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Abstract. This is a study of the equilibrium thermodynamics of a mean-field
model of an interacting boson gas perturbed by a term quadratic in the
occupation numbers of the free-gas energy-levels. We prove the existence of
the pressure in the thermodynamic limit. We obtain also a variational formula
for the pressure; this enables us to compare the effect of a smooth quadratic
perturbation with that of a singular one (the Huang—Yang—Luttinger model).
The proof uses a large deviation result for the occupation measure of the free
boson gas which is of independent interest.

1. Introduction

The rigorous investigation of the thermodynamics of a system of bosons based
on the full quantum mechanical hamiltonian and using a realistic pair- potential
seems beyond the reach of present methods. Either one must use a very special
pair-potential or one must truncate the hamiltonian. The first course was followed
by Lieb and Liniger [1] who diagonalized the full hamiltonian for a boson gas
with a J-function pair-potential in one dimension using what is now known as
the Bethe Ansatz. Using the results of [1], Yang and Yang [2] gave a formula for
the pressure in this model; in a recent paper [3], we proved that if the Bethe
Ansatz wave-functions form a complete set then the grand canonical pressure is
given by the Yang—Yang formula. The proof in [3] uses probabilistic methods
(Varadhan’s Laplacian asymptotics [4] based on the large deviation principle).

The second course has been followed by many authors. One such approach is
to use a hamiltonian which is a function of the free-gas occupation numbers; the
reader is referred to the book of Thouless [5] for an introduction to these models.
In this paper, we continue our investigation by probabilistic methods of such
models: we study a smooth perturbation of a mean-field model of interacting
bosons (for perturbations of mean-field models in other contexts, see Bricmont
and Fontaine [6]).

In [7], we studied the equilibrium thermodynamics of the Huang-Yang—
Luttinger model [12] of a boson gas with a hard-sphere repulsion using large
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deviation methods, contrasting its properties with those of the mean-field model.
We proved the existence of condensate for values of the chemical potential above
a critical value and verified a prediction of Thouless [5] that there is a jump in
the density of condensate at the critical value. In the mean-field model,
condensation occurs if and only if it occurs in the corresponding free-gas; in the
HYL-model, there is always condensation provided the density is sufficiently high.
For example, when the integrated density of states of the free-gas is given as a
function of the energy A(A = 0) by F(4) = C,4%%(d > 0) there is no condensation in
the mean-field model if d < 2, while there is condensation in the HYL-model for
all d>0.

The difference in the conditions for the existence of condensate in the mean-field
and HYL-models reflects the difference in origin of the phase-transition. The
mean-field phase-transition is a consequence of the balance between entropy and
kinetic energy; the HYL phase-transition results from the balance between
entropy and interaction energy. The HYL-hamiltonian differs from the mean-field
hamiltonian by the addition of a singular quadratic form

0 2 0
%{(z n(j)) -3 an} (8)

in the occupation numbers n(j), j = 1,2,... , of the energy-levels of the single-particle
hamiltonian of the free-gas. This quadratic form is a purely quantum mechanical
term which reflects the boson statistics. It is smallest when all the particles are in
the same energy level, and therefore tends to produce condensation in momentum
space. It is of interest to know what is the effect of a less singular quadratic
perturbation of the mean-field hamiltonian. In this paper we consider a model in
which the mean-field hamiltonian is perturbed by addition of a quadratic form

) %,v(l(j), A NnCin(S)s (1.2)

where v(-,") is a positive-definite bounded continuous function and A(j) is the j*®
eigenvalue of the single-particle hamiltonian. We prove that if o(-,) is sufficiently
smooth and the integrated density of states of the free-gas is given by
F(1) = C,A4%%*(d > 0) then there is no condensation if d < 2.

The methods employed in this paper are extensions of those used in [7]. To
prove the existence of the pressure, we use large deviation methods; these yield a
variational formula for the pressure which is investigated by means of the
differential calculus. In both respects, the techniques of this paper are more
sophisticated than those of [ 7] because the spaces involved are infinite-dimensional;
nevertheless, the principles are the same and this paper should be read as a sequel
to [7] which contains a review of results on the free-boson gas obtained in [8]
and an introduction to large deviation methods.

In models in which the hamiltonian is diagonal in the occupation number
operators, it is possible to consider the occupation numbers as random variables
rather than as operators; we shall do this. The probability space on which we
define our random variables is the countable set Q of terminating sequences of



Interacting Boson Gas and Large Deviations 43

non-negative integers: an element w of Q is a sequence {w(j)eN:j=1,2,...}
satisfying Z w(j) < co. The basic random variables are the occupation numbers

{o;:7=1, 2 ..}; they are the evaluation maps ¢;:2 — N defined by g () = w(j)
for each w in . The total number of partlcles N(w) in the configuration w is
defined by

N()= Y, gj(w). 1.3)

jiz1

Let A, A,...be a sequence of regions in R? and denote the volume of A, by V;;
we assume that V;— oo as [— 0. We associate with the region A, the free-gas
hamiltonian H, given by

Hiw)= Y A(j)ofw), (1.4)

jz1

where 0 = A(1) £ 4(2) £ ---, and the mean-field hamiltonian HMF given by
HYF (@)= Hz((L))+————N(oo)2 (L.5)

where a is a strictly positive real number.
The principal model considered in this paper is the perturbed mean-field model
with hamiltonian H, given by

) = HY@) + 332 3 o) 1l Yoo ) (16)

The free-gas pressure p(p), u <0, is defined by

PLIQ O Z eB(uN(w)—Hx(w)}; %))

we N

it is given in terms of the A,(j) by

pi(w) = ij)p(ull)dF iA), (1.8)
where F, is the distribution function
Fy=V)"'#{j: M) £ A} (1.9)
and p(u|A) is the partial pressure given by
p(ul2) =B~ In(l —fH=")71, (1.10)

Since €2 is a countable set, we may specify a probability measure on 2 by giving
its value at each point w of Q. The free-gas grand canonical measure is defined
for u <0 by

P w] = ePuN(@) —Hi(w) = Vipi(u)} (1.11)
The pressure j(u) in the perturbed mean-field model is given by

PV — Z ePluN(@) —Hiw)) , (1.12)
we 2
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this is defined for all real values of u because of the stability provided by the
(a/2V))N(w)* term in the hamiltonian. However, the free-gas pressure is defined
only for u < 0; to express (1.12) as an expectation with respect to the free-gas grand
canonical measure, we employ a device used in [7]. Fix a <0; we may re-write
(1.12) as an expectation with respect to the grand canonical measure P{ as follows:
introduce the occupation measure L, by defining for each Borel subset A4 of [0, c0)
and w in Q2

1
Lifw; A] = 7 Y. 0i(@)dx[A], (1.13)
jz1
where 0,[ ] is the Dirac measure concentrated at x so that, for each w in Q,
A— L[w;A] is a bounded positive measure; for each bounded positive measure

m on [0, c0), define

mvVmy=[ [ o X)m(dHm(dx), (1.14)
[0,00) X0, 0)
and put
G*[m] = plm| — 3{allm|* + {m, Vm)}, (1.15)
where
Iml = [ m(dA) (1.16)
[050)
then
eBV1B(r) — BV 1pK) Z eBVtG“"[Ll[w;']][p?[wl (1.17)
we 2

The next step is to re-write (1.17) as an integral over E = 4% (R+), the space of
bounded positive measures on [0, c0). We equip E with the narrow topology.
Define {m, f ) by

(m, f = [OI f(ym(d2) (1.18)

for min E and f in ¢*(R. ), the bounded continuous functions on [0, co) equipped
with the norm of uniform convergence; the narrow topology on E is the weakest
topology for which the mappings m— (m, f > are continuous for all f in €°(R..).
Let [, be the probability measure induced on E by L;:

Ki=PioL; !, (1.19)
we can re-write (1.17) as an integral with respect to K{:

ePVib ) — oBV1p1(@) j” ePViGH- “[m]K?[dm]’ (1.20)
E

so that
Bi(w) = pilor) + ﬁln [ BV 16+ ImfGE ). (1.21)
E
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Conditions on the double sequence {4,(j)} sufficient to ensure the existence of the
limit p(«) = lim p(«x) were given in [8] and reviewed in [7]; for convenience, we
t— o0

restate them here. Define ¢,(f) for 0 < ff < o0 by
df)= [ e PHdF(A), (1.22)

[0, 0)
and introduce the conditions

(S1) ¢(p)= llim ¢(p) exists for all B in (0, o0).
(S2) ¢(P) is non-zero for at least one value of B in (0, c0).

When (S1) holds, there exists a unique distribution function F, the integrated
density of states, such that

dB)= | e PHF(2) (1.23)
[0,00)
and Fy(4) - F(4) at least at the points of continuity of F. When in addition (S2)
holds, the limit p(p) = lim pi(u) exists for 4 <0 and p(p) is given by
1=

Pu)= | p(kIAF(Q) (1.24)
[0,00)

In this paper, we find it necessary to introduce a further restriction on {4,(j)}:

(S3) The measure dF determined by the integrated density of states F is absolutely
continuous with respect to Lebesque measure with a density which is strictly positive
almost everywhere on [0, o).
(In the standard example, where the single particle hamiltonian is a constant
multiple of the Laplacian in A; with Dirichlet boundary conditions on dA,, and
{A;:1=1,2,...} is a sequence of bounded convex open sets in R? which eventually
fills out the whole of R all three conditions hold and F(4) = c,A%2)

The formula (1.21) suggests the use of Laplace’s method to complete the proof
that p(u) = llim pi( ) exists. Varadhan’s theorem [4] provides an efficient way of

doing this; the conditions on the sequence {IK}:/=1,2,...} are stated abstractly:

Let E be a regular topological space and {V,:1=1,2,...} a sequence of positive
numbers diverging to + oo. Let {K;:[=1,2,...} be a sequence of probability
measures on the Borel subsets of E. We say that {I{;} obeys the large deviation
principle with constants {V;} and rate-function I:E—[0, o0] if the following
conditions are satisfied:

(LD1) I[-] is lower semi-continuous.

(LD2) For each b < oo, the set {m:I[m] < b} is compact.

(LD3) For each closed set C,

Jim sup %m K([C] < — I[C].
1= ]
(LD4) For each open set G,

lim inf%ln K([G]= — I[G].
1= 1
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Here we have used the notational device of defining I[A], where A is a subset of
E, to be the infimum of the set {I[m]:meA} if A # & and I[F] = + co.

Varadhan’s Theorem [4]. Let {I;} be a sequence of probability measures on the
Borel subsets of a regular topological space E satisfying the large deviation principle
with constants {V,} and rate-function I[-]. Then, for any continuous function G:E - R
which is bounded above, we have

1>

lim Lin [ " S™IK[dm] = sup {G[m] — I[m]}. (1.25)
Vi s E

In applying Varadhan’s theorem to the proof of the existence of the limit f(u),
our first task is to find a candidate for the rate-function I[-]. There is a standard
trick which we employ. An inspection of (1.25) suggests that it might be the case that

lim LV In [PV <mOKE{dm] = sup { (m,t) — I*[m]}; (1.26)
1= 1 E E

now the left-hand side is finite, provided the function is suitably restricted, and
can be evaluated explicitly. Put

C*[t] = lim L In | V1 <m0 K3 [dm]; (1.27)
- ® 1 E
then
C= llim {ple+t]—pi(0)} = plo + ]~ p(e),
where
pla+t]= Of pla + t(A)|A)dF (1)
[0,00)
and
pla+t]= j plo + t(A)|A)dF(2), (1.28)
[0,)
provided
inf {A—a—t(4)}>0. (1.29)
A20

That is, (1.27) suggests that
Ct]=sup{{m,t) —I*[m]}; (1.30)
E

this expresses C*[t] as the Legendre transform of I*[-]. Inverting the Legendre
transform, we get the following candidate for the rate-function:

1*[m] = sup { {m, t> — C*[£]}, (1.31)



Interacting Boson Gas and Large Deviations 47

where the supremum is taken over those ¢ in ¥*(R ) which satisfy (1.29), and

C*[]=pla+t]— p(a). (1.32)
In Sect. 3 we verify that conditions (LD1) to (LD4) are satisfied whenever conditions
(S1), (S2) and (S3) hold.
In Sect. 4 we verify that G*[-] satisfies the hypotheses of Varadhan’s theorem
and conclude that the limit (u) exists and is given by

p(w) = p(a) + sup {G*~*[m] —I*[m]}.

In Sect. 5 we examine this variational expression for p(u); the expression (1.31)
for I*[m] is not convenient for this purpose. A more useful as well as a more
enlightening expression for I*[m] is

1*[m] = p(e) + f[m] — | m|, (1.33)
where
SIm]= [oj )im(di) -pt [oj )S(p(l))dF (4); (1.34)

here p(')is the density of the absolutely continuous part of m with respect to dF and

S(x)z{(1+x)ln(1+x)—xlnx, x>0, (1.35)

0, x=0.

Readers of the treatise of Landau and Lifschitz [9] will recognize f[m] as the non-
equilibrium free energy of free bosons. The proof of the equivalence of (1.33) and
(1.31) is a major task; the key is the Approximation Theorem. Call a measure m
a Bose—Einstein measure if it can be written as m'(dA) = p**'(1)dF (%), where

p*HH(A) = (ePAa ) _ 1)1, (1.36)

Approximation Theorem. Let m be an element of E such that I*[m], given by (1.31),
is finite; then there exists a sequence {m,;n=1,2...} of Bose—Einstein measures
such that

1. lim m, =m,
2. lim I%[m,] = I*[m].

The Approximation Theorem is not only necessary for the proof of the equivalence
of (1.33) and (1.31), it is also crucial in establishing (LD4). For this reason, we
place the proof of the equivalence of the two expressions for the rate-function in
Sect. 2.

Using the expression (1.33) for I*[m], we obtain in Sect. 4 the following
expression for p(u):

p(p) = —igf & [m], (1.37)
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where
& [m] =fIm] +3{allm|? + <{m,Vm)} — ulim]. (1.38)

In Sect. 5 we use a compactness argument to prove the existence of at least one
minimizer of £*[-] and go on to show that a measure is a minimizer if and only
if it satisfies the Euler-Lagrange equations associated with &*[-]. This result
enables us to prove that the singular part of a minimizing measure must be
concentrated on the subset Ry of [0, co) defined by
Rp={Ae[0,0): A >(A— )" 'e ]

loc(R+3dF)},
provided v(-,) is sufficiently smooth.

Specifically, we prove that if v is continuously differentiable and dv/d4 is
bounded then my(R$) = 0 for m a minimizing measure. For example, if F(1) = C,4%?,
d>0, then Ry = for d <2 and Ry = {0} for d > 2.

In the mean-field model (v identically zero), we can prove more: in this case,
the Euler-Lagrange equations become

A—u+allm| =0, m,—a.e.,
1+ p(4)

A—p+alm|=p""In o)

, dF —ae..

They have a unique solution with
p(A) = (PG~ n+almh _ 1)=1 (1.39)
and a|m| = p. It follows that
pA) S (e —1)7!
and

Imll= | p(dFA< [ (" —1)7'dF(d). (1.40)
[0,0)

[0,)

Now p,= [ (ef*—1)"*dF(4)is the free-gas critical density, so that (1.40) implies
[0,0)

that the total mass of the absolutely continuous part of m cannot exceed the

free-gas critical density: if u > ap,, then ||m,| > 0. (Note that if F(1)= C,4%?,d >0,

then p, = o for d £2 and p, < oo for d > 2.) In the case of the mean-field model,

the location of the support of the singular measure is determined by the necessity

of minimizing the internal energy of the free-gas since | Am(d4) is the only term
[0,0)

in £#[m] which is sensitive to the location of mg; it follows that my(dA) = || m,|| §o(dA).

Assume that m is a minimizer and |m,|| > 0; then, by the first Euler—Lagrange

equation,

p=alm| =a{lm| +Im,|}

and, by the second, p(1) = (¢#* — 1) ! so that || m, || = p,; hence u > ap,. Thus u < ap,
implies that ||m|| = 0; in this case,

p(A) = (ePP-wrralml) _1)=1
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where ||m|| is the positive root of the equation

x= [ (PA7rT_1)"1dF(A).
[0,0)
In summary, in the mean-field model (v identically zero) we have the following
result:
there exists a unique minimizer m of &[] given by

(u/a— pc)oo(dA) + p' (Ol AAF(A), p>ap,,
p'(p—allm|[|A)dF(2), 1= ap.,

so that bosons condense into a state of zero kinetic energy, in order to minimize
the free-energy, once the particle number density exceeds a critical value p,; below
p., the free-energy is minimized by having almost all particles in a state with strictly
positive energy.

In the case where v is not identically zero, our analysis is, at present, less
complete; it may be summarized by saying that, when F(1)= C,A¥*(d > 0), the
mean-field result that there is no condensation for d <2 is stable with respect to
a smooth quadratic perturbation. The implications of this result for the
hamiltonians of many-body theory will be discussed elsewhere.

m(dA) = {

2. The Rate-Function

We have seen that a natural candidate for the rate-function I°[-] of the sequence
iK$:1=1,2,... of Kac measures is the Legendre transform of the cumulant
generating function C*[-]. Our strategy is to define I*[-] in this way and then to
prove that the Large Deviation Principle holds for KK{ with this choice of
rate-function. Let €* be the class of functions defined, for « <0, by

%“:{teC"(Rg: inf {i—oc~t(/1)}>0}. 2.1)
420
For t in €*, define p[a + t] by
pla+tl= [ pla+t(AV)dF(), 2.2)
[0, 0)

where

plad) =B~ In(l — P~ H)71, (2.3)
and put

C*[t] =pla+t] — p(®). 2.9
Define I*[m], for m in E, by

I*[m] = sup {<{m,t) — C*[t]}. 2.5)

te6*

Our first task is to find a more useful expression for I*[m] than the defining relation
(2.5); we accomplish this by a sequence of lemmas.
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Lemma 2.1. Let m be a measure in E; then, for all a <0, I*[m] is finite if and only

if [ Am(dd) is finite.

[0, 0)

Proof. Itisconvenient to introduce the function I°(-,*): E x #°(R ) - R, defined by

I*(m,t) = {m,t) — C*[t].
For t in €%, p[a + t] is positive and t(4) < A — a so that
I*(m,t) = (m,t) — p[a +t] + p(®)
<{mty+p®< | Am(dA)—alm| + p(@).

[0,00)

Taking the supremum over ¢ in €%, we have

I*[m] < [oj )lm(di) —afm| + p(a).

This proves that 1°[m] is finite whenever [ Am(dA) is finite.
[0, )
For the converse, we define a sequence {t,:n=1,2,...} in €* by

(A—2)/2, A<n,
t,(A)=yn—a)n+1—-21)/2, n<Asn+1,
0, n+1<4
Then

1
I*[m] 2 I%(m, t,) ;5 | (A—w)ym(dd) —pla +t,]+ p(@);
[0,n)
taking n— oo, we find that

Iz | xm(dz)—%aumn—[j p(%a

[0, 00) 0,00)

We conclude that [ Am(d4) is finite whenever I*[m] is finite. [
[0,0)

%A)dF(A) + p(a);

(2.6)

Next, we split off that part of a measure m which is singular with respect to
dF and deal with it separately. Let m be a measure in E; let m = m,+ m, be the
Lebesgue decomposition of m with respect to the density-of-states measure dF into
the singular part m, and the absolutely continuous part m,; let p(-) be the density

of m, so that m,(dA) = p(A)dF(A).
Lemma 2.2. For each m in E and each a <0, we have

I'lml= [ (A—o)my(dd)+I°[m,].

[0,0)
Proof. For t in €% we have t(1) < A— a so that

I*(m,t) = {mg,t) + I%(m,, t) < j (A — a)ymy(dA) + I*(m,, t);
[0, )

@.7)
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hence

I'm]l< | (A—o)mydd)+ I°[m,].

[0,0)

In proving the reversed inequality, we may assume that mg # 0. Given t in €%, we cons-
truct a sequence {t,:n=1,2,...} such that I*(m, ,) approximates | (1— o)m,(di)+
[0,0)
I%(m,, t) for n large.
First define, for 0 <6 < inf {1 —a —t(4)},

A20
Sps(A) =min {A —a—d,n}.
Now let B = [0, c0) be a Borel subset such that m(B°) =0 and | dF(4) =0, so that
B

m, is concentrated on B. Choose a compact subset K = B such that my(B\K) <
and choose an open set O o B so that

{p(AdF(A)<d and [dF(4)<é>
0 0
By Urysohn’s Lemma, there exists a function 1 in €% (R,) such that 0 < t(A) £ 1

for all 120, t(A)=1 for A in K and 7(1) =0 for 1 in the complement of O. Define
tn,& by

tn,5(4) = T(A)s,,5(4) + (1 — T(A)2(A).
Then ¢, ; is in ¢* and

Myt 50 = Mg, Sy 50 + Mg, 1) + B{K {1 — (D)} {t(D) — s,.5(2) }my(dA)
+ 0{ . ©(A) {sy,6(4) — t(A) }m,(d2)

2 (Mg, 8,50 + (M, t) — 2max { | |, nfm(B\K)
- 2max { ”t"w’n}ma(o)
g <msasn,6> + <ma’t> — 4 max { ”t”ooan}éa

while C*[t, ;] < | p(A— 6|A)dF(A) + C*[t] (since ¢, 5(1) + o < A — 8) and
o

! (ary <l

A—06|AM)dF(2) =\ p(0|6)dF (L) £ —— —.
J P = SINF ()= [ pOIF () S oo [ dFU) S

Thus we have
15(m, 1, 5) 2 Mg, 8, 5> + 1%(m,, 1) — 46-max { |t ]| ., n} — B 26.

Now put f,=t,,; with =1/n? and s,=s,; with §=1/n* then {(m,s,>—
| (A— a)my(d1) by Lebesgue’s monotone convergence theorem, and it follows that
[0,0)

rimlz | (A—omydi) + I%m,,t);
[0,0)
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since ¢t was an arbitrary element of €% we have

Im]z | (A~ my(dd)+ITm,]. O

[0, )

There is a special class of measures for which the supremum in (2.5) can be
computed explicitly with ease: for t€%?, define the measure m' by

m'(dA) = p* T (A)dF (4),
where
PR = Pt = (PO 1) 29)

we call these measures Bose—Einstein measures. Using the notation of Lemma 2.2
we define the free-energy functional

flml= [ im@d)—pB~" | s(p(A)dF(2), 2.9
[0,00) [0,00)

where the entropy function s: [0, c0)— [0, o) is defined by

In(1 —xl 0
s(x)={(1+x) n(l+x)—xIlnx, x>0, 210)
0, x=0.
Lemma 2.3. Let m be a Bose—Einstein measure; then the rate function 1*[m] is given
by
1*[m] = p(o) + f[m] —alim. (2.11)

Proof. Let m(dA) = m'(dA) = p***(A)dF(4) with ¢t in ¥*; we show that the supremum
in (2.5) is attained at £ =t. Then (2.11) follows since, for any o,

s(p*(4)) = Bp*(A)(A — &) + Bp(x] ), (2.12)
and therefore

fIm]—a|m'| = [oj Ap* T (A)dF (2) — [oj )(/1 —a—t(A)p* " (DdF(})

,00)

— | pla+tA)|DdF (/1)—06[05 )P“'(l)dF(/l)

[0,0)
={m',t>—pla+t]

Now let 7 be arbitrary; we want to show that I%(m, ) < I%(m,t). To this end, we
define q,(y, ) = yp' (¢ + x| A) — p(a + y|A); the function y+q,(y, 4) is strictly concave
and y = x is a stationary point so that, for all y,q,(y, 1) < q,(x, A). Putting x = t(1)
and y = f(A) and integrating with respect to dF(4) we find

Em'y —pla+ ] = {t,m') —pla+1]. O

Next we approximate an arbitrary measure in E by a sequence of Bose—Einstein
measures to prove that (2.11) holds for all m in E.

Theorem 1 (The Approximation Theorem). Let m be an element of E such that
I*[m] is finite; then there exists a sequence {t,;n=1,2,...} of elements of €* such
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that the corresponding sequence of Bose—Einstein measures m, = m' satisfies:

1. lim m, = m in the narrow topology,
2. lim I*[m,] = I*[m].

Proof. The proof proceeds by a sequence of reductions. First we show that it is
sufficient to prove the theorem for measures with compact support. Given m in
E, define m, by m,(d4) =1, ,,(A)m(dA); then, for each ¢ in %"(R.,), we have

<mmt> = <m, 1[0,n1t>—><m,t>

by Lebesgue’s dominated convergence theorem. Hence m,—m in the narrow

topology. Now I* is lower semi-continuous (being the supremum of a family of

continuous functions), so that liminfI%[m,] = I*[m]; putting ty =t v (— N), we
n— oo

have

I%(m,, t) = I*(m,, ty) + [ @)+ Nym,@dA) + pla+ty]— pla+1]
(A:t(A) < — N}

< I*(m,, ty) + pla+ ty] — plo +t].
Next we estimate the right-hand side of the inequality.
Lemma 2.4. Givene > 0, there exists Ny > 0 such that, for all N = Ny and all t in 6,
pla+ty]—pla+t]l<e,
where ty =t v (— N).
Proof. We have

[+ 6]~ plact 1] = " B
Flatinl =plaeel=F- In| ——o—x—5 JAFQ
" P {).:t().)L—N) l_eﬂ(a—N—l)> ( )

<—=p7' | In(1—efe"N"D)qF(1)—>0
[0,00)
as N - oo by Lebesgue’s monotone convergence theorem. []
Using Lemma 2.4, we have: given ¢ > 0, there exists N, > 0 such that
Ia(mm t) § Ia(mm tNo) +eé
=I1"m,ty,)— [ ty,(AmdA)+e
(n,00)

S I%m, ty,) + Nom((n, 0)) + &.
Now choose n, such that, for n > n,, we have Nom((n, 00)) <e. Thus
I'm,] =supI*(m,,t)< sup I*(m,t)+ 2
te®* {te€*:t> — No}

<supI%m,t) + 2¢ = I*[m] + 2e.
te@*



54 M. van den Berg, T. C. Dorlas, J. T. Lewis and J. V. Pulé

Hence

lim sup I*[m,] < [*[m];

we conclude that

lim I*[m,] = I*[m].

Thus it is enough to prove the theorem for measures m with compact support,
say suppm < [0, T].

Next, we decompose m into a singular part m; and an absolutely continuous
part m, with respect to dF as in the statement of Lemma 2.2.

Let {m™:n=1,2,...} be a sequence of absolutely continuous measures on
[0, T converging to m, and put

m® =m® + m,;
such a sequence exists by virtue of assumption (S3). Then
1°[m™] = sup I*(m™, ¢) = sup {<m®™, ¢ ) + [*(m,, 1)}
te@> ted*
<sup { [ (A—o)m®(dA) + I*(m,, t)} = [ (A—o)ym®(dA) + I°[m,],
te¢* ([0,T) [0,T]
which tends to I*[m] as n tends co by Lemma 2.2. Hence

lim sup I*[m™] < I°[m].

On the other hand, by the lower semi-continuity of I* we have

lim inf I[m®™] = I*[m],

n—row

and we conclude that

lim I*[m™] = I*[m].

It follows that it is enough to prove the theorem for absolutely continuous measures
with compact support.

Assume, therefore, that m(dA) = p(A)dF(A) with p in £ ([0, T];dF). Since
%' ([0, T)) is dense in & ([0, T];dF), there exists a sequence {p,:n=1,2,...} of
functions in € ([0, T)) such that

N 1
[ 194(D) — PDIF(2) < —.
0 n

Define the following subsets of [0, co):
E; ={4e[0,T): p,() < p* "(D} V[T, o),
EY ={Ae[0,T):p* "(A) < p,(A) < n},
E; ={Ae[0,T): p,(A) > n};
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put
—n, AeE7,
Al—oc—/}'lln<1+ 1 ), AeE?,
t(d) = Pu(A) (2.13)
/1~a—/3‘11n<1+1>, A€E;,
n
and

m,(dA) = p***(A)dF ().

It follows that {t,:n=1,2,...} is a sequence of elements of ¢* and {m,:n=1,2,...}
is a sequence of Bose—FEinstein measures with

p*""(A), Ae€E[,
p*T(A) =1 pa(h),  A€E,
n, A€E;.

Furthermore, for t in ¥°(R.), we have

<tym,y —<tymy = [ tA){p*™"(A) — p,(A)}dF ()
<

+ [t {pad)— p(A)}dF(2)

ESUES
+ [ tA){n— p(A)}dF ().

E;

Thus
[Kt,m, ) —{t,m)| < lltllw{ § p* "(A)dF (%)
E;

+[0j )lpn(l)—p(l)IdF(/lH § p(l)dF(i)}

{A:p(2)>n}
1
é”t”w{ [ P "WdF + 5+ | P(/l)dF(l)}
[0,) n {A:p(4)>n}

—0 as n— oo, so that m,—m in the narrow topology. Again, we have

<tn’mn> - <tmm> = j tn(’i){pa-n(i) - pn('l)}dF(’l)
E;
+ | 6 {pad) — p(W}AF Q) + [ t,(A){n— p(D)}dF ().
E;

ESUES

Thus
|<tm mn> - <tmm>| é n[oj )pa—n()‘)dF()‘)
+{n\/(T+|<>t|)}[0]~ )Ipn(/l)—P(/l)IdF(l)

+ ] (A—a)p()dF(A) >0 as n— oo.

{4€l[0,T):p(A) > n}
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But m, is a Bose—FEinstein measure, so that, by Lemma 2.3,

Ia[mn] = <tn’mn> “P[“"‘ tn] +p(0()= <tmmn> - <tmm> +Ia(m>tn)
é <tn9mn> - <tmm> +Ia[m])

hence
lim sup I*[m,] £ I*[m].

But m,—m in the narrow topology and m1*[m] is lower semi-continuous, so
that im inf I*[m, ] = I*[m]. We conclude that
n— o

lim [*[m,]=I1*[m]. O3
We now have the corollary:

Theorem 2. Let m be such that 1°[m] is finite; then

1*[m] = p(®) + f[m] —a|m]|, 214
where f[m] is given by (2.9).

Proof. It follows from Lemma 2.2 that it is enough to prove the correctness of
this expression for I*[m] in the case where m is absolutely continuous. Moreover,
we have seen in the proof of Theorem 1 that, for the truncated measures
m,(dA) =1, ,,(A)m(d4) we have 11_}12 I*[m,] = I*[m]. On the other hand, it is evident

that the sequence

[0, {0,0)

{ [ G—om,@dn—pt | s(p,,(l))dF(l):nzl,Z...} (2.15)
)

also converges; we conclude that it is sufficient to consider absolutely continuous
measures m(d4) = p(1)dF(4) with p in £ ([0, T];dF) for some T < co. We choose
P, as in the proof of Theorem 1 and define ¢, by (2.13). We have seen that, with
m,(dA) = p**(A)dF(A), im I*[m,] = I*[m]; it remains to show that, with this choice

of m,, the sequence, (2.15) converges to the expression on the right-hand side
of (2.14). Now

[OI (A—aym,(di) = [ (A—o)p* "(A)dF(2)
,0) E:
+ [ A=), (AdF(A) +n | (A—)dF(2).
EO

>
n En

The first term on the right-hand side is bounded by | (4 — o)p* " "(1)dF(4), which
. . [0,00)
converges to zero. We split the second term into

§ A= a)p(WdF(A) + | (A~ &) {p,() — p(2) }dF (2).
E EQ

n
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Here
fo (A = ) {pa(A) — p(A)}dF ()| < (T + |a]) [Of ) |pn(4) — p(A)|dF (1) > 0;
asto j (A — a)p(A)dF(A), we remark that we may assume that p,(1) - p(4) for almost

all 1 w1th respect to dF which implies that 1 , — 1y, ae. and hence, using Lebesgue’s
dominated convergence theorem, we have

| A=a)pBdF(A)—> [ (A—x)ym(dl).

EQ [0,0)
Finally, we have
nf(A-adFHS [ (A—a)p,AdF(A)—0
E;

{A:pn(4)>n}

since j (A —a)p,(A)dF(4) is uniformly bounded. We conclude that
[0,0)

lim | A—om,dl)= [ (A—a)m(dd).

n— o [0,00) [0,0)
For the convergence of the entropy term, we use the following bound on s(x):

Lemma 2.5. For all x,,x, in [0, ), |s(x,) — s(x;)| £4|x, — x, |2

Proof. We have
1 1/2
jln<1+ )dx jln<1+ ) dx

1
§4|x2~x1|”2. O
Now put p™(4) = p**'(1); then
[ 1s(o™(A)) — s(p(A)|dF(2) < 4 OIT |p™(2) — p(A)|'2dF(2)
[0,7]

[0,0)

[s(x2) = s(xq)| =

_4|x1/2 }/2‘

SAF(T)'2 ) p ~ p|| -0,
This concludes the proof of Theorem 2. [

3. The Large Deviation Theorem

Before proving that the sequence of Kac measures introduced in Sect. 1 satisfies
the large deviation principle with the rate-function studied in Sect. 2, we need
some results about certain subsets of E. For each positive integer N, define the
function ty in * by

0, A<N
ty()={ NA—N)2, NSASN+1, (3.1)
N/2, AZN+1.
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We note that
Supty)()=0, As<N,
( sup tN1>(A) <A2, A>N.
NizN
Lemma 3.1. For all o <0, we have
(1) for all N,
C*[ty] = C*[ sup ty:];
Ni=N
(2) there exists A > 0 such that, for all N,

C*[ sup tyi] < Ae™ #NI4,
NiZN

(3.2)

(33)

(3.4)

Proof. (1) follows from the monotonicity of t+»C*[t] which is evident from the

definition (1.27). To prove (2) we use (1.28):

Cl=pla+d—p@= [ {pla+ A1)~ plld)}dF(Q).

[0, 0)

Putting t = sup ty: and using (3.2), we have
Nix2N

CLsup 15 | {p(a%\z)—p(au)}dnx);

[N, )

using the convexity of arp(x|1), we have

A A A
P(“ +5|A>"P(°‘M)§“2‘P'(a +5ll>,

so that
] 2
¢ li;qupN tN':l s [N:L) PPlat i) _ IdF('D
- (A/2)eP4*
<e e [ WA apmy
[N,joo) M2 —1
Se N4 @4 dF(%);
- {0,0) Sinh f1/4
it follows that (3.4) holds with
4
R L)
[0, ) sinh ﬁ;L/4

For M a positive integer, define the set K,; by

Ky= () {meE:{m,ty) <M};

N21

(3.5)
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for L a positive integer, define B, by
By ={meE:|m| <L},
and put K5 = K, nB,. We are going to prove that K}, is compact, using

Prokhorov’s Criterion. Let H be a subset of E; if H is uniformly bounded and
uniformly tight then the closure of H is compact in the narrow topology. (This is
Theorem 1 of No. 5.5 of [10].)

Lemma 3.2. The set K,, is uniformly tight.
Proof. Let m be an element of K,,; then {m,ty> <M for all N = 1, so that

o]

g— | m@di)s{mity><M forall N=1.
1

N+

Hence, given ¢ > 0, there exists N, such that

Q

[m@di)<e foral minK,. O
N

13

Lemma 3.3. The set K}, is compact in the narrow topology.

Proof. Since K% < B;, the set K% is uniformly bounded; since K}, = K, the set
K%, is uniformly tight. It follows from Prokhorov’s Criterion that the closure of
KE is compact; but m— {m,t) is continuous so that K3}, is closed. []

Lemma 34.

1
lim limsup—InK{[B{]= — .

L->ow I-® 1

Proof. Notice that L,[; [0, c0)] is the particle number density, denoted in [8] by
X;. It follows that
Ki[BL]=Pi[Xe(L, )]

which, by Theorem A1 of [8], satisfies the large deviation principle with rate-
function

I5(p) = p(@) + f(p) — ap,
where

f(p)=sup {ap — p(@)} = — p(0). (3.6)

a<0

It follows that, for L > p'(x), we have
. 1
limsup —In K} [ B} ] < p(0) — p(e) + oL,
1= ﬁ Vl
and the right-hand side decreases to — oo as L — oo since a <0. [J

Lemma 3.5.

o 1
lim limsup ——InK{[K{,]= — .

M->w©0 [I-w 1
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Proof. We have

[Ef[exp{ﬁlﬁsup(tn,‘>}:| < Ei’[exp{ﬂVz<SUPtN,'>}]
N N

= exp{ﬁVch[sgptN]}.
Hence
) 1
limsup —In E} [exp {ﬂV, sup (ty,* >}] S C*[supty]< 4
-0 PV, N N
by Lemma 3.1.

But, by Markov’s inequality,

KILK3 1= e“V‘M[Ef[eXp{ﬁV: sup{ty, >}]
N
so that

1
limsup-—InK{[K;,]<—M+4
-0 BV,

and

1
lim limsup ﬂ—Vln Ki[Kyl=—c. O

M-o I-w 1
We are now ready to prove the following result:

Theorem 3. Suppose that (S1), (S2) and (S3) hold; then, for each a <0, the sequence
{Kr=PL ":1=1,2,...} of Kac measures satisfies the large deviation principle
with constants {V,} and rate-function
I*[m] = sup {<{m,t) — C*[t]}.
te%”
Proof. (LD1) holds because the supremum of a family of continuous functions is
lower semicontinuous. To prove that (LD2) holds, we note first that it follows

from (LD1) that the level set K, = {meE:I1*[m] < b} is closed. Next we prove that
there exists L such that K, < B;: for ¢t in ¥* and m in K,, we have

bzI*[m]2{m,t)—C*[1]; 3.7
putting t(4) = — a/2, we have
o o
b= —5”'"” —P<§>+P(0‘)~

It follows that m lies in B, provided L > {b + p(a/2) — p(2)}/(—/2) > 0. Finally,
putting ¢t =ty in (3.7), we have

bz {m,ty) — C*[ty]
so that, using Lemma 3.1, we have

{mity>=<b+A forall N=1. (3.8)
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It follows that K, = K,, for all M > 4 + b. We have proved that, for suitable
choices of L and M, the level set K, is contained in K} =K, B, and K, is
closed. It follows from Lemma 3.3 that K, is compact in E in the narrow topology
so that (LD2) holds.

To prove that (LD3) holds, we first establish the upper bound in the case of
compact sets.

Following FEllis [11], we make use of Girtner’s Lemma:
Girtner’s Lemma. Given t in €* and y in R, define H (t,y) by
H.,(t,9) = {meE:{m,ty — C[1] 2 7).

Let K be a compact subset of E; if y <I*[K] then there exists a finite set tq,...,t,
of non-zero elements of €* such that

K< U H+(tj>y)-
j=1

Let K be a compact subset of E; for each y < I*[K], by Gértner’s Lemma and
Markov’s Inequality, we have

KAKT< S KACH., (7))

j=1
r
< Y PVHCTI N [ BV iCmtn) K3 [ 4]
E

j=1

—e P 3 HHCI- ),
j=1

so that

lim sup — ln KI[K] =

I o0 ﬂ 1
since this holds for all y less than I*[ K], we conclude that
lim sup Mln Kf[K]< —I°[K
nsup o [K].

To establish the upper bound for an arbitrary closed set C, we note that
C < CLUKS,UB;, where Ck = CnKE.
It follows that

K{[C] < KE[Ch ]+ KE[KS, ]+ K¢[BS ]

from which we deduce that

limsup — 7 ln K{[C] £limsup W In K?[CL ] v limsup — I ln KK

1> 1 1= o) 1

1
v lim su In K§[ B
pﬂV [B.]

1=



62 M. van den Berg, T. C. Dorlas, J. T. Lewis and J. V. Pulé

(- I[C}, ])vhmsupﬁVan“[K ]

[ Aad-o)
v lim sup — ln KBS 1,
el ﬂV
since C}, is compact (by Lemma 3.3); using Lemma 3.4 and Lemma 3.5, we have
lim sup——ln Ki[Cl< —I*[Ch1< —I°[C],
1= ﬁ Vl

since Ck < C. Thus (LD3) holds.

To prove (LD4), let G be an open subset of E; for each & > 0 there exists m in
G such that I*[m] < I*[G] + &. By Theorem 1, there exists ¢ in ¥* such that the
corresponding Bose-Einstein measure m,, defined by m,(d1) = p***(1)dF(4), is in G
and I*[m,] < I*[m] + ¢ so that

I*'[m,] < I*[G] + 2e. (3.9

Now let G,=Gn{meE:|[<m,t)—{m,t)|<e} and define the shifted Kac
distribution K2 by K#[dm] = "™~ G K2 [dm).

Lemma 3.6. For | sufficiently large,
Ke[G,1>1.

Proof. Since G, is open and m, is in G,, there exist t,...,t, in €°(R,) and 6 >0
such that G, contains the neighbourhood N; of m, defined by

N;= ) {meE:|{t;m—m,)| <d}.
j=1

Define the sequence {Qj:/=1,2,...} of probability measures on R" by

5 e~ Gixito +srxr)Q4;l(dxl enes dx,)
Rr

— j‘e— {s1ty +...+s,tr,m-m,>[R¢lz[dm]
E

t t
= gls1ta +...+sﬂr,m:>.exp[BV‘ {C;’[t — S_l__l_t___—‘_i"_'_' — C‘;‘[t]}];
BV,

the righthand side converges to 1 as [— oo so that the sequence {Q,:l=1,2,...}
converges to the Dirac measure J,. It follows that K“[G 1>3 for 1 sufﬁcwntly
large since IK"‘[G 1= IK“[N,,] Qf[[—9,6]]—1as - 0. D

Returning to the proof of the theorem, we have
K:[G] 2 KELG,] = &1 [ o~ BVi<mt ke[ dm)

‘6,
> PUAAUEICIRL R‘; [G,].
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It follows that
1 ~
lim infﬁT/ln K{[G] =z C*[¢] — {m,,t) —¢

o] 1
= _Ia[mt] —&
2 —I°[G] —3s,

by (3.9); but ¢ was an arbitrary positive number so that (LD4) holds. [

4. The Existence of the Pressure

We saw in Sect. 1 that p,(u), the grand canonical pressure in volume V;, can be
expressed in terms of an integral with respect to the Kac measure:

1
BV
where p,(a) is the free-gas pressure and

G'[m] = plim| —3{alm|>+<m,Vm)}

with a >0 and (Vm)(1) = jv(l, AYm(dX’). Tt is assumed that v(-,): R, xR, ->R is
bounded, continuous and positive-definite. Having proved in Sect. 3 that the Kac
measures satisfy the large deviation principle, the next step is to use Varadhan’s
Theorem to prove the existence of the limit p(p)= lim p,(u) and to derive a
=00

variational principle for j(u). To carry this through, it remains to check that the
functional G* satisfies the hypotheses of Varadhan’s Theorem. Since v(:,) is
positive-definite, {m, Vm) is non-negative; it follows that G*[-] is bounded above
for all real values of u since a is strictly positive. Moreover, mi— || m|| is continuous
in the narrow topology so that m—pu|/m| —1a|m|? is continuous; the continuity
of m—{m,Vm) is a little more troublesome.

Bi(p) = po) + lnge"“““’f'"]n«f[dm], @.1)

Lemma 4.1. The functional m—<{m, Vm) is continuous in the narrow topology on E.

Proof. Since R, is a Polish space, the space E = .#% (R, ) is a Polish space in the
narrow topology (Proposition 10 of No. 5.4 of [10]) so in investigating continuity
it is enough to consider sequences. Let m be an element of E and let {m,:n=1,2,...}
be a sequence converging to m in E; for each s =0,

[ e *md)—> [ e **m(d]).

[0, ) {0,)
It follows that, for s; =20, s, =0, we have
e~ @hrel(m @m,)(d1,,d1,)

[0,00) X [0, )

— j‘ e“““m,,(dl,) j‘ e‘”“m,,(d/lz)

[0,00) [0,00)

- | e™tMm(ddy) | e ®**m(dA,)

[0,00) [0,)

= | e~ Gl @m)(diy, dA,y). 4.2)

[0,0) X0, 0)
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Let X = {41, A,ppe” ®h¥9ddg 5 0 5, > 0}; then X, is the set consisting of those
real characters on R which tend to zero at infinity. Moreover, X, is full and the
constant function 1,,4,+—1 is in the closure of X, in the topology of compact
convergence; since sy, s, [ e~ ©H 2 (m@m)(d4,,d4,) is continuous at (0, 0),
[0,00)

it follows by Theorem 3 of no. 5.7 of [10] that the sequence {m,®@m,:n=1,2,...}
converges to m®m in the narrow topology on % (R?). But 4, A,—>v(4,4,) is
a bounded continuous function on R?, so that by (4.2)

My, Vi) = <m, @ my, v) ><{m@m,v) =<m,Vm)
as n— oo, establishing the continuity of m—{m, Vm) at m. []
We are now ready to prove the main theorem of this paper.

Theorem 4. Suppose that (S1), (S2) and (S3) hold; suppose also that the potential
v(+,;) is a bounded continuous positive-definite function on R ; then the pressure
P(p) = lim p,(u) exists for the perturbed mean-field model determined by v(-,) and is

- ©
given by
P(u) = —inf&*[m],
E

where
& m] = fIm] +3{alm|® + (m,Vm>} — p|m|,

and f[m] is the free energy functional for free bosons given by (2.9).

Proof. Since m— G*[m] is continuous and bounded above under the hypothesis
on v(-,;) and since, by Theorem 3, {K{:I=1,2,...} satisfies the large-deviation
principle with rate-function

I*[m] = p(a) + sup {{m, 1) — p[a + ]},

gﬂ
it follows by Varadhan’s theorem applied to (4.1) that p(u) = lim p,(x) exists and
1=

p(w) = p(@) + sup {G*7*[m] — I"[m]}
= Sl:_p{(u —ad)[lm] —3(alm||® + {m, Vm})

- [ G—omdd+p7" | S(p(i))dF(l)}

[0, ) [0,0)

= —inf &*[m],
E

where we have used the expression for I*[m] given by Theorem 2. [

Remark. Using the Euler-Lagrange equations derived in Sect. 5, we may obtain
the following alternative expression for p(u):

By =zallm||* +3<m, Vm) + p[u —t"], 4.3)
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where m satisfies the Euler—Lagrange equations (5.3) and
") =alm| + (Vm)(A). 4.9

5. The Minimization Problem
Recall that the functional £#[-] may be written as
&*[m] = I*[m] — G*~*[m] — p(«)
=z{alm)® + {m, Vm)} + I*[m] + (@ — plim| — p(a),
where (Vm)(4) = j v(A, A)m(dd’) and v(;) is a positive-definite bounded

[0,0)
continuous function on R, x R, and a is strictly positive.

Lemma 5.1. Let e = inf £*[m]; then there exists m* in E such that &*[m*] =e.

meE

Proof. Since £*[0] =0, we have e < 0. It follows that there exists a sequence {m,}
in E such that e < £#*[m,] £ 0 and lim &*[m,] = e. Since {m, Vm) is non-negative,
we have, e

1
Im,] S 64 m] — 5 {allm, ]+ @— @)+~ 1 + p)

gzi(a—u)2+p(a) (5.1)
a

which implies that the sequence {m,} lies inside a level set of I* which, by (LD2),

is compact. Hence {m,:n=12,...} contains a convergent subsequence

{m,,:k=1,2,...}. Let m*= lim m,; since, by (LD1), the function m—I*[m] is
k— oo

lower semi-continuous, we have

]i;n inf I*[m,, 1 = I*[m*]. (5.2)
Furthermore m+— G*[m] is continuous, so that by (5.2) and the definition of e we
have
E'm*]ze= ’}im &*[m,, 1=liminf{I*[m, ]1—G*~*[m, 1} —pl) = &*[m*]. O

- k=0
Recall that
S0 = {(1 +x)ln(1+x)—xlnx, x>0,

0, x=0,

so that s'(x) =In(1 + 1/x) for x > 0; we define §'(x) = oo for x =0.

Lemma 5.2. Let m be a minimizer of &* and let m(d2) = m,(d1) + p(A)dF(2) be the
Lebesgue decomposition of m with respect to dF; then p(4) > 0 a.e. with respect to dF.

Proof. We write the functional £#[m] as

'ml= [ (A—mm@d)+3{allm|*+{m Vm)}—Bp~" [ s(o(2))dF(2).

[0, 00) [0, 0)
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Let m(t; dA) = t(d ) + (1 — f)m(d), 0 < t < 1, with f(dA) = my(dA) + 1 .(A)p(A)dF(A) +
1 (e *dF(A), where A = {1:p(1) =0}, and let

m(t; dA) = my(t; dA) + p(t; A)dF ()

be its Lebesgue decomposition. Introducing f(t) = £#*[m(t)], 0 < t < 1, we have, for
0<t<d,

= [ (A—p{i@dd)—mda}+alm@{lIml—m]|}

[0, 0)

+<m—m Vm(t)) -~ | s(pe){p(A)—p(A)}dF (D)

[0, 0)
= [(A—pe *dF(A)+alm@)| e *dF(4)
A A
+ e *(Vm)(t, )dF(A) — B~ [ s'(te” *)e " *dF(A).
A A
Now suppose that [dF(4)> 0; then lim f’(f) = — oo since lims'(x) = + co. Since
A tl0 x]0
. . .1
t— f(¢) is convex, {7, (0) = lim f”(t); hence hm; {g*[tm+(1—t)m]— &*[m]} = — o0,
tl0 t}0
so that, for ¢ sufficiently small,
St + (1 — tym] < &*[m],
contradicting the assumption that m is a minimizer and proving that [ dF(2) = 0.
4 O
Our next task is to introduce the Euler—Lagrange equations of the variational
problem. We define the function L*(m;-) by
Km; 2)= A+ a|m| +(Vm)(2) — p.

By the assumptions on v(-,"), the function A+ L*(m; 1) is continuous for each m in
E. We define the Euler—Lagrange equations as follows:

I*m;2)=0, m,—a.e., (5.3a)
L*m;2)= B~ *s'(p(4)), dF —ae., (5.3b)

where m is the singular part of m and p is the density of its absolutely continuous
part in the Lebesgue decomposition of m with respect to dF. We remark that it
follows from (5.3b) that
I*m;2) =0, dF —a.e,
so that the set 4" on which
*m;A) <0 (5.4
has dF-measure zero. But it follows from (S3) that the Lebesgue measure of A" is

also zero which implies that 4 is dense in [0, co). Since A [*(m; A) is continuous,
we conclude that

I*m;2) =0, Ae[0, o). (5.5)
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Theorem 5. A measure m in E is a minimizer of &" if and only if m satisfies the
Euler-Lagrange equations (5.3).

Proof. Suppose first that m satisfies the Euler—Lagrange equations (5.3); as in the
proof of Lemma 5.2, let f:[0,1]— R be the convex function defined by

f@)=&*[tm+ (1 —t)m]

for some # in E; then

S+ ()= (") (m, i — m), (5.6)
where
(&*Y (m,m) = [oj ) {L4m; 1) — B~'5'(p(2) } (D) AF (A)
+ [ L*m; Ayig(dA). (5.7)
[0,00)
Using (5.3), we have

[ 0= lof L¥(m; A)rng(d2)

,0)
so that, by (5.5), 1, (0) is non-negative; but t— f(t) is convex which implies that
=10z f,0)=20.
We have proved that
&*[m] — &*[m] =0

for an arbitrary element # of E so that m is a minimizer of &*.
To prove the converse, assume that m is a minimizer of &*; putting

f@)=&"[tm+ (1 —t)m]

for an arbitrary element 7 of E, we have f(t)= f(0) for all ¢ in [0,1] so that
f’,(0)=0 and hence

(&Y (m,m—m)=0.
Now let m be defined by
m(d2) = (1 + ag(4))m(d4),
where g is in Z°(R, ,m) for a sufficiently small, 7 is an element of E; then
(&Y (m, i — m) = (") (m, gm) 2 0.
Since o can be either positive or negative, we conclude that &'(gm, m) = 0; explicitly,
§ A{Lm ) — B~ (p(1) }g(A)p(A)dF () + [ojm) L¥(m; A)g(A)my(d2)=0.  (5.8)

[0, 0)

Now g is an arbitrary element of (R, ;m) and p is strictly positive dF — a.e.;
we conclude that (5.3a) and (5.3b) hold. [

Lemma 5.3. Let m and m be minimizers of &*; then their absolutely continuous parts
coincide and |m| = || m|.
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Proof. The function x+>s(x) is strictly concave and the function mr—&*[m] is
convex; this proves the first statement. The second statement follows from the
strict convexity of the function |m|+—|m|2. O

Let Ry denote the subset of [0,0) on which the function A'+>(A—A)"! is
locally dF-integrable:
Rp={Ae[0,0): XA — 1) 'eZL]l (R,;dF)}.

loc
Lemma 5.4. Let v be such that A—v(4,1") is continuously differentiable for such A’
in [0, 00) and A, X'+—(0/0A)v(4, ') is bounded; then the singular part m, of a minimizing
measure m is concentrated on the set Rp:my(R})=0.

Proof. Let S = {A€[0, c0):*(m; ) = 0}; it follows from Theorem 5 that my(S°) =0,
and that

[*(m;A) = B~ 's'(p(A)), dF —ae.,

so that
p(A) = {eﬂL“(nt;l) —1}7Y
hence
dF(A)
fm| = [OL)W—r (5.9

Now fix Ay in S; then u — a||m| = Aq + (Vm)(4,). It follows that, for all A in [0, o0),
we have I#(m; )= A — Ao+ (Vm)(A) — (Vm)(4,) since A—(Vm)(A) is continuously
differentiable, we have

A= Ao+ (Vm)(A) — (Vm)(do) = (A — Ao)(1 + (Vm)'(4,))
for some 4, in (4, 4). It follows from the assumption that A, A'+>(0/04)v(4, ') is
bounded that
L*m; ) S K| A — 4] (5.10)
with 0 < K < o0; hence, using (5.9), we have

dF(3)

PKIA=dol _ |

Imlz §

[0, )

so that A+—(A—A4)~ ! is locally dF-integrable. We have proved that S < R; it
follows that

0 < ms(Rﬁv‘) < ms(sc) =0. O
Theorem 6. Suppose that v satisfies the smoothness conditions of Lemma 5.4 and
that F(A)= C,A%%, d > 0; then a minimizer m of &" has the following properties:

1. if d £2 then my=0,
2. if mg#0 then my is concentrated at A =0,
3. m is the unique minimizer of &*.

Proof. If F(4) = C,A%?, d >0, then, by Lemma 5.4, R < {0}, so that (2) holds;
when d £2, Ry = (7, so that (1) holds. Let m and i be two minimizers; it follows
from (2) and Lemma 5.4 that m = .
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