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Abstract. We prove for small ¢ and « satisfying a certain Diophantine condi-
tion the operator

H=—¢4+ % cos2n(ju+06) jeEZ

has pure point spectrum for almost all 6. A similar result is established at low
2

energy for H = —‘% — K?(cos 2nx + cos 2n(ax + 0)) provided K is sufficiently

large.

1. Introduction

In this paper we shall study some of the spectral properties of the operator

d? )
H.(0) = ) + K-v(x, 6) (1.1)
acting on L,(R), where
v(x,0) = —cos 2nx — cos 2m(ox + 6). (1.2)

We shall also study its finite difference approximation on (Z) given by
H®) = —&*4+0(j,0) = —&*4 + 517; cos 2m(aj + 6). (1.3)

In one dimension the finite difference Laplacian has matrix elements 4;; = 1 if
li—jl =1 and 4;; = 0 otherwise. When « is rational the spectra of H and H,
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are known to be purely absolutely continuous and their generalized eigenstates
are Bloch waves y(x) = e**p(x), where p is a periodic function of x. We shall
consider the case where « is irrational and K is large or ¢ is small. In addition, o
is assumed to satisfy the following Diophantine condition:

|naj; > C}/n*>  n#0. (1.4)

Here |0, is the absolute value of § modulo 1 defined so that 0 < |0]; < % Weaker
conditions on a would suffice, but we shall restrict « as above for convenience.
We first discuss the finite difference operator.

Theorem 1.1. Let o be as in (1.4). For ¢ sufficiently small and 0 € R/Z belonging
to a set of measure one, H has pure point spectrum, with eigenfunctions which decay
exponentially fast.

This theorem has also been independently established by Sinai [1]. Our proof
also applies if the cosine is replaced by any C? periodic function f which is
even and has exactly two critical points which are nondegenerate. Returning
to the special case (1.3), if « is irrational, then for 2me? < 1/2 it is known
that H has no absolutely continuous spectrum [2, 3, 4] and when 2 > 1/2,
H has no point spectrum [2, 5]. If 2ne? < 1/2 and o irrational but very well
aproximated by rationals, ie. if « is Liouville, then the spectrum of H is purely
singular continuous [3, 6]. The existence of some point spectrum for ¢ small and
o sufficiently irrational has been established in [7].

In the continuum it is a classic theorem of Dinaburg and Sinai [8] that,
for any K, H. has many Bloch wave eigenstates y(x) = qp(x)e’™, where qp is
quasi-periodic in x. These eigenstates correspond with the presence of absolutely
continuous spectrum. Our next theorem shows that if K is sufficiently large H,
has pure point spectrum at low energy.

Theorem 1.2. Let o be as in (1.4). If K is sufficiently large, then for almost all 0,
the spectrum of H, in the interval [-2K?, —2K?*+ 10K+/1 + «2] is pure point. The
eigenfunctions decay exponentially fast.

This theorem provides the first existence proof for eigenstates of H.. From
general considerations it is known that the spectra of H and H, are essential.
Although many of the techniques and results described above work only for
the lattice we shall see that our analysis of H, is nearly identical to that of H.
When K is small, the operator “dual” to H, has been shown to have pure point
spectrum [9] by methods closely related to those described here. Moreover the
estimates of [9] together with the ideas in [2] or [5] easily imply that H, has
no point spectrum for small K. We conjecture that H. has purely absolutely
continuous spectrum in this case. For large ¢, H is also believed to have only
absolutely continuous spectrum.

Determining the nature of the spectrum of H can be viewed as a small
divisor problem. Small divisors appear in our analysis of the Green’s function
G(Ex) = (H—E=+)"! because there are eigenvalues E’ of H which come arbitrarily
close to Ex. To overcome this problem we develop a multiscale perturbation
scheme in which we keep track of the “location” of the small divisors [10, 12].
For a fixed energ E« and scale n, the location of the small divisors is given by
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a family of disjoint singular intervals S,(E«, 0x) = {I.} defined below. These are
certain intervals of length I, > I2_,, such that H(0x) restricted to I’ with Dirichlet
boundary conditions [denoted H(I},0x)] has an eigenvalue E!(0x) such that for

n > 1 and some fixed § > 0,
|E! — E«| < 8, = exp(—pI>?). (1.5)

The uniqueness of E! is proved in Sect.4. See Sect.2 for the precise definition
of S,. Many of the ideas appearing here were first used in the case where v(j),
j € Z¢, are independent random variables [10, 11]. Here however, the randomness
only appears in the parameter 6, and the v(j) are highly dependent.
If an interval 4 does not meet any member of S,(Ex,8x) then the Green’s
function for H(A)
GA(E*,X,_V) = [H(A) - E*]—l(xay)

decays exponentially fast, provided |x — y| > [, and |0 — 0«|1 < 6,/3. See
Theorem 2.2 for a precise statement, and Appendix A for the proof.

The key observation, which uses the fact that there is only one incommensurate
frequency a, is that the centers ¢, € Z of the intervals I! belonging to S,(Ex,0+)
satisfy the following relation for each 0« :

m(ch, c]) = min{|(c, — c)al, |(ch + ¢+ 26x]1} < 45,/ (1.6)

See Theorem 2.1. The reason why m(c},c/) is small is the following. If H(I., 0+)
and H(I},0+) have eigenvalues which nearly coincide, (as in (1.5)) we will show
that the potential restricted to I. or I] must either be nearly translates of each
other, in which case |(c}, — c})a|;, is small or they are nearly reflections of each
other, so that |(c}, + ¢/)a + 20x|; is small. This will be proved inductively using
perturbation theory. In Sect.3 we show that the decay estimate on G and (1.6)
imply Theorems 1.1 and 1.2.

The above inequality imposes a special geometric pattern on the intervals
I} € S, as can be seen from the following lemma:

Lemma 1.3. Let a,b,c € Z, be distinct points. If m(a,b) < 6 and m(b,c) < 0, then
either [a—b| > 6~V2C /3 or [b—c| > 6~12C, /3. Also if la—b| < 6~1/2C, /5, then
there is a unique ¢ such that |a — b| = |c¢ — ¢&| and m(c,&) = |(c + &)a + 20« |; < 36.

Proof. If |(i — j)a|; < 6, then by (1.4), |i — j| > 6~'/2C;. Thus we need only
consider the case where |(a + b)a 4 20+|; < 6 and |(b + ¢)a + 20«|; < 6. From
these inequalities we deduce |(a — c)a|; < 20 so |a —¢| > 672Cy/v2, and
our first assertion follows easily. To prove the next assertion we can assume
[(@a 4+ b)a + 20+|; < 6; otherwise |(a — b)a|; < &, which by (1.4) contradicts our
distance assumption. If |(b—c)a|; < J, then m(Z,¢) < |[(c+a—b)a+ca] +20«|; <
[(@a+ b)o+ 26«1 +2|(b—c)aly < 30, where & = c+ (a—b). If |(b+c)a+20«|; <,
then we set ¢ = ¢ — (a — b) and a similar inequality holds. The uniqueness of &
follows from the first part of the lemma. [

We call ¢ the “mirror image” of ¢, because, for all j, v(—j + &, 0x) = v(j +c,
0x) + 0(5). This lemma together with (1.6) shows that each interval I,, of width
I, can contain no more than two intervals I,_;. A third interval is excluded, since
Const. [, < Clé,:l/4.
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For the lattice, Sp has a very simple description. Intervals consist of single
sites, E§ = v(i,0+) and

So(Es,0%) = {j : |v(j,05) — Es| < o},
where &y = &. Since |v(a, 0x) — v(b, 0+)| > m(a,b)?/2, (1.6) holds for n = 0. Also

note that if 4 is an interval such that 4 N Sy = @, then since ||4] = 2, and 4 has
only nearest neighbor matrix elements,

(o]

IGA(Ex; x,p)| =Y [[0() — Ex| ™' 41" (x,) [o(y) — Ex| ™"
n=0
< % 2 gl < gt

n=|x—yl|

In the case of H, we define I} to be intervals of width 1 centered at ¢} € Z. Let
|E+ + 2K?| < 10K and define

So = {15 . inf [K20(x) — E+] < 2K}.
xelj i

It is easy to se that these intervals are centered at near minima of v(x) and that
they are widely separated = K!/4. Notice that if 4N Sy = @ then |G4(Ex,x,y)| <
exp[—yolx — y|], where yo = (2K)'/2. This follows from the maximum principle.
(The constant y, can be improved to K /const by using a simple W.K.B. estimate.)
For n = 0, (1.6) holds with §, = K~!. See Appendix C for further discussion of
the n = 0 case.

It is important to note that since I!, and I/ are integral translates of each
other the spectrum of H, o H, satisfies

GHI[IL,04] = cH[I], 04 + (¢, — c])a] = 6H[I!, 0+ — (20x + (¢, + c)o)].  (1.7)
The same identity holds for H,. In the second equality we have used the evenness
of the cosine: v(x+c}, 0+) = v(—x+c}, —60x —2cl«). Since we are in one dimension,

the eigenvalues as functions of 6 never cross and are smooth in 6. Hence the
evenness implies

E} () = El(—0 — 2c)0). (1.8)
To prove (1.6), we shall show that (1.7) holds for the particular eigenvalues
n+1(9) ie. El (6+) = n+1(9* + m(cn+1,cn+1)) Our key estimate gives a bound

from below, IdzE'H(H)/dHZI > 2/3 when |dE]_,(6)/d6| is small. Hence if E](6),
n +1((9) satisfy (1.5) then we obtain (1.6) in the following form

2
. ; m
26541 = |Epyy(0%) — Efy 1 (0%)] = |E}41(0%) — Enpy (0% +m)| = T (1.9)

where m = +m(c},,, +1). The last inequality of (1.9) follows from the lower
bound on |d2E /d6?| and an elementary lemma, Lemma 5.7. See Sect. 5, for details.

The outline of this paper is as follows. Most of the paper is devoted to
discussing the finite difference operator H with occasional references to what
needs to be modified for the analysis of H.. In the next section we give a precise
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definition of S, and present key identities we shall need for our analysis. The
proof of Theorems 1.1 and 1.2 are given in Sect.3, assuming that (1.6) holds
for all n, and that the Green’s function decays. In Sect.4 we assume (1.6) for
fixed n and establish properties of the eigenvalues E,; and the corresponding
eigenfunctions. In Sect.5 we also assume (1.6) and establish a lower bound on
|d’EL, (0)/d6?| when |dE!_(0)/d6| is small. This enables us to prove (1.6) at the
next scale, n+ 1, as in (1.9). Some technical comments about the continuum case
appear in Appendix C.

2. Definitions and Formulas

Let E«, 0 be fixed. For n =0, Sy is defined in Sect. 1 and (1.6) holds. Let n > 0.
Now assume that S, is defined and that we have proved by induction that (1.6)
holds. We define S,.; = Sp+1(E«,0+) as follows. Let

sp = min{|c, —ci| 1 I, I] € S,}. (2.1)

The ¢!, denote the centers of I}. For n > 1, if s, > 4I2, let I\, have length

Int1 = 12 and center ¢}, = c!. In this case I}, contains a single interval of S,.

If 5, < 412 we note that each interval I} € S, has a “mirror” image I, whose
center satisfies |c;, — &,| = s, and

mct, &) = [20x + (c, + &)afy < 126}/2. (2.2)

This follows from (1.6) and Lemma 1.3. These considerations also imply that the
center of any other interval I} € S, satisfies

leh —cul = €16, 4/12 2 lyz 2 by 2.3)
The intervals I, , are now defined to be centered at ¢}, and of width l,1, where
ciH'l = % [Cil + Ei; 5 ln+1 = li . (24)

The collection of intervals consisting of S, and of its mirror image i_s called §,,.
Note that in the present case I}, contains precisely 2 elements of S,. By (2.3)
I, do not overlap (see Fig. 1).

R — h| [ _
a —{ [—‘ ]n I+l 1 [-‘ ]E"—"] o+l
i J
®n n
— __.__’l ® 1
. { C ’n c [-_:_-‘n ]n+1
c n+1 c
n n

Fig. 1. a The intervals I} and I are separated by more than 4i2. The o denote the centers of the
intervals I}, I}. In this case ¢, = ¢} and ¢/, = c}. b The interval I, and I, are separated by less
than 41%. The interval I,y is much larger than indicated in the figure

For n = 0, we define S; as above except that I3 and I} above are replaced by
L?, L* where L = |Ing|. This is because I, is small and we want /; to be large.
This special convention will be adopted in the remainder of this paper.
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Definition. Aninterval I, | belongs to the family of singular intervals S, (Ex, 0x)
if H(I, ) has an eigenvalue E, ,(0+) such that

|Ex — Ejy | < 6ni1 = exp(—BL%), 25)
where f = |In¢|. The nonsingular intervals I, are called (n + 1)-regular. The
length I, of the intervals I, is chosen so that its boundary, dI,,;, does not
meet I!, for m < n. This can be done using Lemma2.4 below. An arbitrary
interval A is said to be n-regular if every point (or interval) of 4N Sy is contained
in an m regular interval I, = 4 for some m < n.

In the continuum, the definitions are as above except f = K/2, 6o = K~ L.
Later we shall use the notation d_; = ¢'/4, K!/# for the discrete and continuum
cases respectively.

Next we formulate condition €, on the centers of the singular intervals.

Condition €,. For all m < n whenever ¢, ¢/, are centers of intervals I, I} € S,
then

m(c,cl)? < 8|E! —EJ| < 166,,. (2.6)
Note that (2.6) is a stronger version of (1.6).
Theorem 2.1. If ¢ is small €, holds for all n, O« and Ex.
The following remarks hold for all m < n, assuming %, holds.

Remarks. a) The last inequality in (2.6) follows from the fact that both E! and
EJ, belong to the interval |E — Ex| < .

b) If s, > 412, then I contains precisely one interval I}, in S, and I, \I}, is
the union of m-regular intervals.

) If s,y < 412, then Il +1 contains exactly two intervals in Sms Iy Im. By (1.7) and
(2.2) the spectrum of H(I,) and H(I,) differ by 0(5,/%).

d) If s, < 4I2_, then, by (2.3) the pairs of intervals in S,,_; are so far separated
that s, > 412 and sy41 > 412,

Theorem 2.2. For & sufficiently small (independent of n) if €,_; holds and A is
n-regular then

|GA(E, x,y)| < exp —ynlx — Y| 27

for all |E — Ex| < 8,/3, |0 — 0| < 8,/3 provided |x — y| > I,/°. Moreover y, >
y = % [Ine.

For notational compactness we shall generally omit the 6 dependence of G.
Analogous theorems hold in the continuum:

Theorem 2.3. If K is sufficiently large and Ex € [—2K?,—2K?* + 10K+/1+ o],
then €, holds for all n and 0«. For large K (2.7) holds as above if we set y, =
y > K /const and require |0 — 0+| < 5,/16nK?. Derivatives of G in x,y € R also
satisfy (2.7). See (2.9) below.

The proof of Theorem 2.2 is given in [10, 12]. See Appendix A where the key
steps are explained. Theorem 2.1 will be proved by induction on n.
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In the proof of the above theorems we shall frequently express G, = [H(A) —
E]~! in terms of G; where I is a subinterval of 4. Let us define

Gp1 =G ®©Gy.
On the lattice, we can write
H(A) = H(I)+ H(A\]) — &',

so by the resolvent identity

Gsp=Gur+6G1Gy. (2.8)
Here I' denotes the symmetric matrix corresponding to the boundary of I in 4

I'yy,=1 if (x,y)€dl and (x,y) ¢ oA
=0 otherwise.

On the lattice we have represent 01 as a set of unordered nearest neighbor pairs
(a,d') such that a € I, d’ ¢ I. We shall frequently identify the boundary of a set
with the corresponding matrix, as above. The continuum analogue of (2.8) is

Ga(6,y) =Gar(y)+ Y. Ga1(x2)Ga(zy), 2.9
zedI\oA

where G denotes the normal derivative of G with respect to z.

The key estimates involve derivatives of E!(f) with respect to 6. Note that,
since we are in one dimension, there is no level crossing, and E:(6) is well defined
and smooth in 6. The first and second derivatives of an eigenvalue E(6) of H(I)
are given by first and second order perturbation theory:

d , , _dv
d2 " Ll ’
5 E(0) = (p,0"p) = 20,0 G E)'y), @11

where 1 is the normalized eigenfunction corresponding to E(6), and G (E) is the
Green’s function projected onto the orthogonal complement of y. If E denotes
the eigenvalue of H(I) closest to E, and { its eigenfunction, then after projecting
out P we have
/2

(1, GF (E)o') = %”—”2 + (.0 G (E)'y). (2.12)
The same formulas hold for H,, except v is replaced by K?v. In Sect.5 we show
that when dE /d6 is small, |y, v'{)| is bounded below and |E — E| is small: hence
by (2.10) and (2.11), |E"(6)| is large. This is the key step in our proof which
enables us to justify (1.9) and (2.6).

Using (2.10) it is easy to see that for any eigenvalue E(6) of H(I, ),

|dE(6)/d6| <1, |dE(6)/df)] < 4nK? (2.13)

for the discrete and continuum cases respectively. This will be used to obtain
narrow intervals in 6 near 0« where our theorems and lemmas apply.
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We conclude this section with a technical lemma, assuming %, holds.

Lemma2.4. If A = [a,b] is an interval then there is a deformed interval A' =
[d, V] such that d',b ¢ I\, for all m < n, and |a—d'| + |b — V| < 31,.

Proof. By construction the intervals I} are separated by a distance of at least
21,. The'endpoint b can be moved to b; by a distance of less than [, so that
dist(b1,1,) = 1,/2 for all i. Similarly b; can be moved to b,, by a distance of less

n—1
than l,_y, so that dist(by, I'_; > I,—1/2, etc. By using the fact that 1,/2 > Y I,

m=0
we see that b’ = b, belongs to no I', m < n, and |b — ¥'| < 31,/2. The other
endpoint, a, is treated similarly. [

This lemma enables us to adjust the approximate length of I._,, which is 2
or I}, by 0(l,) so that the endpoints do not meet I € S, for all m < n. See
Appendix D of [10]. This is a requirement of our definition of S,.;. Furthermore,
using the special “selfsimilar” structure of S,, or S, described in Lemma 1.3, we
can choose I, independent of i. This is convenient because otherwise equalities

relating E! to EJ have exponentially small corrections.

3. Pure Point Spectrum

We shall follow the strategy of [11] to prove that H has pure point spec-
trum. By a theorem of Berezanskii [13, 14] it is sufficient to prove that every
generalized eigenfunction decays exponentially fast. By a generalized eigenfunc-
tion we mean any nonzero solution to the equation H(#)y = E(f)p such that
[w(j)| < const. |j[.

Let E(6) be a generalized eigenvalue and let A, be an interval of length 21,
centered at 0.

Lemma 3.1. There is an N = N (0, E(0)) such that for all n > N, A, NI} # 0 for
some I € S,(E(0),0).

Proof. 1f not, there is a sequence s = n; — oo such that A, NI/ = @ for all
I € Sy(E). Now using Lemma 2.4, choose A, to be s-regular intervals such
that 0 € A < 4 and dist(0,04}) > I;/2. If H(6)y = E(f)y, then y(j) can be
determined from its values on 04.. For j € A,

lp() =&Y, GEO), i, {p0)|. 3.1)
k1

Here G’ is the Green’s function of H(A,) and I'' = 04]. For |j| < I;/4 we see
that |j — k| = I;/4, so that by Theorem 2.2 and the subquadratic growth of 1,

lw(j)| < 27482

Since y > 1 and Iy can be arbitrarily large y(j) = 0. This contradiction proves
the lemma. O
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Lemma 3.2. For almost all 0 and any generalized eigenvalue E(0x), there is a
finite N = N (0, E(0x)) such that for alln > N, S,(E(0+),0x) has a unique interval
I © Apny). These intervals have a common center c;\', and |cy| < 3y /2.

Proof. The existence of the interval I, follows from Lemma3.1. If there are
two intervals I: , I = Ay, with I, € §,, then by Theorem2.1 and (2.2),
the corresponding centers satisfy m(c;,c,) < 126,/%. Since ley —ci] < cI® the
Diophantine condition (1.4) implies that

mc,,ch) = |(cy + ch)o 4 20x|, < 128)/%. (3.2)

The set of 0« for which (3.2) holds has measure less than 65, and is independent
of E(6x). Since the number of possible pairs of centers in 4,4, is less than 4/ 2

the probability that A4,,, contains 2 singular intervals is less than Const. S/ 21,2, 2
Since the sum over n is finite, by the Borel-Cantelli lemma, with probability one
with respect to 0x, there is an N < oo so that I, is unique for all n > N and so
¢, =cy all n> N by construction. [

n

Proof of Theorem1.1. Let E(6x) be a generalized eigenvalue and N (6x) as in the
previous lemma. Let |x| > Iy;;. We claim that there is an interval 4 containing
x such that for some n,

a) 4 is n regular,

b) dist(04,x) > [x|/3 = 1,/2.

Therefore by Theorem 2.2 and the polynomial bound on

2 _ Vx|
g _exp< =3 )
where I' = 04.

To establish our claim, let n > N + 1 be defined so that [,y > |x] > I,.
x 3x
The int 14 =]z, =
e interva [ >3
Lemma 3.2, since A’ = A,,;, we see that A’ meets no member of S,_;. Using
Lemma 2.4, we can deform the interval A’ to A so that it is n-regular and b)
holds.
The proof of Theorem 1.2 is exactly the same, except that we use Theorem 2.3
and the formula

> GAE;x,2) (@)

z,z'

[p(x)| =

] does not meet I, because |c;_,| = |cx| < 2Iy. By

w) = ). GaE,x2)p(2), (3.3)

zedA

to recover y from its values on dA. Recall G is the normal derivative of G.

4. Eigenfunctions of H(Ip,1)

In this section we establish some basic facts about the eigenvalues and eigenfunc-
tions of H(I,41) for I,,1; € Sp+1. We shall assume that &, holds [see (2.6)]. If I,,;4
contains a single element I,, € S, (i.e. s, > 412) then we show that there is only one
relevant eigenvalue E,,; near Ex and the eigenfunction is localized well inside
I,. If I,+; contains two singular intervals (ie. s, < 41,3) I} and I, € S,, then
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there are two relevant eigenvalues E,,; and E,,;. The eigenfunctions are well
localized in I} UI,. We use the one dimensionality of space to ensure that there
are no level crossings, so E,(0) is a smooth function of 6. The following lemma
can be used to bound differences of eigenvalues. In more than one dimension
these differences can be obtained by induction (see [9]).

Lemmad4.1. Let y; and v, be eigenfunctions of H(A), where A is an interval. If
there is an a € Z such that

It —x(x —al <Dyl < 5 Iwill,  i=12, 4.1
then the corresponding eigenvalues satisfy
¢\ 40+

|Ey — Ex| = (§> (finite difference),

|E1 — Eo| >e @K+ (continuum) .

42)

The proof of this proposition is standard (see [15]). A proof is given in Appen-
dix B.

Proposition4.2. If I,., € S, and s, > 41,2,, then H(I,+1) has a unique eigenvalue
E,+1 in the interval |E — Ex| < 0,/3 for |0 — 0x| < 6,/3 and the corresponding
eigenfunction satisfies

[p(x)] < e (4.3)

for |x—cy| > 4l,*. Moreover |G (Ens1)|| < 35,7, where G- | denotes the Green’s
n+1 n

n+1
Sunction for 1,1 on the orthogonal complement of 1.

Proof. We first suppose that s, > 412 and s, > 4/2_,. Then I,41\I, and I,\I—
are respectively n and (n— 1)-regular, hence 4 = I, 1\I,—; is n regular. For n =0
let 4 = I1\{co}. Let E € 0 H(In+1) be such that |E —Ex| < §,/3. Let |[x—cp| = 1,/2
and I' = 0I,_;. We determine the value of p(x) from its values on the boundary
of I,_y:
w(x) =&Y GalE,x, ) yp(y). (44)
».y

The decay of y, (4.3), now follows from Theorem 2.2 and the inequality
e =l = x = eal = len =yl 2 Ix = cal = hoy 2 § e —cal = /S

To obtain decay for [,/2 > |x — ¢p—1| = 2,1 = 21,1,/ 2 weset A= I,\I,_; which is
(n — 1)-regular and apply (4.4) and Theorem 2.2 as before. Note that ¢, = ¢c,—i.

Next we suppose sp—1 < 41,3_1. Then I, < I, contains precisely two intervals
It I in Sy Set A = Ly \(I7, UI,_)). 4 is (n — 1)-regular, because (2.3)
shows that I, cannot contain three (n — 1)-singular intervals. Let |[E — Ex| <
du—1/3 and set I = dIF , U I, . Then again applying Theorem 2.2 to (4.4) one
obtains

-3 -3
()| < exp (Ty e — xl) +exp (—41 et = xl)

< e Vlew—xI/3 4.5
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for |c, — x| > 4ly/> = 412_,. In the last equality we used ¢, = (¢, +¢;,)/2 and
ler =yl <45y

Thus any eigenvalue in the interval |E — E«| < 0,/3 corresponds to an
eigenfunction localized in an interval of width less than 41,1,/ 2 1f Iy € Spyts
then by definition there is an eigenvalue E, suchA that |E,y1 — Ex| < d,41. By

Lemma 4.1 it is unique since any other eigenvalue E satisfies
A 1/2 2/3
|E — Epyq] > &8 4D > 5, = Pl

Our bound on G*(E,) follows easily from this estimate. If I,;; is the “mirror”
image of I,41 € Spy1, then by (2.2), m(Cpi1,Cny1) = (9(5;1{21), and so by (1.7) and

(2.13) the spectrum of H (I,'l" '+ and H(I ) differ only (9(6;421). Therefore the same
argument applies for I,1; € Sy, O

Next we consider the case where s, < 41,2,. Then each I,4; € S,4; contains
two intervals I}, I, € S, and s,y > 413_1 and s, , > 4l§_2. See the remarks
following Theorem 2.1.

Proposition4.3. If I, € Syy1 and s, < 412, then H(l,,) has exactly two eigen-
values E,i1, Eni1 in the interval |E — Ex| < 6,_1/3 for |0 — 0] < 5,1/2. The
eigenfunctions satisfy
Yur1 =Ap; + By, +0(3,),
Purt =Byl — Ay, +0(57),
where A>+B? = 1 and ;" and vy, are the normalized eigenfunctions of H(I;") and

H(I;)) respectively whose eigenvalues Ef, E; are closest to Ex. Also ||G,,L+l1 (ExsD
< 0(5,2).

(4.6)

Proof. For n > 1, the intervals I} and I, contain just one singular interval
each, I" |, I.-,. As explained in the previous lemma A = I, (\(I, UI_,) is
(n—1)-regular and for E € H(I,41), |[E — Ex| < 6,-1/3, and |0 — 0x| < 6,_1/3, we
can conclude that the corresponding eigenfunction v decays exponentially fast
for x away from ¢, ¢, , as in (4.5).

To establish (4.6), first note that for j € I, = I,f,

(H(I,) — E)yp(j) = &(T'y) (j),
where I' = 0I,,. Therefore in I},
v =ayp; +EGHE)p = ap} +0052). (4.7)

The last term above is obtained using % ICpll = (v + 1,/2)] < exp—yl,/2
and |Gy (E,)| < 26,7, from Proposition4.2. Similar estimates hold for I,. These
estimates together with the orthonormality of y,y1 and §,y yield (4.6). Now
since any eigenfunction corresponding to E in the interval |[E — Ex| < J,_1/3 has
the form (4.6), there can only be two such eigenvalues, E, i, E,;. The existence
of these eigenvalues follows by using i as trial wavefunctions,

I(H — Ex)pif | < [Tyl + |EE — Ex] <6+ 0(6,%) < 64

See Remark c) following Theorem 2.1.
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The bound on G5 (Ex) = G55(Euyy) follows from the fact that E,.; and
E, are the only two eigenvalues in the interval |E — Ex| < 8,_;/3. O

Corollary 4.4. There is a unique eigenvalue E, .y for H(I,41), In+1 € Spy1 Such that
|Ens1 — Ex| < 5n+1 Hence E, . is well defined.

Proof. If s, > 42 the result follows from Proposition4.2. If s, < 4i2 then
Proposition4.3 shows that ,+; and @,y are supported in I;7 U I, which has

width I}’ = 2. Therefore by Lemma 4.1,

~ " s —pP?
|Ent1 — Ent1] > exp —ﬁlnil > 5"_/H = exp ( 3n+l) 0

Lemma4.5. If s, > 412 then for |0 — 0| < 6,/3

3-%

B (0) — Ey0) <68 r=0,1,2. 4.8)

d0’

Proof. By Proposition4.2, |p,11(j)| < exp —yl,/3 for j outside I,. For j inside
I, we have as in the derivation of (4.7),

Ynyt = apy, + 826;;1'—(En+1)rnlpn+l s 4.9)
where I', = dI,. By Corollary 4.4 |G- (En1)| < 6;! since |Epy1 — Ex| < pp1.
Thus the last term of (4.9) is bounded by 6, ! e™/2 < 52 hence

lWner —pull < (5: . (4.10)
This bound and (2.10) yield (4.8) for r =0, 1.
For r = 2 we shall use (2.11),
E" = (p,0"p) + 2(p,v' G (E)'yp).
We must estimate
Gp1(Ens1) = G (En) =Gy (Ens1) [T + (Entt — En)) Gy (En)
— Gty ((Ens1)Pp Pu + G (En) Py Pyt s
(4.11)
restricted to I,,. This equation follows from the resolvent identity. We have used
the orthogonal projections P, and P,y onto v, and y,,; respectively and the

relation P, + P;- = I = P,y + P}, +1- The last two terms of (4.11) are bounded
using (4.10).

IPL Pall = |Ps — PaytPull = |90 — Par1wnll = 0(3)),
and
IGEEN = 0(5,) = G 1 (Ens),

which follows from Corollary 4.4 and Proposition4.2. The second term on the
right side of (4.11) is bounded similarly since |E, — Eny1] < 0(3)), by (4.10).
Therefore the case r = 2 follows if we prove

ITAG (En)v'wull < 83
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Let yx, be the characteristic function of the interval
{Jtlea—Jjl<h/4} = I
By the decay of y given in Propositions4.2 and 4.3 we have
11 = x)v'pull < O) .

To prove |[,Giynll is small let A = I,\I,— or L\(I;},UI ) and I' = dI,,
or 0(I," U1, ,) depending on whether I, contains one or two singular intervals.
Then

TGl yn = TuGutn + TnG Al Gy = TuGaPusn. (4.12)

Since A4 is n — 1 regular G4(E) decays exponentially fast for [E — Ex| < J,_1/3.
Hence I'yGay, and I',G4I' are exponentially small and |G4(E,)| < 0(5;2)).
The first two terms on the right side of (4.12) are now clearly less than (0(5°).
To gstimate the final term we use |[I',Gnxnll < 62 and |G4(En)| - II(1 — xu)wall
<9, 0O

In the continuum the results of this section hold provided |6 — 0«] < §,/4
is replaced by |0 — 0x| < 6,/16m. See Theorem (2.3) and (2.13). The proofs are
almost exactly the same if we use (2.9), (3.3) and Theorem 2.3. For the case n =0
we use the results of Appendix C. These same remarks apply to our final section.

5. Proof of Theorem 2.1

In this section we shall assume condition %, holds [see (2.6)] and then establish
@n+1, thereby proving Theorem 2.1. To do this we shall express E,.1(6) in terms
2

of E,(f). The resulting estimates on d—dé E.;1(6) and ;;—léi E,1(6) enable us to
justify (1.9) and hence %,41-

First let us consider the case where s, > 4/2. Recall that Lemma4.5 implies
that forr =0,1,2,

A B0~ E0)| <57 for 10-0x <83 ()

This is the key estimate for this case.
If s, < 412 we shall need a few lemmas. Let I}, I” € §, denote the two

subintervals of I,4; € S,41 which are centered at ¢}, c,, respectively. When

0 = 0s = —cpp10 = —(¢ + ¢;)a/2, H(I¥) are mirror images of each other. In
fact

o(j + ey, 05+ ) = v(—j + ¢, 05 — ),
and so
gdé (EXY+E;) 6 =0. (5.2)
Note that by €, and (2.2)
210 — 0, = |(c) + ¢;)a 4 204 < 12612,
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so that I contains a single interval I” | of S,_;. Now we measure the deviation
of (5.2) away from 6 = 0;.

Lemma5.1. For |0 — 0| < 0,/3 and n > 1,

Also by the remark following Theorem 2.1, since s, < 412 we have s,_; > 42,

d
75 Ed TED| < 064" /8nr) .- (5.3)

Proof. At 0 = 0, the left side of (5.3) is 0. Since |0, — 0] < 65."* we have
10 — 6,] < 75,">. By Proposition4.2 and (2.11) for |0 — 0x] < 5,_1/3,
d2

12 EZ(0)

The lemma now follows by expressing the left side of (5.3) as an integral of the
second derivative. [J

= [(wE, v"pE) ~ 2wt VG ESWpE) < 2n 4 66,7, .

The following estimates, &,, will be established by induction on n:
D,: For 0 <m < nand [0 —0x| < /4,

d .
— E!
aem

Recall that 6y = 2¢ and 6_; = /%,
Note that dE! (0)/df vanishes at 0 = —c!,a by using the symmetry (1.8). 9,
says that E;, is small only near a symmetry point.

Lemma5.2. If s, < 412 and 9, holds then, for all 0 such that |0 — 0x| < 5,,/4,
4
do
Proof. If (5.5) fails then &, implies that for some 6 in the interval |0 —0x| < 5,,/4
and some choice of + or —,

(9)} > min[67_;, 10 + choli] . (5.4)

EX@)| =062_;. (5:5)

202 1 =10+ ctal;.
On the other hand, by (2.2)
l(c)h 4 c;)a 4 204]; < 12812
The above two estimates imply that |(c;; — c,)e|i < 352_, which violates the
Diophantine condition (1.4), because |}, —c,,| <42, O

Let E'(0), E"(0) denote the first and second derivatives of E with respect to
0. Recall that E,. is the eigenvalue closest to E, .

Lemma 5.3. Suppose s, < 412 and 9, holds. If |E;, . (0)] < 6, for some |0 — 0x| <
On/4, then
[dE;f (6)/d61?

Eant O =5 0 = Brna )

1+ 0(6,)), (5.6)

and
Ex10) = 50,6, > 1, (5.7)
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and
|6 + cpr10]y < const 63/2 . (5.8)

The same results hold with En. and Enq interchanged.

Proof. We shall use expressions (2.11) and (2.12) to estimate E,, . First note that
by Proposition 4.3 and Lemma 5.1,

E;:-H = <1Pn+1»Uan+1) = A2<w:’v/wz—> + Bz<wn_’ullpn_> + (9(53)
d d
2% o+ 2% - 2
= A* 5 B (60) + B 25 EL(0) + 07
d
= (4% = BY) 25 B (0) + 03, /0n-1).

Now if |E,, (0)] < J,, then Lemma52 and the above equation show that
A? = B? = 1/2. Similarly we have

[ Wnt1, 0P| = |dET /dOP4AB > 6, . (59)

Next we claim that [EX(0) — E,1(0)] < O(52) whenever |4 = |B|. This result
follows by taking the scalar product of p; with both sides of the identity

(H(Ini) —Epp1)Wny1 = 82FniU)n+1 = @(53),

hence
Wi, pur1) (Ef — Epp1) = AAEE — E,p0) = 003)).

The last estimate follows froan the decay of y,,; given by Proposition4.3. A
similar argument using P41, E,41 shows that |[EX — E,,1| < 0(52) < §2. Hence

|Eut1(0) — Eni1(0)] < 0(5;) < 82 (5.10)
To obtain (5.8) note that since |E, (6) — E, (0)] < 0(57), €, implies that
20enpra 40 = |(cf + c;)o+ 20 = 0(5)).

The proof of (5.6) and (5.7) is now complete using (5.9) and (5.10) to bound the
first term on the right-hand side of (2.12). The last term of (2.12) is bounded
using the bound |G| = ¢(5,},) of Proposition4.3. O

Remarks. If E,;1(0«) > E,;1(0«), then this relation holds for all 6, since no level
crossing can occur. Hence (5.6) shows that E; () is increasing and E; +1(0) is
decreasing whenever |E, (0)| < 6, and |6 — 0«| < J,/4. Also both E,;; and

Ey,1 are symmetric about 0; (see Fig. 2). It is important to note that E;, cannot
re-enter the band |E; | < J,, since it is increasing there. Hence the set of 0’s
where |0 — 0x| < 8,/4 and |E|, || < &, is an interval. If E,;; < E,. then the

same arguments apply with E, E interchanged.
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Fig.2a and b. Graphs of E,.(, E,y; and of El, E/,,H restricted to |0 — 0x| < J,/4, assuming
sn < 4I2. Note that 05 = —cpq1a

Lemma 5.4. Suppose s, > 412 and that 9, holds. If |E,  (0)| < 6, for some 0,

|0 —0+] < 6,/4, then |E, (0)| = 2/3 and E, (0) has the same sign for all such 0.

Proof. Let p be the largest value of m < n such that s, < 4I2. Then by (5.1),
|E, 1 (0)] = IEI’,H(O)} < dp41, hence (5.7) implies that ]E!’,’H(O)l is large. Applying
(5.1) again, we conclude |E; ()| is large. If s, > 412 for all m we use the fact
that |E{(0)| = 5/6 and apply (5.1). O

We now establish &, [see (5.4)] by induction.
Lemma 5.5. 2,1 holds.

Proof. 9, clearly holds since the critical points of the cosine are nondegenerate.
Now suppose P, holds and that |E; , (0)] < 52 for some 0 such that [0 — 0x| <
Om+1/4. Since E,, ,(0;) = 0, where 0, = —cp410, Lemmas 5.3 and 5.4 imply that

|Epi1(0)] = |Eps1 ()10 — 05 = 516 — 6], (5.11)

where ¢ is some point between 5 and 6. This establishes 9,,,1. In order to apply
Lemma 5.3 and 5.4 we must check that |05 — 0| < ,,/4. When s,, < 412 this
follows easily from (5.8). If s,, > 412 -then (5.1) implies that |E},, ,(0)| = |E; ()] <
62. By induction 2, implies that |0 — 0] < 82 and since [0 — O0x| < Spmei1s
|05 — 0x| < 6,,/4 follows. Finally note that by the remarks following Lemma 5.3
¢ clearly belongs to the subinterval of |¢ — 0x| < dn/4, where |E, ,(d)] < 6n

hence the lemmas can be applied as above. [

The next lemma gives a weak form of %,.1 and uses only the results of Sect. 4
and %,.
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Lemma5.6. If ¢! +1 denotes the centers of Sy, then
m(ch,1 ¢, ;)? < constd, . (5.12)
Proof. Let I¥,,, k = i,j belong to S,y and centered at ck ;. Let EX, | be the
eigenvalue of H(I¥ 1) closest to Ex. First suppose that s, > 412. By (5.1)
|E, — El| < |E, — E'+1] + |En+l Er];+1| =+ 'E'{H — El) <283 420,41,
k

hence %, implies that m?(ci,cf) < 382. Since c = ck the lemma is proved for
this case. Now suppose s, < 4/2. Then for each k,

|E —Ef,| or [E}'—EF <06,

where I, 1241 < ¥ are the two singular intervals in S,. This is easily

established using .1 | I2¥ or v,y | IZ*! as a trivial wave function together
with the estimates of Proposition 4.3. See the argument leading to (5.10). Let us
label the centers ¢! = (2 +s,. Then it follows from %, that either m(cZ,c%)

or m(c¥ ,c%{fl) < const63/ 2 By (2.2) we know that for k =1, j,

(2 4+ 2o + 204 |y = |(2c2 + sp)a + 204]; < O(5)/?),

which implies that |(c¥ — c¥)al; < O(5,'%). If we use this estimate together with
those on m above we obtain

[(cF —cH)aly < C8% or |(c2+ a4 204]; < CSY2. (5.13)
Note that for example the case
(e’ = ei* ol < €837

is excluded because it and |(c¥ — cZ)al; < O(Sn 172 ) would imply Is,,cxll < (0(51/ 2)
which violates the Diophantine properties of . Since ¢k, = ¢ + 15, (5.12)
follows from (5.13). O

The proof of the following elementary lemma will be left to the reader.

Lemma5.7. Let E(0) be an even C? function for 6 € [a,b] such that whenever
|E'(0)] < 6, then |E"(0)| = 2/3 and E"(0) has a single sign for all such 0. Then

[E(0) — E(0)] > M 0,0y = 1 min(0 + ¢}, 160 — 0')?,
provided M (0,6') < 6 /4.

We shall set E,;1(0 — cpr10) = E(f) and 6 = 6,. Note that E(0) = E(—0)
follows from (1.8). The hypothesis of Lemma 5.7 is met using Lemmas 5.3-5.6,
where [a,b] = [0x — 5,/4,0% + 0,/4].

Proof of Theorem 2.1. We claim that as in (1.7),

El (O« +m) =EL (0x), E} (0« +m) =E,, 00, (5.14)
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where |m| = m(cn+1, n+1) By Lemma 5.6 |m| < cd, 32 . Clearly En+1(9* + m) is an
eigenvalue of H(In_H), by (1.7). To identify it with E! +1(9*) note that using (5.12)
and the bound |dE(0)/d6| < 1,

|E], (0« +m) — Ex| < |E], (0« +m) — EL (0+)| + |E],(0x) — Ex|
<C8*+83<4,/3.

By Proposmons4 2 and 4.3 we conclude that E +1(6* + m) equals either E! +1(0*)

or E,, +1- The geometric structure of E and E (see Fig.2) now allows us to

conclude that (5.14) holds, so that in particular E +1(9* +m) # En +1(0+). Since
E@+c))= E/ 2+1(0), where E satisfies the previous lemma,

20011 2 |ELy1(0x) — EL,, (Bx)] = |Ej, (6% +m) — EJ,, (6)]
2
= [E(g* + Ci+la) E(@* + Cn+1fx)l > 1—4—I

where m = (¢l | -cf;H)oc or m = —[20x +(ci+c;)a]. This completes our induction.

Appendix A. Proof of Theorem 2.2

The proof of Theorem 2.2 is by induction on n. For n = 0, see Sect. 1. Now let A
be n-regular. We shall first suppose that A contains a single n-regular interval I,
and possibly many other m-regular intervals for m < n. The interval I, contains
either a single interval I,_; € S,_; or two intervals I,_ |, In , in S.—_i. There is an
interval I,_; = I, which contains I " Ul or I, such that

a) A= A\I,_y is (n — 1)-regular,

b) dist(0A4, {x,y}) = ln—1,

c) length I,_; < 511/2

This set is easily constructed using Lemma 2.4. If we set G = G, and G = G AT,
then by (2.8) with I' = dA

G(x,y) = {G+eGI' G} (x,y) = {G+¢’GI' G + ¢'GI GI' G} (x, ). (A1)

Both x and y cannot belong to I,_; since that would violate |x — y| > 15/ 6 by
c). First consider the case where x,y € 4, then G can be replaced by G4. By
applying the induction hypothesis to G4 and expressing (A.1) in terms of its
matrix elements we have

|GCx, )| < [exp —yntlx — yl] + 3 exp[—yu-i(x — y| = 51,/%)] - exp BL;/°
< exp —yalx — yl, (A2)
where y, = yp—1 — 21,2,/ 3 / 1/%. Since Z1;"/° is summable, we get a uniform lower
bound on y, > §yo = 1|l,¢| for & small. In (A.2) we have used a), b), ¢) above

together with the bound |I'GI'|| < 25,! = 2exp ﬁlz/ ?. To obtain this bound we
use the fact that I, is regular, hence || G,,|| = |G, (E,0)| < 25,7, and we express
G using an alternating resolvent series

G =Gy + &G ,G = G+ G, I,G +6*G, I, GI' G, + ... . (A.3)
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Since |I,GI' || = |I',GAI' || < exp(—yn_1l,/2) holds by the induction hypothesis,
our desired bound on ||I"GI'| follows from that on |G,|. When x or y € I,, we
use the first equality of (A.2) and the rest of the proof goes as above.

Note that the bound [|G,(Ex,0+)| < &;! can be extended by using the

resolvent series ||G,(E,0)| < 35, provided that [[v(0) —v(0«)| + |E — Ex| < 2;3".
Hence the estimates of this appendix apply to those 8 and E specified in
Theorem 2.2.

The general case where A contains many n-regular interval I, is treated as
in [10, 12]. We use the fact that the intervals I, are separated by a distance 3I,
and then express G, as a sum of products of Green’s functions G, where A’
contains a single n regular interval. This is called the block resolvent expansion
in [12]. Condition %,_; is only needed to ensure the separation of the intervals
IL,m<n—1

For our analysis of H, we apply (2.8) instead of (2.7) to obtain the identities
corresponding to (A.1) and (A.3). Bounds on the derivatives of the Green’s
function follow by expressing G(E) = G°(E) — K>G*(E)vG(E), where G(E) is the
Green’s function with v set equal to zero. Since we consider E = —2K? + ¢(K),
G° and its derivatives decay like exp(—|K||x — y|).

Appendix B. Eigenvalue Splitting

Proof of Lemma4.1. We first consider the finite difference case. Let {1 (x) = —y(x)
for x < a and §;(x) = w;(x) for x > a. Then

(P1, Hypz) = Ex(1,v2)

= Ei({1,p2) + 28 [pa(@wpi(a + 1) — pi(@w2(a+ 1)].
(B.1)

Let us normalize p;, and y; so that for i = 1,2, y;(a) = cos(6;), pi(a+ 1) = sin 6,.
Since the transfer matrix has norm less than [¢~> + 4] we have

lwill < 2lixpil <3167 +4.
Therefore for small ¢, (B.1) and the above inequality imply that

. ) 1 2270+
[sin(0; — 62)| < |E; — Eof [{P1,p2)|| < 7 1E2— Ei i w272 [3] .
(B.2)
If |E; — E»| is very small, then y; and 1y, satisfy nearly the same initial data and
nearly the same equation. Thus p; and v, are nearly equal on the support of y,
which contradicts the orthogonality of y; and v,. In fact it is straightforward to
see that

lx(p1 — w2)l| < [|E1 — Ea|l + | sin(8; — 62)(] [e7> + 4]
2] —2(1+1)

< 1By = Eal [ ]2 [% (B3)
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On the other hand [y ||> + lp2[? < 2 (w1 — w2)||> because

ol + llw2ll? = llpr — wall® = llx@wi — w2 I + 11 — 1) (w1 — w2) |12
< lxtwr —w)I* + 5 (w1l + llw2l%).

In the last inequality we used (4.1). The lemma now follows by combining the
above inequality and (B.3).
In the continuum we use the identity

d
I (] () w2(x) — Y13 (x)] = (E2 — ED)p1(x)p2(x) (B4)

to estimate [E, — E|. Integrating both sides of (B.4) from a to the endpoint of A
we obtain the analogue of (B.1),

[wi(@w2(a) — pi(@py(a@)] < |Ex — Eqf lwil w2l . (B.5)

We normalize y;(a) = cos 8, p}(a) = sin6;. Since |[Ex — V|2 < 2K, solutions
grow at most like exp 2K|x| and we obtain the analogue of (B.3), as above.

Remarks. This theorem uses the Dirichlet boundary condition at the boundary
of A in the derivation of B.1 and B.5. The theorem gives eigenvalue splittings
for any bounded potential on the line in terms of the growth of the respective
eigenfunctions.

Appendix C. Estimates on Ef; (Continuum)

In this appendix we shall establish (1.6) for the case n = 0, and obtain bounds on
E((6), where Ey is the lowest eigenstate of H(lp) and Iy € So. Let v(x) be given
by (1.2) and let v(x(0),0) be the minimum of v(x, #) restricted to Iy. By definition
of S(),

(1 — cos 2nx(6)) + (1 — cos 2 (x(O)o + 0)) < % . (C.1)

[x(@)a+ 0+, < K~1/2, hence 2|coa+ 0+|; < 2K~/21+%_This yields (1.6) for n =0
with 8o = K~! provided |a| < 1. Note that this also implies that the centers of So
are separated by at least C;K/*/4.
It is well-known that Ey(6) has a standard asymptotic expansion
Eo = K*v(x(6),0) + K("/2)'/* + 0(1)

= K?v(x(8),0) + Kn (2 + 2¢%)1? + 0(1), (C.2)

This implies x(f) must be nearly integer valued. In fact [x(6)]; < K~/? and

where ,

v"(x(9), 0) = ) v(x(0),0) = 4n*(1 4+ o).
Note that the next eigenvalue of H([y) is larger than
—2K? 4312 + 2032 > —2K? + 10K .

This explains our constraint on Ex in Theorem 2.3 and allows us to establish
(5.13) for Ej.
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Next we consider derivatives of E(f). It is easy to check that dx(0)/d0 =
—a/(1 4+ o?). If we formally differentiate both sides of (C.2) we see that
d2
gz Fo(0) = 2nK)?/(1 +o%) + O(K), (k)

which is the desired lower bound. This identity may be justified using (2.11) and
the asymptotics for . This bound is used to establish (5.4) for the n = 0 case.
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