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Low Energy Bands do not Contribute to Quantum
Hall Effect
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Abstract. Using non-commutative geometry and localization techniques we
prove rigorously a result of Tesanovic, Axel and Halperin, namely that low
energy bands in an ordered or slightly disordered 2D crystal submitted to a
uniform magnetic field, do not contribute to the Hall conductivity.

1. Introduction

We first consider an electron gas in a perfect two dimensional crystal submitted
to a perpendicular uniform magnetic field. If we neglect the Coulomb interaction
between pairs of electrons and the motion of ions in the crystal, we are led to
study the quantum motion of one charged particle (an electron or a hole) of mass
m, of charge + e, in a periodic potential uV(x) (here u is a coupling constant) and
a uniform magnetic field B.

For p =0, the energy spectrum is given by the Landau levels E, = hw,(n + 1/2)
where w, is the cyclotron frequency eB/m and n=0, 1,2,...[1]. The gap between
E,_ and E, will be called G,. It is well known that whenever the Fermi level is
in G, the quantum Hall conductance at zero temperature is quantized and equal
to ne?/h (h is the Planck constant). Both G, and that quantization do survive for
u> 0 small enough. This fact has been explained by recognizing that up to the
universal physical constant e?/h the Hall conductance at zero temperature is equal
to the Chern class of the eigenprojection P of the Hamiltonian up to energies
smaller than or equal to the Fermi level [2-8].

In a recent paper, B. Halperin et al. [9] have investigated through a numerical
calculation how that scheme is modified as u increases from zero to infinity for a
genuine periodic potential V. For u small, Landau levels broaden into bands B,
of width of order u. Their structure is actually quite complicated for it is given in
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first approximation by the spectrum of a Harper-like equation [7, 10-12] and
is believed to be a Cantor set of zero Lebesgue measure at least if the crystal is
isotropic [13,14]. This has actually been proved rigorously for a generic set of
values of the magnetic field and in a certain number of examples [12, 15-18].

If u increases, Halperin et al. found that eventually the bands B,_, and B,
cross each other for some value u, of u. On the other hand for u > p} > u, these
bands separate again in a way which may become complicated for high n’s. The
quantum Hall conductance is found to vanish if the Fermi level belongs to G, for
w>put. This is a clear indication that the crossings observed are not artefacts of
the numerical calculation because of the conservation laws valid for the quantum
Hall conductance [3, 4, 6, 7].

Our aim in this paper is to prove this result on a mathematically rigorous
ground. We will actually show that it still holds even if the crystal is not perfectly
periodic. Our only requirement is that the atoms be identical and separated by a
distance uniformly bounded from below with probability one. Then we prove that
for any energy E_ > 0 there is a coupling constant u, beyond which in the energy
range (— oo, E.u*/*] the energy spectrum splits into well separated bands B, .
They are located around the energies E, , and have a width 4, . given by

E,,=p'h{(n+1/w, + 0 + 1/2)w,} + e,, + 0(u~''?),
A, =0{exp(—const. u’’*)} n,n'eN,

where w,, w, are the eigenvalues of the Hessian 02V/0x dx of the potential at its
minimum, and e, , is the contribution of the anharmonic perturbation at the
bottom well. If the potential is rotation invariant the energy bands look like

E, =p?h(n+ 12w +e,, +O(u" ).

In addition, we show that the eigenprojectors on each of these bands have zero
Chern class. In other words, the low lying energy bands at high coupling do not
contribute to the quantum Hall conductance.

The main reason for these results come from the remark that the limit u— co
is nothing but the semiclassical limit with a Planck constant proportional to u~ /2.
In that limit all potential wells get deeper and deeper as if the atoms were separated
from each other. The lowest energy levels are then given by the harmonic
approximation in two dimensions at lowest order in ™ /2. If the atomic potential
is rotation invariant, each level has a degeneracy equal to n+ 1 which may be
partially or totally broken at the next order due to anharmonic terms in the
potential. The band width is due to tunnelling between the wells and is therefore
at most of exponential order in p!/2,

The vanishing of the Chern class is obtained by remarking that as p— o0
the eigenprojections on each of the previous bands do converge in norm to the
atomic eigenprojection for the crystal obtained with perfectly isolated atoms. This
latter projection is the direct sum of atomic projections having a vanishing Chern
class which expresses that the current cannot go through if the atoms are perfectly
isolated. By homotopy invariance, we conclude that the same is true at finite u’s
as long as the bands are not crossing.

We emphasize that the vanishing of the quantum Hall conductance need not
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imply the occurrence of localized states. Actually if the potential is periodic, using
a Landau gauge, the Hamiltonian becomes translation invariant in one direction
giving rise to states extended in that direction. Localization, when it occurs, is
mainly due to disorder which prevent Bragg’s condition to hold for wave functions.

Technically we have chosen to use the semiclassical framework developped by
Briet—-Combes—Duclos [19] rather than the pseudodifferential operator formalism
of Helffer—Sjostrand [12, 20]. This is because the former approach is closer to the
operator algebra techniques previously used in proving the existence and the
quantization of plateaus for the quantum Hall conductance [5, 6]. It consists in
separating the wells by mean of a non-commutative partition of the unity and
comparing the total Hamiltonian of the system with the direct sum of individual
atomic Hamiltonians. To this end we use an algebraic endomorphism of the original
observable algebra into the algebra of the isolated atoms. It has the advantage of
not changing the formul involved in proving the integrality of the Chern number.
It is actually remarkable that this formalism fits so well with the algebraic
framework.

The paper is organized as follows. In Sect. 2, we describe the model and our
results precisely. Section 3 is devoted to the description of an observable algebra
in order to define the conductance properly. In Sect. 4 we construct an individual
atomic system approximating the original one, and some related operator algebras
are introduced in Sect. 5. The vanishing of the Chern class projection is proved
in Sect. 6, and Sect. 7 gives the technical estimates required in Sect. 6. Several
appendices gives proofs of some well-known results which have not been actually
published.

2. Model and Main Results
We consider a two-dimensional Schrédinger operator in a uniform magnetic field:
H= —(8/0x —iA(x))* + uV(x) 2.1

acting on # = L*(R?), where the units are chosen such that mass of the particle
is 1/2, its electric charge is 1 and the Planck constant is 1. In (2.1),
0/0x =(0/0x,,0/0x,) is the gradient operator and A(x) =(— Bx,/2, Bx,/2) is the
vector potential (thus ,4, —d,A, = B). It is well-known that H is essentially
self-adjoint on L (R?) [21].

We consider the potential V' = V,, as a random process on a probability space
€. Q can be considered as the set of impurity configurations, hence it is natural
to introduce an action of the translation group {T*aeR?} on £2. We suppose
that this action leaves the probability measure P on {2 invariant, and acts
ergodically. We introduce the so-called “magnetic translation” operator [22]:

{U@y}(x)=e®*"*2Y(x —a), yei, 22

where X Ay=x,y,—x,y,, then the action T? should satisfy the following
homogeneity condition:

U@H,U@@)*=H,., weR, acR? (2.3)
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where H , is the Hamiltonian with ¥ = V,, corresponding to we 2. We may consider
(2.3) as an assumption the action {T*} should satisfy. Note that {U(a); acR?}
form a non-commutative group [22]. Further we assume that V =V satisfies
almost surely the following assumptions:

Assumption A

(i) inf V(x)=0,sup V(x)< C< 0.

xeR2 xeR2

(ii) There is a countable set of R%, {x,;n=1,2,...} such that |x, — x,,| = d ifn#m
with d > 0.
(iii) There are ¢ >0 and ¥ €%?({x||x| < ¢}) such that d > 2¢ and V(x, + x) = ¥"(x)
if |x| < ¢ for all n.
(iv) 0 is the unique nondegenerate minimum of ¥~ in {x||x| <e}.

(v) If [x, — x| > ¢ for all n’s then V(x)=d > 0.
(vi) The constants C, d, ¢ and J are independent of we 2 almost surely. <

In the previous framework one can actually identify Q with the set of potential
V,,, namely a set of bounded multiplication operators on # (by Assumption A-(i)).
If we endow it with the weak topology its closure is a compact space. By ergodicity
of the translation group, we can actually identify 2 with the weak closure of the
set {V,(.—a);aeR?} for one configuration w of the impurity. Actually the
boundedness of V is not essential provided it is relatively bounded with respect
to the free Laplacian.

Example. Let us consider a periodic potential V' with lattice of periods (Bravais
lattice) I". Then we can take 2= R?/I" and T® is the natural action of R? on Q.
It is easy to check that (2.3) holds in this case. A typical example is:

V(x)=sinx, +sinx,+2, or V, =sin(x;+w,)+sin(x,+w,)+2 (24)
with xeR?, weQ=R?/2nZ?, and this is what Halperin et al. studied in [9]. <©

Let F be the Fermi energy level, and let P, be the eigenprojection of the
Hamiltonian on the subset (—oo, F] of energies, namely Pr=E __, (H). A
“differential” o, (i = 1, 2) is defined by:

8,A=2mi[X, A, i=12 2.5)

for an operator A, where X=(X,,X,) is the position operator and
[A, B] = AB — BA denotes the commutator (this is defined as a form on the domain
D(A)n D(]X]) at first and then extended to an operator. We will see later that this
is possible for a class of operators including Py, if F is in a gap of the spectrum).
The “trace per unit area” is defined by:
1(A)= lim |A|™!Tr 4(A), (2.6)
| Al= 0
where A is a square with center at the origin, and Tr , is the usual trace in L*(A).
Note that if 4 = Pg, t(Py) is the integrated density of states at the energy F. Again
we will see later that t(A4) exist for a class of operators, and it is independent upon
the choice of weif A = A(w) satisfies the homogeneity condition (2.3) (see Sect. 3).
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Now, the Hall conductivity oy at zero temperature is defined by:
oy =1/2int(Pg[0,Pf, 0,Pr]) 2.7)
by virtue of Kubo’s formula [23, 2, 4, 6, 8].
We defined the one-ion Hamiltonian as:
h= —(8/0x —iA(x))> + u¥ (x) (2.8)

on L*(B,), B, = {x; | x| < ¢} with the Dirichlet boundary conditions. It is well-known
that h has a discrete spectrum. Moreover, if E,(u) is the k' eigenvalue of h, it
admits an asymptotic expansion

Efw= Y, Cu®* p—>o0 (2.9)

i=0

by the harmonic approximation at x = 0 [24, 20]. In particular, the top term C,
is the k™ lowest number in {(i + 1/2)w; + (j + 1/2)w,;i,j=0,1,2,...}, where w,, w,
are the eigenvalues of the Hessian 0277 /0x 0x of the potential at x = 0.

Our main result is:

Theorem 1. There exist a > 0 such that if a Fermi Energy F satisfies F < o(u) and if
dist (F, a(h)) = exp(—ap'’?), (2.10)

then F lies in a gap of the spectrum of H almost surely, and the Hall conductivity
vanishes i.e. oy =0, for sufficiently large p. <

The former statement implies that the width of bands are at most of order
exp (—au'/?) if they correspond to simple eigenvalues of h, and the latter that the
contribution of that band to the Hall conductivity is zero for large enough u’s.

3. Observable Algebra

In this section, we consider an algebra, called observable algebra, of operator-
valued functions on 2 satisfying the homogeneity condition:

U(@)A(w)U(a)* = A(T*w), wef,aeR?, (3.1

where A:0Q— %(#), following [5,6].
Ar first, let @, be the set of functions on £ x R? continuous with compact
support. 0, forms a x-Algebra with the following operations:

(AB)(w,x)= | d*yA(w,x)B(T Yw,x — y)e Bxr»2
R2
AN = AT, =7 (32)

for A, Be(,. An element of @, is represented as an operator-valued function on
Q by:

(A (x) = ﬁfz A’y A(T w,y — x)e®** 72y (y) (33)

with yes#. It is easy to see that x, is a *-representation of ¢, for each we, i.e.
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(1) it is linear; (ii) 7 ,(A4) 7,(B) = n,(AB); (iii) 7 (A)* = 7, (4*). It is also easy to see
that n,(A4) satisfies the homogeneity condition (3.1).

Remark 3.1. The mapping weQ—-n,(A) is strongly continuous by Lebesgue’s
dominated convergence theorem.

Proposition 3.1. Let A = A(w) be an operator-valued function on Q, and suppose:
(i) A has an integral kernel K(w; X, y);

(ii) K is continuous and K(w;x,y)=0if |[x —y|= C with C > 0;

(i) A satisfies (3.1).

Then A is represented by an element of 0, i.e. A(w)=mr,A~) for some A~ in O,.

Moreover A~ (w,x) = K(w;0,x). <

Proof. By the homogeneity condition, K must satisfy:
K(T*w;x,x +y) = K(w; 0, y)eBx¥/2, (3.9
Hence we obtain:
K(w;x,y)= K(T *w;0,y — x)eB*"Y2 = A~(T " *w;0,y — x)eBX*¥2 (3.5)
Comparing this with (3.3) we conclude the proposition. <&

A C*-norm ||.|| on O, is defined by:
Il All = sup [|7,(A) | gx)> (3.6)

weR

and O is the C*-Algebra obtained by completion of ¢, with respect to this norm.
A trace T on 0, is defined by:

1(4)= | P(dw)A(w,0). 3.7)

we

By Birkhoff’s mean ergodic theorem [25, 5] and the ergodicity of the action {T?}
we get:

t(d)= lim A" [ d2ad(T*w,0)= lim |A| ' Tr (m,(4)) (3.8)

|A]= o0 aecA | Al = 0

for almost all we(2, where A is a cube with center at the origin. It is not too hard
to see that 7 is extended to a trace on the C*-Algebra O [26]. We note that t
given above is identified with t defined by (2.6) up to the representation =, by
virtue of the identity (3.8). Hence if the trace norm:

Al =<(1A*A[2), (39

is finite, then 7(A4) is well-defined and finite: [t(4)| < || 4] o1.
A differential structure is defined by:

0;A(w, x) = 2mix; A(w,x), i=1,2. (3.10)
By easy calculation, we see that:
n,(0;A) = 0;m,(A), (3.11)
where 0; on the right-hand side is defined by (2.5).
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To define the conductivity oy, we introduce the “Sobolev space” with respect
to the above differential structure. We set:

14T =1(10, A1 +10,4")=4n* | d’x | P(dw)|x|*|4(0,x)?,  (3.12)

xeR?2 we

for A€0,,and #" is the completion of ¢, with respect to this norm in @. Following
Connes [27] we introduce the “2-cocycle” 7, by:

5(Aos A1, A2) = (1/2in)1(40{0, 40,4, — 0,4,0, A, }), (3.13)
for AeO and A, A,e#.
Lemma 3.2. 1, is a bounded form on O x #* x #* namely we have:
[72(Ao, A1, ) S (/T Ao 1 A1 11 1 A2 ]l © (3.14)
Proof. By properties of trace [26, Chap. 5],
[1(A00, 4,0, 4,)| = |1({0; AT A§}*¥0, 4,) < |2(10, AT AFI) 12 ]1(10,4,1%) 12
= IT(alAT|A0|261A1)‘1/2IT(|52A2|2)|1/2
<14 |||T(|axA1|2)'1/2|T(,52A2,2)|1/2
S Aol Ayl 1A 1. (3.15)
Similarly we have:
[1(A0024,0, ) S [ Aol 1 Ay 11 1421y © (3.16)

Now we will show that P is represented by an element of #°! whenever F belongs
to a gap of the spectrum.

Proposition 3.3. Let A be an operator-valued function on 2 and suppose:

(i) A has a continuous integral kernel K(w;X,y); (ii) there is an L'(R?)-function f
such that |K(w;x,y)|< f(x—y) for ae. o, X,y; (ili) 4 satisfies the homogeneity
condition (3.1). Then A is represented by an element of 0. <

Proof. As in the proof of Proposition 3.1, we can set:
A~ (w,x) = K(w;0,x), 3.17)

as a symbol corresponding to A. Clearly A~ is continuous and A~ (w)¢ = (47 )P
(see Eq. 3.3) for ¢pe¥b. If we set:

A (w,X) = x(ex)A~ (o, X), (3.18)
where yeCJ(R?), 0<y <1 and y =1 near 0, then A €0,. Since:
14; (0,%) — A (o, x)] = (1 — x(ex)) f (), (3.19)
we have
A~ = AZ S 11— x(ex) f[(X) | s =0 as &0, (3.20)

and this proves A~ €0. <
Proposition 3.4. For ze ) p(H,), (H,—z)™" is represented by an element of #*.

weN

<
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Proof. We set Hy = — (8/0x —iA(x))?, and
Ry(z)=(1 +¢Hg) '(H, —2)"'(1 4+ eHy) " (.21)

By Proposition B.1 and Lemmas B.7 in Appendix B, R,(z) satisfies the assumptions
of Proposition 3.3, hence R,(z)e0 (Proposition B.2). It is easy to see by functional
calculus that R,(z) converges to (H, —z)~! in norm as ¢—0, hence (H, —z) " '€0
(Proposition B.2). Let r,(w, x) be the symbol of the element of @ corresponding to
R.(z). We have by Lemma B.7:

Ire— (1= x@x)r, I31<C | e™™(1 —x(0%))*d>x >0 as -0, (322

xeR2

where ye%g is that in the proof of Proposition 3.3. This implies r,e #*. Since
r(w, X) > ro(w, x) pointwise if x #0, we can apply the dominated convergence
theorem to show:

[re—rolli =0 as &—0, (3.23)

combining with Lemmas A.8 and B.7. Thus (H, —z)"! is included in the image
of m (H#). ©

Corollary 35. If F belongs to a gap of \J o(H,), then Pr=E _ . p(H) is
represented by an element of #'. & we2

Combining Lemma 3.2 with Corollary 3.5, we know that the Hall conductivity
oy = T,(Pg, P, Pg) is well-defined whenever F belongs to a gap of the spectrum.

Remark 3.2. Because of the homogeneity condition (3.1) and the ergodicity of the
action {T*} the spectrum of H, is almost surely independent of we [28]. <

4. Approximation by Individual Atomic Systems

In this section we fix V(x)=V,(x), wef, and we suppose that Assumption (4)
holds for V(x).- Let B,(x) be the ball of radius r centered at x, ie.
B,(x)={yeR? |y — x| <r}, and let je#Z(B,(0)) be a cut-off function such that
0<j(x) £ 1,j(x) = 1if x| < ¢ and there is j'e 4 (R?) such that j(x)? + j'(x)*> = 1 for
xeR?, where ¢ is an arbitrary fixed constant such that 0 <¢ <e. j, and j are
defined by j,(x)=j(x—x,) and j,(x)=j'(x—x,) respectively. We also set
jox)= [T j.(x) and the gauge transform g,(x) = exp(iBx A x,/2). Domains £,
n=1

n=0,1,2,... are defined by 2, = R? and 2, = B,(x,) for n = 1. Identification maps
J,:L*(£2,) - L*(R?) are defined by:

(J2#)(X) = g,(x)ju(x)p(x), for ¢eL?(R2,), 4.1)
where go(x) =1, and
J < @) ¢u)(x) = ZO (Juba)x) for P ¢,e @ L*(£2,). 4.2)
nz n nz0 nz20

We will denote P L3(£2,) by #,.

n=0



Quantum Hall Effect 291

Hamiltonian for the individual atomic systems is defined as follows: for n > 1,
h, is defined by:

h,= —(8/0x —iA,(x))* + u¥ ,(x), on L*(R2,), 4.3)

with Dirichlet boundary conditions, where ¥ ,(x)=7%"(x—Xx,) and A,(x)=
(= B(x3 — X, 2)/2, B(x; — x,,,1)/2). Let 8, = Min (4, inf { #"(x); x¢ B,/(0)}) where & is
the constant in Assumptions (A), and we define ¥ 4(x) = Max (6, V(x)).

hy is defined by:

ho = — (0/0x —iA(X))® + u¥ o(x), on L?*(£2,), 4.4)
and H, on #, by Hy= P h,
n20

Lemma 4.1. J* is an isometry from # to #, <

Proof. By definition we have:

T4 =090 ® D) 9.x)*1, KIS 4.5)
Hence )
199917 = | Leordx+ T [ 1i9oerds
- 1 <Uo(x)l2 ) |;n(x)|2>|¢(x>|2d2x =612 4.6)
because | jo(x)1? = [] 1/, ﬁ 1= 1j,00)=1- Y LR ©
n=1 n= nz1

J is a “non-commutative partition of the unity” and the error term of the
approximation is given by the following Lemma:

Lemma 4.2. J maps D(H,) into D(H) and:

H—z)"'=JHy—2)"'J*—(H—-z)"*M(H,—2z)"1J*, 4.7)
where M= HJ — JH,e B(D(H,), #). M is decomposed as (—B m, with:
n20

m, = HJ, — J,h, = — g,(x){(0/0x — iA,)(0],/0X) + (2j,/0x)(6/0x —iA,)],  (4.8)
where we set Ag = A(x). <

Lemma 4.2 follows by easy computation. Notice that the m,’s n > 1, are unitarily
equivalent up to a magnetic translation.

5. Operator Algebras and Connes’s Formula

In this section, we review definitions and basic properties of some algebras we
consider. Again we fix V =V, throughout this section.

(a) *-Algebras on # = [*(R))* ae B(L*(R?)) is an element of ./, if it has an integral

kernel k(x, y) which is bounded, continuous and such that k(x,y)=0if [x —y| = C
for some C > 0. Let o7 be the C*-Algebra generated by </,



292 S. Nakamura and J. Bellissard

(b) Z,-graded representation: Following [27, 6], we introduce a trivially Z,-graded
algebra as follows: let #°~ =, @ H _, where # . = # _ = # = [*(R?), and
define a degree operator G and a Dirac phase F by:

s=[y 1} #5 o} 5.1)
0 -1 D 0

with D = (x, + ix,)/|x| for xeR% We identify .o/ with the set of diagonal elements
in B(s# ™). a—»a®aeB(# ™). A “differential” d: B(s#~)— B(s# ™) is given by

dT =i{FT —(—)*sDTF}, (5.2)
for T of homogeneous degree (i.e. GT = (—)*®*PTG), and extended to B(# ~) by
linearity. Since the representation of o/ is included in the subalgebra of degree
zero, da =i[F,a] for ae .
(c) p-summable Fredholm module: Let #?(s#° ~) be the Schatten (or trace) ideal of
order p (i.e. Te L?(# ~) whenever || T| go:= {Tr(|T*T|?*)}*” < 00). An element
ae is called p-summable whenever da = i[F, a]e #P(s# ~). A subalgebra &/’ of &/
is called p-summable if all its elements are p-summable. In particular, the set of
all p-summable elements of &/ forms a *-subalgebra of o/ which is denoted by

/P, The representation of .o on # ~ is called p-summable Fredholm module over
o'

Lemma 5.1. Let P=E,(H) be an eigenprojection of H with I being an isolated
compact subset of o(H). Then P is p-summable for any p>2. <

Lemma 5.1 will be proved in Appendix A.
(d) The Chern class: A 2-cocycle 7, on o/ is defined by:

12(a0, @y, a2) = — (1/2) Tt {GF[F,a](F,a,1[F,a,1}, (.3)

for ay,a,,a,e/®, where Tr is the usual trace on # ~. The (second) Chern class
of projection ee.o/® is defined by

Ch(e) =1,(e,e,e) = — 1/2Tr {GF[F,e]*}. (5.49)
Ch (') satisfies the following properties: (i) invariance: if e and f are equivalent
projections, namely if there is ues/® such that uu*=e and u*u=f then
Ch (e) = Ch(f); (ii) additivity: if e and f are orthogonal, namely if ef =fe =0, then
Ch(e +f)=Ch(e) + Ch(f); (iii) Ch(e) is an integer for any projection ec.o/®
[29,27]
(e) Algebra on s#,: Analogously to (a) we define the algebras #, and # on

Ho= P L*(R,) as follows: be B(5 ) is an element of B, if every matrix element
nz0

b;;e B(LA(R2;), L*(2,)) has a uniformly bounded, continuous integral kernel k;;(x, y)
such that k;;(x,y) =0 whenever |x —y| > C for some (i,j)-independent constant
C>0. Let £ be the C*-Algebra generated by %,

(f) Z,-graded representation, p-summable fredholm module, Chern cldss on %: the
trivially Z,-graded representation is constructed in exactly the same way as in (b)
on the space Hy =Ko, ®H -, where Ho,=Ho_ =Ho=P LXRQ,).

nz0

p-summability for the Chern class is defined analogously on s 5 and satisfies the
same properties. In Particular, # is the subalgebra of p-summable elements of
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%, and 7, is defined by (5.3) in much the same way. Analogously to Lemma 5.1
we obtain the following result (see Appendix A):

Lemma 5.2. The statements of Lemma 5.1 hold for H instead of H. <

Since J “*:= J* @ J* is an isometry from s~ to # 7, and since J ~* commutes with
both G and D, the next lemma follows immediately:

Lemma 5.3. Suppose a,e/®,i=0,1,2, then J *a,J~ B> and:
Ty(a0, a1, a2) = 1,(J “*agJ ™, J "*a J 7, T "*ayJ 7). (5.5

In particular, for any projection ee o/, J~*eJ ~ is a projection of B which satisfies
Ch(J~*eJ~)=Ch(e). ©

Finally we present Connes formula, which relates the 2-character 7, defined by

(5.3) with the one defined by (3.13) [27, part I, Sect. 9]. Let us set X = {ae(ﬂ;

[ Pdw){lla(w, ) D2 a0} < oo} for some 5 > 0.

weNR

Theorem 5.4 (Connes formula).
Let AyeX and AieXnH#,,i=1,2. Then n (A, is 3-summable for a.e. w2 and

13(Ap, A1, A3) = | PA0)Ty(,(A), T4 ) TW(A)). O (5:6)
weN
Corollary 5.5 [6,7]. If F belongs to a gap of \ ) o(H,), the Hall conductance is
given by: wefd
oy=Ch(Pp,) for ae we@. O 5.7)

The Corollary follows from Theorem 5.4 and the properties that Ch (Py ) is almost
surely constant (see[5]). Theorem 5.5 will be proved in Appendix C. Now it is
sufficient to prove that Ch(Pp,)=0 almost surely to show that the Hall
conductance vanishes.

6. Vanishing of the Chern Class of Eigenprojections

Here we consider the Chern class of certain eigenprojections of H and H,,, and
we prove that they are zero if p is large enough.
Letld be the Agmon distance between 0 and 0B,.(0) with respect to ¥/, ie.

d=inf [ V(y(1))"/*dy(t), where y runs over the set of piecewise differentiable,
y O

continuous paths with y(0) =0 and y(1)€dB,(0). Let {E, (1)} =
of eigenvalues of h satisfying the following conditions:

~ be a finite set

.....

Assumption (b). For each k, E,(u)/u— 0 as u— oo. Moreover, for some 5 > 0,
dist({Ew}, o(W\{E{w)}) Zexp(—p'?d—n). © (6.1)

As noticed in Sect. 2, each eigenvalue has an asymptotic expansion p'/* as u— co.
So the set of eigenvalues having the same leading terms satisfies assumption (B),
but our assumption includes cases with complicated degeneracy.
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For simplicity, we suppose o(h)n[E_,E.]1={E ()} with E_=inf{E (1)},
E, =sup{E,(w}, without loss of generality. Let B=1/2exp(— u'/*(d—n)),
I=[E_—B,E, + ], P=E/H), Py=E/(Hg). Our main technical results are:

Theorem 6.1. Suppose Assumptions(A). If E = E(u) satisfies E/pu— 0 as p— oo and

dist(E, o(h)) Z exp (— p'/*(d — 1)) (6.2)
for some n >0, then Ecp(H,,) for almost all wef2 and all i’s large enough. <&
In particular, we have E, ep(H,) almost surely.

Theorem 6.2. Suppose Assumptions (A) & (B), and let P and P be defined as above.
Then for any n > 0, there is C >0 such that:

IJ*PJ — Po|| < Cexp(—pu'?d—n)). < (6.3)
We will prove Theorems 6.1 and 6.2 in Sect. 7. We will consider the case ¥ =7,
satisfying Assumptions (A), and we will drop the expression “almost surely.”
Lemma 6.3. Ch(P)= Ch(P,) if u is sufficiently large.

Proof. By Lemma 5.3, Ch(P) = Ch(J*PJ). Since |J*PJ — P, | < 1 for large u by
Theorem 6.2, J*PJ and P, are unitarily equivalent (Lemma D.! in Appendix D).
The invariance property of Ch(-) gives the result. <

Lemma 6.4. Ch(P,) =0 if u is sufficiently large. <

Proof. D leaves the decomposition of H, invariant; using the additivity of Ch(-),
we have:

Ch(Po)= 3, Ch(P,,), (6.4)

nz0

with P, , = E(h,) and Ch(") is defined on L*(£2,) by the same equation. Since
[1dy, ) = a(hy), we obtain Py o =0 for large u. Since P, , is finite dimensional,
we easily get:

Tr(GF[F,P,,]1%) =2{Tr (GP, ,FP, ,F)—Tr(GP,,)}, 6.5)
where Tr is the trace on L*(€2,) ® L*(£2,). We denote by tr the trace on L%(£2,). Then:
Tr(GPy,,) = tr(Po,,) —tr(Po ) =0,
Tr(GP, ,F P, ,F) = tr (Po .D*P, D) — tr (Po ,DP, ,D*) =0, (6.6)
This implies Ch (P, ,) =0, concluding the proof.

Proof of Theorem 2.1. At first we set a =d —#, with 0 <# <d. Then the set of
eigenvalues of h:{E,; E, < F} satisfies assumption (B), and by Theorem 6.1, F lies
in a gap of the spectrum of H, almost surely (namely for w’s satisfying Assumptions
(A)). By Lemmas 6.3 and 6.4, Ch(Pg) =0 almost surely and g5 =0 now follows
from Corollary 5.5 of Connes formula. <

7. Proof of Theorems 6.1 and 6.2

In this section we fix we (2 satisfying Assumptions (A), but the estimates are uniform
in w.
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Lemma 7.1. Suppose z = z(u)eC satisfies as u— oo and for some n > 0:

[Re(z)l/u—0, dist(z,a(h)) Z exp(— p'*(d —1)). (7.1)
Then for any yeL*(B,(0)) with support included in B,(0)\B,(0),
lxth—z)" | SCu™Y || x(0/ox —iA)h—2)" | S Cu™ ' (7.3)

These estimates are due to Briet, Combes and Duclos [30]. They proved estimates
of this type in the case A =0, but the proof works even in the presence of a
magnetic field. The next lemma is an easy consequence of the definition of hy:

Lemma 7.2. Suppose z = z(u)eC satisfies |Re(z)|/u—0 as u— co. Then for any
1€L*(R?),

lxtho—2)" I SCu™H (74

I 2(0/0x —iA)(ho —2) M| S Cp™ 12 O (7.5)

Now we estimate the error terms for the approximation of the resolvent in
Lemma 4.2.

Lemma 7.3. For z = z(u)eC like in Lemma 7.1,

I M(Ho—2) | SCu 12 O (7.6)
Proof . At first, we note
M(HO—'Z)_1= @mn(hn—z)—la (77)
nz0

by Lemma 4.2. From (4.8) and Lemma 7.2, it is easy to see that,

llmo(ho —2)™* || S Cu™ 7. (7.8)
On the other hand, since Jj,/0x is supported by B,(x,)\B, (x,) we can apply Lemma
7.1 to get a constant C > 0 such that for n> 1,

my(h, —2)~ | < Cu™ 172 (7.9)
Noting that the ranges of the m,’s are mutually orthogonal for n > 1, because the

supports of the j,’s are disjoint, we get:
2

M(IIO—Z)_1 @ ¢n

n20

= lmolho —2) "o 1> +2 3. Re(mofho —2)™*dorm, h, — )" '6,)

n=1

+ 3 Ity =2)7 6,1 < Imolho — 2o
0 1/2 © 1/2
+2{ ) ||x9nmo(ho~z)-l¢o||2} {Z um,,(hn—z)—%nnZ}
n= n=1
+ i Im ity —2) " a2 < S Iy — 2,12
n= n=0

0 1/2
+2[lmo(ho — 2)™ ¢y { > llm..(h,.—Z)"¢.,llz} , (7.10)
n=1
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by Holder’s inequality. Now using (7.8) and (7.9), we obtain

2 © 1/2
'UM(HO—Z)_l D || =CuMldol*+{Culdo |l2}”2{Cu_1 Zl Il¢nll2}

nz0
+CuTt Y dalPSCu™t Y N4l © (7.11)
n=1 n=0

Lemma 7.4. For z =z(u)eC like in Lemma 7.1, zep(H) for u large enough, and
(H—2z)"'=JHy—2)""J*1+MH,—z)"J*~ L (7.12)

Proof . (7.12) holds for Re(z) sufficiently negative, by Lemma 4.2, and it holds if
the right-hand side is well-defined by analyticity. Then Lemma 7.4 follows from
Lemma 7.3. Theorem 6.1 now follows from Lemma 7.4. <

Lemma 7.5. For z = z(u)eC like in Lemma 7.1.,
IJ*J —1)(Hy—2)" | = Cu™". (7.13)
Proof . Since J¥J,, =0 for n,m=1 and n# m, we have

T 1= P U, - 1)+ P I, + D I, (7.14)

nz0 nz1 nx1

Since (j2 — 1) is supported in B,(x,)\B,(x,), we have
IR, — D, —2) | SCu™, (7.15)
for n=>0 by Lemmas 7.1 and 7.2. We have

2

2
@J:Jo(ho—z)_l¢’ = Z |]fnjo(ho—z)-1¢||2= .
nz1

nx1

< Z jnj0>(h0 —z)° ld’

nz1

(7.16)

because supp (j,) are disjoint for n = 1. Noting that ( Y T j0> < 1, we obtain
nz1

2
scu (7.17)

@J:Jo(ho_z)_ld’

nx1

Similarly,
2

@Jg‘]n(hn—z)_ld)n = Z “Jg']n(hn-z)_l(bnnzz Z Hjojn(hn_z)—l(bnuz

nz1 n21 nz1
= sup jojulhn = 2)"1 1 X 1,17 < Cu7? X libul?,
nz1 nz nx1

(7.18)

because again (joj,) is supported in B,(x,)\B,(x,). Then (7.13) follows from
(7.14)—(7.18). O
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Proof of Theorem 6.2. Let {E,},_, .y be the set of eigenvalues in Assumptions
(A) and (B), and let D be a neighbourhood of {E,}:
D =] {zeC; |Re(z) - E,| < B, Im(2) < B}, (7.19)
k

with = 1/2exp(—u!’*(d — 1)), 0 <n <d, and we set I" = dD. We notice that the
points on I satisfy uniformly. For sufficiently large u, we have

J*PJ = — 1/(2im) [ J*(H — 2)"'J dz, (7.20)
r

and by (4.7),
J¥H—-2) ' =J*JHy—2)"'U*J —J*(H —z) " 'MJ(H, —z)"'J*J
=Hy—z) ' +{J*Hy—2) ' J*J —(Hy—2)"'}
+ {J*(H —z) Y} {J*M(H, — z)” 'J*J}. (7.21)
Thus we obtain
J¥H—-2z""J=Hy—2z)"*A+L)!
+{J*JHo—2) " J*J—(Ho—2)"}A+ L)1, (7.22)
with L = — J*M(H, — z)~*J*J. Substituting (7.22) to (7.20), we have
J*PJ = —1/(2in) jr(Ho —z) 1+ L) 'dz

—1/Qin) | {J*JHy—2)"'J*) —(Hy—2)"'}(1 + L) 'dz
r
=Py —1/Qin) [ (Ho—2) {1+ L) ' —1}dz
T

— /i) [ {(J*] = 1) (Ho—2) ™+ J*J(J*] — 1)(Ho—2%) " )*¥}(1 + L)~ 'dz.
r
(1.23)

The integrand of the second and the third terms are of order = /2 and u~! by
Lemmas 7.3 and 7.5 respectively. On the other hand, there is a constant C >0
uniform in u, such that for large u’s the length of the path I" is dominated by

|| < 8B.#{(eigenvalues of h) < F} < CBF? < O(u*)exp(— p*'*(d —17)). (7.24)
&
This complete the proof.

Appendix A. p-Summability of Resolvents

We consider the Schrodinger operator H = — (8/0x — iA(x))? + V(x) on L?>(R?) with
VeL®(R?) and A =(— Bx,/2, Bx,/2). Then H is essentially self-adjoint on €7 (R?)
[21, Chap. 10]. The purpose of this appendix is to prove the next proposition:

Proposition A.1. For zep(H), (H — z) ™! is a p-summable element of </ for any p > 2.
Moreover the p'™ trace norm of [F,(H — z)~ '] is locally bounded in p(H). <
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Proposition A.2. For zep(H,), (Hy—2z)~' is a p-summable element of & for any
p > 2. Moreover the p'® trace norm of [F,(H, — z)~ '] is locally bounded in p(H). <

Lemma 5.1 and 5.2 are direct consequences of Propositions A.l and A.2
respectively. We notice that, as can be seen from the proof, the estimates depend
only upon || V| .. and dist(z, s(H)).

Proposition A.1 follows from the next proposition and lemma:

Proposition A.3. For zep(H), (H—z)~! has an integral kernel k(x,y) such that for
any 1=<p<oo, supy|lk(x,)ll» <0, sup|k(:,y)llL» <o0. Moreover, k(x,y) is

y
continuous on R*\{x =y} and for some a >0, and for any 6 >0, there is a positive
constant C; such that |k(x,y)| < Csexp(— a|x —y|) whenever |x —y|>d. <

Lemma A4. Let A be an integral operator with a kernel k(x,y). If k satisfies:
sup [ {x — - >™k(xX,)[| Lo < o0, (A1)

withp>2,1/p+1/g=1, m>2/(p —2), then A is p-summable. <
Here we have used the notation {x) = (1 + |x|?)'/2.

Proof of Lemma A4. By definition, it is sufficient to show that the operator defined
by the integral kernel k(x,y)(x/x|—y/|y|) belongs to the p'® trace class. We set
y>0 so that 2/mp <y <1—2/p. By elementary calculations, if {x —y) < {(x)?
then |x/|x| —y/|y|| £ C{(x>~ "7, Hence we have:

| &ylk(xy) /x| = y/lyDle
yeR2

sC [ diylkxy)Kx)y"tm

{x—y) =<x)7
+ f dylkxy)<x—y)mI(x—y)™
x=y)2{x)7
S C{Ilk(x, I lLag<x> ™M 4 | x = D"k(X, ") | Lag (XD ™™}
< CMax {{x)~ 077 (x>™™}4, (A.2)

Since (1 —y)p > 2 and ymp > 2, we obtain

pla
jn d*x jR Py k(Y X/1X| —y/IyDIf| S C | dPx(x)™Mn@-npmp) < o,
xeR2 yeR2 xeR2
(A.3)

By Russo’s Theorem [31], we conclude that the operator belongs to the p'™ trace
class. <

Proof of Proposition A.2. Since the operator [D,-] leaves the decomposition
@ L*(R2,)invariant, if suffices to prove the statement for hy and @ h, respectively.
nz0 nz1
As for hy we can apply Proposition A.1. The resolvent (P (h, — z)~* has an integral
n21
kernel @ k,(x,y), x,yef2,, and K(x,y) = Z k,(x,y) can be considered as a kernel
n21

nz1
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on R? because the £,’s are disjoints for n > 1. Moreover |k,(x,y)| = |k(X — X,,y — ¥,)|
where k is the integral kernel of (h—z)~! on L*(B,0)). The operator (h—z)~!
actually maps ' ~"(B,(0)) into #*~"(B,0)) and the Dirac é-function belongs
to #5 1 ~"(B,(0)) provided 0 < n < 1; thus k(x,-)e#* ~"(B,0)), and hence k(x,-)eL?
for any p < oo by the Sobolev embedding theorem. Thus K satisfies (A.1) because
K(x,y) =0 whenever |x — y| > 2¢, and combining this with Lemma A.4, we finish
the proof. <

Now we prove Proposition A.3 by a series of lemmas (Lemmas A.5-A.7). We
notice that such results are proved in [32] in a generalized form, but we give the
proof here both for completeness and as a preparation for Appendix B. We may
assume x =0 (or y =0) after changing the gauge if necessary, and we consider
estimates near x =0 (or y = 0) without loss of generality. We set

L, = —(8/0x — iA(X))? + 2v-(9/0x — IA(X)) + V(x), (A4)
for veC2.

Lemma A.5. Let ¢eD(L,), then ¢ is continuous and |$(x)| < C(| ¢ |2 + | L, ¢ ||*)*?
for xeR%2. <

Proof. Since (9/0x —iA(x)) s infinitesimally H-bounded, D(L,) = D(H). As is easily
seen,

[6O) = C(|$ [l 2gy + | A [l L2my2) 2 < Cl D ll 2oy + | HP 22) 2, (AS)

with B = {x;]x| < 1}. Since ¢ is locally #2, it is Holder continuous. <

Lemma A.6. Let zep(L,), then (L, —z)™* has an integral kernel k (x, y) satisfying
(©) sup [1ky(X,")l| Log) < 00, sup [1ky(*, ) lLomy <0 for any 1<p<oo, with
y

B =B, (0).
(i) k,(x,y) is continuous if x #y and uniformly bounded on {(x,y); |x —y|>d}
for any 6>0. <

Proof. Since the Dirac function at y, d, belongs to # ' ~7,k,(-,y) =(L,—2)" !4,
belongs to # ;" for 0 <y <1, hence k,(-,y)eL?, for p< co. Since the estimate
is uniform in y, we obtain the latter assertion of (i). The former is proved
similarly.

Let x(x) be a smooth function such that y =0 near 0 and y =1 for |x| > >0.
It is easy to see that (L, — z)y(L, — z) " '8, L>. This implies x k,(-,0)e D(L,), hence
the assertion (ii) follows from Lemma A.5, and the homogeneity property. <

Lemma A.7. Let zep(H), then there is © > 0 and for any y >0, there is C,> 0 such

that
lk(x,y)| = C,exp(—zlx—yl) if Ix—y|2y. © (A.6)
Proof. Since L, = e *He ™,
ky(x, y) = €™ Vko(x, y), (A7)

whenever zep(L,)n p(H). For |v| small enough and zep(H), then zep(L,) because
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(0/0x —iA) is H-bounded. Thus combining this with Lemma A.6, we obtain
Ik (x, IS C, i [x—ylZ7y. (A.8)
Since (A.8) holds for any small enough v, this implies (A.6). <
We also need the following result in Sect. 3 (see also Eq. (2.5)):

Lemma A8. For zep(H), [X,(H—2z)"'] has a continuous integral kernel
(x — y)k(x,y) and satisfies

I(x —y)k(x,y)| < Cexp(—1|x—y|) if x,yeR%L < (A9)

Proof. Itis easy to see that (x — y)k(x, y) is the distribution kernel of [ X, (H —z)~'].
Moreover we have

(x = yk(x,y) = ([X, (H - z)"']4,)(x)
= —{(H—2)"1(xd/0x + 0/0x-X)(H — z) " 16, }(x), (A.10)

hence (- —y)k(-,y)e#2;%(R?) which is contained in 4(R?) for 0<d<1.

loc

Combining this with Lemma A.7, we obtain (A.9). <

Finally we note that the constant C in (A.9) depend only upon || V| &~ and
dist(z,a(H)) as well as constants in other propositions.

Appendix B. Properties of R,(z) = (1 + eHp) *(H,—z)"'(1+ ¢Hp) ™!
In this appendix we consider some properties of

R,(2)=R,(@;2)=(1+eHp) ™ '(H,—2)"'(1 +eHp) ™', (B.1)

with ze () p(H,) and ¢>0. Here Hy= —(0/0x —iA(x))%, and we will set

weN
Hy= — 0%/0x2.
First of all we will consider for £ any closed subspace of the ball £2,,. of L*(R?)
with radius m?, endowed with the weak topology of L!(R?). In particular
| V= sup || V,|l.= < m* Moreover by definition, for any element f of L!(R?), the

weN
map we- [ V,(x)f(x)d*xeC is continuous. For simplicity we will write V instead
of V.

Proposition B.1. R (w;z) has an integral kernel k. (w;X,y) continuous with respect
to (w; X, y) vanishing as |[x —y| > 0. <

Proposition B.2. R,(w;z) converges to (H,, — z) ™! as ¢ 0. In particular R (w;z) and
(H,—z)~! are represented by elements of 0. <

Before proving these propositions we will need the following results.

Lemma B.3. If R(z) < — m?, the integral kernel Gg(x,y) of (Hg—z)™ ! is pointwise
dominated by the integral kernel G(x —y) of (Hy+m?)"!. O

Lemma B4. Let & be a Banach space. Let D be an open set in the complex plane
C. Let f:zeD — f(z)e& be a complex analytic function. We suppose that there is a
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subset Dy of D and a closed subspace &, of & such that (i) f(z)e&, ifzeD,, (ii) Dy
is a unicity domain for D, i.e. any holomorphic function on D vanishing on D, vanishes
on D. Then f(z)eé, for any zeD. <

Proof. For Lemma B.3 see [32, Sect. B.13]. The proof of Lemma B.4 goes as
follows: suppose the conclusion fails. Then there is zyeD such that f(z,)¢&,. By
the Hahn—Banach theorem, there is a continuous linear form x on & such that x
vanishes on &,, and that {x, f(z,)> = 1. But the map z — {x, f(z)) is analytic on
D and vanishes on D, a contradiction. &

Lemma BS. If R"(z)=(1+eHp) *(Hg—z) 'V, Y (Hy—2z) *(1 + eHp) ! and if
Re(z) < — m?, the integral kernel of R™(z) satisfies the estimate ( for some C > 0):

IR® (@) (@;x, )| < C{|| V| /m*}"exp(—m|x —y]|). O (B.2)
Proof. Using Lemmas B.2 & B.3, |R™(z)(w; x, y)| is pointwise dominated by:
RO @)@ %, IS I VIM{(Ho +m*) """ (1 +eHo)*}(x — y) (B.3)

leading immediately to (B.2).

Proof of Proposition B.1. 1) Let us assume first that Re(z)< —m?—||V|. If
[ V| <m? (B.2) implies that the series Y. R™(z)(w;x,y) converges uniformly to

nz0
a function bounded by Cexp(—m|x —y|). By definition the sum is nothing but
the integral kernel of R,(w;z). Now R™(z)(w; x,y) is continuous in (w; x, y). For it
can be written as:

RO () (@;x,y) = [d*x, - d*x,G (X1, X)*Gp(Xy, X,)
- Gp(X, -1, X,)Gp(X,, YVI(Xy) - V(X,), (B.4)

where G3(x,y) is the integral kernel of (Hy — z) " *(1 + eH )~ *. Using the estimate
(B.3) and the dominated convergence theorem, we get continuity with respect to
(x,y) uniformly with respect to wef2. On the other hand, for a fixed (x,y), the
integrand is the product of V(x,)---V(x,) by a fixed L! function. Thus it is
continuous with respect to V with the weak topology of L.

2) Let us now suppose ze (| p(H,). Then

weN
R,(2)(@;x,y) = (1 + eHp) "1 6,|(H, —2)" (1 + eHp) '3, >. (B.5)
Since sup ||(1 +&Hpg) '04]l;2< oo for >0, R,(z) defines a complex analytic

function in (") p(H,) with values in L*(£ x R? x R?). Moreover, for Re(z) < —
we

m?— | V|, we have shown that R,(z) takes on values in the closed subspace

%o(£2 x R? x R?) of continuous function vanishing as |x —y| tends to co. By the

Lemma B.4, we conclude that indeed R,(2)e%,(2 x R? x R?)forze () p(H,). <
wef

Proof of Proposition B.2. From Lemma B.S5 and the proof of Proposition B.1, R,(z)

belongs to ¢ for Re(z) < —m? — || V|. Since O is a closed subspace of the Banach

space B(L*(R?)), Lemma B.4, shows that R,(z) belongs to O for ze () p(H,,). On
wef
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the other hand,
R(z) — R(2)I| £2(H, —2) " 'eHp(1 + eHp) ™! |
<2%|(H,—2) '(H,—V,)A+eHg) . (B-6)

Thus the left-hand side converges to zero as ¢—0 concluding the proof of
Proposition B.2. <

Lemma B.6. There is 1> 0 and for any y >0, there is C,> 0 such that uniformly
inwand ¢>0:

|ke(a%x»)')|écyexP(_T[x_YD lf ’x_ylgy' % (B‘7)
Proof. Let L® be given by (A.4) with V= 0. Noting that
¥R ()e ™ = (1 + L) (L, — )" (1 + L)1, (B3)

we can apply the argument of Lemmas A.5-A.7 for R, analogously, to obtain (B.7)
independently of ¢ and w. Analogously to Lemma A.8, we obtain:

Lemma B.7. For zep(H), [X,R,(z)] has a continuous integral kernel given by
(x — y)k.(w; X, y) which satisfies for some © >0 and every X, y:

|(x — y)ke(w;x,y)| = Cexp(—1|x —y]), (B9)

where C is independent of ¢ and w. <

Appendix C. Proof of Connes Formula
Here we give a proof of Theorem 5.4. At first we note:

Lemma C.1. The map (Ay, A, A,)— T5(n,(Ao), (A1), ®,(A2)) is continuous from
X into L}(Q). ©

Proof. By Lemma A4, the map A—[F,n,(A4)] is bounded from X to
L3(£2; #3(s# )). The lemma follows from the definition of the 2-cocycle 7,. <

Since 0, is dense in O, X and !, it suffices to show the formula for 4; in 0,
by virtue of Lemmas 3.2 and C.1.

Lemma C.2. The Connes formula (5.6) holds for A; in 0,,i=0,1,2. <
Proof. By definition,
tZ(nw(A0)9 7zau(A 1 )’ nw(AZ))
=—1/2 | d®xod*x,d*x, {D(x0)*(D(x,) — D(x,))(D(x,)*
Ré

— D(x,)*)(D(x;) — D(x,)) — c.c.}

X oo X Ao(T Xw, Xy — Xo)A (T w,X; — X1)A,(T ™0, Xy — X;)
iB(onx1+x1sz+szxo)/2, (Cl)

‘e

where D(x) = (x, +ix,)/|x|, D(x)* =(x, —ix,)/|x|, and c.c. means “complex
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conjugate.” By a direct computation, we have
{D(x0)*(D(x0) — D(x,))(D(x,)* — D(x,)*)(D(x;) — D(x,)) — c.c.}
= —2B(xo — X1, X0)B(X; — X2, X1) B(X; — X0, X;), (C2)
with B(x,y) =1 — D(x)”!D(x — y)~ 1. We perform the following change of variable
and then integrate over w:
S =Xg, 89 =Xg — X;,8; =X; —X5,8, =X, —Xo, 0 =T Sw; (C3)

j P(dw)fz(”w(Ao)a nw(A 1 )a na)(A 2))

weN

= I P(dw)j d?sd’sods, B(so,5)B(s1,5 —$;)B(s2,8 —S, —S;)

wef2 RS
X - X Ag(@, —8)A; (T, —8,)A,(T® 510, —s,)eB0 812 (C4)

Here we integrate over the subspace {s,+s,;+s,=0}. These integrals are
absolutely convergent because they are compactly supported with respect to the
variables s;, and decay like (s>~ 3 in s. Using [see [27], Part I, Lemma 9.2]:

I d*sf(so,8)B(s1,8 —$;)B(52,8 — S, — ;) = 2insg A Sy, (C3)
R2

we obtain:

IQP(dw)Tz(”w(Ao)’ To(A1), To(A,))

= [P(dw) | d®sod*s, Ao(@', —80)A4,(T™0', —s,)
R4

A (T** %' w',8y + 8,)2insy A s, e/B%0751/2
=1/2int(A0{0,A4,0,4; — 0,4,0,45}) = 13(Ao, A1, 4). O

Appendix D. Equivalence of Projection in p-Summable Subalgebras

Here we prove a criterion for equivalence of projections, which is well-known for
C*-Algebras, but we need it in the p-summable subalgebra <P,

Lemma D.1. Let o/ be a C*-Algebra with a Z,-graded representation, and let o ‘P
be the subalgebra of p-summable elements of /. Suppose that e and f are two
projection in /P such that ||e — f|| < 1, then e and f are equivalent in /P, O

Proof. We let {c,} be the coefficients of the Taylor expansion on (1 —X) ~!/2=
Y. ¢, X" and define (efe) 2:=e+ Y. c,(e —efe)" If we set u = (efe)” '/ef, then

nz0 nx1
u satisfies u*u = f and uu* = e. It remains only to show that ue.o/‘P. By an easy
computation,

[Ful=[F.clef+ ¥ 3 cie—ef - 1[F,e—efJle—ef ' ~*ef

nz1k=1

+<e+ Y c,,(e——efe)")[F,ef]. (D.1)

n21
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Noting that ¢ — ef and ef are p-summable, we get:

ICF, ulll, < ILF,elll, + I[F,e—ef1ll, Y. nic,llle—fI"

20

+ ;0IC,.HIe—fII"II[F,ef]II,,, (D.2)

where | - ||, denotes the p™ trace norm on 3. The right-hand side of (D.2) converges
because e — || is smaller than 1 and the convergence radius of Y n|c,|X" is
one. Hence [F,uleZ®. <& nz0
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