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Abstract. U(1)*P model with the Villain action on a g-loop generalization F,
of the Bruhat-Tits tree for the p-adic linear group GL(2,Q),) is considered. All
correlation functions and the statistical sum are calculated. We compute also
the averages of these correlation functions for N vertices attached to the
boundary of F,. When the compactification radius tends to infinity the
averages provide the g-loop N-point amplitudes of the uncompactified p-adic
string theory, in particular for g=0 the Freund-Olson amplitudes.

1. Introduction

The idea of a non-archimedean string proposed in the papers [ 1-4] has stimulated
great activity in this field [5-9]. The authors of [3—4] have interpreted bosonic
string amplitudes at the tree level of perturbation theory over the non-
archimedean number field @, as integrals of some combinations of multiplicative
characters over Q, (it is very close logically to the definition of the corresponding
amplitudes for the usual open string over the real number field R). In refs. [8] these
p-adic amplitudes were produced from some non-local scalar field theory on @Q,.
Then the local formulation was given [9] which is actually more similar to the
archimedean (Polyakov’s) one. In the papers [9-10] the connection was es-
tablished between p-adic string amplitudes and the Gaussian model on the
Bruhat-Tits tree [11-14]. The Bruhat-Tits tree T is manifestly determined to be the
connected infinite graph with no loops, each vertex of T being connected with
exactly p + 1 neighbour vertices by links. The branch B, is defined to be a connected
subtree with the only boundary vertex z of the graph T\ B, in the interior of T. By
definition, the branch contains no cycles. A g-loop generalization of the p-adic
string theory is given by the theory on the generalized tree F,. It consists of a finite
connected graph FX with g independent loops, which is called a reduced graph, the
branches B,, x € Fx, and each vertex is connected by links with exactly p + 1 nearest
neighbours (for every link two endpoints of which are identified with a vertex, we
include the vertex itself twice into the number of its nearest neighbours). If the
vertex x € FX has only one nearest neighbour y € F¥, x+ y, then p branches B, and
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the link [x, y] form the branch B,. Hence instead of the reduced graph F} we may
consider the reduced graph F{\[x, y]. From now on F§ is merely a single vertex
and p+ 1 branches should be added to x in order to obtain the whole tree T. For
g>0 every vertex xe F} has 2<n(x)<p+1 nearest neighbours in F} and b(x)
=p+ 1 —n(x) branches should be added to x in order to construct the generalized
tree F,. By Euler-Poincaré formula the reduced graph F§ consists of 3g—3 or less
segments (segment is the line containing only the vertices with exactly two nearest
neighbours). The lengths of these segments are called the moduli of the
corresponding p-adic surface, for examples see [10].

The open p-adic string world sheet F,= T may be interpreted as a coset space
PGL(2,Q,)/PGL(2,Z,), where PGL(2,K) is the group of fractional linear trans-
formations of the projective line P*(KK) over a ring K (we deal with the field of
p-adic numbers @, and with the ring of the p-adicintegers Z,) [12, 13]. Usually the
generalized tree F, may be interpreted as a coset space F,= T/I,, where I is some
Schottky group, i.c. a free subgroup of PGL(2,Q,) with g generators, all non-unit
elements of which are hyperbolic [ the element of GL(2, Q,) is called hyperbolic if it
has two eigenvalues which have different p-adic norms] [11-13]. The boundary of
this world sheet corresponds to p-adic Mumford curve of genus g [11]. The
appropriate local string action on F, [for the scalar field ¢(z) R taking real values
on the vertices ze F,] has the form:

S(¢)=—B/2 |x-§|= (60— o). (1.1)

All correlation functions for the action (1.1) were computed in [15]. In [10] the
multiloop amplitudes with the action (1.1) were calculated for the scattering of N
identical tachyons attached to 0F,. In this paper we generalize the technique
developed in [9, 10] to fields ¢(z) taking values in a compact abelian group U(1) 2.
The case U(1)*P corresponds to the bosonic field compactified on the
D-dimensional torus. Moreover it is of special interest since the compactified
bosonic field appears in the archimedean string theory in the framework of the
bosonization procedure [16]. In order to find the correlation functions, scattering
amplitudes and statistical sum we shall use the results of the papers [17] where the
general technique for the abelian gauge field theories on arbitrary lattices was
presented. As the compactification radius tends to infinity we obtain the
correlation functions and the amplitudes of the uncompactified p-adic string
theory.

2. Correlation Functions

In order to find the correlation functions and the statistical sum for the infinite
graph F, we calculate them first on a finite connected subgraph K C F, and take a
limit K— F,. We suppose that a subgraph K contains the reduced graph F§. The
subgraph K may be considered as a finite cell complex. It consists of zero- and one-
dimensional cells: vertices and links. Every cell +s? is labelled by the integer
q=0,1 (dimension) and by the number +1 (orientation). The cells with the
opposite orientation s? and —s? both belong to the lattice K. An integer-valued
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odd (c¥(—s) = — c¥(s?)) function c? on the g-dimensional cells is called a g-chain of
the complex K. c¢? can be regarded as a formal sum Y m;s?, where the integers
m;=c(s?). A set of g-chains is an Abelian group: c?+c7= Y (m;+mj)s?. It is
denoted by C%K,Z). It is possible to introduce the inner product on
CUK,Z):{c% ") =Y mm;. We define the boundary operator ¢ on C¥K,Z) by
0s°=0 and 9[x; x;]=x;—x;. By linearity it is easy to extend the boundary
operator on CYK,Z). We define the coboundary operator ¢* by the following
relations d*c! =0 and (9*c% c'*>=<c% d(c'")). A kernel Z,(K, Z) of a homomor-
phism 9: C(K,Z)— C%K,Z) is called a group of cycles of the complex K. The
image By(K,Z) of a homomorphism 9: C(K,Z)—C°K,Z) is called a group of
boundaries of the complex K. The image B!(K,Z) of a homomorphism
0*:CK,Z)~C (K, Z) is called a group of coboundaries of the complex K.

A homomorphism of C4K,Z) into an Abelian group G is a g-chain of the
complex K with coefficients in G. A set of all these homomorphisms is an Abelian
group which is denoted by C%K, G). Each homomorphism h?e C4(K, G) is defined
by its values on the g-chains 1 - s¥e C¥(K, Z) i.e. on the cells s{. Thus h%is a G-valued
function on the g-dimensional cells of K. On C4K, G) we introduce the boundary
and coboundary operators: 0h*(c®)=h'(0*c®) and 0*h°(c')=h°(0c'). For example
0*h°([x, y])=h(x) ! h%(y). The group of cycles Z,(K, G), the groups of boundaries
B,(K, G) and coboundaries B'(K, G) are defined in an obvious way. We consider
two cases G=U(1)*2,ZP. The group Z” is dual for the group U(1)*?: if
e U(1)*? and m* e ZP, then

(m#| 9y = ,,li (9™ @.1)

Analogously, the group C%K,ZP) is dual for the group CYK,U(1)*D): if
x?e CYK,ZP) and ¢%e CYK, U(1)*P), then

Celed= I1 GrteDlotn). 22)
sle
where multiplication runs over all positively oriented links of the lattice K.

Let us consider the U(1)*P-model on the lattice K. A field is a chain
0°e CO%K,U(1)*P), ie. a function on the vertices of K taking the values in
D-dimensional torus U(1)*P. The key question is the choice of the action. It is
possible to choose a zero-dimensional version of the Wilson action [18]. The most
natural one is, in our opinion, a Villain action [19]:

S(e%)= !ZK gl h(@*¢°(s))), (23)

where summing runs over all positively oriented links of the lattice K and the
function

i "g)—l L 0~ 2nmry
er)= nlimézexp{—ﬂz—( —2nmr) }] 2.4)

The element of U(1) is parametrized by /", 0 [0, 2nr[, r being the compactifi-
cation radius. The statistical sum is

Zy= [ dg%5®?, 2.5)
CO(K,U(1)P)
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where d° is a normalized Haar measure on the compact group C°(K, U(1)?). The
correlation function has the form

1
W% = - | X0l®ye5®?dg°, (2.6)
Zg cok, U(1)* D)
where a chain y°e C%(K,ZP) is a character of the group C°(K, U(1)*?D).
By Lemma 1 of [17] the correlation function W(x°) isn’t zero only for
boundaries y°=0y' and
1 D
Wi(0x") = 7 o d d¢1<xli¢1>exp{ Y X h(((Pl(sil))“)}a 2.7
K BU(K,U(1)*D) sieK u=1
where do' is a normalized Haar measure on the compact group B*(K, U(1)*?).
It is easy to compute the Fourier transform of the function h(e'®),

1/2n) 2!)" e"h(e’%) d9 = l/ié_r; exp { — %} . (2.8)

By using the Fourier transformation on the group BY(K, U(1)*?), due to the
formula (2.8) and Proposition 1 of [17] we obtain

WK(axl)— 1 < oc_ >gD/2

2mr?

2 p g g
X ¥ CXP{ - 2“—2 ) <(x‘)“+ Y iz, (Y + Y né‘z,->}, (2.9)

{np}eZ9*D " p=1 i=1 i=1
where '€ C'(K,ZP) and (x')*= Y (x'(s}))* s! is a chain from C'(K,Z). z,, ...,z
form a basis of the group of cycles Z,(K,Z). Since a subgraph K contains the
reduced graph F} and any branch has no cycles, the group Z, (K, Z) coincides with
the group Z,(FX,Z). A subgraph K is connected, hence any chain ' e C!(K,Z")

N

may be presented up to the shift (y')*—(x')*+ Y k¥z; as (x')'= ¥ m!Z, ., where
j=1

%, ., is some path without returns from the arbitrary fixed vertex ce F¥ to the

vertex x; and the integers m satisfy the conditions for u=1,...,D:

mh=0. (2.10)

1

™=z

i

Taking the trivial chain ' =0, i.e. m{=0, we obtain the statistical sum

a2 \9Dr2
Ze=—
K (2m2> {nﬁEZzgwexP{

D
where the scalar product (n;,n;)= Y nfn%. The symmetric g x g matrix of cycles of
the graph FXCK:

i_ (n;;nj) <Ziazj>}, (2.11)

N’Q

=<z;,2;) (2.12)

is a natural non-archimedean analog of imaginary part of perlod matrix 2z Imt;;
in the archimedean case (note that in the open string case t;; is pure 1mag1nary)
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Applying the Poisson resummation formula:
T fm)=Y [dxf(x)e>™,

we can rewrite the relation (2.9) as

N N
Wk < ) mj-‘xj> =[detA] P> Wy ( Y mj-‘xj>

j=1

><0<§ Zm“A,k1<£’l’”j,zk>|2m— '1®I), (2.13)

k=1 j=
where

N a2
WR(; mj"xj> =exp{_ 2 2[ Z (ml’m]) <'%‘c xi? %c xJ>

i,j=1
i JZ 1k Z (mv m_)) <‘%‘c xi? Zk> Akl <'%c x5 zl>]} (214)

is the correlation function which is calculated for the theory with the action (1.1) on
the lattice K in the paper [15] and 6-function [20],

0= X exp{m > ¥ ntQin} + 2mi D) nt } (2.15)

{n#}eZ9*D u,v=11i,j=1 n=1i=1
depends on the vector {y#}e€?*P and on the symmetric complex (gD) x (gD)-
matrix Q with the positively definite imaginary part. In our case Q= 2mil oc_ 1®I,

where I is the identity D x D matrix.
Taking the trivial chain m{=0 we obtain the statistical sum:

Z=[det 4]~ 2120 (o

r2
21ria—2A'1®I>, (2.16)

0(0] -) is the modular form of the weight 1/2 with the transformation property:
6(0lir~1)=(det7)/2 6(0|it),

2
r

and the modular parameter 74 =2n— A4; ' QI*".
a

The result (2.13)—(2.16) was obtained in [15] for the zero-dimensional version
of the Wilson action [19] but only in the weak-coupling region. If the vertices
Xy, ..., Xy are fixed, then the limit K—F, for the correlation function and the
statistical sum is given by the formulas (2.13)-(2.16). We denote these limits

N
W( Y m}‘xj> and Z.
J

=

3. Amplitudes

Now we shall present the amplitude for the emission of N particles from the
boundary of F,.
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Let us define the boundary of a generalized Bruhat-Tits tree F,. If a vertex
x ¢ F¥, then by the definition of the graph F, there exists the unique vertex xReF}
such that the path

%‘c,xr‘ c,x3+gxk,x’ (31)

where the path Z, .= belongs to the reduced graph F, % and the unique path &= ,
lies in the branch B_x. Any half-infinite path without returns in B, starting at the
vertex x® we call a ray x®—x. The set of all rays will be called the boundary oF, of
the generalized Bruhat-Tits tree F,. On 0F , we introduce the basis of open sets 9B,,
where x € F,\FY, and 0B, consists of all rays having infinite intersections with the
branch B,. The measure u, on 0F, is defined by the following relation:

Ho(0B,)=p~ FxFm &t (3.2)

The relation
IxR—x, yRoy|,=p~ "7y 2w (3.3)

defines the distance on 0F,.

The reduced graph F¥ is merely a single vertex c. The boundary 0F can be
naturally identified with the p-adic projective line P*(Q,) [12, 14] with the measure
dp, related to the Haar measure dx on Q, by:

dug(c—x)=dx, <1,
Holc—x)=dx,  |x], S .
dpo(c—x)=dx/IxI7,  |x|,>1,

where | - |, is the standard p-adic norm on @, and the distance |x, y|, on P}(Q,) is
defined by its restriction on @,:

le=x,coyl,=Ix =yl X[, =1, |y, =
le=x,c—yl,=|x""—y~ 1I,,,le,,>1,|yl,,>1; (3.9)
lc—x,c—y|,=1, otherwise.

We call the vertex x® € F¥ external if x® is the end of b(x®)>0 branches in F,. For
g >0 by definition of the reduced graph FR 0<b(x®)<p—1.Theray x*—»x startmg
at the external vertex x® € FX may be 1dent1ﬁed with the p-adic integer xe Z,, of the

form
x=ag+a,p+a,p*+ ..., (3.6)

where 0<a,<b(x®)—1 and 0<a;<p—1 for i>0. We denote the set of these
numbers as Z,[a, <b(x*)]. Thus for g>0,

0F, | Z,[as<b(x™)].
b’(che)I;O
It is easy to verify that under this correspondence
R —x, yR— ylp=(x— yl,)*=">", (3.8
dpg(x®—x)=dx. (3.9)

We call the boundary 0K of the graph K CF, the set of all vertices from K
which have among the nearest neighbours the vertices from F,)\K. Let
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fi(xR=x), ..., fy(x®—>x) be the positive continuous functions summable with the
measure dpo(x®—x) on 0F, defined by the relation (3.2). We define the amplitude

N N
Ayt ..om) fiyooos f)= lm % W<j;1m5ij)j[=]l Tx),  (310)

K;j—Fg {x;e0Kj;}
1 N

where
Jx)=(o(0B, )" I d#o(x —x) f{x*—x). (3.11)

If all functions f{x®—x)=1 then the definition of the amplitudes (3.10), (3.11)
coincides with the definition of the p-adic string amplitudes of the papers [8, 9].

We find the limit (3.10) for the special sequence of graphs {K,} such that 0K,
={x€F,|{%yr 5 Xyr =1, x€ B, xR € FY, b(x®)>0}. We suppose also that the
supports of the functions fi(x®—x) and f{x®—x) do not intersect for i=j.

For g=0 the relations (2.13)-(2.16), (3.2), and (3.10), (3.11) imply

N 0(2
Ay, ...,my| f1, ..., f)= hm CXP{ x> (lnp— p("%”ﬁ)) li}

.....

B (1 dte-sn i)

x exp{— @ § (Mam) T oo o, >} (3.12)

Since the supports of the functlons fix®—>x)and f{x®—x)do not intersect for i +;
the last sum in (3.12) absolutely converges as [;— o to

> (mi, 1)

§ o filey)duo(xy) .. fn(xn)d#o(xn)ﬂlxnx '2“‘” (3.13)

Pt (Qp )X N
Here we use the relation (3.3) and we denote by du(x) the measure given by the
right-hand sides of the relations (3.4). The distance |x, y|, is given by the right-hand
sides of the relations (3.5). We also use the correspondence 0F ,~ P'(@Q,) [12, 14]

and replace the functions f{c—x) simply by f/(x).

It follows now from (3.12) that
(12

0, p(mi,m,-)>lnp, i=1,..,N

AN(m‘I‘V"’m%'fla'":fN): 2

a .
0, p(mi,mi)<lnp, i=1,...,N.

(3.14)

If 2
(m;,m)= 2 sInp, i=1,...,N, (3.15)

inserting (3.13) into the right-hand side of (3.12) we obtain the non-trivial limit
ANy, . omy|fr, o )= [ file) dpo(xy) ... fu(xn) dpo(xy)

(Qp)

1] b fE (3.16)

i<j
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Here the scalar product (m;, m;)= Z (mt)2.

Let us consider the generahzed Bruhat Tits tree F, with g>0. Using the
relations (2.13)—(2.16), the decomposition (3.1) and the formulas (3.2), (3.3), (3.9),
and (3.9) we obtain the relation (3.14). If the integers m} satisfy the conditions (2.10),
(3.15) we have the non-trivial limit (3.10):

AN(mllla""mmfla”"fN)_ Z W<j§:1 mjle>

(xR)eFR

b(xR)>0
X § filxF—xp)dx, ... | SxR—xy) dxy
z p[ao <b(xP)] Zplao<b(xR)N
2
(mi,mj)dxR xR
x n Ix;— x| r“nv"' Sl (3.17)

i<j

N
where the correlation function W< Y mj-‘x}‘) is given by the equations
j=1

(2.13)—(2.16). The proof of the formula (3.17) is exactly analogous to the case g=0.
Now we consider the limit r— o0, m{— oo such that

mt
T’ —kta"Y(Inp)*/?, i=1,...,N,
where k! are real numbers satisfying, due to (2.10) and (3.15), the conditions

N
Y k=0, u=1,...,D
i=1

(3.18)
(kiaki)=2, i=1,...,N.
The amplitudes (3.16) and (3.17) tend respectively to
ANmY, ..., my| f1, ..., fN)= , QJ. Ji(xp) dpo(x4) ... fy (xn)dpo(xy)
1( p) xN
N
X [T Ix5 x5, (3.19)
i<j
al R
Anmy, .. omylfr, o )= X WR<'21 k}‘x,-)
xR}eFR = a2
g(;f}‘)>80 ! r2lnp -1
N
X ) filxf>xq)dx, ... f Sa(x§—xy) dxy ] Ix;—xf5ekd o=
Zplao <b(xR)] Z,lao <b(xB)] i<j
(3.20)

because of the f-function in (2.13) tends to 1. Here the correlation function

N 2
WR< Y kij‘)' is given by the formula (2.14) with the change 0:—2 —Inp.
j=1 a2

r2inp

If f{x)—1,j=1,..., N the amplitude (3.19) coincides with the result of the paper
(91 If fix)-1, —1 SN=3, fy-2x)dpo(x)>6(x—o00)dx, fy-1(x)dpq(x)
—d(x— 1)dx fa(x) d,uo(x)—>5(x) dx, then the amplitude (3.19) coincides with the

-
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Freund-Olson amplitude [3]. The result (3.20) is new since the boundary oF , for
the generalized Bruhat-Tits tree F, with g >0 was not computed explicitly in the

paper [10].
Acknowledgements. The authors are grateful to A. Mironov and A. Zabrodin for useful
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