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Abstract. We consider the discrete spectrum of the selfadjoint Schrodinger
operator A,= —h*A+V defined in L?(IR™) with potential ¥ which steadies at
infinity, i.e. V(x)=g+|x]"*f(1+0(1)) as |x|]—> oo for «a>0 and some homo-
geneous functions g and f of order zero. Let M, (1), 1=0, be the total
multiplicity of the eigenvalues of 4, smaller than M — 4, M being the minimum
value of g over the unit sphere S™ ! (hence, M coincides with the lower bound
of the essential spectrum of 4,). We study the asymptotic behaviour of R,(4) as
410, or of N, (1) as 2|0, the number 1=0 being fixed. We find that these
asymptotics depend essentially on the structure of the submanifold of $™~1,
where the function g takes the value M, and generically are nonclassical, i.e. even
as a first approximation (2n)"9, (1) differs from the volume of the set
{(x, ) e R*™: R EP+ V(X)) <M —A}.

1. Introduction

Let A, = —h* A+ V be the Schrddinger operator with domain CP(R™), m > 3. Here
h>0is a constant parameter, 4 is the Laplacian, and V is a real-valued potential
which is supposed to possess the following properties:

i) VeLpZ(R™);

ii) V steadies at infinity, i.e. there exist two continuous real-valued functions f and
g over the unit sphere $™ ! and a positive number « such the asymptotic relation

lim |x*(V(x)—g(£) =/ (%), £=x/x| ,

[x|= 00

holds uniformly with respect to XeS™™1;
Then A, is symmetric and semibounded from below in L?(R™). Denote by 4, the
selfadjoint Friedrichs extension of U,.

* Partially supported by Contract No. 52 with the Ministry of Culture, Science and Education
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Set M= min g(w). It is easy to verify that the essential spectrum of the

m—1
operator A, coincides with the semiaxis [M, co) for each 4> 0.

Denote by 9, (1), =0, the total multiplicity of the eigenvalues of 4, which lie to
the left of the point M — 1. We shall deal with the asymptotic behaviour of R, (1) as
A10, or of M,(A) as k|0, the number 1=0 being fixed. There exists extensive
literature concerning analogous asymptotics for the case g=0, i.e. for a potential
which vanishes at infinity (cf. e. g. [10, Theorems X111.80 and X111.82]; see also the
more recent works [6, 15, 16] which contain more precise asymptotics formulas).
The essentially new point in the present paper is that the function g is not supposed
to be equal identically to its minimum value M.

Various aspects of the spectral theory of some quantum-mechanics operators
which have much in common with the operator 4, considered here, are discussed in
(1, 3, 5, 12]. The interest in such operators has arisen, in particular, in connection
with the famous Klein paradox (see [7]) related to the Dirac-type ordinary
differential operator with scalar potential ¥(x) such that V' (x)—>a, as x— + co with
a, +a_. However, most of the works on the spectral theory of the Schrédinger
operator with asymptotically steady potential deal with the continuous spectrum,
usually aiming at some scattering-theory results, while the discrete spectrum has not
been investigated in detail yet.

2. Statement of Main Results

2.1. The results of the paper are valid under some complementary natural
assumptions about the structure of the set ®={weS™ ':g(w)=M} and the
behaviour of the function g near this set. In this subsection we formulate these
assumptions.

In the sequel we suppose that the following condition is fulfilled:

iii) @ is either a closed connected C2-submanifold of ™! of dimension d such that
1<d<m-2, or a one-point set {z,} (in the latter case we set d=0);

Denote by ® the standard covariant metric tensor over S™ ! x S™ 1. Letd>1.
Foragivenze ®set /,=7,S™ 1 ©T,®, where 7,5S™ ' and 7, P are the tangent
spaces at z respectively to S™ ! and @, and the orthogonal completion is taken with
respect to the inner product generated by G(z). If @={z,}, then 4, =7, S .

For brevity’s sake put t=m—1—d=codim @. Fix ze . Denote by M(z) the
restriction of G(z) onto A, x A",. We consider 4, as a t-dimensional linear space
with a norm ||, generated by MM (z). Put &, ={ye A, :|y|,=1} (note that if 1=0,
then &, ={v_,v,} is just a two-point set). We introduce a trivial Riemannian
structure on .4, identifying for each y € 4, the tangent space 7,4, with A, itself.
The canonical measures on @ (for d= 1) and &, (for > 1) are denoted respectively
by d¢ and do,.

Next, we describe our assumptions about the asymptotic behaviour of g near &.
For a sufficiently small number ¢ >0 and given ze @ and ve &, define the unique
point w(g, v; z) which is connected with z by a geodesic curve of length g such that
the tangent vector to this curve at z coincides with v.
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Henceforth we suppose that the following assumption holds:

iv) For some B> 0 there exists a finite, positive and uniform with respect to ze @
and ve ¥, limit

A (v;z)=lim ¢ #(g(w(o, v;2))— M) ;
elo

For a fixed ze ® and any ye A, set ¥ ,(y)=|y|® # (y/|yl, ; z) and introduce the
selfadjoint in L2 (4,) operator o (z) = — A, + ¥, where 4, is the Laplace-Beltrami
operator. Obviously, for each z e @ the operator 7 (z) is positively definite and its
resolvent is compact. Denote by {4,(z)};>; the nondecreasing sequence of the
eigenvalues of &/ (z) counted with the multiplicities.

Example. Assume geC?(S™™!). Let { be some local coordinates on @. On a
sufficiently small vicinity of @ on ™! introduce the geodesic coordinates (, y)
such that ye A4, and @ is defined by y=0. For any given z=2z({) € @ define the

“partial” Hesse matrix $(z) = {b;;}{ j-, where b,;() =0%9((, »)/0y;0;, =0 - Suppose

that the Hermitian in .4, matrix $(z) =M1 (z) H(2) is positively definite for each
t

ze®. Then condition iv) is fulfilled for f=2 and A (v;z)=% Y b,;(2)v'V.

i,j=1
Denote by {Q7(z)}., the eigenvalues of the matrix $(z); it is clear that they
are independent of the choice of the local coordinates {. The operator 7 (z) is
t

unitarily equivalent to the harmonic oscillator —4+3 Y QF(z)x?, 4 being
i=1
here the Laplacian in L?(IR"). Hence, in this case the eigenvalues 4, (z) of </ (z) can
t

be computed explicitly and have the form 27% ) |Q,(2)|(2k;+1) with
nonnegative integer k;. i=1

1 1 1 . .
2.2. Introduce the numbers y =§+E —y and 0= —my+(d+1)/B which will be met

often in the formulation of our main results.
Our first theorem concerns the behaviour of 9N, (4) as 1]0.

Theorem 2.1. Let i)-iv) hold. Assume 1 <d<m—2.
a) Let y<O (hence 6>0). Then we have

lim A°%, (M) =%, | dp(z) | do,()(f@)"*H " (v;z) , 2.1)
410 [ Fz

where €, =T (0)I (t/B)/oap(4m)™* I (1 +m/a).
b) Let y=0 (hence 0 is positive again). Then we have

lim 'R, (D) =%, Y. | dp(@)(f()+A(2) 4+, 22)
Al0 kz1 @

where €, =T (0)/a(4m) 4" V2 (14 (d+1)/).
) If y>0, we have
N (AH)=0(1), 10, (2.3)

i.e. the isolated eigenvalues of the operator A, do not accumulate to its essential-
spectrum lower bound.
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2.3. In the remaining two theorems we deal with the asymptotics of the quantity
N, (1) as #]0 for a fixed 1=0.

Theorem 2.2. Let i)-iv) hold. Assume that either 0 <0 (hence y>0) and 1=0, or

A2>0. Then we have

lim 4" 9,(2) =%, [ (M—V—2)ax , (2.4)
]Rm

where €, =1/(4my"> T (1 +m/2).
Theorem 2.3. Let i)-iv) hold. Assume 1<d<m—2.
a) Let =0 (hence y>0). Then we have

},i?é h™|logh| ™' R, (0)=4, | dp(2) [ do.()(f)*H " (v;2), (2.5)
[ Sz

where €, =T (t/B)/afy(4n)y"? I (1+m/w).
b) Let 0>0 but still y>0. Set u=m+0/y and k=2p/(f+2). Then we have

hm AR, (0)=F5 Y. | dp(2) A “ ") (f @), (2.6)
hio k21 @

where €5 =T ((u—d—1)/x)/oyr(dm)9* D2 (1 + pfa).

Remark 2.1. The hypotheses of Theorem 2.3b) imply that the series at the right-
hand side of (2.6) is absolutely convergent uniformly with respect to z e @.

2.4. Now we pass to some brief comments of our results.

Remark 2.2. Theorems 2.1 and 2.3 are valid also in the case &= {z,} (i.e. d=0) but
the integration over @ in (2.1)-(2.2) and (2.5)—(2.6) must be omitted and the
integrands have to be evaluated for z=z,. Similarly, if =1 so that ¥, coincides with
the two-point set {v_, v, }, Theorems 2.1 and 2.3 remain valid if we replace in (2.1)
and (2.5) the integration over ¥, by summation of the values of the integrands for v_
and v, .

Remarks 2.3. Analogues of Theorems 2.1-2.3 are valid also if the manifold
@ consists of several disjoint connected components @“ of dimension d
(0=<d,<m—2), provided that on each @@ condition iv) is fulfilled for f= ;>0 and
a strictly positive function #" = #";. We do not describe in detail these quite obvious
generalizations in order to avoid bulky formulations.

Remark 2.4. For h>0 and A=0 denote by I,(1) the volume of that part of the
cotangent bundle 7 * R™=IR2™ where the value of the complete symbol of the
operator A4, is smaller than M — 4, i.e.

L(A)=vol{(x,&) e R*™: B2 |EPF + V(X)) <M —1} .

We say that a given asymptotic formula describing the behaviour of 9,,(4) is
classical, if it can be written as 11m QCrny" N, (A)/1,(A)=1, or as hm Qry" R, (A)/1,(A)

=1, the number 1=0 being ﬁxed
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From this point of view, the formulas (2.1) and (2.4) are classical and the
formulas (2.2), (2.5) and (2.6) are nonclassical. Analogously, the asymptotic
estimate (2.3) for the case 6 <0 (when the phase volume I, (0) is finite) can be
regarded as classical, while the same estimate for 8 =0 but y >0 is nonclassical since
now 7, (0) is infinite, provided that the set {weS™ *:f(w) <0} is not empty.

2.5. The proof of Theorem 2.1 can be found in Sect. 4 and the proofs of Theorems
2.2-2.3 —in Sect. 5, while Sect. 3 contains some necessary auxiliary concepts and
results.

Remark 2.5. In the proofs of Theorems 2.1-2.3 we assume M =0 without any loss
of generality.

The validity of Theorems 2.1-2.3 is established by means of variational methods
of Weyl-Courant type (see [10], ch. XIII, and [2]). Besides, we employ the scheme of
the Schrodinger operator with operator-valued potential. Such a scheme has been
applied recently by many authors (see [4, 8, 11, 13, 14]) in their studies of the spectral
asymptotics for Schrédinger operators with “‘degenerate” potentials, i.e. potentials
which grow unboundedly at infinity everywhere except some conic set.

The results of the paper were announced at the Conference on Partial
Differential Equations held in Holzhau, GDR, in 1988 and will appear in its
proceedings as the short communication [9].

3. Some Auxiliary Concepts and Results

3.1. Let&<R¥ k=1, be anopenset;ifk > 1and the boundary 8¢ is not empty, we
suppose that & is of Lipschitz class and the number of its connected components is
finite. Then we say that & is a regular domain.

Let & be a regular domain. The standard Lebesgue spaces over & are denoted by
LP(&), pe[l, oo]. If #=0 is a measurable function over &, then L?(&; #) is the
corresponding #-weighted Lebesgue space. The usual Sobolev spaces of functions
which are in L2(&) together with all their derivatives of order / are denoted by
H' (&), leZ, 1=1; besides, H}(&) is the closure of C (&) in the H'-norm. Let
BrcIR¥ k> 1, be the ball of radius R, centred at the origin. If & is unbounded, then
C* (&) is the class of functions C® (&) which vanish outside &n By for some R>0;
if & is bounded, then C®(&)=C*(&).

3.2. Let A =A* be alinear operator in some Hilbert space #. Denote by P, (A) its
spectral projection corresponding to the set .# = IR. For neR put

N,(A)=dim P, , (A)# . 3.1)

Let g be a semibounded closed quadratic form (QF) in J#. Then ¢ generates by
the Lax-Milgram theorem a unique selfadjoint operator A. We shall discuss the
spectral properties of the QF g meaning the corresponding properties of A and shall
write g instead of A in the notations of the type of (3.1).

The domain of the semibounded closed QF g is denoted by D [q]. The value of
the QF ¢ for a given ue D[q] is denoted by ¢[u]; if ¢ depends on some additional
parameters p, we write ¢ [u; p]. When we need to indicate only the dependence of ¢
on the parameters p, we use the notation g(p).
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3.3. Let £<R¥, k=1, be a regular domain. Suppose that for each xe& the
Hermitian k& x k matrix #°(x) is positively definite and W is a real-valued function
over &. Introduce the notation

wlu; E,W , W=[ {{#Vu,Vuy+ Wul*}dx , 3.2)
&

where (,.,) is the usual inner product in C*.
Let the potential ¥ possess the properties i)—ii). Define the closed lower-
bounded in L2(R™) QF

alu;h, Vi=cwu;R™ h2E, V], D{al=H'(R™) , (3.3)

where E is the unit m x m matrix. Evidently, the operator generated by the QF
a(h, V) coincides with 4,. Then according to our notations we have

N,(A)=N_,(@ah,V)), A=0 . 3.4

3.4. This subsection contains estimates and asymptotic results concerning the
eigenvalues of selfadjoint second-order differential operators.
Let keZ, k=1. Set 4,=k/2 if k=3, 2,>1 and 4, =1.

Lemma 3.1. Let § < R¥, k=1, be a regular domain (if k <3, we suppose that & is
bounded). Let the matrix-valued function @, =Q0¥>0 satisfy O,eLi (&),
Q[ 'eL*(&), and the scalar function Q, = Q, satisfy (Q,)+ € LL,.(€), (Q,) - e L*(8),
1=1,. Define the QF q,(h, Q;, Q;) = (&, h*Q;, 0,), h>0, on C* (&) and close it in
I*(8).

a) The estimate
No(qi(h, @1, Q) Sh7* e a7 [Ba @) - [T . 2=
holds with constant c, which is independent of h, @, Q;.

b) Moreover, we have

lim hkNo (ql (h, (01 ’ Ql))
hio

= (det @,)"2(Q, 2 dx/(4my> (1 +k[2) . (3.5)
&

Lemma 3.2. Let § < R¥, k=1, be a regular domain. Assume that the scalar function
0,=0, satisfies (Q,). €L (6nBy), YR>0, (Q,)_elL*&), +=v, and
E=supp(Q,)_ is bounded. Let the matrix-valued function U,=0F=0 satisfy
0, e L*(&), Oy ' € L*(&). Define the QF q,(h, 0y, Q,)=w(&,h2 0y, Q,), h>0, on
C*(&) and close it in L*(&).

a) The estimate
No(g2(h, 0y, Q) Sh7* ¢y “@2— ! ||I£@(3‘)||(Q2)— “]Ii/'%&’)-l* 1, 2=¢,

is valid for a constant c, which is independent on h and Q, and may depend on Q, only
through & .
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b) Moreover, the asymptotic formula (3.5) remains valid if we replace in it q, , @, and
Q, respectively by q,, 0, and Q,.

Lemmas 3.1-3.2 follow quite easily from Theorems 4.1,4.6,4.14,and 4.151n [2].

Let # <R, be an arbitrary interval and & =8 (r), r€ #, be a regular domain.
Assume that for each re # #°(r)>0 is a Hermitian matrix-valued function and
p(r)>0 and W(r) are real-valued functions over &(r). Let seR. Put

wlu; I,5,p,8,W, W= { {|o,ul* +wlu; £@), w (), WO} r'dr ,  (3.6)
g

where | .| is the norm in L*(&(r); p(r)).
Introduce the QFs

qf (W R, s, f, 6,05, Q3)=w(SF, 8, h* f, &, h*r 2 U3, Q3)

with # =(0, R) where R<R,< o0, & coincides either with R*x @ (1=1) or just
with O, where O =IR? (d=1) is an independent of r regular bounded domain. Set
k=1+dim &. Further, the number 4 and the matrix ¢; are supposed to be con-
stant and, moreover, s+ 1. Finally, we assume (Q;), € L' (# x &) Bg ;1), VR>0,
and (Q;)_ e L¥*(F x &;r* V) if k>2, and (Q;(r,0))_ £ 05(r)Scr™?, VY eé, for
some o€ [0,2) and ¢>0, if k=2. Define the QF 47 on functions ue C®(F x &)
which vanish near 0.9 x& and then close it in L?(# x &;r%). Respectively,
Dlg;1={ueDlg5 ]: ujs x06=0}.

Lemma 3.3. Let ||. || denote the norm in L**(&).

a) The estimates

R
No(g5 (M) Sh™* ey | [(Qy)-[*2r*1dr, k23,
0

o <) 1/2

No(gs () Sh™%c, [ X712 ) <§ Tl/z(Xr—z—Qs(’))—’dr> ax, k=2,
0 1=0 \¥

where t1>1 and #,=(Rexp(—1), R), #,=(Rexp(—1'), Rexp(—7'"1)), I=1, hold

with c;=max {4 "2, | Q]| ¥} ¢}, c,=max{x ", 05 '}c;, and some numbers c},

i=3, 4, independent of h, R, f, Q3 and Q5.

b) Moreover, we have

lim ANy (g3 (k)
hlO
—(pdet@) 2 [ (Qu)_ Mt dri@m R (K[, k22 |
(4]

In order to prove Lemma 3.3, shift the trial function u—r" ~92y in the QFs ¢,
change the variable r =Rexp(—g), o€ R, , and apply a variational technique which
is quite similar to the methods developed in Chap.4 of [2].

Next, we discuss the spectral asymptotics for operators which generalize the
operator &/ (z) defined in Subsect. 2.1.

Let t=codim @ > 1. Fix some ze ®. Let 8 =RK(z) be a positive homogeneous
function of order zero which is continuous over 47,\{0}. Define the selfadjoint in
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L*(A",) operator
A(@)=—4,+7,, 7, =pliR(y;2) . p>0. (3.7)
Let {Zk}kgx be the nondecreasing eigenvalue sequence for the operator < (z).

Lemma 3.4.a) Let A= A, > 0. Then there exists a number c5 independent of A, such that
we have

NoA(A @) S2es||(v, =D (38

where K is introduced in the hypotheses of Theorem 2.3b) and | .|| denotes the norm in
LY(AN), 1=14,.

b) Moreover, the asymptotics

lim 177N, ()=C(R) (3.9)
A=
hold with
C(R)=T(/B) | do, K "*|B(4m)"> T (1+1/x) . (3.10)
Lz
Hence the eigenvalues A, satisfy the relation
lim k™A, =C(R) " . (3.11)
k-

Lemma 3.4 follows quite easily from Lemma 3.2.

Remark 3.1. Lemmas 3.3-3.4 do not concern the ordinary differential operators
which are analogous respectively to the operators generated by the QFs g5 or to the
operator .o since we shall use these lemmas for the proof of Theorems 2.1-2.3 where
such versions of the lemmas will not be needed. However, if we want to handle the
cases d=0 or d=m—2 (see Remark 2.2), we have to use the obvious analogues of
Lemmas 3.3 and 3.4 for ordinary differential operators.

4. Proof of Theorem 2.1

4.1. In the present and the following three subsections we assume that the
hypotheses of Theorem 2.1 a)-b) hold and verify the corresponding assertions.

For R> 0 put #z=R"™\Bg. Choose some R, and denote by y, the characteristic
function of the set %y . Define the potential

Vi(x;e)=g(®)+ xolxl "*(f(X) —e), ¥=x/|x], xeR™, eeR .

Let ® < R™ be a regular domain. For ¢; € R and ¢, < 1 define the lower bounded
in IL2(0) QFs aif(0,¢,,&)=w(0,(1—¢&,)E,V,(g)) (see (3.2)) on the domains
D[a1 ] HL(0), D[af’] HY(0). If 0=1R™, then D[a;']=Dl[a; ], so that we put

o =a; (R™=aj (R").

Lemma 4.1. For each ¢, >0 and ¢, €(0, 1) we have
TN_,@=tN_,(a(xe, £5))+01) , 4]0, 4.1+
where the QF a=a(1, V) is defined in (3.3).
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Proof. Let O<IR™ be a regular domain. Set a* =w(0, E, V), D[a*]=D[a{];
a* (R™=a" (R™)=a. Clearly, the QFs a* are closed and lower-bounded in L?(0).

Applying the Dirichlet-Neumann bracketing procedure, we find that the
estimates

N_;@=sN_;@" (Br)+No(a" (Bp) , (4.2),
N_;(@2N_,(a" (%Bg) , 4.2)-
hold for each A>0 and R>0.

Fix ¢ >0 and choose R great enough so that the inequality
”xl“"(V(x)—g()?)) —f(®))<eg is valid for each xe%Bg. Thus, +a*[u;RByg]
2> +af [u; B, +¢,0], Vue D[a* (#)], and hence we have

TN_,(a* (BR)< +N_,(af (Bg, +¢,,0) , Ve>0, VA>0. (43),

Next, we show that the asymptotic estimates

EN_ (@] (Br, L&, 0)S £N_ (af (Br, L&, ) +0(1), A0, (44),

hold for each ¢, >0 and ¢, €(0, 1). For this purpose we shall use a simple method
(“the truncation trick’’) whose various versions will be applied in the sequel. Fix any
R, > R. Denote by y; the characteristic function of %,. For eeR and ¢=0 set

Vii(x;6,0)=g@)+ 11 xolxI"*(f ) —&)+c(l —x11) ,
Vip(xse,0)=V(x;e)— V] 1 (x58,0) .
For ¢, € R, ¢ €(0, 1) and ¢=0 introduce the QFs
af 1 [u;R1=ai; [u; R, &), &5, c)=co[u; Br, (1 &) E, V; 1 (e1,0)] ,
aif[u;Rl=af,[u;R, &6, cl=wlu; B, &, E, Vi ,(&1,0)] ,
on the domains D[a{,(R)]=DIaf (8], k=1,2. Obviously, we have
+N_,(af (Bg, +&,0)S £N_,(ai, (R, t¢&, £&,0)
+No(aif, (R, t&,8,,¢), VA>0, Ve, >0, Ve, €(0,1), Ve 20 . 4.5),

Since the support of ¥ , is compact, Lemmas 3.1-3.2 imply N, (a;,(R)) < o0, so
that (4.5), entails the asymptotic estimates

EN_(ai (Br, e, S EN_ ;@i 1 (R, £ey, £6,0))+0(1), 110, (4.6).

which hold for each ¢ >0, &,€(0,1) and ¢=0.

Now, choose a ‘‘cutting” function @eC{°(R™) such that O(x)=0
if xeBg, O(x)=1 if xe#Bg,, and O(x)e[0,1] otherwise. Then we have
aj 1 [Ou; R gy, 8,01+ 4| Oul* <a; [u; R, e, 65, 61+ A |ul?, ueDlaf (R)],
where |.| is the norm in L?(%), {=max |@46)|, the numbers 1>0, ¢ eR,
g, <1 are arbitrary. Hence, we have ~ xeR”

N—l(aﬁl (Ra &1, &2, a)éN—l(al—,l (Ra €15 829 0)) . (47)
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By analogy with (4.6)., one easily finds that the estimates
N_y(a01(R,61,6,,0) SN_,(ay (Bg,&,8))+0(1) , (4.8).
N_,@{ (R, —¢, —&,0))2N_,(a] (Bg, —&, —&)))+0(1) , 4.8)_
hold as 4|0 for each & >0, &€(0,1) and & e(e,,1). The combination of

(4.5); —(4.8),. yields (4.4). .
Further, it is clear that the inequalities

N_,(a; (Br>&1,8)SN_;(a,(5,8)) , 4.9).
N—A(af(gR’ =&, &) ZN_(a1(—¢, —&))
_No(a1+ (Br, — &1, —&)) 4.9)_

are valid for each ¢; >0 and ¢, € (0, 1). To complete the demonstration of (4.1) .., we
have just to put together (4.2),—(4.4), and (4.9), and to notice that Lemma 3.2
entails Ny(a;' (Bg, —¢;, —¢&,))<oo for each g, eR and ¢,> —1. O

4.2. For T>0put &;={weS™ *:dist(w, ®)< T} and Sy =S™""\&;. Obviously,
if T> 0 is small enough, then & and Sy are (m — 1)-dimensional submanifolds of
S™~1 with C2-boundaries.

Let O be a (m — 1)-dimensional submanifold of S™~*. Denote by O* the conic set
{xeR™: xXe€0}.

Applying Dirichlet-Neumann bracketing, we get

N—A(al(gl’82))§.N—l(a1+(¢}k,81’82))+N0(a1+(S¥>81’82)) > (4.10),
N_ (a;(—&, —&)=N_;(a; (PF, —¢, —&)) . (4.10)_

Here the numbers 1> 0, ¢, >0 and ¢, €(0,1) are arbitrary and 7> 0 is sufficiently
small. Since the function g is strictly positive on Sy, the set supp(¥;)_nS¥ is
compact. Hence, Lemma 3.2 implies

No(af (Sk,8,8))<w0 , VegeR , Ve<i1. 4.11)

Next, introduce a finite covering of @ by open coordinate charts {®;} such that
&N P;=§ for i+j, U jd_5j=d5, and the boundaries d®; are of Lipschitz class. Set
?; r={weS™ ':dist(w, ;) < T}, T>0. Evidently, the estimates

iN—z(ali (DF,61,8)) = iz N—x(ali (qura &1, ) (4.12),
j

hold for each ¢, €R and ¢, <1.

Further, on every @;introduce local coordinates { so that @; is parametrized by {
varying over some bounded regular domain & jc]R". In the sequel if {e #; and
z=z({)e ®;, we shall write ./, instead of 4, |.|, instead of |.|,, etc.

Assume T>0 small enough and introduce on each @;; nondegenerate
coordinates ({, y) such that @; 1 is parametrized by the values of the variables ({, y)
over the domain %; r={(e #;, ye N : |y|,<T}; the coordinates ({,y) coincide
with the ones mentioned in the example in Subsect. 2.1. Then the covariant metric
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tensor ® can be written in the local coordinates ({, y) as

(2@ 0
M’”‘( 0 im(c,y)>

where £({, y) is the restriction of G({,y) onto T P;x T P;.
Next, for each &; choose a point {;e #, set [.|;=.1r,, #;(»)=H"(¥/I¥l;;{)s
f—f(C y)|¢ ={,,y=0> and

Vo, yse) =1 —e) V(A ;(0) = &) +7 % 0o(fi—¢1) »

where e=(g;,¢,,65)€R?, g, <1 and 0<g <A o= min A ,(y). For 120 and
ye/V
¢eR? as above, introduce the QFs af (A, #; 1, ¢) which co;nmde with the QF w (see
(3.6) for F=R,, s=m—1, p=1—¢,, &= Fir, W=(1 —az)r"ZQS where
6;=6((;,0), and W=V,(e, ])+(1 —¢&,)A. At first define the QF a4, (4, JJ 15€) On
functlons ueC*(R, x F, ;,r) which vanish near the origin of the r-semiaxis and
then close it in L* (IR, X &; ;™" '). The domain D[a; ] is the restriction of D[a; ]
onto the set of functions which vanish on R, x 0F; ¢
Let

e>0,5¢€(0,1) and &eR? ¢ >¢, ge(e, 1), (0,4, . (4.13)

In the QFs a;" (®f 1, &, &;) pass to the spherical coordinates (r, w) and then change
the variables w—»(C »). Choose the numbers 7>0 and 2 =maxdiam &;
small enough so that the inequalities Y

+(det )2 az [u; A, F 7, 1= +{af [v; PFr, ey, ool + 4] 0] Fropn)

hold for each ve D[af (® *p)] and u(r,{, y)=v(x(r,{,»)). Hence for every ®; we
have

+N_ z(a1 (‘p, T, Fe, &)= +No(az 4, Z J,T> +¢)), VA>0 , (4.14),

where the arbitrary ¢, (i=1,2) and ¢’ € R? are as in (4.13).
Combining (4.10) ,—(4.12), and (4.14),, we get the following

Lemma 4.2. For sufficiently small T>0 we have
TN_ /1(01 (Lo, xe)= +ZN0(‘12 4, Z J,T> Te)+0(1), 410,

with any ¢, (i=1,2) and &' € R? as in (4.13).

43 For a glven integer j set F; w-{Ce./',,yeJVc} and introduce the QFs
ai (L, e)=af (4,¢,j) which coincide with the QFs ai (A, F;r,8) but F;p is
substituted for #; , ; the domains of the QFs af are analogous with D[aj ]

Lemma 4.3. For each ¢, ¢ € R® such that
e =¢6>0,6e€(0,1), e(ey, 1), e5=263€(0, ) , (4.15)
for every integer j and sufficiently small T>0 we have
+No(a5 (4, F; 1, &) S £ No(a5 (4, £,/)+0(1), 4]0 . (4.16),
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Proof Fix some R>0. Introduce the QFs aif =a; (4, ,/J 1, R, €) (respectively
d; =dai (4, #; r,R,€)) which coincide with the QFs ai (4, F; r,¢), 0<T= o,
but the interval (0, o) of integration with respect to r is substituted for (0, R)
(respectively (R, c0)). The domain of the QF @' (respectively @, ) is defined as the set
of restrictions of functions u€ D[a, (¥ 1)] onto (0, R) x F ;.1 (respectively onto
(R, 0) x #; r). The domains of the QFs 4;” (i=1,2) consist of functions ue D[d;" ]
which vanish for r=R. Clearly, we have

NO(aZ-F(i ]T’g))<NO( (0 jT"S))+N0(a+(}' Js Ta'g)) (417)+
No(ay (A, Fj 1, —&)ZNo(@; (A, Fj 1, —¢) . 4.17)_

Note that Lemma 3.2 implies N, (d; (0, Z; r,¢)) < 0.

Now, set 6F; ;={(,):(eF;,|y;=T}, T<oo. Define the QFs d; =ds5
(A, #; 1, R, &) which are the same as the QFs d;" but have different domains: D [a5]
={ueD[d& ]:ur 0)xs7,,=0} and D[d5] consists of functions which meet all
requirements of D [d; ] except that they do not vanish on (R, c0) x 6%; . Applying
the truncation trick with respect to y [cf. the derivation of (4.4).], we get

+No(@5 (A F; 1, R, £e)) S £ No(@5 (4, F 1, R, £€)+0(1), Al0 , (4.18),

where ¢, ¢’ € R? are the same in (4.15). Note that if we have not gone away from the
origin of the r-semiaxis, we could not apply the truncation trick because of the factor
r~2 in front of the term containing the derivatives with respect to y in the QF 4, .

Next, introduce the QF ds which is analogous with the QF d; (0, #; ,, R, ¢) but
Z; o 18 replaced by F; i1=%0\Fj 1, T<oo. The domam of d, consists of
restrictions of functions ue D [d; (#; )] onto &; 1. Then we have

No(@3 (A Z 1, R, ) SNy (5 (4, F) o, R, ),
NO(d3— (lwg"l T7 —8))
gNO(dfi_ (/’{3 */'j,ooa s _8))_N0(é3(05 f:j,T:Rs _8)) . (419)—

4.19),

Note that set 771 rnsupp (V) _ is bounded. Hence, by Lemma 3.2, the second term
at the right-hand side of (4.19)_ is finite.

Finally, employing the truncation trick with respect to r and bearing in mind
Lemmas 3.1-3.2, we get

TN (@5 (A F o R, £8))S £ No(a5 (4, £€,)))+0(1), 4]0 . (4.20),
The combination of (4.17),—(4.20),. yields (4.16),. O

4.4. Introduce the potential V;(g) which is the same as ¥, (¢), except that the factor
%ot~ % is replaced by r~* The hypotheses of Theorem 2.1a)-b) imply >0 and,

hence, we have
(I =x) VoL (R X Fj (31" 1) . 4.21)

Define the QFs af which are just the same as the QFs a5 but V, is substituted for V5.
Lemma 4.4. For any j we have
£ No(a5 (A &))< £ No(ai (4, ', j)+0(1) , 210,

where ¢, ¢ €eIR3 are the same as in (4.15).
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The lemma follows easily from (4.21), Lemma 3.3 and a simple variational
argument so that we omit the details of the proof.

4.5. In order to complete the proof of Theorem 2.1a)-b) we need one more lemma
which is proved in this subsection.
Denote by aZ (4, .#,e)=as (1, 4, ¢,j) the QF w (see (3.6)) with

FI=R;,R)ESR,, s=m—1, p=(1—g,)A" 27+ &=

/1-2y+2/ﬂr—2271 0
W=(1~82)( O ! A—Z‘yr—?.mtj"l

Here we use the notations £;=£({;, 0) and MM;=M({;, 0). Besides, 1 >0, and e R3
satisfies ¢, <1 and &< Jf 0. Define D[a5 (#)] as the set of restrictions of
functions ueD[a;] onto f X%, and Dlas (#)] as the set of functions
ue D[as (#)] which vanish for r=R, (if R, >0) and for r=R, (if R, < o0).

Changing the variables y— 4~ '#y in the QFs aZ (4, (0, R), ¢), applying a suitable
version of the truncation trick with respect to r, and making use of Lemmas 3.1-3.3,
one finds without difficulty that for y<0 and sufficiently small 1 we have

No(as (4,(0, R), &))< No(as (4, (0, R), ¢))

F o

) and W=13()+1—¢, .

<1791 —gy) "2, {'f |V dr
0

+ [ TRV (e))- H""Zdr} , 4.22)

where ||.| is the norm in L™?(F; ), eeR3, & >0, &e(0,1), &€(0, 4 ,),
0 < R; < R< o0, and the quantity c¢s does not depend on 4, ¢, R, and R, provided that
R and 1/R; are uniformly bounded.
Set +.%;* =limsup 11m sup + AN, (a5 (A, +e,))).

e—0
Lemma 4.5. Assume that the hypotheses of Theorem 2.1a) (respectively 2.1b) ) hold.
Then we have

+LESEEG () | doy, (A ;) (4.23).

9]
(or, respectively,
+LESHES, Y (f+ A @.24),

Here 2;=(det £,)'? mes %;, the quantities €, (i=1,2) are defined in (2.1)~(2.2) and
A; are the ezgenvalues of the operator Wthh coincides with o () for ]R=A; (see
(3 7).

Proof. In the QFs aj change the variables r—1~1*r and y—A'/#y. Hence, we
have af[u;A, £e]=A'""C0""2a[v; A, R,, +e] for each 1>0, ueD[af]
and v(r, {,y) =u(A~Y*r, ¢, AV/Py). Therefore, the identity

No(ai (4, £&))=No(ai (4, R, &) (4.25),

is valid for each >0 and ¢e R? such that ¢, <1 and &; < o
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Choose R>0 great enough so that r>R implies r *(fj—e)+1—¢>0 for
sufficiently small ¢, € R, ¢, €(0,1), and, hence, N,y(ai (4, (R, ©),¢e))=0 for every
A>0 and appropriate ¢. Bearing in mind Lemma 4.4 and the identity (4.25),, we
obtain the estimates

T No(@3 (4, £&,/) = £No(as (4, (0, R), +¢',7)) (4.26)

where ¢,¢ €R? are the same as in (4.15).

Fix a positive integer K and a sequence {r,}r_, such that 0<ry<... <rg=R.
Set  SFo=(0,ry), Fp=(re-1.1), k=1,...,K, and ai,(4e)=al (A F1> ),
k=0,..., K. Then we have

No(as (4,(0,R), ¢)) < Z No(as (4, €)) (4.27).
No(as (4, (0, R), —e))2 3, No(asx(4, —#)) . (4.27)-

Further, introduce the QFs . * which coincide with the QF « (see (3.2)) with
E=F;, W =M; " and W=0.Set D[4 *|1=H"(F;), D[4~ 1= H{} (). Clearly the
QFs . * are closed and nonnegative in L?(#;). Note that Lemmas 3.1-3.2 entail
the estimates

Ny](ﬂi)§ndnc7+1 > 11>0 > (428)1
where ¢, is independent of 5, and the asymptotics
lim #n~%N,(M*)=E;/(4n)** T (1+4d)2) . (4.29),
=0

Denote by {;},>, the nondecreasing sequence of the eigenvalues of the QFs .# *
counted with the multiplicities.

Next, put ¥~ * = |y|?(A;(») Fe3), 83€(0, A o), and denote by AE=a*((;¢)
the operator which comc:ldes with o/ (;)in (3. 7) for 7, ;=7 *. Moreover, {AF}iss
are the eigenvalues of o/ *.

Now, fix the integer k, 1 <k<K. Setr_=r,_,, r, =r,, and

JE=ATRRUB L JE_ QT

+JE=4J(e,6)=(1Fe)"! min

re(r_,ry)
H{/r )" T (f;Fe) H1F 8]}

Besides we put FE(m, A;)=nJE+AJF+JE, n=0, A=0, 1>0, and
Si=br(Ak, £e)=F*(nF, AF; A). Consider the eigenvalue problem

—ATI () +hE () =EEu ), red, (430),

with boundary conditions u(r_)=u,(r.)=0 in (4.30)_ and u,(r_)=u,(r,)=0
in (4.30), . Set

n*(Lk, +e)=#{(l.q,i): EE(q,i; 4.k, +e) <0} .



Spectral Asymptotics for the Schrédinger Operator 679

Expanding the trial function ueD[as,] in a series with respect to the
eigenfunctions of the QF .# * and the operator .o/ *, we obtain the estimates
+ No(a3 (A, &))< £n* (4,k, te) . @.31),

Computing the eigenvalues & in (4.30), explicitly and bearing in mind the
estimates (3.8) and (4.28), , we easily get
nf(k, £e)=(@r, —r YAV [ [ (F*(n, A;A)L2dN, (M *)
00

x dN 4(of *)/n+OA 0718y | 110 . 4.32),

£—0
In order to verify (4.23) . , change the variables J;n—n, J;* A— A in the integral
at the right-hand side of (4.32), and employ the asymptotics (3.9) and (4.29) . . Thus
we obtain

Set +1F =limsup limsup+A°n* (A k, +e).
410

1 <16

%F

j

(+A+JTF0,0)2n* 21 A YdndA ,  (4.33),

Ot §
Ot 8

?{lN

where €; coincides with the quantity €(R) (see (3.10)) for K=.; and

€ =(ry —r-)2dE;r3 " /(47)"* "1 I’ (14d/2). Similarly, under the hypotheses of
Theorem 2.1b) (which imply a=x) we have

FES TG Y [ 0+ AritHIF0,0) 20 dy . (434),
iz1 0

Deriving (4.33) ., —(4.34) . , we have used also the estimates (3.8) and (4.28) , in order
to take the limit A | 0 under the sign of the Stieltjes integral at the right-hand side of

4.32), .
Now, notice that the estimate (4.22) entails
lim lim sup hm sup A°Ny(as o(4,€)=0 . (4.35)
rol0 =0

Combine (4.25),.—(4.27), (4.31), and (4.33),—(4.34), and then let K— 0
bearing in mind (4.35). After some simple calculations we come to
4.23),-424),. O

The proof of the assertions a)—b) of Theorem 2.1 is completed if we take into
account (3.4), put together the results of Lemmas 4.1-4.3 and 4.5, and let 2-0.

4.6. In this subsection we prove Theorem 2.1c). Note that under its hypotheses
Lemmas 4.1-4.2 are valid again.

If 6 <0, then the asymptotic estimate (2.3) follows directly from Lemma 3.1 (see
also Remark 2.4). For this reason we restrict our attention to the case 6=0.

Lemma 4.6. If y> 0, then for sufficiently small T>0 we have
No(a) (4, F;1,e)=0(1) , 4]0, (4.36)

where ¢ is the same as in (4.15).
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Proof. Fix some R>R;,. Set 4, =(R,0), 4 =(0,R). Introduce the QFs
ay (A, &)=aj (A, & R, T), i=1,2, which are the same as the QFs a; (4, Z; 1,¢),
except that the domain of integration R, x & r is replaced by 4, x &; . The
domains D[a; ;] are defined as the sets of restrictions of functions ue D[a, ] onto
Jix F; r. Then we have

No(a 4, Z J, T,s))<N0(a2 1 (4, 3))+No(a2 2(0,¢) . 4.37)

Besides, we have N, (a; ,(0,¢)) < c0.

Further, denote by a, , (4, ¢) the restriction of the QF a; (4, ¢) onto functions
which vanish on % x 6%, r. Applying the truncation trick with respect to y and
using Lemma 3.2, we get

No(ay (4, €)= No(ay (4, e)+0(1) , Al0, (4.38)

where ¢, ¢’ €R3 are the same as in (4.15).

For re(R o) set Y;r(N)={(,x):{eF;,xe N, 0= x| <Tr*}, T<oo,
Viiw=" 0> and ¥, 1 g ={(r,{,x):re(R, 0), ({,x)€Y; r(r)}, T< 0. Denote by
ag(A,e)=as(4, ¢, R, Tj) the QF w (see (3.6)) with # =49, s=m=m—1—«t/p,

ro2g:1 0
p=l—g, E=y;r(r), W =>10-¢) 0’ Rt ) and W=7V,(¢)
=r *(fi—&)+(1 —&)r *¥ *({;;&); here eeR* and 82<1 e3<H ;. At first
define the QF a4, on functions C® (¥;r,r) which vanish on the set
{(r,{,x)e ?’J r.r: Xl;=Tr"*} (if T<o0) and close it in L*(¥; 7 ;7 ).

In the QF a; , change the variables r=g, y=¢ ~*/fx, thus mapping .#; X Z; r
onto ¥; 1 . Fixe, ¢’ € R? as the onesin (4.15). For a given R> R, choose 7> 0 small
enough so that the estimate a, {[u; 4,6 R, T]=ag[v;4,¢', R, T] holds for each
u(r,{,y)eDla; (] and v(,{, x)=u(o, {, e *"*x). Therefore, the inequality

Ny(as (4,6 R, T)) < Ny(ag(0,¢', R, 0)) (4.39)

is valid for each A>0 and R>R,.
Expand the trial function ve D[a4 (0, ¢, R, 00)] into a series with respect to the
eigenfunctions of the operator o *({;; ;). Thus we obtain
No(a6(0,&', R, 0))= Y Ny(ag (¢, R)) , (4.40)
i1
where the QFs aq; (i€eZ, i=1) coincide with the QF w with =4, s=m,
p=(1-g), &=%F;, W=(0—-g)r 22" and W=V, ,=r"*(fj—&)
+(1—e)r A (3 33) The QFs aq ; are deﬁned at first on C® (S, x ;) and then
are closed in Lz(fl Zi; ).
Now, notice the crucial circumstance that y>0 implies k <a. Hence, we can
choose R >0 great enough so that r> Rentails ¥} ; (r) 2 0. Since the sequence {4} is
nondecreasing, we have

Ny(ag (e, R)=0, Viz1 . (4.41)
Putting together (4.37)-(4.41), we come to (4.36). O
Now Lemmas 4.1, 4.2 and 4.6 entail immediately (2.3).
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5. Proof of Theorems 2.2-2.3

5.1. Theorem 2.2 follows directly from Lemma 3.1 since the hypotheses of this
theorem imply (V' —A)_ e L™*(R™) and (V —A) . € L},.(R™) (see also Remark 2.4).

5.2. Now we pass to the proof of Theorem 2.3. Introduce the QF
a¥ (h)=a¥ (h, R, ¢,j) which is the same as the QF a4(R, ¢, 00,j) introduced in the
proof of Lemma 4.6 but the factor (1 —¢,) is replaced by 4% (1 —¢,), h > 0, everywhere
exceptin V. Set D[a; ]={ue D[ag]: u),—g =0} and denote by a; (R) the restriction
of the QF a; (R) onto the set of functlons which vanish on (R, 00) X 0F; .

Lemma 5.1. Let the hypotheses of Theorem 2.3 hold. Then the asymptotic estimates
+No(a(h, V) S £}, No(ai (bR, £&,j))+OGR™) , hl0O,
j

are valid for each ¢e R? such that ¢, >0, &,€(0,1) and &5€(0, A} o).

The demonstration of the lemma consists of several steps which are quite similar
to the proofs of Lemmas 4.1-4.3 and 4.6, so that we omit the details.

5.3. Next, let the QFs af (h, #)=ai (h,S,¢,j) coincide with the QF w
for some interval FSR,, s=m, p=h*"P'(1-¢,), E=F;,, W =(1-¢)
Lt P
(S
the QF ag (#) on functlonsueC“’(f X F; o) and thencloseitin L? (S x Z,

Respectively, D[a8 ]={ueDlag ] uuxa/ —0}

In the QFs a; (h, ¢, R,j) change the variable r—h=*@ =¥ p=p~ 1""Vr y—h*lty,
and set R*=R*(h)=Rh'™. Thus we find that the identity aj [u;h, R,¢,j]
=hixlB+A=mlr g [ h (R* 00),¢,j] holds for each ueD[ag] and o(r,{,y)
=u(h~ Yy, {, h"“’y] Hence we have

>and W=V,(¢);hereee R*and &, <1, &3 < A} 5. Define

i s T™).

NO(a7i (h, R’ 87j))=N0(a§ (ha (R*a OO), 8’j)) . (51):1:

Next, denote by dg(h, .#) (respectively by dg(h, .#)) the QF ag (h, .#) with domain
consisting of functions which meet all the requirements for D[ag (#)] except that
they do not vanish on the right end of #, provided that it is finite (respectively on the
left end of .#, provided that it lies strictly to the right of the origin).

Since the operator (1—e¢,)/ * s positively definite in LZ(./VC) and a>x,
there exists R=R(¢) such that R>R implies the nonnegativeness of the
QF dg(h, (R, ), ¢, ]) Moreover, if ¢ varies over a compact subset of the set
{ee R, <1,e5< 5}, then R(a) is uniformly bounded. Assume that # is small
enough so that R* <R Let R> R. Evidently, we have

No(ag (h, (R*, ), ¢,j)) < No(ds (h, (R*, R), ¢, )))
+ NO (ds (h’ (Ra GD), S’j)) = NO (ds (ha (R*a R)’ 8’j)) . (52)

Applying a suitable version of the truncation trick with respect to r, we easily find
that for sufficiently small # we have

NO(dS (h3 (R*’ R)5 89])) §N0(08+ (hs (R*’ k): 8(9.].)) s (53)
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where ¢,¢’ € R3 are as in (4.15). Moreover, an elementary variational argument
yields
NO (aB_ (ha (R*’ OO), - 87j)) ; NO (aS_ (h9 (R *9 jé)a - E,j)) . (5'4)
Combining (5.1)-(5.4), we get the following

Lemma 5.2. Assume that the hypotheses of Theorem 2.3 hold. Then the inequalities
+No(a7 (R, +e./) < £ No(ag (h,(R*, R), +¢',)))

hold for any ¢, &' e R™ as in (4.15) and each R and j provided that h is sufficiently small
and R is great enough.

5.4. Assume that either g is a monotonously increasing function of 420 such that
0(0)=0, or ¢ is a nonnegative constant. Let the QFs ai (h, (¢, R), 7,1, ¢,j) coincide
with the QF w with 4 = (Q,fi) where R=const. < o0, s=n1, p=(1—g)h', I>0,
E=F;, W= —-sz)r_zh M, and W=V(n,e)=nr""+(f;—e)r % n=0.
Define the QF ag on the set {ue C®(I X F)1u),_,=u - R—O} and close it in
L*(F x F;;r). Respectively, Dag |={ueDlag ]: upz=0}.

Lemma 5.3. Let the hypotheses of Theorem 2.3 hold. Assume that h is sujficientlz
small, g is a monotonously increasing Sfunction of h such that 9(0)=0,1=#,>0and R
is great enough so that r> R implies Vg(r;n, &) =0 for each n=n,.

a) The estimates

No(ag (h, (0, R),n, L, &,j)) S cgh ™1+ D2y~ (k= d=Dix (5.5,

hold with uy=m+0/y, 0=0 (cf. Theorem 2.3), R> 0 and cg which is independent of h.
Besides, cg does not depend onn if d= 2, and cg = cyn° for & > 0 and some cg () which is
independent of n if d=1.

b) Moreover, we have

lim sup lim sup +4"“* Y2 Ny (a5 (h, (o, R), 1, 1, &,))

e—=0 hi0O

<+ G E;(f) ey (5.6).

where E; is defined in Lemma 4.5, and €5 — in (2.6).

Proof. Obviously, we have

No(ag (h, (&, R), 1, L,&,/)) < No(ag (h, (0, R),n, 1, &.))) -

Then (5.5), (and, hence, (5.5)_) as well as (5.6), follow easily from Lemma 3.3.
Fix some g, and assume that 4 is small enough so that ¢ (h) < ¢, foreach 2> 0. An
elementary variational argument implies

NO(aQ_ (h’ (Q’ﬁ)’ n, l, 8,j))_Z_N0((19_ (ha (QDR)J f, ls E’j)) . (5-7)
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Applying Lemma 3.1 and taking account of (5.7), we get

liminf lim inf A'4* V2 N, (a5 (h, (0, R), 1,1, &,5))

£—0 hlO

28 [ (fr 4+qr )9 V2 dr [(Am) 2T (1 4-(d+1)/2), Yo, >0 .

Q1

Letting o, |0, we come to (5.6)_. O

5.5 In this subsection we complete the proof of Theorem 2.3a). Expanding the trial
function ue D[ag ] into a series with respect to the eigenfunctions of the operator
o, we get

NO(aSi(ha(R*aR)agbj))
=Y. No(as (h,(R*, R), (1 F &) A, 2/By, &.))) - (5-8)

k21

Note that the hypotheses of Theorem 2.3a) imply (d+1)/fy=m, so that, by
Lemma 5.3, we find that the sum of any finite number of terms at the right-hand side
of (5.8), has order O(h™™). Making use of the asymptotics (3.11) and bearing in
mind (5.8),, we obtain

i]\ro(aSi (ha (R*sjé)a 8:]))§
+ Y No(as (b, (R*, R), (k/€* (&))", 2/By, e, ,N+OGK™™) , (5.9

k=1

where ¢, ¢'€ R™ are as in (4.15) and €*=C*(¢) coincides with the quantity
(1 F &)™ €(R) (see (3.10)) for R = A, F ;. Applying a simple variational argument
and bearing in mind Lemma 5.3, we easily check the asymptotic estimate

Y, No(as (b, (R*, R), (k/€* ()Y, 2/By,e,)) = F (W) +O(K™™) ,  (5.10)4

k=1

where

s =

A~

if Xt/K—INO(ag (h9 (R*’ R)s X((fi (8))—K/t’ 2/ﬁy’ 8,_]))dX :

Now, note the crucial circumstance that the integrand in ¢ * (k) vanishes for

X>X,h™* and any X,>max {0, —(f;—¢&)R ™ (€*)*}. Change the variable

X= (Xoh"‘ly, Ye(0,1), in the integral _#*(h). Next, in the QFs

ag (h, (R*, R), (Xoh )" (€% ())~*",2/By, &,j) change the variable r—h¥/*'r, Set
ag (h, Y,e)=ag (h, (R**, Rh™Y"), X7 (€* (&))", 2(1 = V)/By+ Y),&.)))

where R**=Rh®~V/*7 Thus we get
t 1

7% ()= log (Xoh™) [ (Koh™)"™No@@ (b, Y)Y . (S.01),
0

Assume that R is sufficiently great so that r>R—1 entails r *XJ(#*)"

+r7*(f;—&) 20 for eflch Ye[0,1]. Let the QF 45 (h, Y, ¢) be just the same as
@i (h, Y, €) except that Rh~Y/* is substituted for R. The truncation trick with respect
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to r yields
iNO(in (ha Y: 8))§ iJVO(aAQi (hs Ys 8)) s VYG(O,I) s (512)1

provided that ¢, ¢’ € R 3 are as in (4.15) and 4 is sufficiently small. Note that Lemma
5.3 with /=2((1-Y)/By+7Y)) and ¢=R** is applicable in respect to the QFs
ag (h, Y, ¢). Thus, putting together (5.9),—(5.12),, we get
lim sup lim sup +A™|log k| ™' N, (ag (h, (R*, R), ¢,j))
e—=0 hlO
S+%,()"E; | A;Vday, , (5.13),
9]
where €, is defined in (2.5).
Combining the results of Lemmas 5.1-5.2 with (5.13), and then letting 2 -0,
we easily come to (2.5).

5.6. At last, we prove Theorem 2.3b). As a matter of fact, the asymptotics (2.6)

follow quite straightforwardly from Lemmas 5.1-5.2, the identities (5.8)., and

Lemma 5.3 with /=2/By and g = R* since (d+1)/fy= . We only point out that the

series Y [(1F &) AP~ * 9 V" with 6=0if d22and § >0 smallenoughif d=1, is
k21

convergent (see also Remark 2.1). Thus the identities (5.8), together with

Lemma 5.3a) for /=2/fy and n=(1Fe,) A, entail the estimate

No(ag (h, (R*, R),&,j))Scoh ™,

where ¢, is independent of 4. Consequently, if we multiply both sides of (5.8) ;. by A*,
we can take the limit /| 0 under the summation sign at the right-hand side of (5.8) . ,
and use (5.6) . .
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