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Abstract. A Coulomb-like system is a system in which the usual 1/r Coulomb
potential has been replaced by a potential that goes as 1/r* for « near one. Such
potentials do not have the mean value property, which forms the basis of the
Lebowitz—Lieb argument to control the long range Coulomb interaction [5],
so whether or not such systems actually exhibit thermodynamic behavior is an
interesting question. In this paper I generalize the proof of the limit for a crystal
with Coulomb potential given by Charles Fefferman [1] to cover these
Coulomb-like potentials.

1. Introduction

The statistical mechanics of systems of electrons and protons interacting via the
Coulomb interaction has long been a subject of interest. One would like to know
a little more about systems with a pair interaction that goes as some power o # 1
of the inverse distance simply to answer the question “In what sense is the Coulomb
potential special?” In this paper I hope to demonstrate that the Coulomb potential
(e =1) is not special, at least in the sense that as one moves away from a =1
nothing catastrophic happens and the resulting systems still have a thermodynamic
limit.

First, the basic set-up. The states of our system of N, electrons and N, protons
are taken to be the eigenfunctions of the quantum mechanical Hamiltonian

M 1 1 1 1 1

N2
H = —KkA, + —K, A, +— ——— — —_—
NoBr jZl P kzl 27 2j¢1|xj'"xl‘a 26Fm | V= yml® j,zklxj_yk|a

with Dirichlet boundary conditions on some large ball By. The eigenfunctions
Y(X1s. s Xn1sVis---»> Vy2) are assumed to all be L? functions that are separately
antisymmetric in the x and y variables. In the following the appropriate L? space
will be denote I?((Bg)V**V?) or L(Bg). The operator we have written down is
self-adjoint for 0 <o <2 (see, e.g. Reed & Simon [6]), so we will consider that
range of o in the following.

For convenience we will consider only the grand canonical ensemble: a
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given eigenstate of N, electrons and N, protons appears with probability
exp (uN — BE())/Z(u, B, Bg), where E(Y)={Hyp¥|¥> and Z(u, B, Bg)=
Y Tr[exp(uN — fHy,g,)].

Ni,N220
The subject of this paper is a proof of

The Existence of the Thermodynamic Limit for Coulomb-like Systems. The quantity

1
(B, w= Bal In {; e" N Tr [exp(— BHN,BR)]}

tends to a finite limit as R — 0.

The limit is a pointwise limit, but since the functions IT; are convex and can
easily be shown to be bounded the limit is actually uniform on compact sets.

The common method in most such proofs of the existence of the infinite volume
pressure limit is to compare the original large system with a system composed of
a number of sub-components and demonstrate that the strength of the interactions
between the components is relatively small compared to the strength of the
interactions among the particles in a given component [7]. The original proof for
Coulomb systems, due to Lebowitz and Lieb, made clevet use of the mean value
property of the Coulomb potential; namely, any neutral, spherically symmetric
distribution of charge does not induce a potential at a distance. The idea of the
Lebowitz—Lieb proof was to cover a large region very efficiently with a large
number of disjoint balls of various sizes and create a system of neutral collections
of particles lying in the balls. They showed that it is possible to approximate the
actual Z very closely with the Z that comes from the system of balls and thus
demonstrate the existence of the thermodynamic limit [5]. This clever use of the
mean value property allows one to overcome the problems associated with the
long range character of the Coulomb potential.

More recently, Charles Fefferman has given an alternative proof of the existence
of the limit for Coulomb systems [ 1]. Fefferman looks at a system of nuclei arranged
in a lattice, such as one would find in a crystal. This arrangement is not rotationally
invariant, so the original method of Lebowitz and Lieb fails. The method used is
to compare the original system with a “phony” system of non-interacting
subcomponents. One makes this comparison by creating a set of injection operators
that map a simple Hamiltonian defined on the phony system to an operator
H¥ 5. on the original Hilbert space and showing that the differences between
H% 5. and Hy 5. are small.

The proofin the present case is based on Fefferman’s proof for crystals. Although
one can follow the same arguments fairly closely on the whole, it is necessary to
make a number of modifications of the original proof. The most important
modification that one needs occurs in the places where Fefferman makes use of
the mean value property. The most important instance of this modification comes
when one tries to get some control on the effects of the potential at short range:
one can replace Fefferman’s original arguments in that case with a proof based
on some ideas developed by Fefferman and Llave in their study of the relativistic
stability of matter problem [3]. Other modifications are necessary for technical
reasons based on the fact that the exponent in the potential is not one. Two such
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modifications are the introducion of an average over the sizes of the balls found
in the decomposition of the large system and a slightly modified proof of the main
lemma below.

2. The Main Lemma

As stated above, the idea of the proof of the thermodynamic limit is to compare
the actual Hamiltonian with a modified Hamiltonian that comes from an
“exploded” system. The most difficult portion of the analysis is the comparison of
the actual potential energy with the “phony” potential energy that appears in the
modified Hamiltonian. Our resource for dealing with this problem is the main
lemma proved in this section. This lemma is of some interest in its own right as
a method for comparing Hamiltonians with similar potential energies:

Main Lemma. Given an even function k(x) satisfying
|08k()| < Clo, B)|x|7*7F for |BI<3 and all x, (1)

the potential that k(x) gives rise to,

VIk(x)] =3 Z e;e;k(x; —

satisfies
VIk(x)] = C(Hy p, + C(Ny + N;))

in the sense of operators on L%(Bg).

Proof. First of all, (1) says that k(x) is like | x| * in a certain special sense. One
useful way to express this “likeness” is via the Fourier transform. The Fourier
transform of |x|~* looks like (Const) |£|*~3. The Fourier transform of k is similar
in that it satisfies | k(£)| < C|&€]*~3. To see this, write k(x) = k, (x) + k,(x) with both
ky, and k, even functions satisfying (1). Suppose further that we fix some & and
require that k;(x) be supported in |x|<2|&'|"! and ka(x) be supported in
x|z &7
First note that
21¢-t
il SCe ]l =c@an | rmedr= S0 g

x| <Z]e| 1 0 3—-

This implies that the Fourier transform satisfies |§1(é)| < C'(@)|&')* 3 for our one
special fixed value of &.

The second function, k,(x), is supported away from the origin, so the same
argument will not work. Instead, we use the derivatives of k,(x) to control its
Fourier transform. We claim

J14ky (x) — Aky(x — y)|d?x < C@) &' )
for |y| <c¢;|¢'|7 Y, ¢, « 1. Taylor expanding Ak,(x — y) to first order in y gives

'\ﬂ -
Aa(x =) = Ao+ 3 &Q’Q;CJyﬂ
pl=1 !



258 J. N. Gregg

for some Y in |y|<c¢|&|7!. Equation (1) together with the fact that k,(x)
has support in |x|=|&|™' give |02Ak,(x —Y)|ZCl|x|—c, &7 3"* for
[Bl=1s0
[1Aky(x) = Aky(x = I Px C | [Ix[ =y |&]7H 774" dPx
[x|>]&-1
<C [ T e
x> (1 —cp)&| !
=Clet [ T =Cw)e
r=(1-cy)|&|"!
Comparing the Fourier transform of Ak,(x) — Ak,(x — y) with the left-hand side
of (2) and noting that in particular one is free to set & =& gives

1= e8Pk, () < C "t 3)

Setting y = (c,/2)&"+|&'| =% in (3) gives the inequality |k, (&) < C'(a)| &' 2.
Putting the inequalities for the transforms of k,(x) and k,(x) together
yields the inequality: [k(&)| < |k (&)| + [k, (&) £ C|&'|*~3. Finally, note that the
constants we have been writing down have not depended on our choice of £': they
depend at most on the constants in (1), &, and on the geometry of the situation.
That means that the desired inequality holds independent of our choice of ¢'.
Now consider a new potential k*(x) = |x|~* — ck(x), where ¢ « 1. The constant
¢ will be chosen small enough to guarantee that k*(x) has positive Fourier transform.
We will compare V' [k*(x)] with a continuous version obtained by picking a function
P(x)eCF (B(0,1/3)) such that | ¢(x)d’x =1 and [x"¢(x)d’x =0 for 0 <]|y|< 10,
setting ¢;(x) = [8(z;)17 > p(x/d(z;)), where the operator (3( ) is the distance from
the particle at z; to its nearest neighbor, and writing p(x Ze i¢;(x —z;). One

then constructs the smoothed out potential k*{p} = —jk# (x — ) () p(y)d>xd3y.
Because k* has positive Fourier transform the smoothed out potential operator
is a positive operator. Hence if we can control the difference between V[k*] and
k*{p(x)} we can control V[k*].
The difference can be written as a sum over pairs of particles of terms

|k#(zj“Zk)—k#*(ﬁj*d’k(zj_zk” )
plus a sum of self-energy terms with size bounded by C Z [0(z)1™

J
Taylor expanding k*(x) to order three in (4) and using the moment properties
of the ¢; to eliminate the lower order terms gives an upper bound of

CO() + 5020 5
IZj_ Z|

for the difference. We can control (5) in turn by introducing the functions

F(X)=Z[5(Z,~)]"3x<|x—z | <~@>,

G =3 [9(e)]° x(lx—ZI< (Zf’>
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Now

__[_5(21‘)]3 3ta [5(Zj)]3
j,zlzlzj “Zk‘“asz Jzk(é(zj)'HZj_Zkl}“a

[6(z;) 1
< G J
ch |x—z;|£é<z,)/3 b Lﬁ (6(z;) + [x—y)
cy f G(x)F*(x)d*x

Jolx—z,1<d(z,))/3

ITx F(y)d"‘y]d%

lIA

=C | Gx)F*(x)d’x,
R3

where F*(x) is the maximal function of F (see Stein [8]). The Maximal Theorem
allows us to bound the last integral from above by

CIG L= FILER < C Y [6(z;)] "
J

The same argument with z, in place of z; gives

N 3
Clearly Y Ik#(z —z,) - k#*(/;,*q’)k( I < CZ [6(z;)]~* This equation com-
bined with the fact that K*{p} =0 gives
VK] = - CZ; [o(z;)1~~ (6)

The next section contains a proof of the inequality
Z[é )] = (Hy pe + C)(Ny + N,)). (7

The inequalities (6) and (7) together with the definition of k*(x) yield
VIk(x)] = Clo)(Hy g, + C(N; + N,)) + CV[[xi™*]
é C (a)(HN,BR + C(N] + NZ))’

and the main lemma is proved.

Note: From time to time in the following it will be necessary to apply the main
lemma to — K(x) instead of K(x); in those cases the main lemma still applies and
one gets inequalities like V[ —K(x)]= —C(Hy 5, + C(N; + N,).

3. Controlling the Potential at Short Range

The proof of the main lemma reduces to showing the following operator inequality
on L3(Bg):

200z " < (Hy p, + C@(N, + No)). (1

The proof of this inequality will make use of some ideas first seen in Feffermann
and Llave [3]. For technical reasons it is actually more convenient to prove the
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inequality on L%(R3) and then view (1) as a special case of the more general
inequality.

Note that the Hamiltonian contains kinetic energy terms for both protons and
electrons: if we were to fix the protons at arbitrary locations y,,..., yy; and prove

z[6<z)]“'<<2( Ki4,,)+ Z

l*}l i J|a

+ CN ) 2

with the kinetic energy of the N, electrons only, it is clear that (2) would imply
the LZ(R?) version of (1).

The method of Fefferman and Llave works on operators that are homogeneous
in dilations of the coordinate system; therefore, we will prove

1
Clo)r(or —A ) )+ oz 3
O T4 )5 352 T ) o)
for C(x) some constant to be specified and () sufficiently large. The simple
inequality (proved by the Fourier transform)

(-2 oo -4 | rctanta 2

2 a C 2/(2—a)
- w(( ) agn(za)x(oc)> J @

combined with (3) proves (2).

The method of Fefferman and Liave makes use of a continuous decomposition
of space into balls B(z, R) centered at zeR* with radii R,0 < R < co. The simple
equalities

1 3zdR
oy a)RioZE{QaX(X’yEB(Z R LR R 5)
where
1+0)(3+
¢ =020
and
(= ayPuluy = o) | | OO oo, ©)
r3 R3 Ix l
where
ol + o) I'(2) sin (a%)
Cal) = =

will allow us to write the familiar kinetic and potential energy terms as integrals
over these balls. Equation (5) is trivial to prove and (6) follows from the Fourier
transform. Inserting (5) in (6) gives

<;(—Axk)“/2lﬁl¢> Cz(a)C1(3+0t)ZI T Wex) =y x))?

k 2er3 R>0R3N 73 B(;,R)
dRd3z

A3 43%,43N1— 3,
d>xd>xd X T
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Rather than use this complicated expression for the kinetic energy we will use
the fact that on balls B(z, R) containing more than one electron

Pl W x) — (%, x) PdPxd®xd® 3% = [ (N(z, R;x) — 1) [Y(x)2d*Vix,

RN =3 g R) w3
()

where N(z, R; x) is the number of electrons in B(z, R) for a given value of x,,..., xy,
and the operation (-), returns the argument for positive arguments and zero for
negative arguments. The inequality follows from the antisymmetry of the wave
function in the x variables [3].
The potential energy can be written as a linear combination of terms like (5):
C,() dRd3z
;le i |a 2 { [ IM(M—1)+ NN —1)—2MN] REFE

zeR3 R>0

where M(z, R;y) is the number of protons and N(z, R; x) the number of electrons
in B(z, R). The expression for the short range potential looks more complicated.
For our purposes it will be sufficient to use the lower bound

1 c,
N L) e L R IOV
j 2eR* R>0
NGV 2+ M = 1)) R

What we will do now is to combine to short range potential with the ordinary
potential to produce a Hamiltonian with an “augmented” potential,

Vaug = VLIx|"*] ——2[5 (z)1™*

V.ug Plus a kinetic energy w(a):(—A)* will give us an “augmented” Hamiltonian
to work with. The object then is to show that the new Hamiltonian is a positive
operator. Inequality (7) and the two expressions for the potentials above can be
combined to give

<[cs(a)m)<2( Axk)“’2)+ 2

a
l'T*J ]l

LI Ty

z“”( );II ) ol x) — iz, x)2

2 2eR3 R>0xe(R3\B)N 1 B(z,R)
dRd?z dRd?z
d3xd3 d3N1 3 /R7+a j‘ j‘ J’ .Q(Z R X |w(x)|2 4+ d3N1 >
xeR3N zeR3 R>0
where
6
Cy(@) = i

(@ + 4)(6 + o) (%) sin < a%)

The operator 2(z, R; x) is simply the combination of appropriate things from
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each of the three expressions:
Q@z,R;x)=MM — 1)+ N(N —1) —2MN — N(y(M = 1) + y(N = 2))
—MQN 2 1)+ x(M 2 2)) + k(@)(N —1).,.

See Fefferman & Llave [3] for the details of a proof of a similar estimate.

This rather complicated quadratic form must be radically simplified if we are
to have any hope of understanding it. One simplification is to think of the entire
structure as a sum of individual “atoms” based on the division of the form intc
parts, each of which is assigned in some clearly defined way to a given proton.
Since the integrals above are integrals over balls B(z, R) it is natural to have a
scheme that distributes the contribution of an individual ball to one or more
protons associated with the ball. Balls containing one proton will give their entire
contribution to that proton. Balls containing more than one proton will divide
their contributions equally among the protons in the ball. Finally, if a ball contains
no protons we will simply throw that term away. This has the result of making
the form less positive: for any x(a) > 0 we have 2(z, R;x) = N(N — 1) = N (N =2 2) +
k(a)(N — 1), = 0 for balls having no protons.

Consider the set of all balls assigned to a given y;. Those balls that have many
electrons in them can be expected to have more energy than other balls; this is in
fact the case. Those values of z and R for which N(z, R) =2 have

%%%—326(16)-‘—2 K—2-7, )
while balls in which N =0,1 have Q(z,R;x)/M(z, R;x) = (M — 1) — 4y(N > 0) —
M = 2).

Clearly the thing to do is to look at a given proton and treat all the terms
with one or no electrons with care and replace all the terms with many electrons
with the crude lower bound (8). The resulting quadratic form still contains an
integral over all the other electron coordinates; in view of our crude estimate, we
can without loss of generality fix the coordinates x'eR*"' 3 of the other electrons
and only worry about a single electron. This has the virtue of replacing the
complicated many electron problem with a somewhat more simple one electron
problem. Since this discussion is centered on a given proton it is natural to introduce
a change of variables from (z, R) to (w, R), where y; =z + Rw.

The problem now is to analyze a quadratic form which looks like a sum over
nuclei of integrals over w and R. For a given y; and w this form is

3 R
0w="01 | - upParxaty, R )

0 x,yeB(R) M(R)R* ta

L Jel) % . dR N
+ fﬁ [u(x)| R +[[(M(R)— 1) = y(M 2 2) ~4X(xeB(RJ)]RT:; d°x,
B(R) 0

where R is the smallest radius for which N(w,R)>1 and M(R)=M(w,R) is a
positive increasing integer-valued step function that counts the number of protons
and thus depends on the positions of the other protons. Therefore, what we need
to show is that for k(«) sufficiently large Q(u) is =0 for any choice of the function
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M(R). This will finish the proof. (See Fefferman & Llave [3] for the details of a
similar reduction.)
The form Q is homogeneous under dilations, so without loss of generality we can
set R = 1. It is also enough to prove positivity only for the case w =0 (and hence
= {x]|x| < R} below) and for radial u [3].
We are going to compare Q with the following quadratic form:

3a(3 + )2/ ® dR lu(x)|? )
0= [ - 0Pyl ()

A Mellin transform argument shows that for u radial, square integrable, and

9]
vanishing near 0 and co one can make the substitution u(x)= | |x|~@72/2+&
-0

[#(y)1dy and see that the form becomes @(i)= | m(y)|ii(y)|*dy with m(y)=0

o 30(3 2 2 /1 3 1
forally.(Exphcltly, m(y) = ai +a;2( )2(2n)3+<x<§_((3+oc)-2'-/Z)+y2+&>_

(4n)(2n).>

A little bit of manipulation will make (9) and (10) look more alike:

1
[ WGP (M —1— 71 22)- 2R oy
B(1) 0 R

1 dR
2[M—-1-yM22) | lu(X)|2d3xR1+a
0 ;x|<R
1 dR
%(I)(M—l—X(M>2))8 7R3 ) lu(X)—u(y)Izdsxd%Rw-
xllyl<R
dR 4 4
Also, j 4y(xeB(R)) =~ R =5l Hence
31 ) dR
2_ — 2f N 1 > 3,93
2l J o ) —ul)l (M(R) +M—1— (M2 2)>d xdy s
1 2
— | (e(x) + 4) [u(x)|*d*x — = f ’—u(x%d%c. (11)
0531 By |x|
Applying @(u) = 0 to functions u supported in the unit ball gives
3oz(3 +a)? ) dR |u(x)|?
< u(x) — u(y)|?d*xd? — d3x
87'5(3—0‘)2£|x||}“|<1<| &) W yR‘Ha |x|j;1 [x|*
o3+ a)? ® ) dR
u(x) — avg u(x)|*d3x
(3 a)z .!M,[Rl ( ) eB (g ( )I
3(1(3+OC) 21313 dR |u(x)|2 3
lu(x) —u d°xd - —d°x
871:(3"05)2£|x||yj;<1z ( ) (y)| yR4+ |xf<1 |X|
2
Cra  urdsx. (12)

3— a)? Ixl<1
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Comparing (11) and (12) we see that (11) will be true provided

(3 + 0)?
(B3—a)?

1/ ()
Z(M(R) + M(R)—1— x(M(R) 2 2)) =

and

@4_1:«/1(—2*%2(34-06)2.
4 2 4T3 _ap

B+a)? 3\?
><2(3—-O()2+§> + 2.

These are satisfied for

4. The Swiss Cheese Decomposition

We now arrive at the description of the particular construction we will use to set
up our proof of the existence of the thermodynamic limit. As stated earlier, the
proof is based on a decomposition of some large region of space into smaller,
simpler regions. When dealing with radial potentials it is natural to consider
decompositions of space that preserve the spherical symmetry of the problem. The
original idea of Lebowitz and Lieb was to decompose regions in space into sets
of disjoint balls with geometrically increasing radii, a so-called swiss cheese
decomposition of space. The specific swiss cheese used in the present proof is a
version of the original Lebowitz and Lieb decomposition due to Hughes [4]:

Covering Lemma. Let a sequence of radii 1 £ R, < -+ < Ry, R;1 | > 15R;, be given.
Let Q be a large cube,|Q| > (12(M + 5))3|Bry|. There exists a family of disjoint
balls, all contained in Q, having radii R,,..., Ry such that for all i

1 - |Q n(Balls of radius R,)| - 1
M+6 [0l M+5

Proof by Induction. Suppose c¢; balls of size R; have been packed into Q for
i=j+1,...,M where c;e(|Q|/[(M + 6)| Bg;|1, |Q|/[(M + 5)| Bg;|1). Let 27 be the
complement of the set of balls that have already been placed in Q for i>j. Since
it is trivial to place c,, disjoint balls of radius R,, into a cube Q with size
|Q| > 2M?|Bgy|, the lemma will be proved if we can show that it is possible to
put ¢; disjoint balls of size R; into £/,

Let 24 = {x| The distance from x to the complement of 27is >d =2(3)'/?R;}.
Imagine covering £/ with a grid of cubes of side 2R;. If we throw away all the
cubes that touch the complement of €7 we will still be able to cover a fraction of
the volume of £/ that equals or exceeds |£2]]/|€27| with cubes. Since we can place
one ball in each such cube we have

12]] 12]

= > - .
# of balls #ofcubeszlgj| SR}

We must show that
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24l 1ol 1

> 1
8R} =M +6 |Bg,|’ M

for once we have this inequality we can throw away what is necessary to put ¢; in
the proper range.
If A is the side length of Q we have

. M A3
Q1= (A—24)°— - :
12412 (21— 24) i:,z+1<M+ <IB );BR.+.,J
because any point that is more than d = 2(3)'/?R; from the boundary of Q or more
than R; + d from the centre of an existing ball in the covering is guaranteed to be
in Q]. Thus we will have shown (1) if we can prove

M /13 /13 8R3
J— 3 _ . -1 .
(=24~ 3 (M+5|BR.| )IBR+dl_M+6 280

i=j+1

This is equivalent to

43R\ 1 M 1
(-5 L eR) =) e

Elementary calculations show that (2) is true if |Q|=(12(M + 6))®| Bgy| and
R, 2 15R,.

The actual thing we will need is the decomposition of some large ball By into
swiss cheese balls. It is easy to construct this decomposition if one first decomposes
the large ball into cubes Q and applies the lemma. There is a slight subtlety involved
because the boundary of By will naturally cut across some of the balls and cubes
in the covering. We will include in their entirety any balls or cubes that touch the
boundary. To get estimates on how many balls of a given size touch By we first
note that for a given i this quantity is bounded below by

|U(Balls of size R; in a given Q,)|

15l
and bounded above by

‘(#of Q, that lie entirely in By)

|U(Balls of size R; in a given Q)|

15l

-(# of Q, that touch By).

Now (# of Q that lie entirely in Bg) = B (|R 0 ‘f’l l and (# of Q that touch Bg) <
A
IBr+y3n! 1 |u(Balls of size R; in Q)|
—=—=2"_ Recall that < <
10, M+6~ 1Q.l “M+5

1 1 < ci) |u(Balls of size R; that touch Bp)|

, SO we have

1A

B | Bl

1+c/1 < 1
R/=M+4

M+7=M s\ R

- +

A

M +

W
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The inequalities all the way to the left and right hold for R sufficiently large
compared to 4, for example R = ¢(M + 7)A.

Also, this decomposition misses a tiny fraction of the volume; one can cover
that remaining volume with a grid of unit cubes and subsequently dilate the cubes
by a factor of two to give a complete covering.

For technical reasons related to the particular potentials we are investigating
here, it will be necessary to introduce an ensemble of dilated swiss cheeses consisting
of balls of radius sR; where the R; are the radii in the original covering. The values
s will vary continuously from some s,,;, > 1/2 to 1. Each value of s will induce a
particular covering of R® and of By. It is clear that if the original swiss cheese
radii satisfy the condition of the covering lemma the radii in the contracted cheese
will still obey the condition because the condition only requires that the sizes of
successive radii have a certain minimum ratio: that ratio is preserved under uniform
contractions of the radii. All of the above results still hold: we will still have

1 < | U(Balls of size sR; that touch Byg)| < 1
M+77 | Bg] “M+4
for all 5,5, <s= 1.

5. The Exploded System

Once one has created the swiss cheese it is possible to pull the original system on
By apart into a set of non-interacting subsystems. Suppose a value of s and
associated swiss cheese have been fixed. Let us denote each of the elements of the
swiss cheese, either a ball or one of the small cubes in the remainder set, by
U, To each such element u,, we can associate an element !, in an “exploded
set” consisting of the original elements u,, translated by vectors ¢, in such a
way that the elements of {ul,} are disjoint.

On this exploded system one introduces a “phony” Hamiltonian, H?™™ (s, N, By),
acting on some subset of Ly.(u uL(S)) that has the correct symmetry. HP"*" breaks
up as a sum of terms on cubes and balls: on cubes the Hamiltonian has only the
kinetic energy of the particles in the cube, and on balls the Hamiltonian features
kinetic energy and interactions among the particles in the same ball via the 1/7*
potential,

ee;

1
KzANZ,uu;(S) + ) 5 X"«E(s)(z")x“%)(zf)lzi -z

Ba1152i$j

HPhony(S, N, BR) = KIANI,uu,I(S) —

Here the Laplacian terms are understood to be the N, particle Laplacians with
Dirichlet boundary conditions on {®ul,}. For convenience we will denote the
Laplacian terms — Ay .,.

HPM™ s in some sense an approximation to the real Hamiltonian which lives on
Bg. In order to compare HP™" with Hy z. we have to have some method for
moving the phony Hamiltonian over the correct Hilbert space. This is accomplished
by defining an injection i(s): L3(Bg) = L (U uly).

To create such an injection we introduce the following partition of unity, {¢, }:
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2 _
L Z vs) T L

Uy(s)
2. Each ¢, is supported in a particular u,,.

3. For the balls, the ¢, are translates of functions ¢; ((x), where

¢i,s(x)ecgo (BsRi)’ ¢i,s(x) = 1 on B(sRi—s) and
{08 s(x)| £ C for [B]<3.
4. For the cubes, the ¢, satisfy [02¢,,(x)| < C for [B|<3.

(Recall that since the cubes in the covering were first chosen to cover the
remainder set and then blown up by a factor of two, the cubes overlap all of the
balls slightly and act as “glue” to hold everything together and make it possible
to satisfy conditions 1 to 3 by making appropriate adjustments in the partition
function over each individual cube within the parameters allowed by 4.)

Since any weuy(s, has a unique expression as w =z + ¢, for some zeByp we
can extend an?/N://eLN(BR) to be zero outside (Bg)" and define i(s)y(wy, ..., wy) =

Y(zys-. ., 2i8) T @y (2:)- The injection allows us to pull Hy,,, back to an operator

Hi®p - = i*(s)o HP™™ (s, N, Bg)°i(s) on L3 (Bg).

We note two important facts about this injection. First of all, i(s) is not onto:
iy must satisfy a compatibility condition due to the fact that more than one point
in uui(s) may correspond to a single zeBg. Secondly, i(s) maps orthonormal
sequences to orthonormal sequences. The inner product on the exploded system
looks like

D) PlisDP Y= [ ¥ Wy wn)i@Wy Wy ) dPwy - d>wy
(U“;(s))‘ !
= z j .‘. ltp(wlW]Nl)l@(wlW|N|)dswld3W|N|
710718 (8) “11(3) XX “V|N|(S)
We use the definition of the injection to write this as an integral on the original
Hilbert space:

——. |
[ Pezn) P, 2m) I;[l Lo (2)d3zy - dPz .

710)NN(8) yy0) X Xty ()

We can take the sum inside the integral and use the fact that an integral of one
of the partition functions over an element of the swiss cheese is the same as the
integral of that same function over all of BR to get

jf W(Z1"‘Z|N[)(p(21 Z|N|) l_[ ZS d’y(s)(z )d Zyr d3Z|N|'

(BR)lNl =1 all y(

Finally, we use the fact that the sum is exactly one to see that this is exactly the
inner product on the original space:

j?’(zl ZlNI)@(Zl"‘ZINI)dgzl“'dszINl.
(B)

Thus the injection i preserves inner products and orthogonal sequences get sent
to orthogonal sequences.
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These two facts about i(s) combine to give us the important trace inequality
Tr [exp(— BH{'5,)] < Tr[exp (— BHP™™ (s, N, B)) 1. 1)

We need one more step to facilitate the comparison of Hy g, and H'®. The
latter depends in a certain definite way on the exact nature of the swiss cheese.
We can “smooth out” H'® by averaging over translations and contractions of the
swiss cheese. For each fixed s we can translate the covering of R? by a set of vectors
7 in some large ball B, whose radius is larger than that of By. This gives rise to a
new partition of unity {¢,,(z—1)}, a new Hilbert space L3(u ul(w)), a new
injection i(s, t), and a new operator H*®?, Each new choice for s in turn produces
an entirely new set-up. Note, however, that translating the cover does not change
the truth of our claims for the properties of i shown above.

The operator we will concentrate on is Hy 5. = avg Hi®z) , where s runs over

some range Sy, =s=1 and 7 runs over all the points in B,. It is this operator
whose potential we shall compare with the original H via machinery based on the
main lemma developed above.

First there will be some preliminary manipulations. By virtue of the convexity
of A—InTr[exp A] and Eq. (1) we have

InY e*NTrlexp(— fHE p)] <avg {ln Y e*NTr[exp(— BH™™(s,N, Bg))] }
N S,T N

Since the elements of the exploded system are disjoint, the partition function for
any of the exploded systems decomposes into a product of factors for each of the
ul(“). We can control the contribution from the cubes by noting that since both
the protons and electrons are fermions we have

(volume of cube)

Bs/z

by the eigenvalue asymptotics of the Laplacian. Thus we can define

Trexp(uN + Ay ..) < cexp(e”)

Trexp(u' N + pAy ) = c(B, 1) (volume of cube).

The covering lemma shows that the cubes take up a volume in By that is bounded
by ¢|Bg|/M. Thus
c(B,w)
[T Telexp . sexp( Bt B ),

The product over balls can be given a bound independent of 7 because the product
only depends on the number of balls of a given radius in the translated covering
that intersect Bgz. The number of balls of size sR; in the translated covering that

1 |[Bql
M +4 |By,|

touch By is bounded above by =c;(s). Consequently one has

an upper bound of the form
Iy e“N Tr [exp(— fH"y 5,)]
N

<avg { WD g1+ Y ein <z N T [exp (—~ ﬂHN,Bm)])}.
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Note that the situation is not entirely satisfactory now because we still have
an inequality that contains both H¥ and H. Our method for replacing the H* with
a quantity that contains H instead is the subject of the next section.

6. The Main Theorem

Main Theorem. In the swiss cheese set-up given above if the smallest balls have
radius greater than some R, and the ball B, is large enough we have

H*\ g £ Hy e + C(Smin) (1/M)(Hy g, + C(N{ + Ny)),
where the constant is independent of N and R and
(Smin) = C1 + C*(Smin/(1 — Smin))-

The idea of the proofis to determine the form of the operator H*y ., compare
it with that of Hyp,, and show that the difference between the two is an
operator that is small compared to the Hamiltonian plus the total particle number.
The present case closely parallels the original method of Fefferman; for the sake
of completeness I shall repeat most of the relevant details. The interested reader
is encouraged to look at Fefferman [1,2] for the proof in the Coulomb case.

The first thing to do is to determine the explicit form of both the kinetic and
potential energy components of H% . For the kinetic energy, it is relatively easy
to write down the definition of the kinetic energy part of H®%, perform a simple
integration by parts and subsequently average over s and t to get the kinetic energy
part of Hu*y 5. The result looks like the kinetic energy of H ~.8x Dlus an error

. c W C
term whose magnitude is a\S/g <M ,;1 f W |*d3z, --~d3z|N|) =M|N|, The factor of

C . . .

— comes from the geometric properties of the cutoff functions ¢, (z; — 7): the

fraction of the total volume over which these functions fail to be constant can be
C

bounded above by i

Now we turn to the potential energy terms. Averaging the potential energy
portion of H*®? over s and t produces

j|zvl{ ;e ke ) }W(zl"”’lel)Pdszl"'daZINl,
(Bg) i

where

K¥(x,y)= avg[bc T ¢3m<x—rw%@)(y—r)d3r]=avgk8(x,y).
IBdl Ba {uy(s)+f}nBR¢g s

It is possible to simplify this expression somewhat by noting that the cutoff
functions coming from balls of the same size look like translates of the same basic
functions. If we isolate a single ball of size sR; from the set {u,, +1}NBg # &
for some value of © we have for that particular u,,

Hms) )2y — d%—jm(x 1), (y —1)d’r.
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Since the idea is to replace the protion of the integral over B, that comes from a
given u,, with the simpler integral over R we need to count how many such
balls of size i in a given translated covering intersect By.

A relevant fact to recall about the construction of the swiss cheese is that the
cheese repeats over length scales the size of the side of the cube Q. If one were to
consider a point deep inside the ball By (here “deep inside” means more than 2\/ 2
side lengths of Q) and translate the covering over all t in some cube of the roughly
the same size as Q, that sort of average would be sufficient for our purposes.
Unfortunately there are some points near the boundary of By to take into account
as well. If one were to translate the covering over a region the size of Q, one would
have to worry about what happens to balls in the swiss cheese that originally sat
near the boundary of By: they would spend part of their time over points in By
and the other part of their time over points not contained in By. In order to avoid
those sorts of subtleties we are translating over a ball B; whose radius is much
larger than R. All the balls of size sR; in B, get an opportunity to intersect Bg and
each ball in the swiss cheese lies over By for a fraction |Bg|/|B,| of all of the t’s.
There is still an error of size 1/d due to balls that lie a distance d from the edge
of By, but this error can very easily be absorbed into the error terms O(1/M?)

' /
below. There are }EZ[I((MZ 7 + 0(%)) balls of each size touching By
for a given value of 7, and as we have just noted, translating only changes things
in the O(1/M?) term. Putting this all together we see that

M 1 %
k(x,y)= Z(M+7+0( ! ))lx |a¢ls_%;:|_.).,

We would like to apply the main lemma to the potentials k*(x,y) we have
generated with our machinery. Since we have only made some general statements
about what the ¢; ; should look like we are free to pick a more specific set of ¢;
to suit our needs. We set ¢7(x) = x(|x| < sR; — 5/2)* ¢(x) for some $,e CZ (B(0, 5/2))
and note that these functions satisfy the conditions we placed on the partition of
unity functions in Sect. five. Now note that

x| X1 = sR; —s/2)xy(|X| £ sR; — 5/2)
| Bsg, 521

) (x)= (|X|<1)*X(IX1<1)< X )
Y

has behavior almost like the desired

2 2
lBsR |

The differences can be estimated by noting that ¢7, can be trapped between
functions y(|x| < sR;—s) and y(]x| < sR;+ s). This means that the differences
between the Q! and the convolutions of characteristic functions are fringe effects
which will change the estimates of functions and their derivatives by some
multiplicative factors that go roughly as the ratio of |Byg,_| to [Bgg,+l, or the
relative size of the fringe area. Provided that the smallest balls in the covering

2 (x — y) = QLX)
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have radii large compared to one this error can be absorbed into the constants
below.
From the above equality it is easy to see that the derivatives of the Q:(X) satisfy

. C ,
QN S [ for 1BIS2 andall X,

and for |f|=3 and X¢B,p, \Basr, ~s)»
|6§Q§(X)|§C for |B|=3 and XEstR,\BZ(sR.—s)-

In order to get sufficiently nice conditions on the third derivative it is necessary
to introduce the average over contractions of the swiss cheese. This will have the
effect of smoothing out the (2 — | X|)2 singularity in ¥(|X| < D*x(|X|<1). It is
precisely this singularity which accounts for the fact that c(s,,;,) becomes singular
when s, is one. No such smoothing occurred in Fefferman’s original proof; instead
he used a slightly different main lemma, one which was more forgiving in the third
derivative condition for k(x). It turns out that Fefferman’s proof can not be
generalized in a straightforward way for the case 0 < « < 1. Hence the main lemma
takes the stricter form that [ have used here, and it becomes necessary to introduce
an average over contractions of the swiss cheese radii.

Let us examine the functions avg (Qi(X)). We have

1 X .
avg Qi) =, - & R e L
s _1) Smin X/smi
N

Smin Smin
min

One gets the following estimates for the derivatives of the smoothed functions:

x(avg Qé(X)) <

Thus each of the terms in k* satisfies the conditions of the lemma. Unfortunately,
there happen to be M terms in all, so we can only get an inequality like

VIXI™* = (X)1 2 — Csmin) (Hy 5, + C(Ny + N3)). )

0 for |X|=2R;andall p

C Smi
——"— for 1=Z|B|<3 and
— Bl
(Ri =12 1 =smin 41 | x| < 2R,

C for |f|=0 andall X

We get the inequality we need by comparing the operators we have with an
intermediate operator that is itself easy to understand and control. Introduce

M /1 1 M /1N
kint(X) = an<.Zl <M) 123 |X|a lz,s(X)) = ; (ﬁ)kint(X)y

and examine V[|X|* — k*(X) — k;,(X)]. To facilitate this comparison we write

M / . M 1
X7 =0 =7 3. KO0+ 1X1 “(Z(I—Qa)) 0<M2)anQs(X)



272 J. N. Gregg

where
; L dl(X)
ST e P
<sR.—5s) <sR.—
Zavg J‘ X(IX|=SR1 S) X(|X|=SR1 S)d3X
3 | Bsg,|
S R sR;
| (sR-—s)l C
= 2>l ——,
Bl =R,

M
S0 Z 1-0i)< Z (C/R;) < C since the smallest balls in the covering have radii

i=1
large comparable to unity.

Some comment concerning exactly what is going on here is in order. The image
to keep in mind is that k* looks roughly like |x|~* multiplied by a “staircase
function” which is obtained by adding up a series of M functions which look
roughly like (1/M)y(] x| < sR;)*y(|x| < sR;)for 1 £i < M. This picture is not perfect.
In particular, the staircase function is not exactly one at the origin, and the various
cut-offs that are averaged together to make the staircase function do not all have
the same weights: they actually have weights that are based on what fraction of
the total volume of By is occupied by balls of size i. The correction term containing
the factors Qf, was thrown in so that k, would vanish at the origin. The second
correction term exists to absorb the fluctuations in the volume fractions and thus
give all of the terms in k; the same weight.

It turns out that ki — ki, has the right behavior, although there is a slight
difference between the cases o < 1 and o > 1. Consider first the case o > I:

1. As X—0, R,|X|* Lk +(X)—0 and ki, (X)< C/R%, where C can be chosen
independent of s,

2. Out near | X| =Sy,
both C can be taken independent of s,,;,.

3. In between these two values of |X| the functions R;|X ]“_1kfr(X) and
R;|X|*"'ki,,(X) can both be bounded above by some constant C which is
independent of both i and s,,;,.

Ry, RIKA(X) = c*spin < C and Rk (X) = c'spin < C, where

min =

This produces the nice derivative estimate

. . C 1 Smin
4. |0£(k3 (X) — Kin (X)) =& R, X 1<1 ‘ >for,X,§SminRi‘

In the case o < 1 we have

5. As X -0, ki(X) 0 and ki, (X) < C/R?, where C can be chosen independent
of Siin-

6. Out near | X| = s,,;,R;, R7kL(X) = c*ant £ C and Riki, (X) = c-spih < C, where
both C can be taken independent of s,;,.

7. In between these two values of | X| the functions R?ki(X) and Riki,(X) can

both be bounded above by a constant C which is independent of i and s,,;,,.
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This case has derivative estimate
. . Cc 1 S
B(1i i min
&. Iax(kT(X)_kml(x))l _Ra |X||m< 'min> for |X| <Smm Ri'

Out beyond the neighborhood of the origin we can get away with the following
somewhat cruder estimates:

i C Smin
9. 08(kI(X) — m,(X)LlXVH,,,(l_g )for Swin Ri <|X| S 2R, and || < 3.

min

. . R?
10. For | X|=2R,, 0}(X)=0, so k;(X):l?(Ta Also ki (X)= <1+0<’Xl2>>|X|‘“,

s l R} 1 1y 1
So|ax(k7‘( ) kmt( )) 0 IX|2 W+O ’X'a+|ﬂ| f0r|ﬁ|

These hold for all o in the range of interest. The important thing to note here
is the fact that the intervals (sy;,, R;, 2R;) are all disjoint. Given that the swiss cheese

snm i’

radii satisfy R, ; = max {15,2'*} R, we can take a sum over i in the inequalities
4,9,and 10 for > 1 or a sum over i in 8, 9, and 10 for « <1 to get

C Smin_\( 1
|08 (ki (X) — ki (X ))I<|X,a+wl<1—smm>(ﬁ>

in both cases, independent of whether « is less than or greater than one.

C Smin
i) 4, CON, + ),

An application of the lemma gives V[k,—k;, ]2 —
so that
C 1 _
VIIX|™ ] - VIl 2 257 VOXT T+ VIR (X)) + Z 0< )V[IXI *— KHX).

to control the final summation we see that this is

~

Using estimate (1

C C(Spmi

> oviixt - Lol o+ V)
$VTR(X) — kX014 V Tk ()]

> CvX| - Cmndr v+ N)
_ C(Smin)

o Hyset C(Ny + N,)) + VIkin(X)].

The only term that remains to be controlled is V[k;, (X)]. This potential is very

easy to understand because | X | ~* has positive Fourier transform; up to self energy
M

1 c _¢C . .
terms that go as m Y (N +N Z)E gM(N 1 + N,) the operator V[k;,] is posi-
i=1 i
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tive. So finally

. C
VOXI7] = VIR 2 < VLX) = o, O+ Na)) = (V4

and

C( mm)

VIS VX7 ]+ — 7 (Hy g + C(N + No)).

Putting this together with the kinetic energy results completes the proof of the
main theorem.

7. The Thermodynamic Limit

With M chosen so large that c(s,,;,)/M < ¢ one can substitute the conclusion of
the theorem into Eq. (5.2) and obtain

ln Z e(”‘g)‘NTr [exp( - ﬁ(l + E)HN,BR)]
N

éavg{C’(ﬂ,u)'alBRl f (ln Y. e NTrlexp(—pH,, )])} (1)

= IN|20

Here ¢ = (¢,¢). The next ingredient we will use is

InY "™V Tr[exp(—fHy,p,)]

< {C"(B, u)-e|Brl+1n Y " 7N Tr [exp(— B(1 + &) Hy )] } 2

Inequality (2) is equivalent to the Lipschitz continuity of the pressure ITp(f, u).
This can be shown by the following:

1. ITx(P, ) is convex in both variables.
IIx(B, ) is bounded below: it is easy to cook up an N particle wave function

(IN|<c|Bgl) for which (Hy g ¥|¥> <c|N|. Thus (B, ) = ane“ N x

!BR
1
Tr[exp(—BHy,p,)] _—Iln [e“ VPN 2 — (B, p).
3. ITx(B,u) can be bounded above by using the stability of matter inequality

in the form —3Ay+ V[|x|7*]= — C|N| which is a trivial consequence of
the short range inequality from Sect. 4. This implies that ITg(f,p) <

lnze‘”" Cl’lNiTrexp<§A )gc”(ﬂ,u)~

| Bl
Putting (1) and (2) together gives the desired inequality
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lnz e NTr[exp(—fHy 5.)]
v

M
= {C(ﬁ, )| Bgl + avg< 2 cils)In ), e NTr [eXp(—ﬁHN,BSR)]>} ©)

i=1 N20
Finally, one can make this a statement about pressures by noting that
ci(s) 1 M
< . and thus IT(B, 1) £ C(B, n)-¢ + avg IT ., (B, 1.
By =M +4 By (B, 1) = C(B, 1) 2rrae & (P 1)
For the purpose of proving the thermodynamic limit, it is more revealing to

average the left-hand side of the last inequality over contractions and rewrite the
inequality in the form avg{IT,.} <max {avg Il } + ¢ where s,;,, <A<1 and ¢
A k A

depends on M and s,,;, via ¢(Spn)/M.

Claim. Thisinequality, combined with the fact that IT is bounded below (statement

2 above), is enough to prove that lim avg{IT,;} = IT, exists. To see this, let ¢ >0
R—-w 4

be given. First pick M sufficiently large that c(s,,;,)/M < ¢, and then choose any
legitimate sequence of radii {R,}. These radii induce an R' such that avg {IT,z} <

max {avg IT,, } +¢ for all R>R'. Now there are two alternatives: (1) there
k A

exists a new sequence {R,} of swiss cheese radii chosen from R > R' for
which mflx {a;/gﬂmk,} §mfx {argH;.Rk} —¢, in which case we can choose an

R?> R' and go through the loop again or (2) max {avg [T,z } —¢ <avg {I1,z} <
k A A
max {avg IT,g, } + ¢ for all R beyond some R,;..;, in which case we are done.
ko4

Finally, one can use (3) with very large R > R and correspondingly large swiss
cheese balls chosen from R > R ;.. to show that IT, < IT, + 2¢ for R sufficiently
large.

To show that [T itself has a limit we need to prove that for R large we have
ITp > IT,, — 2. Suppose to the contrary that we can find a sequence {R;} of radii
going to infinity such that IT, < [T, — 2¢ for all j. We have at our disposal an
infinite sequence of these radii, so we are free to select a subsequence of radii such
that the values R; obey the requirements for swiss cheese radii. We are also free
to pick any number of these radii for use in a special swiss cheese. Let us choose
M radii where M is so large that even if we choose s.;, = 1 — 6 for some small &
to be specified we can still have c(s,,;,)/M < ¢/100 in the main theorem. Now consider
one of the R;. For (1 —J)R; < R<R; it is easy to show that [Ty <IT, —e&:

1. By minimax Tt [exp (—fHy p,)] < Tr[exp (—,BHN,BRJ)].

|BR»|> 1
2. Mg = : InTr[exp(u-N — fHy p.)]
R <|BR| |BRJ| [exp(u N.B

IIA

((BRJ‘>HR.§(1 —0) My, <(1-0)7*(T, — 20).
|Bel ) ’
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Thus for this special swiss cheese we have

avg IT,p < max {avg I, } +¢/100
A k A

<(1-0)"3(T,, —2)+¢/100< I, —¢

for ¢ sufficiently small, which contradicts our original assertion that
lim avg {IT,z} = II,,. Hence there can be no sequence of bad radii, and the pressure
R—o 4

goes to a finite limit as R — oo.
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