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Abstract. This paper presents a proof of bounds on the renormalized perturba-
tion expansion of the euclidean A¢j theory. Its aim is partly pedagogical: by
combining the insights and techniques of numerous authors it is now possible to
define the perturbation expansion and bound it in a very few pages. The present
version is based on the renormalized tree expansion adapted to the continuous
renormalization group: all detailed results are proved by induction on the size of
the tree. The continuous RG version presented here has one big advantage over
the discrete RG version discussed elsewhere. In the continuous version, a tree
has a more restrictive structure : there is a one-to-one correspondence between
forks of the tree and lines of Feynman graphs. This extra structure eliminates the
need to introduce Feynman graphs in the first place. It also reduces the number
of cases to be analyzed at a given inductive step and simplifies the combinatori-
cal estimates.

1. Introduction

Itis recognized by now that renormalization is best understood in the framework of
Wilson’s renormalization group [12, 13]. This is well exhibited in the setting of
constructive quantum field theory by the resent work Gawedzki and Kupiainen and
Feldman et al. on the Gross-Neveu, and infra-red ¢; models [8,6]. Another
important and perhaps simpler realization of RG ideas has been in renormalized
perturbation theory.

The traditional approach to renormalization theory, highlighted in such
landmark papers as [3, 1,11,9, 14, 2], has been based on Feynman graphs and the
idea that infinities can be cancelled by the introduction of infinite counterterms into
the lagrangian. The most refined formulation of the renormalized Feynman graph
expansion was the Zimmermann forest formula, which defines the renormalization
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prescription, and when combined with the notion of Hepp sector and the power
counting theorems, leads to an ultra-violet convergence proof.

The RG approach to perturbation theory arose in its discrete version
independently in [7, 5] and in its continuous version in [10]. In the discrete version
developed by Gallavotti and Nicolo and refined in [4], the free field propagator is
decomposed as a sum over scales:

A
C(x,y)= ZO C™(x,y) , 6]

where in an appropriate sense, each term C® has length scale M ", M > 1 being a
fixed scale factor and A is an ultraviolet cutoff. Then, a family of effective potentials
{¥.},=-1.0.1,... isacollection of functions of the field ¢ which satisfies the following
recurrence for each r=0:

[ dep’e @ CNTI9N2 GV rie +)
Vi-1(¢)=log [ [dg e @ T R @
This equation can be written as an infinite series in two ways:
Vioa=V+ X 6oV,
n=2
(n arguments) , Wick-ordered version ; 3)
Vr—-1= V;+ Z g‘}g(l/r” Vr) >
n=1
(n arguments) , non-Wick-ordered version ; @)

where 7, &7 are called truncated expectations. The renormalized effective poten-
tials are a particular solution of this recurrence which depends uniformly on the
cutoff A as A— co. Each effective potential is defined by an expansion whose terms
are represented pictorially by trees. In the Wick-ordered form, trees have forks with
n =2 branches emanating upwards (called n-forks), while in the non-Wick ordered
form, forks have n =1 upward branches. The value of each tree 7 is calculated as a
sum of Feynman graphs each labelled with a nested family of subgraphs compatibly
with the tree. At each subgraph is applied either a renormalization operation or a
counterterm operation. A-uniform bounds on each tree of the expansion are proved
by induction of the number of forks of the tree.

The method described in this paper is a simplification of the above procedure.
The original observation which motivated the work was that the tree expansion
simplifies as the scale factor M — 1. Suppose, for example, that r is a tree which has a
3-fork f, and that ' is the related tree obtained by splitting f into two 2-forks. For
M=1+¢ with ¢<1, and any graph G compatible with 7, we expect that

le|=o@|a.| . Q)

Similarly, as M — 1, the contribution from trees with n-forks, # > 2, ought to become
negligible compared to that from trees with only 1, 2-forks. This intuition is shown
concretely by the fact that (13), the differential analogue of (4), contains only n=1,2
terms. Thus the continuous RG tree expansion is over trees with only 1 and 2 forks.
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The simplification is quite dramatic: in the non-Wick-ordered version we adopt
here, for any Feynman graph G contributing to a given tree 7, each line G is in one-
to-one correspondence with a fork of 7. It turns out that Feynman graphs are
superfluous in this framework, and the analysis we present makes no use of them.

The method combines aspects of the GN approach with the approach of
Polchinski. It retains the conceptual elegance of the tree expansion, while realizing
the goal of freeing the analysis from Feynman graphs, as in Polchinski.

The paper is organized as follows. In Sect. 2, the unrenormalized effective
potentials are introduced, and the continuous-scale tree expansion is defined. The
natural bound on the value of a completely convergent tree (Theorem 2) is proved in
Sect. 3. Renormalization operations are introduced in Sect. 4, and the renormalized
effective potentials defined in terms of them. The renormalized tree expansion
(Theorem 3) is proved. Finally, in Sect. 5, the inductive bound on the value of a
renormalized tree is proved (Theorem 6). This is the main result of the paper.

2. The Unrenormalized Tree Expansion

Consider Euclidean free field theory in four dimensions with scalar field ¢(x),
gaussian measure dP(¢), and covariance

Clx,»)=[dP()p(x)p(»)=(—0*+m*) 1 (x,y) . (6)

This function is singular at |x —y|=0. If m? =0, it also exhibits slow decay at large
separations. We decompose the covariance as an “integral over scales”. Several
schemes are possible: I choose the following formula:

Cx )= dee(x,3,0) ™
0
with
m2
cln ) =drtexp| ~Lx-p7 = | ®

Here we consider only the massive theory: for convenience I take m*=4. For any
fixed pair of numbers 0 <r <5< o0, the cutoff covariance

Cr=[ dee() ©)

is C® and has exponential large distance decay. Let dP:(¢) be the corresponding
gaussian measure.

An interacting theory can be defined in the presence of a UV cutoff A by a bare
potential V(¢), a local functional of ¢. The generating functional for connected
Green’s functions (with external lines amputated by CZ™") is given by

Vs'(¢)=log [{Z'} 7 [ dPg(¢")e" @+ ], (10)

where Zg'=[dPg(¢')e"®). The functional V' is called the (unrenormalized)
effective potential for the model (n.b. the label “effective potential” is often applied
to the generating functional for ome-particle irreducible amputated Green’s
functions).
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The RG approach introduces a one-parameter family of effective potentials ¥,
which interpolates between ¥ and ¥V!:

VA(¢)=log[{Z/!} ™! [ dP/(¢")e" 9] . (1n

The normalization factor Z/ is infinite in infinite volume : however, the normalized
quantities (11) are easily interpreted by imposing and then removing a volume
cutoff. We note V=V and the ‘“‘semi-group” property:

VA(@)=log[{Z:} ™ [ dPs(¢")e" ¢+ (12)

which holds for any s, r<s< A.
The dependence of ¥ on the lower cutoff r is characterized by the following
differential equation:

Lemma 1. For any 0<r<A:

avA@)
o

= [BPTH+BPFA V], (13)

where B® is the linear operator
1 0’w 0w
BOY(W)== |dxdyc(x,y,r { —[ ] } , 14)
(W) =3 dedyeter.N 55656800 | 58t1060) Jlgmof * ¢
and B® is the symmetric bilinear operator

oV oW _I: ov 5W]
6p(x) 0¢(y) oo (x) ¢(y)

BA(v, W)E-;—jdxdyc(x,y, r) {

} . (1)
=0

Proof. We approximate F,=exp ¥, by finite dimensional integrals of the form
Fo(@)=[2,,]7" [d'e™ @ CrntBeV @)

gt =1 .
Z, = dp'e” @2V @)

acting on functionals of ¢.

(16)

and calculate

F, - |
?#=1/2 [Zr,n]_1 j d¢,(c':nl¢/, Cr,ncr,—nld),)e_(qs ,Cr @ )/ZeV(¢ +4) ’

+12F, (2,17 [d§'(C. 1 b e, ,C Ll d)e™ @ Crn® 2V @) (17)

After twice integrating by parts, we find

oF 52F 5°F
—=—12\dxdyc(x,y,r —-F s 18
o = 12 dxdyeley ){6¢<x)a¢(y) [5¢(x)5¢<y)]¢=o} (19
Now, use the chain rule on F=¢", and find
1 4
& _ oV BYW)+ BV, V)] . QED (19)

or or
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By the fundamental theorem of calculus,
A
VA@)=V()+ [ d[BPVH+BPV V] . (20)

The unrenormalized tree expansion is the formal power series solution of this
integral equation obtained by iteration. We represent each term of the expansion

VAD)=V(d)+] dC[B‘”(V+/j1 dl'[BP(V+-)+BP W+, V+“')])
4

+BC(2)(V+”" V+“‘)] 21)

by a tree:

VA(¢)=

14
+ + + (22)
r
Each term is a planted planar tree which has (i) a number v(7) of upper endpoints,
which represent the bare potential V; (ii) a number N(t) =N, (1) + N, (1) of nodes
(“forks”) with either one or two “‘branches” emanating upwards, and one branch
emanating downwards; and (iii) the label r at the “root”. Each fork represents either

the operator | d{B{"'(+) or [ d{ Bf(-, -). All such trees occur in the sum (22) exactly
once. The unrenormalized tree expansion can be written:

e o o
+

r r r

V()= ZUA(mﬁ) P [ 11 dCf]U(T’Ca¢)* (23)

t ZA0) LfeF ()

Here % (1) denotes the set of forks of the tree 7, and Z,*(7) denotes the domain:

{Cnm_{fSA if f£F; and 24)

réCFéA ’

where Fis the bottom fork of 7 and n( ) denotes the fork immediately beneath the
fork f. We will also write f' < f” if f’ lies above f, 75, for the tree with forks
FN{f":f'=f}, etc.

The value v/(z, ¢) of a given tree is defined by induction down the forks of the
tree. Thus, v/(t, @)=V (@) if t is trivial,

v/ (1, 0)=[ dlp B (05 (11, ), 05(12, 9)) 25

if Fis a 2-fork with trees 7, and 7, emanating upwards, and

v (1, )= I L BE v (11, 9)) (26)

if Fis a 1-fork with tree 7, emanating upwards.



158 T.R. Hurd

It is useful to work with kernels. Let v(¢) be a monomial of degree d. It can be
written

d
v(¢)=] [I_—I dxid)(xi)] (%1500, %) @7

where

1 d
otoise =gy | I g o) (8)

i=1 0(x;)

We introduce a compact notation xX=(x,...,X;), dX=dx; -dx;, ¢(x)
=¢(x;) (x,), /0 (X)=05/0¢(x;) -6/ (x,), etc. The operations BY can be
expressed in terms of kernels. Suppose v,,v, have degrees d; and d,. Then
v=B%(v,,v,) has degree d=d, +d,—2 and kernel

5 [51’1((15) 5Uz(¢)}}
d! 6¢(x) | 0¢(y) 6¢(2)

=0

v(x)—— [ dydzc(p,z,r) {

d,\d,!
=T Z z j‘ ddeC(y,Z, r)vl(xnl’y)UZ(xust) s (29)
: I={ry,n2}

where IT is a partition of {1,...,d} into subsets of size d; —1 and d,—1. The
monomial v’=B® (v,) has degree d=d, —2 and kernel

v'(x)= f dydze(y,z,n)vy(X,),2) . (30)

3. Bounds on the Unrenormalized A¢* Expansion

We now consider the value of a typical tree T when the bare potential is the local
monomial

V(g)=—1[dx(¢(x)* . (31

We are in particular interested in the dependence of v/ (7, ¢) as the cutoff A goes to
infinity.
The quantity v/ (z, ¢) is easily seen to be a monomial of degree

d,=4y(t)—2(N, (1) + N, (1)) . (32)

A suitable measure of the size of v/(z, ¢) is the following norm on the kernel:

d.
ot (@] = T_I1 dx; 0 (xy) o/ (7, ¥)] (33)

(The kernel v/ in general involves undifferentiated delta functions, for which we
define |§]=6.) If |v(r)| is bounded uniformly in A we say that the tree is
convergent, otherwise it is called divergent. If vA(t) is convergent, then

lim v2(z,x) exists and is a locally integrable distribution which is bounded
A=
at oo



Proof of Perturbative Renormalizability 159

We consider the tree  in the two cases Fe # @, Fe #V_If Fe #®, then from
(25) and (29) we obtain the natural bound on |v/(7)|:

e | T2t § afe@ ot @] ot )] 69
The norm ||c(¢)|| can be evaluated explicitly:
[ =e' [ d*ye*=n2e~ 12, 395
and so
d
ot @] s § deem 2ol ot 66

If Fe #Y, then from (26) and (30) we obtain the bound on |jv; (7)) :

Jo o) g% e =D

dn(dn -
2

I i [sup €Oz, cn] o (e

IIA

j die™ o (zy)|| - (37)

We introduce the superficial degree of divergence at the fork f-

8, =2(N(f)—=N,(f)) . (38)

where N;(f)=N;(t), and, when J,<0 at each fork f, a combinatoric factor
defined inductively:

1 T trivial ;
=] 4@, ~DIo| o) FeFW (39)

nzdtxdtzléFl—lc(Tl)c(’Q) Feya) :

Theorem 2. Suppose t is such that 6,<0 for all forks fe #. Then vA(t, p) is
convergent. It satisfies the A-uniform bounds :

[/ @[ 2 (@ E@) >, (40)
where E(r)=(1—e~1").
Remarks. (i) When &, > 0 at any fork, it can be shown in this model that v diverges
as A—o0.

(ii) The proof and the renormalized generalization which follows make use of a
certain elegant property of the integrals arising here: to evaluate:

I)=] dee “L2EQF,  (@>0) @1)

we make the change of variables (good for all {€(0, 0)){—x({)=log(E()™Y).
Then dx=dle *¢{ "2E()™! and so

I 1 1
I)= [ dxe ™= ——e"*| =—E(r)" . (42)
x(r) « xr &
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(iii) We do not discuss here the behaviour of the combinatoric factor ¢(t) nor the
behaviour of the sum over trees: this is the subject for further investigation. Let it
suffice to give here the following worst-case bound for a tree t with N, i-forks,
i=1,2:

|c(r)|._<_4~10”‘(3]/32112)”2(N2+2)!1/2N1! . (43)
Proof. We prove (40) for the tree 7 by the inductive use of (36) and (37). Clearly (40)

holds for the trivial tree. Suppose Fe # @. Assuming (40) for the trees t,, 7,, then
(36) implies

“UA( )“< t1 ,20(‘51)6'(1'2)7'5 fdc —1/§4’ ZE(C) (61+82)/2 . (44)

Note that §; +,=09+2: Provided §; <0, we can do the {-integral using (42) and
obtain the desired bound. Suppose Fe # 1), Then
d. 1)0(11)

PHOIESS f die 'REQ)T P (45)
Since {E({)<1 for all 0<{ < o0, we can write E(() ™%t <(~2E()™ %2~ and
then (42) gives the desired bound, again provided 6y <0. QED

4. The Renormalized Tree Expansion

We introduce a localization operator L acting on the vector space of effective
potentials, which projects onto the subspace of relevant monomials. Heuristically
(the exact definition will be given shortly), the relevant monomials are those
monomials for which the convergence condition fails (so 6 =0), while irrelevant
monomials are those with § <0. We use L and its orthogonal projection R=1— L to
formally define the following solution of the ode (13):

A
VrA,ren= V+_“ dCR[Bél)(ViA"en)+BC(2)(V£A’W", V;A"e")]

_j‘ dCL[Bg(l)(I/CA’ren)+BC(2)(V£A’W“, VCA’ren)] . (46)
0
We check that

A,ren _ —
{L% LV=V, @)

RV "=RV=0 ,

since V=—1[¢* is itself “relevant”. We call (46) the renormalized effective
potential at scale r: it is the solution of (13) which satisfies a mixed boundary
condition: the relevant part of ¥, is fixed at scale 0, while the irrelevant part of V, is
set equal to zero at scale A.

The renormalized tree expansion for V%" is the formal power series solution
obtained from (46) by iteration. It is an expansion like (23), with two changes:
(1) each fork is assigned a label ¢ , which is either R or C, signifying the insertion of an
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R or C= — L operator there, and (ii) the domain of the {-integrals is the space
Z (1, g) defined by

{Cﬂ(f).-S-CféA > %f Qf‘:R > (48)
OéCf§C7t(f) > lfo=C 5
with {, = for the bottom fork F. The value v(z, g, {, ¢) is defined inductively asin

(25) and (26), but with the operation ¢ (either R or C) applied at each fork f. The
expansion is then

Theorem 3. (Renormalized tree expansion).
v ()= Z Z v (T, 0, 9)=), 2, I dlv(v, 0.8, 9) . (49)
t e ZA(t0
The value v(¢) of a tree which has renormalization at every fork except
the bottom fork will turn out to depend explicitly not only on the field ¢, but
also on the first, second, and third derivatives which we write ¢,=0,¢,
¢,,=0,0,9, ¢,,,=0,0,0,¢. The total degree of v in ¢ is d=4—-2(N,; —N,), as
before, but now v has many terms:

U(¢)= Z Idxl'“dxd(ﬁm(xl)'”qbnd(xd)vm...ud(xbxd) > (50)

n={ny,..., na}
where each #; is a 4-dimensional multiindex of degree 0 < |;| <3 (i.e. n,=@, u, uv, or
uve where p,v,0=1,2,3 or 4). We write
v(@)=). va(d) (51

We introduce a compactified index notation: X;=(x;,n;), ¢(X;))=¢,.(x)),
fdx;=Y [dx;, X={X,....X,}, [dX=[dX, --dX,;, §/6¢(X;)=6/6¢,,(x,), etc.
Then )

v(¢)=] dX$X)v(X) (52)

1 5dv(¢):|
v(X
071|500
The operators B, B® work as before. Suppose v, (¢) and v,(¢) have degrees
d,,d,. Then v=B®(v,,v,) has degree d=d, +d,—2 and kernels
1
(X)-—ﬂ Y sfdydzZce(Y,Z,nv X
d! I ={rny,n2} 2
Here Y=(y,p) and Z=(z,q), so c(Y,Z,r)=0?0%c(y,z,r). The monomial
v'=BY(v,) has degree d=d, —2 and kernels

and

(53)

Ne,X,..Z) . (54

Ty w2

(X)—— —dech(YZ N, (X, Y,Z) . (55)

The degree of divergence of v, now depends on n rather than just d:

5nE4—Z n;|—d . (56)
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A monomial v, is said to be relevant if 5, = 0 and irrelevant otherwise. The list of all
relevant values of nis: (@, 9), (4, p), (&, v), (@, w), (8,9, 9, 9).

The localization operator L acting on v,(¢) with 0=J,=0 is a sum of terms of
degree m with 0<m<6:

o
(Lo (9)= 3 (L™v)(9) (57)
m=0
with
L ! o d t 58)
(Lo (@)= 5= g | BBRBED)| (
where x;(¢)=x; +t(x;—x,) for i=2,...,d. L™y, vanishes if §,<0. There is some

ambiguity in this definition of L'”v Wthh is completely removed if we select a
localization vertex x, such that |n1|§ |n;| for all i.

The renormalization operator R acting on v, can be expressed using the Taylor
remainder formula:

1 o+1
i

(Re) (@)= ] 1 =1 e [ AR ax(0) (59)

Of course, R=1 if § <0. We note that Ry, is always irrelevant: it is a polynomial
(Rv),, whose degree of divergence is J, o, =0p =min (J,, —1) <0.

5. Bounds on the Renormalized Expansion
We define the norm of v, as before:
loa]l = l[valo={ @xd(x) loa )l - (60)

More generally, for any y=0, we define
1 ~
|[vn||y=)-)~' sup [ axd(x))| 47| o ()] . (61)

where 47(x) = H (x;,—x; ) is any difference of degree y =0, and the sup in (61) takes

place over all chonces of indices i,, j,. The following lemma gives what we need to
know about the size of renormalized kernels.

Lemma 4. If v, is any monomial with 6,20, then
|Roall, <3 vally 501 > for any y20 ;
L valo S valsy-m > for 0Sm=é, (62)
[L™v,|,=0 , for any y=1 .

Proof. Consider the R case. Note that the t-derivatives generate a maximum of three
terms of the form

O ey =

% dr(1—1)° [ dxv,(x) 42 o (X(2)) - (63)
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To calculate a bound on |[Ro,|, we note that 47(x(t))=#"4"(x), set each field
¢u (x(1))=1, and find

A7 qo+1

|Ro,|,<3 sup [ 50 jdtﬂ(l—t)“]jdxlv @A X)) (64)

1
But [y!6!]7! [ drt’(1 —1)’=[(y+6+1)!]"" and the result follows. The bounds on
0
L™, are trivial. QED
Now we consider how to bound the value v(r, ¢) of a tree T with root scale r, in

the cases FeF@P or FN, gp=Ror C™", m=0,2. f FeF 9, i=1,2,

A
Y ARBYC, $),  ifgp=R;
o(r, $)=y (65)
31dccmBO ¢) ,  ifer=C";
0

where the quantities B?” are expressed in terms of the values v;, v, of the trees
leading into F by Egs. (54) and (55). If we write Y=(y, p), Z=(z, q¢) and note that
#{I[I}=C(d,d, —1), we find

|B©)|,<d,d, sup Y. | dxdydz
,4" p,q

127([07% ¢ (1, 2, O 01, any. 1y Xy D[ 02, 1y 0 Xnyn 2] - (66)

A difference |x;—x;| with ien; and jen, can be bounded by

i —yl+ly—zl+lz—x . (67)
Expanding A" in this way, we have a bound
U YV i Vi V L (68)
partitions
y={a1,2,B}

where 4% contains differences in the variables {x, ,y}, 4** contains differences in
the variables {x,,, z}, and 4% =|y —z|. From (66) and the multinomial theorem we
have

|82, =did; sup 3 >y

p.qa B=0 a=0
107 2c@lp 1., 0Ol 192,y 0 Ol y=a=p - (69)

Somewhat more directly, we can calculate from (55) that

1B, <di (d 1) ¥, [Sup 105" e (y,2,0) Hvl,(..,,l,p,q)(C)lly] - (70)

Our bound on the value of a renormalized tree, as in the unrenormalized case, is
proved by induction down the forks of the tree. The difficulty, of course, is in
framing the induction with the right inductive form for the bound. From past
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experience, we know that the right inductive bound must extend the unrenormalized
version (40) to include the y- ,»and include “renormalon” factors
which will arise from the presence of C-forks. This renormalon behaviour will be
captured by the following family of functions:

WP =LEM) ™ [ die L2 EQ) 1 log EQC) )" (1)

for n=0,1,2,... (which are essentially the same functions 1s those introduced in
[S]). These satisfy the following properties which are usefil for the induction:

Lemma 5.

@) A, is monotonically increasing ; (72)
(ii) Ay (M) Ay (N) S A4y (1) 5 (73)
(iii) f die LT2E) T P 2,(0) <24,(1) (B) forall p21/2; (74)
(iv) fdCe“”‘C‘ZE(C)'IA.,(C)<("+1)‘11,,“(') ; (75)

0
) 2,(0)=4"n! . (76)

Proof. We work in the variables x(r)=log (E(r)!) in terms of which:

A=A )= | dye 0y —ant $ Y. ()

(i) Obvious.
(i)) This follows by induction on n,,n, when we note that A,=ni,_, and
An (0)A,,(0)=4,, +,,(0). For then

(n|+nz /1,“/1"2) nl(in;+nz—-l-lnx—-l’lnz),'*'nz(lm*-nz 1 A Anz 1),

[e o]

(iii) 5 dLe™ R 2EQQ) T A= | dy,e™ P | dy,em2TRyp

Y1

e—ﬂx ©
jdy PR f y, e~ B~ 11 =)
4 x

E'(r)l3 ﬁ E(r)ﬂ .
[ p :l[ﬂ—l/ét]l"(’)éz[ ; }Mr) if =12 .

(i) j dCe“"C"ZE(C)“‘/l,,(C)=§ dyT,(7)

IIA

=+ 1) T, 5SS+ 1) T, ()
(v) Obvious. QED

Theorem 6. Consider a tree t with labelling @ contributing to the renormalized
effective potential V*(¢). The value v(r, )= Z,v,(r, ¢) is bounded term by term,
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uniformly in A:
AKNOc(0)2'(p+1) "2 () r TP E@) "™, if gp=R ;
lea®)], £ {2 KYOc(@) 2, (r)r%2 if gr=C, y=0 ;
0 4 l:fQF=C’ y>0 )

where 6,< —1 if gp=R and 6,20 if gp=C. Here c(7) is the combinatoric factor
defined by (39) with |5z|~ ! replaced by [max {1, —85}]1™ . Kis a constant, and x is the
number of C°-forks in .

Remarks. (i) It follows that

(78)

V.= lim VA (79)
A~
exists as a formal power series in the coupling constant A.
(ii) Putting r=0 and y=0 into these bounds, and noting that 1,_(0)=4*«! we find

v N(1) LN | M .
{[Ivn(0)||0§l KVOc(m)d*x! ,  if 5,20 ; (80)

[a(@)[o=0, if 6,>0 .

(iti) The ansatz 2?(y+1)~2r~ "2 for the y-dependence of (78) is a technical
refinement not found in [7] and [4]. The somewhat simpler argument found there
leads to bounds which are not uniform as M—1, and so fails to extend to the
continuous RG approach.

Proof. First, we note the following bounds which hold for all 0 <{ < co, =0 and
multiindices p, ¢ with [p|, |q|<3:

rE(nst, (81)

Z E()\pl+1ab/2 ”6"0%({)”ﬁéclnze'”%'z_m , (82)
p.q

2 sup EQQ)IPIT10215704¢(y, 2, ) S c e 710 (83)

p.q Y

for some constant c;.
Suppose Fe Z¢{4) with m=0 or 2. If v,, = C™y,, with §,=m, then

r

<3 IBR©
0 0

[ CmBOQ) L
0

s,-mdl . (84

Jowllo=2

From (70) and the formula §, 0n— Pl —1q|—2, we calculate

X
”vn’ ”o éivKN—ldl (dy —1)e(ty)ey %f dceﬂ/{(("’—é"mim(C)E(C)a ~ow2
0

<IKNEdy (dy —1)e(ey)er b dle 2, (OEQ) . (85)

0
If m>0 use of (™21, ({)<r™?),(r) leads to the desired bound:

[oallo<A e, K" Le(t) A (r)yrm? (86)
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with k=x,. If m=0 (73) gives

[ollo=A"e; K" () A (1) (87)
with k=%, +1.
Suppose Fe %{4. Then the identity:
LB®(v,,v,)=LB®(Lv,, Lv,) (88)

(easy to show) implies that v(7) vanishes unless v(t,) and v(t,) are both either trivial
(=V(¢)) or C-trees. This fact eliminates the o, f-sum in (69). When we note that
O@,,.p)+ 0@, =0 —P—q+2 and use (82) to do the p, g-sum, we find:

[|U..'”o§%£ 1BE©) s, -mdl 2> KN~ dydye(zy)c () ey 7 sup

O ey

deTHR LA () Ay ()L (89)

1
2
Use of Lemma 5, and the bound { "1 <{ 2E ! leads to the required bound

oo e K"t e(z) A (r)rm? (90)

with k=x, +k, if m>0 and k=x, +K,+1 if m=0.
Now suppose Fe Z{" and §,20. From (70) and (83) we find

“vn’”vé?”viN—ldl (di —De(ry)ey

2y+6n+1

[% Ojo dge 't G1o. 127 C_(y+6"+l)ﬂlm(é’)E(C)a—é"Vz} . 1

When we note that { @ ™D2 E(()2 %2 <=2 E(()™ 12 and {72 <r~ 72, we find
that the (-integral can be done using (74), leading to

- 27 - _
fowl, S4B 226, JK" " e(0) s AITRE@Q ™ 92)
The desired bound is proved easily if J, <0.
If Fe #, then R=1 unless both 7, and 1, are C-trees or are trivial [otherwise,
by (88), the counterterm part would vanish]. Thus, in almost all cases no
renormalization is needed. If J, <0, then v, = Rv,=v, and

_ y v—B 28
“Un’”véviN ldldzc(rl)C(TZ)CInzﬂ;o ago (oc+1)2()’—ﬁ—<x+1)2

5—[}0 dCe‘”‘C‘“’*“’/2/1.“(C)/1x2(C)C"”"”/ZE(O"""””Z] ., 93)

where we have used 0, )+ O, o =0 —P—g+2, and the bound (82) as before.
One can show that

B=0 «

p

o @+1P(G—B—at+1P= 3 (+1)?°

B 278 872 27
i (94)
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Putting these results together, we find the desired bound

[on ||, S A" [87%¢,/31KN "t e(x) A ()r P E(r) w2 95)

27
(y+1)°

Renormalization is needed at Fe % only if 7, and 1, are C-trees. Similarly to the
case Fe #/» we have for 6,20

llvn’”'yé:% 2. ”Bngz)(C)”wa.,HdC

SAPKNT N dye(ty)e(ny)e %I:I dce_llgf _(y+1+2)/2/1x1+xz(C):| . (96)

Now { 32 <¢~2E~12 and so we find

lowll, 327 K¥ " Vdydye(xy)e(t2) e, TP AN E()'? L)
which is appropriate for §, = —1.
This completes the proof provided we take
K=8r%c;/3 . QED 98)

Acknowledgements. It is a pleasure to thank Prof. L. Rosen for his helpful comments on this work.

References

—

. Bogoliubov, N.N., Parasiuk, O.S.: Acta Math. 97, 227 (1957)

2. de Calan, C., Rivasseau, V.: Local existence of the Borel transform in Euclidean &%
Commun. Math. Phys. 82, 69-100 (1981)

3. Dyson, F.J.: The radiation theories of Tomonaga, Schwinger, and Feynman. Phys. Rev. 75,
486-502 (1949), and The S-matrix in quantum electrodynamics. Phys. Rev. 75, 1736-1755
(1949)

4. Feldman, J.S., Hurd, T.R., Rosen, L., Wright, J.D.: QED: a proof of renormalizability.
Lecture Notes in Physics, Vol. 312. Berlin, Heidelberg, New York: Springer 1988

5. Feldman, J., Magnen, J., Rivasseau, V., Sénéor, R.: Bounds on a renormalized Feynman
graph, Commun. Math. Phys. 100, 23-55 (1985)

6. Feldman, J., Magnen, J., Rivasseau, V., Sénéor, R.: The massive Gross-Neveu model: a
rigorous perturbative construction. Commun. Math. Phys. 103, 67-103 (1986), and Con-
struction and Borel summability of infrared ¢} by a phase space expansion. Commun. Math.
Phys. 109, 437-480 (1987)

7. Gallavotti, G., Nicolo, F.: Renormalization theory in four-dimensional scalar fields. I, II.
Commun. Math. Phys. 100, 545-590 (1985), and Commun. Math. Phys. 101, 247-282 (1986)

8. Gawedzki, K., Kupiainen, A.: Massless lattice ¢ theory: rigorous control of a renormaliz-
able asymptotically free model. Commun. Math. Phys. 99, 197-252 (1985), and Gross-Neveu
model through convergent perturbation expansions. Commun. Math. Phys. 102, 1-30 (1985)

9. Hepp, K. : Proof of the Bogoliubov-Parasiuk theorem on renormalization. Commun. Math.
Phys. 2, 301-326 (1966)

10. Polchinski, J.: Renormalization and effective lagrangians. Nucl. Phys. B231, 269-295 (1984)
11. Weinberg, S.: High energy behavior in quantum field theory. Phys. Rev. 118, 838-849 (1960)



168 T. R. Hurd

12. Wilson, K.G.: Renormalization group and strong interactions. Phys. Rev. D3, 1818-1846
(1971), and Renormalization of a scalar field theory in strong coupling. Phys. Rev. D6,
419-426 (1972)

13. Wilson, K.G., Kogut, J.: The renormalization group and the ¢-expansion. Phys. Rep. 12,
75-200 (1974)

14. Zimmermann, W.: Convergence of Bogoliubov’s method of renormalization in momentum
space. Commun. Math. Phys. 15, 208-234 (1969)

Communicated by K. Gawedzki

Received January 16, 1989





