h(N(xk—y))‘

N ik

1
s ‘EZ w (N (x,— x)) [ [a(y) = (x)]NA (N (x, —y))dy‘

1
éNZV/(N(xi_xk)'sN s



Scaling Limits for Interacting Diffusions 335

where ¢, depends only on the modulus of continuity of @ and goes to zero with
N. Again by Lemma 4.2 we can control the error uniformly in N.
Now we can consider

1
lim E™ {NZb () Ja() 2wV e = x)h (N (x —y))dy} R
S

N— oo

and working as before we should end up with

E© { [ bGP ()dx [ a(y) | o), (dp)}
S

N R

=E° {S fp(xa()p () | B (p)ny(dp)} ,

where o
Hy(p)={{w(x—»)h(»)RY (@x,dy) .

However a serious problem here is that we are operating on the right side of the
inequality and cannot afford the luxury of Fatou’s lemma. We have to have an
actual identification of limit and therefore have to prove that the functionals

H; (@)= 2w (x; = x)h (N (x, =)

are uniformly integrable and can be truncated to yield uniformly bounded ver-
sions with uniformly small errors. What we can use for this is an estimate of the

form
4/3

E™ dy<C .

2L W (N (x; = x))h (N (xi — )
i,k

a and b are uniformly bounded and cause no problems.

Lemma 7.9. If fy€ &y 5 p, then
4/3

E™| dy<C,

2 W (N = %)) H (N (x—»))

L,k

where C depends only on B and D.

Proof. Let us denote w (N (x,— x4)) by Wy, h(N(x,—y)) by hyand Dy, by T,.
Then d

Z Vil | = |thTkl < (th)m (thTi)l/z
ik
4/3
Z Wiche| = (Z hk)m (Z hy. T/%)z/3
ik
43 } ,
EM (X wuhe|  dy SE™([ ()™ QTR dy}
ik

SEM QY dy)' (B [ O e ToHdyy”
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But

EPJ | ShON (=) dy =1 B Zx(N (5= )
is bounded. Moreover

E™§ 3R (N (xe = y) Tedy = B Z ZW(N(x—xj))l ,

and this was shown to us uniformly bounded before in Lemma 5.1.

Turning to our original estimate now we have

lim ET,=E®° [5 {28 (x—y)p(x)dxdy | 1:13(p)7zy(dp)] . (7.19)

N— o

We now look at the final term

lim E/T,=4E° [5 §x<x(x—y»p(x)p(y)dxdy] .

N— oo

Combining (7.15) with (7.16) through (7.19) we obtain for any measure Q in

b,D>

5| (i || Bp)m. o)

N

+ 5 dx I:S ﬁx,a(ﬂ)ﬂx(dp)):l]
s

<E° [H Ag(A(x=y)p (x)p(y)dxdy
+[{[AgQ(x=y)p()dxdy | Hs(p)m, (dp)]

172
+1/D [4EQ [ [fx@ (x—y))p(x)p(y)dxdy]] : (7.20)

In the relation (7.20) the right-hand side is clearly bounded uniformly in terms
of our constants B and D for each fixed A. We first let d =0 in the left. From
the factoring properties of the correlation functions R(z) (dx,dy) and
R(3) (dx, dy, dz) we can conclude by an application of Fatou’s lemma

;12) § dz [ [Hs(p)+ Hy s(p)] 7. (dp) 2 S x [ pP(p)m,(dp) ,
since by Theorem 10.4 P (p)~ p* for large p, it follows that

Lemma 7.10. For Q € &ZB,D,

sup E¢ [S p (x)dx] [§ dx | p’n, (dp)] < ©
S

Qe B,y
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We are interested in letting A — co on the right-hand side. Let us look at

each of the three terms on the right. Clearly S S Ag(A(x—»)p(x)p(y)dxdy
< S p* (x)dx, and since E2 S p* (x)dx < oo we can use the dominated convergence

theorem to conclude that

lim E2 | [Ag(A(x—p)p(x)p(»dxdy=E® | p*(x)dx . (7.21)

A— oo
The second term involves

§§2g@(x—y)p(x)dxdy | Hs (p)m, (dp)
and

lim {28 (x=ypdy | Hs(p)n,(dp)= [ p(») | Hs(p)m, (dp) .

We can bound
[ [ 2g(x—=y)p(x)dxdy | P(p)m,(dp)

[S <§f1g(/1(x—y))p(X)dX>] [S [SP(p)ﬂy(dp)] dy]

<3 [AgQ(x—y)p* ¥)dxdy+3 [ [P()F” m, (dp)dy
< A4 by Lemma 7.10.
The third term clearly goes to zero as A — oo. Therefore for every Q € 5 p,

E° [S dx | pP(p)nx(dp)] <E° [5 dx [5 p..(dp) §P(p)nx(dp)] ()

S S

Proof of Theorem 7.6. We can think of Eq. (7.22) as
E° | dx {5 pPP)T.(dp)— | pm.(dp) | P(p)m, (dp)} <0. (123

This means that on the average the covariance
§pP(p)n (dp)— § pm.(dp) § P(p)m(dp)
is nonnegative. However
§pP()n.(dp)— [ pm.(dp) | P(p)m.(dp)

= <p = pnx(dp)> <P (p)— P <§ pnxdp)> 7. (dp)

20,

because P(p) is a nondecreasing function of p. The strictly increasing nature of
P(p) dictates that we have strict positivity unless 7, (dp) is degenerate. This
completes the proof of Theorem 7.6.

Having proved Theorem 7.6 the first application is an estimate on the regu-
larity of densities in the support of any Q € &ZB,D-
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Theorem 7.11. For any Q € S5 p,

P(p(0 — | =Z2D .

[S (P (p(0)e}’ (9)]

Proof. Let us consider k functions u, (X),..., 4, (x) from C* (S) and / functions
F, (x),...,F,gx) also from C~ (S). We consider as well the functions g,,..., g
fromNC3° (R"). Let us denote by £=(x,,...,xx) a point of S”. Then we define
on S

U,(X)= (X))

IIL\/_]z

1
N,
N

O F (xj),...,% Z F,(x,)) .

=z~

G, (%) =gr<
We can perform integration by parts and write

k
§{ 3% EaU. UG ] S
r=1

—~—g{ (VU,,VG)+2< ‘Z">G,}f~duw

T +T,. (7.24)

r

C. .
<— it follows by an elementary calculation that | 7;| =0 as N— .

Since

We can estimate 7, by Schwartz’s inequality to obtain
1 1 N k 2 1/2
1123V20 (13 2 ( 2w 06)6.69) - )
Jj=1 r=1

The left-hand side of (7.24) can be calculated to be approximately

N

%gé % 5 ! (%)G, (%) <1 FS W (x,-—xj)))} fudiiy .

j=1 i=1
For any Q € &Z; p, we can therefore obtain the inequality
k
3|ECT D ! ()G, (p, F).... (0, F) P (p(x))dx
r=1

<3V/2D [EQs D! ()G, (P, Fi)-..

It is not difficult to pass from this estimate to

2¢ (x) dx] .

<V2D {Egjwi(x,w)p(x,w)dx}. (7.25)

E° . (x, 0)P(p(x, ))dx

Here w is the generic point and Q is the measure on random densities p(-).
The estimate (7.25) will hold if the test function w (x, ) is uniformly bounded
along with w, and .. Since we can replace y, by w we can assume
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EC [y, (x,0)P(p(x,w))dx | <)/2D {EQSwz(x,w)p(x,w)dx}uz (7.26)

for all bounded y with y, bounded and having S wdx=0 for almost all w.
Since E¢ sz (x, w)dx has a uniform bound in ,@B, p we will have a bound of
the form

E° [y, (x,w)P(p(x,w))dx gc(Eng“(x,w)dx> , (7.27)

provided S W (x, w)dx=0. This is enough to yield the estimate
E° [ |[P(p(x, w))].|"dx<C .

We can now rewrite (7.26) in the form

EC [ w(x,w)(P(p(x,w))).dx | <)/2D {EQSWZ(x,w)p(x,w)dx}l/z (7.28)

for all w(x,w) such that E< S w* (x, w)dx < oo and satisfy S v (x,w)dx=0.
Let w(x,w) be any function with E¢ § v (x,w)dx < co. We write
v (x, w)=w, (x,w)+ h(w), where y,(x, w) has the property S v (x, w)dx=0.
Then because (P (p(x, w))), is orthogonal to constants,

E® [y (x, )P (p(x, w))dx

E? [y, (x, 0) (P (p(x, w))) dx
<V2D {EQ { v (x, 0) = h () P(x, a))dx}
<V/2D B [ w(.0) - h@)F

172
1 +p(x, w)]dx} . (7.29)
Since h(w)= OS v (x, w)dx we can bound
E°R (w)S E2 | y*(x, w)[1 +p (x, w)]dx .

Therefore

172
E2 [y (x,0)(P(p(x,w))dx| <C [EQ (v (x, )1 +p(x, w)]dx]

for all functions w (x, w) with E€ S w*(x, w)dx < oo. This is enough to conclude
that
2
(o] {P(p(xa w))x} 0
Sml-i—p(x,a)) dx < o . (7.30)
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[P(p(x, W)«

. (Thi
e +p(x,w) (This

We now go back to (7.29) and use for y (x, ) the function
has to be justified.) Then 4 (w)=0.
We now obtain

o ¢ [P, )]
E S Et+plx,w) dx

(P(p(x, ).
e +p0oa)p P dx)

(Pp(x, @)z, \"*
svap(ee§ S )

< 2D<EQ§

Because of (7.30) we can let € >0 and obtain our theorem.
Now we have all the ingredients necessary to prove Theorem 7.3. If we cal-
culate

lim limsup limsup sup E¢ [S [pa(x)— pNa(x)|dx]
A—0 £—0 N—ow Qe XNBD
dx]

=lim sup E° [
A—0 Qe ugs,o S
because of the estimate in Theorem 7.11. Because P (p) is strictly monotone and

=0
(P (0)s

§ (x=»)p()dy—p(x)

continuous in p any control on S df will provide control on the L,

modulus of continuity of p(-).

8. Hydrodynamic Limit

Let Qu be the family of probability measures induced on C[[0, T]; M, (S)] by
) [ R ST -
looking at the trajectory %’Q in the space of probability measures.

We have already established Theorem 3.1 asserting the compactness of Q. Let
0 be any weak limit point. The results of Sect. 7 establish Theorems 3.2 and 3.3.
All we need is the following lemma.

Lemma 8.1. If we have the bounds
E®[p*(6,w)dd <C ,

2
EQS%ﬂdegc,

then for some other constant C,
EC[p*@do<C.
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Proof. Let us consider

Sp)=[1+PEI",
(S@Ne=3[1+P @] PP ,

9 (PO
J (SN0 < (o p s
=C

because of the bound P (p)= cp* for large p. Since P(p)= Cp® we have S(p) =
Cp*” for large p and we have S (p) < Cp** with another constant. In other words
we can control | S(p)d6 and | (S (p));d6, and hence control {S?(p)d6.

Remark. Although the conclusion of the lemma is already implied by Lemma
7.10, it follows from the first two estimates assumed in the lemma.

9. Uniqueness

Let po(0) be a function on L, (S). Assume p (¢, ) is a weak solution of

3p(.6) _1
o =5 PO

p(0,0)=p,(6) .
Assume that the solution p (¢, ) has the property

i

with

p>(t,0)d0dt < 9.1

o N

and

I T [P0 dido < o | ©2)

p(1,0)
Theorem 9.1. A weak solution satisfying (9.1) and (9.2) is unique.

Let if possible u (¢, 8) and v (z, §) be two solutions corresponding to the same
initial data p, (). Let us define the function

@(8,0=3 [ ([P (s, )]s — [P (s, 0)]s}ds . ©.3)
0

Using the fact that | { p(s, 6)dsdf < oo, it follows from (9.2) that
0
[P@)]o — [P ()]s € L, (SX[0,1]) .

Hence w (8, ) is well defined as a continuous function of ¢ for almost all . An
elementary computation yields
ow

30—=u—v 9.4)
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in the sense of distributions. Now

d ow

— 9,)f=2 -—

5 @07 =20(0,0%

=w (@, 0[P W)~ P -

We want to show that

§ 1 1w @, 0] {IIP@s| + |[P@)]s}dodt < oo . ©9.5)

0

2 2
Since | | 1P éale | dfdtand | | 1P, | d@dt are finite, it is sufficient to prove
that u v

f 5 |w(8,0)]%u(6, )dodt
0

and

| S |w(8,0)|%v(8,t)dodt

are finite. (9.1) and (9.4) are sufficient now to conclude (9.5). We therefore
conclude that

x(0,0=[w(®,f

is a continuously differentiable map of [0, 7] into L, (S). Moreover w(6,?)—0
a.e. 8 as t—0,

)
ga—’gde = [ w(0,D[P (8, 1)— P@(8,0)]sd0

-1(%2) ¢w-ronas

=— S (u—v)(P(u)— P(v))do <0 .
Therefore S x(6,9)df =0. This proves uniqueness.

10. Appendix

In this section we will establish some results concerning finite and infinite volume
Gibbs measures for our continuous system with finite range interaction. Although
these results are not new and are part of the folklore in the field, there does not
appear to be any source that we can refer to for a precise statement of the results
in the form we need them. We will therefore provide a proof.

Our main assumption is that we have a repulsive pair potential, i.e. a function
V(x), which is nonnegative, even, continuously differentiable and has compact
support. We denote by [ — ¢y, ¢,] the interval of support of the function V'(-) and
we assume further that w(x)= —x¥”’ (x) =0 and that V'(0) > 0.

For any / > 0, we consider the exterior [ —/, /]° of the interval [ -, [] relative
to the real line. A configuration w is the realization of a point process and
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represents a locally finite collection of points. Since our interaction has range c,
we are only interested in the part of the realization that has to do with the border
[—1—co, —I]U[L, [+ ¢o] and therefore we can think of w as an arbitrary but finite
configuration of points in the border.

We shall think of w ={y,}, as a finite set of points located in
[—1—co, —I]1U][l, I+ ¢;). The canonical partition function Z (n, /, w) is defined as
follows for n=20, />0 and all w,

Z(n,,w)=1 if n=0 forall/and w , (10.1)
1 ! / n
Z(n,lw)=— {...] exp [— D V(x,—x)
oz, 5 ixj=1
-2 V(xi—ya)] dx,...dx, . (10.2)

The canonical Gibbs measure 4, is a point process on [—/, /] with exactly »
points or equivalently a measure on [—/, /]" with a density given by

f;1,l,w(x1a"~axn)=cnexp [_ i V(xi_xj)’—zz V(xi_yot)] .

ixj=1
The normalizing constant c, is of course given by
¢, '=nZnlw) .

When o is the empty set we denote Z (n, /, w) by Z,‘,), ;and u, ; ,, by ,u?,, I
The grand canonical partition function with activity A is defined for every
real 4 and

Zh o)=Y &"Z(nl ),

n=0

and the grand canonical Gibbs measure is a point process /i, ;,, on [ —/, /] which
is thought of as a probability measure on

U=
n=0

It is given by )
frne =120 L o) 2" Z (1,00 (10.3)

i.e. it is a convex combination of canonical Gibbs measures and the weights are
proportional to ¢*"Z (n, [, ).

Although we have only defined these Gibbs measures on intervals of the form
[— 1, []it is clear that they enjoy translation invariance of sorts and can be defined
on any interval [a, ] and depend only on the configuration in the appropriate
border. Moreover, there is an internal consistency in the following two senses.

First, by definition, the canonical Gibbs measure is the conditional distri-
bution of the grand canonical Gibbs measure when it is conditioned by the
number of particles in the set.

Moreover if we take the grand canonical Gibbs distribution on [—1, /] and
condition it with respect to the configuration in [q, ], where —I<a < b <1, then
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the conditional distribution is the grand canonical Gibbs measure on [a, b] with
the same activity A.

The infinite volume Gibbs measure u, corresponding to activity A, is defined
as a stationary point process such that for every interval [a, b] the conditional
distribution of the configuration in [a, b] given the configuration in [a, b]° is the
grand canonical Gibbs measure 4, ;, with / =%(b—a) and w representing the
exterior configuration. We shall state the main theorems we will use in our article
and provide a sketch of the proof at the end, after establishing a few key estimates
as lemmas.

Theorem 10.1. The following thermodynamic functions exists:

1 .
F(A)=lim 2—log22,, for A real ,

[— o l

— i
Flo)= lm >

n—» oo

n2k—p

logZ,,k forp =0 .

The function F(4) is convex in A and the function ¥(p) is concave in p. Moreover
they are related by the equation

F(A)=sup[ip + ¥(p)] . (10.4)

Theorem 10.2. For each value of the activity parameter A, there exists exactly one
Gibbs measure u; with activity A. The point process u, depends continuously on
the parameter A. As a point process its density is given by
dF (1)

-

In particular F (L) is once continuously differentiable. The function p (1) is contin-
uous and nondecreasing. Its inverse is

pPA)=F (A)=—"—

d&"
()P )

We have in addition
lim p(A)=o , lim p(A1)=0 .
A— — oo

A— oo
If I is a unit interval and N (I) denotes the number of points in the interval I, then

E' [N} )< oo forevery r=1 .

Theorem 10.3. Let n— o and [— oo in such a manner that f;——->p. Let H(w) be a

bounded continuous local function depending on the configuration in some fixed
finite interval [ — Iy, ). Let us denote by H,.(w) the same functional evaluated at
the configuration in [—Iy+x, ly+x]. We denote by H(L) the expected value
E**[H(w)]. Then for every € >0,

G B

- S Hx(w)dx—H(/l)l gs] =0, (10.5)
2L

lim ﬂg,l [

where p =F’ ().
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Moreover for every function H(x) on [— 1, 1] which is nonnegative, has compact
support with S @ (x)dx=1,

limug,,['%z¢<x7i>—p~zs]=0. (10.6)

Remark 1. Tt follows from (10.5) that if A,, 4, are two different activities such
that F'(A,)=F’(A,)=p, then H(X,) = H(A,) for all functions H (). This in turn
implies u, =u;, and 1, = 4,. Therefore p(4) is a strictly increasing function of A
and its inverse — ¥’ (p) is a strictly increasing continuous function of p.

We define the function

P(p)=F((p)) . (10.7)
Theorem 10.4. There exists constants 0 < ¢, < ¢, < o such that
ap’SP(P)<crp® for p large .

Since E™[{N(I)}'} < o for every u,;, we consider for every function
f(x1,...,x;) of k-variables which is smooth and has compact support on R*, the

variable
6f=Zf(X1,...,Xk) .

where the summation is over all k-tuples of k distinct points in the configuration.
¢ has a finite expectation and

EYE = f(xi,..., x)Ri (dxy,...,dx;)

The measure R} (dx,, ..., dx;) is the k-point correlation measure. It has translation
invariance relative to x,...,x,—x;+a,...,x,+a The one point measure
R} (dx))=p(A)dx,, where p(A) is the density.

We need the following identity between P (p) and R? (dx,, dx,).
Theorem 10.5. If 1 and p are related by A = A (p), then
P(p)=p + [w(x—x2)$ (x;) R (dx,,dx,) , (10.8)

where @ (x) is any function on R that is smooth, has compact support, is nonnegative
and has | ¢ (x)dx=1.

Finally the ergodicity of #* implies some asymptotic factorization of the cor-
relation measures.

Theorem 10.6. Let g,,g, be functions on R that are smooth and have compact
support. Let g3 be a smooth function on R> having compact support. Then for
any A,

ll_rf(l) k § g1 (k (x1 = x2)) g2 (x2) R; (dxy, dx;) = p* ([ g1 (x)dx) ([ g2(¥)dx) , (10.9)
lim & Sg (k (x; — x3)) g2 (x2, 353)R/31 (dx,, dx,, dx3)

=p([ &1 (\)dx)(§ g2 (x2, X3) R; (dx,, dx5)) (10.10)

We adopt the following conventions regarding constants. Constants will al-
ways be independent of n, / and w. A, B, C will denote constants and will be
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used at different times of denote different constants. We will use y to denote
constants that are strictly positive. The constant ¢, is the range of the interaction

V(). The quantity En_l will be denoted by p.

Lemma 10.7. For every | > ¢, and w we have
20 WS ZmLw)<2Z, . (10.11)

Proof. For n=0, there is nothing to prove. The upper bound is obtained by
dropping the interaction terms involving the points in the border. For the lower
bound we limit the integration to the situation where all the points
Xis..., X, lie inside [ — (I — ¢), (I — ¢p)].
Lemma 10.8. There is a constant C such that
d logZ J n
= < + = . 10.12
dl C (1012
Proof. By differentiation we can write
d lOg Z 23[ - E
dl /

[Change variables x, = ly;, differentiate and change back.] From formula (4.4) we
have an estimate

1
+7 SZ V/(xi_x/)dﬂg,z .

D= x)<C D V(x,—x)
for some C,. Since
duy i =c,exp[— DV (x,— x)]df ,
where d6 is volume on [—/, []", it follows that
(T V(xi—x)dun, < [ D1V (x;—x)db
where df is normalized volume. We can now calculate | > V(x;—x;)df and
obtain (10.12).
Lemma 10.9. For every n and [ > 0,
2]

Zn+ll_ n+1

z°,. (10.13)

Proof. If we ignore any interaction involving x,;, and integrate out x,., we
obtain (10.13).

Lemma 10.10. Let =1, + L, + 3¢, with [, >0, [, > 0. Then
Zg,/i Z Zgllznzlz .

nit+m=n
n1=20,n2=0

In particular for any n,, n, with n;+n,=n,

z2%,>7°,2°% . . (10.14)
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Proof. Let us divide the interval [ —/, /] into three parts I,, I and I, with lengths
21;, ¢y and 2/, arranged in order. We limit the integration to the domain where
I, and I, contain all the points (x,..., x,). Here n, and », represent the number
of particles in I, and I, respectively. The combinatorial factors adjust themselves
and we get Lemma 10.10.

Lemma 10.11. There exist constants A and B such that
Ut §Ae5”2u23,, provided /= 2¢, .

Proof. The density f,,,, would be dominated by f5, if it were not for the nor-
malizing constant. We therefore need only estimate the ratio

ZulZ(nLo)] ™!

Lemmas 10.7 and 10.8 will establish a bound for this if we can keep / away
from c,.

Lemma 10.12. There are positive constants y,c, and ¢, such that

(21')" [—6‘2 ] <Z (2[)" exp I:—y n—+c,n] ) (10.15)
n. i n! /
Proof.

n'Z n

(21) (21) S S exp [— ~¢Z=1 V(x,—x,)] dx,...dx, .

The lower bound follows from Jensen’s inequality. On the other hand there are
constants y > 0 and ¢, such that

n n2

2 Vl—x)zy —

—Cn
ij=1 !

for every configuration (x,..., x,).

Lemma 10.13. Let Ic[— 1, 1] be an arbitrary interval of length 1. Let E, denote the
event that the set I contains exactly k of the points from (x,,...,x,). Then there
are constants A, B, C and v > 0 such that

tn1(E) < Aexp[—vE® + Bkp + cp’] (10.16)

for all n and 1> 5.
Proof. Let i=[a,a+ 1] for some —[/<a</—1.Let,=[—/aland I,=[a+1,]].

I+
We let /, =—2£and L,=3 (I—a—1). Suppose that I,, I, contain n,, n, points

respectively and n; +n,+k=n. If we ignore all interactions between points in
different intervals and use the bound

> Vi —x)2vik—ck ,
x,x, €1
i%j
we obtain

> Z0nZe, . (10.17)

nl m4+m=n—k

1
/-ln1(Ek)_k, CXP[_Vlk tek] 55 Z
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From Lemma 10.10,

0 0 0
Z an,llan,IZézn—k,ll+12+60/2

nitm=n—k
=Zg—k,l—(l/2)+(co/2) .
We can now apply (10.14) to get
Zg,1+co+(k1/n)Zzg—k,l—(l/z)ﬂco/z)'Zz,(x/2)+(k1/n) .

(10.17) then becomes

1 z° 1

o > n,l+ co+ (kl/n)

mi(E)S—exp[—vik +ck ) : 10.18
M ( k)_.k! pl—w 1k] Zs,z Zz,(1/2)+(kl/n) ( )

We can use bounds from Lemma 10.8 and the lower bound of Lemma 10.12
to complete the proof.

Lemma 10.14. If N;is the number of particles in the interval I then for some v, > 0
and 1> 3%,

B [exp (v N}J] < A exp[Bp?]
where A and B are some constants.
Proof. We pick v; < v and sum
Dtni(Ee™
using the bounds in Lemma 10.13.
Lemma 10.15. For every m, there exists a constant c,, such that
PHINTISC,(1+p)"
forall nand L

Proof. For any random variable X there is a constant c,, independent of X such
that
E|X|"<c¢,(1+log EeX)y™

If we now combine Lemma 10.11 with Lemmas 10.14 and 10.15 we get

Lemma 10.16. For all [ >3 and n,
sup E“'[exp [vN?]| < A exp[Bp?] , (10.19)
sup E““[[NJ"] < C,(1+p)" . (10.20)
We now turn to the grand canonical Gibbs distribution and estimates on

them.

Lemma 10.17. Let fi; ; ., be the grand canonical Gibbs measure. Then for any given
Ao >0 for all A < Ao, > % and @ we have the following bounds:

Efelexp{v N3] S Adexp[B(1+ 40’1 , (10.21)
EPrie [[N]]rn] < C,(1 + /10)'” . (1022)
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Proof. According to Lemma 10.17 there exists & > 0 such that
E*“"[exp[aN7]|< Aexp[Bp’] .
We can replace o by e and then B can be replaced by ¢ 8 by Holder’s inequality.
We pick ¢ so small that ¢ B is less than %, where v is as in Lemma 10.13. We

will continue to denote ea by . We now have
v
E*[exp[a N7]] < A exp [5 pz] .
To estimate E“**“ [exp[N3] we must bound

__A__ An Vv 5 _
Z(A,l,w)ze Z(n,l,w)exp [2p]—T,

2/

a An K 2
<—————w)Ze Zn,l, w)exp [2 (2l)p] .

2]
=70

We use the trivial bound Z (4,7, w)>1. Then

T21 <4 21 i e/ln (2 l)" e~ v(n2/) + cn+ (r/4) - (n¥/l)

!
n=0 n:

n

One can estimate by ¢*’ and obtain (10.21) by direct estimation of the sum

n!
(more or less Gaussian sum). The inequality (10.22) follows from (10.21). The
fact that the summation is over nonnegative » makes the estimates uniform for
Ain (— o0, Ag).
Now we turn our attention to a proof of our theorems.

Proof of Theorem 10.1. The existence of the free energy F(1) and the specific
energy or entropy functional ¥(p) follows from standard subadditivity argu-
ments. Lemma 10.10 provides the required subadditivity as well as the concavity.
The formula for Z in terms of Z can be used with a standard Laplace asymptotic
formula to calculate the free energy in terms of the function ¥(p) i.e. to prove
formula (10.4).

Proof of Theorem 10.2. For any real A, we consider the family 4, , of grand
canonical Gibbs measures as point processes on [—/,/]. We let /= co. Lemma
10.17 allows us to take a subsequence and prove the existence of a Gibbs measure
which may perhaps be nonstationary. A standard averaging argument over trans-
lations and another limit produces a stationary candidate.

For uniqueness let P, P, be two grand canonical Gibbs measures for the
same activity A. Let [—a,a] be any arbitrary finite interval and we denote by
|| P, — P, ||, the variation norm on the o field configurations on [—a, a].

We have to show that ||P,—P,||,=0 for every a. Let us take
Je=[x:(k—1)co < | x| £keo] and define the conditional expectation operator,

(TiF)(w) = S F(w) ko0 (A7)

taking functions on the configuration space of J into those of J,,. Proving
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uniqueness can easily be reduced to proving
Il ZeFIll =6 Il

for some 6 < 1 for all k£ and F. Here
| F|ll =3 sup | F(w,)~F(,)|
=infsup | F(w)—c]| ,

where the infimum is taken over constants. This however needs only the following
lemmas.

Lemma 10.18. Let E, be the event that the interval J, contains no points of the
configuration. Then there is a & > 0 depending only on A such that

ﬁ/l,kco,w (Ek) Z 5
forallkz1 and w.

Proof. All we need is to estimate the ratio

1 An
T= Z (A, keo, ) < Z e*"Z (n, kco, w)unkco,w (Ek)>
>-——_—1____ Z An 70
TSZ2( keow) &6 Sl b

An—~0
€ Zn,(k— Deco

H\/=
M

s s
gMS

ann keo

‘We use the estimate

0
Z -1

Lk — —Ap>—B
n,( )coze p
Zn,kco

from Lemma 10.8 and we write

An —A(n/zl)z
Z 4 anco

.e—B

~
IIV

Z eann kco

—_ 2 — 2
Z B AR <1_ Z eanzgikme A(n/21)> .

n>2IR

We have used Z AT
n=0
Now we use the estimates of Lemma 10.12 to complete the proof.
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Continuous dependence is an easy consequence of uniform bounds and
uniqueness.

Uniqueness of the Gibbs measure yields the differentiability of F(4) and the
continuity of p(4). The bounds on the moments of N (/) are contained in Lemma
10.17. The relation between F’ (A) and ¥’ (p) is a consequence of the Legendre
transform (10.4). To see the limits of p(41) as A = £ oo, the behavior as 4 > — o
will follow from the easily established relation lim F(A)=0. The behavior for

A= — oo
A — oo is obtained by proving ¢,A><F(1)<c,A* as A > oo. These are deduced
from Lemma 10.12.

Proof of Theorem 10.3. This theorem, known often as the theorem on the equiv-
alence of ensembles, is an easy consequence of large deviation theory. We note
first that the uniqueness of Gibbs measures implies that each u, is ergodic, and
in fact, for nice local functions H (w),

fim 211ogmﬂ1 gH(w)dx H(A)’ge}g—n(e)<0. (10.23)

If E, is the event that the set [—/— 1, —[]U[/, [+ 1] has no points in it, then from
Lemma 10.18 it follows easily that

W,[E]=06 >0 uniformlyas [—oo . (10.24)
Combining (10.23) and (10.24)

lim logul,,{ L SH (w)dx—yZH (L) >sz< n) <0 . (10.25
-1/

/= oo 2[
One has a similar result for the number of points N (/) in the interval [—/, /],
1 N(
lim — log,u“{ L*p(l) gszg—n(s)<0 . (10.26)
In particular
lim /42,,{ Nz(ll p(l)‘ <s} 1. (10.27)
/=

If we look at the ratios
pLIND=k+1]_Z2.1,

1IN (D) =k] Ze

k
in the range where 2—1—p(l)‘ <e¢, then Lemma 10.9 provides an upper bound

for the ratio and Lemmas 10.10 and 10.8 provide a lower bound for it. Since
p(A) > 0 we can make the bounds uniform over k in the range we are interested
in. In turn this means

o /
Mi1 [ N( )

5] p(/l)’ <s] <e™.2le- inf Uy IN()=k] . (10.28)

(k2D —p(D)| <&
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It follows now from (10.28) that

1
li —
zlri 21

k— oo

k/21-p(A)

If we combine (10.23) with (10.29) we obtain the first half of Theorem 10.3. The
second half is similar. We start with the estimate from large deviations.

log 3 IN(I)=k]=0 . (10.29)

;ez <—nE)<0 (10.30)

2.9 Ux)—p(A)

lim 1 log /i {
/= o0 2[ glul

if ¢ is nonnegative, is supported on [— 1, 1], and has S @ (x)dx=1. This covers
Theorem 10.3 except when n/2/—0. But this case is trivial anyway since most
intervals in [ —/, /] would have to be empty.

Proof of Theorem 10.4. 1t follows from the bounds in Lemma 10.2 that for
A — + oo there exist constants 0 < ¢; < ¢, < o such that

A’ SFR)<ceA” . (10.31)
Since F(A) is convex, this implies for some 0 < ¢; < ¢, < o0,
QA ZSpA)=F" (A)ScA . (10.32)
Now because P (p)=F(4(p)), (10.31) and (10.32) imply our theorem.
Proof of Theorem 10.5. We have the identity from Lemma 10.8,

legZ?n, n 1 0
4oLy _n_ 1 .
dl / IS ZU/(X, X)) Ay
n 1 ! .
=7+75 § 2 w(xi—x)e(x;— x)dxduy
—1
+ a small error .
Clearly
. dzZ?, )
lim dl’ =2p+2 g ¥ (x; — x5)9(x2) R5 (dx,, dx,) . (10.33)
1=
Since Z9,~21¥ (p)=21¥ <—;—l>
Das g (2) 21 S v (1)
d " \2l 227 \21)
Therefore

0

dz
lim dl””= 29(p)—2p ¥ (p)
I o

=2%(p)+2Ap
=2F() . (10.34)
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Combining (10.33) and (10.34)
P(p)=FA)=p + [ w(xi—x2)¢ (x2)R; (dx),dx,) .
Proof of Theorem 10.6. Consider
Sry= Z Ji(x1,x2)

where fi (x1, x;) = kg, (k (x; — x2))82 (x2),
lim &, ,=p D g,(x;) a.e. by the ergodic theorem .
k— oo

If we take expectations with respect to u, we obtain (10.9). Relation (10.10)
is similar. Lemma 10.17 provides enough uniform integrability to justify inter-
changing limits and integration.
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