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Abstract. This paper studies the solutions of the Ginzburg-Landau equations
on IR? in the presence of an arbitrarily distributed external magnetic field. The
existence and regularity of the solutions at the lowest energy level are
established. The solutions found are in the Coulomb gauge. If the external field
is sufficiently regular, the solutions are shown to have nice asymptotic decay
properties at infinity.

1. Introduction

In the Ginzburg-Landau semi-quantum mechanical theory of superconductivity
the behavior of a superconductor cooled below the transition temperature in the
absence of an external magnetic field is described by the equations

A
Dig+ 7 (1—191)$=0,

. (1.1)
curl? A+ 5 ($*D 46— 9(D 14/ =0,
which are the equations of motion of the free energy density
1 2 1 2 j’ 2 2
gzilcurlAI +§|DA¢| +§(I¢| —1)%. (1.2)

Here the complex scalar field ¢ is an order parameter so that |¢|* gives the relative
density of the superconducting condensed electron pairs, called the Cooper pairs
which behave like charged bosonic particles, A is a gauge photon field, and D 4¢
=V¢p—iA¢. In this model, 1>0 is a dimensionless coupling constant with A <1
and A>1 describing type I and type 11 superconductors respectively, the electric
field is absent, the magnetic field is determined through H= curl A, and the ground
states (or the superconducting vacua) are given by A=0, ¢=¢", 0cIR'. The
Ginzburg-Landau equations (1.1), which have been accepted as the fundamental
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equations for low-temperature superconductivity theory, were first introduced by
Ginzburg and Landau in 1950 in their phenomenological approach to super-
conductivity (cf. Ginzburg [6]) and later derived by Gorkov [ 7] theoretically from
his formulation of the Bardeen-Cooper-Schrieffer theory. The relativistic gen-
eralization of the above model in the context of quantum field theories is
recognized as the abelian Higgs model which has shed great light on many aspects
in particle physics.

It is well-known, that, when an external magnetic field H,,, is applied, various
distinguished phenomena such as the Meissner-Ochsenfeld effect, surface currents,
and the Abrikosov mixed state occur in superconductors cooled below a critical
temperature. In order to use the Ginzburg-Landau equations to obtain an
appropriate description of these phenomena, one needs to study the solutions of
the equations with full nonlinearity under the influence of an external field.
Unfortunately, in this direction, mathematical results are still fragmentary. For
example, Carroll and Glick [4] proved an existence and uniqueness theorem for a
weak solution of Egs. (1.1) under the condition that both A and H,,, are suffi-
ciently small and H,,, is a constant field; Odeh [13] considered the existence of
periodic weak solutions of (1.1) on R? simulating the lattice structure of the
Abrikosov mixed states with the assumption that the external field was absent and
A>some critical value; Klimov [10] studied the existence of multiple weak
solutions of Egs. (1.1) over a bounded domain in IR? also assuming that no external
field was present.

Besides the above restrictions, the regularity of these solutions has never been
analyzed. The difficulty lies in the fact that, in order to study Egs. (1.1), one has
always to choose the function space of the gauge potential A as the set of all vector
fields with zero divergence (i.e. in the Coulomb gauge) to make (1.1) a
nondegenerate elliptic system. This choice may render the regularity study of the
weak solutions almost impossible if no symmetry assumption is made: as in the
case of the Navier-Stokes equations, one will have an extra “pressure term” Vp
which lies in the orthogonal complement of the subspace of divergence-free vector
fields in L? in the equation for A. In the context of fluid dynamics, this pressure
term is natural but it will be a nuisance in the Ginzburg-Landau equations. In
other words, the full Ginzburg-Landau equations have not really been solved.

In this paper we prove the existence of regular solutions of the Ginzburg-
Landau equations on IR? in the presence of an arbitrarily distributed external
magnetic field. The solutions found are in the Coulomb gauge and stay at the
lowest energy level. These solutions are physically most interesting because they
are energetically stable. Asymptotic decay properties of the solutions will also be
established under some additional regularity assumptions on the external field.

It should be noted that if the external field is absent, the Ginzburg-Landau
equations (1.1) over IR? and IR 3 have extensively been studied in recent years since
they give static solutions of the abelian Higgs model in particle physics. On IR3, an
argument based on some topological considerations shows that all finite energy
solutions of Eq. (1.1) are superconducting vacua (cf. Felsager [5]). On R?, there
have been a lot of interesting contributions. In the work of Nielsen and Olesen [12]
the finite energy solutions, now called vortices, are explained as string-like field
configurations in three dimensions of the Ginzburg-Landau theory. For the
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critical choice of the coupling constant A =1 (the intermediate phase between type I
and type Il superconductors) the second order Ginzburg-Landau equations can be
solved by the first order Bogomol’nyi equations [3] and the prescribed vortex
problem is completely settled (Jacobs and Rebbi [8, 15], Weinberg [18], Taubes
[16, 17], Jaffe and Taubes [9]). For arbitrary 4> 0, it has been shown that the finite
energy solutions of the system (1.1) have exponential decay properties due to the
broken U(1) symmetry (Jaffe and Taubes [9]), that (1.1) possesses a family of
topologically nontrivial radial-symmetric finite energy solutions (Plohr [14]), and
that the nonlinear desingularization phenomenon (Berger and Fraenkel [2])
occurs for these solutions as A— oo (Berger and Chen [1]).

The author wishes to thank Professor Joel Spruck for helpful conversations.

2. Existence of Regular Solutions
Let H,,, be an external magnetic field. In the presence of this external field, the
Ginzburg-Landau energy density becomes
1 1 2
&= 3 lcurl A|2 + 3 D ,¢1*+ g (I¢|>—1)*>—curlA-H_,

and the corresponding equations of motion are in the form

D3+ (1-19P)$=0,
, @.1)
curl?A + % (6*D 6 — d(D 1)) =curlH,,, .

For convenience, we shall use the notation
LP=IXR%), Wer=WhHRY),
W12 =the completion of the set CZ(IR?)
under the norm |AllF:.= | [VA[?d3x,
R3

where p21,k=1,2,..., and if A=(4,) is a vector field, then VA =(0;4,) and VA2
=tr[(VA)- (VA)']= Y (9;4,)*. Define

K={AeW"2V-A=0}cWh2,

Namely, K consists of those vector fields in W' 2 satisfying the Coulomb gauge
condition.
For (A, ¢)e K x W12, the total energy is given by

E(A.¢)= | £(A.¢)d.

The functional E is not finite at every point in K x W,1;? but it is bounded from
below if H,, € L*:

ext

1
E(A: ¢)z - 5’ “Hextniz .
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Now we are ready to state our existence and regularity theorem for solutions of
the Ginzburg-Landau equations (2.1).

Theorem 2.1. For H_, e L>*nW;?, Egs. (2.1) have a solution (A, ¢)e(KnW%?)
x Wid2. This solution is of finite energy and solves the minimization problem

E,,=min{E(A, §)|(A, p)e K x Wi} . (2.2)
Moreover, if H.,, is smooth, so is (A, ¢§).

Proof. The key point inour approach to the above problem is that we will not try to
solve (2.2) dlrectly in the space K x W;1;?, otherwise, we shall still end up with the
unwanted extra “pressure term”. Instead, we will consider the minimization
problem

L,=min{I(A, )I(A, p)e W' x W3:?}, (2.3)

where
I(A, )= —IIVAHLz+ HDA¢|!L2+_”(I¢|2'—1 )i~ f curlA - H,, d*x.

It is easy to see that I is bounded from below on W' 2 x W2 so I,, is a finite
number.
We need the inequality (cf. Ladyzhenskaya [11])

|AlfeScIVAlL,  AeWh?. (24)
Let {(A;,¢,)} be a minimizing sequence of the problem (2.3). From a simple
interpolation inequality, we find

IIVA,IIL2+ IIDA¢,HL2+ ||(I¢,l2—1)llu<SupI(A,,¢)+HHex,J|Lz, (2.5)

therefore, using (2.4) and (2.5), we see that {A;} is a bounded sequence in L° and
W2, For simplicity, we may assume there exists A € LW 2 such that A; A
in L® and W2 From the compact embedding W!2(Q)—L?(Q) (where 1 <p<6
and QCR? is a bounded domain) we may further assume

A—>A in LA(Q)(1<p<6).
From
1
IDA,¢>,~|22§ll7<1>,~|2—3|A,~<;l5,‘|2
! Ve |* 3 Al* 2 1)H)-31A,2
25 V" =S (A (19,7 1)) = 31A|
and (2.5) we conclude that {V'¢;} is bounded in L?(Q). Moreover, it follows from
[¢1*<2(j¢p,/>*—1)>+1 and (2.5) that {¢,;} is bounded in L*). Hence, we may

assume {qﬁj} is weakly convergent in W Q). From a diagonal subsequence
argument, we are easily convinced that one can find some ¢ e Wl:? nL{ and
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assume ¢>j—w—>¢ in W%(Q) for every bounded domain QCR?. In particular,
¢,— ¢ in LA(Q) (1=p<6).
Consequently, for any bounded domain 2,
I9(A, $) < lim inf I(¢), A,
j—

where

1 1
I%(A, ¢)= 5 [ VA”IZ,Z(Q)"' 5 HDA¢”12}(Q)
2
4 08P B | curlA - Hodx.

On the other hand, Ve >0, there is a bounded domain Q,CIR? such that
[ [Hel*d*x<e, QDQ,.
Q

R3—

This implies
1A, $)<IA;, d)+e| VAL,

and therefore,
1A, ¢)<I,+eM, QDQ, (2.6)

where M = sup |VA||;.. But |[FA|/ . < liminf |[VA;| .., hence, (2.6) becomes
J Jjo®

1 1 A
3l VAllZ2@+ 7 1D 41222y + 3 111 =Dl 2y

<I,+ | curlA-H, d*x+2eM, QDQ,.
R3
Letting Q—R3, we get, by the arbitrariness of ¢ >0, the inequality I(A, ¢)< 1,
Therefore, the minimizer of I is found. (A, ¢) is the solution of the equations

D3+ 5 (11676 =0,
. 27
— VA4 2 ($*D,$— (D 19)%) = curlHy.

Standard elliptic regularity argument proves that (A, ¢) e [W 232N W1 2] x W42 If
H.,, is smooth, so is (A, ¢).

Since for Ae K, |VAl/ .= |curlA| .., so I,,<E,. In order to show (A, ¢) is a
solution to both the Egs. (2.1) and the minimization problem (2.2), we have only to
verify that Ae K.

Indeed, let ue CZ(IR?) be an arbitrary scalar test function. We have, using
(2.7b), the identity V - (y*D 4¢)=(D 4p)* - (D 4¢) +w*D%¢, and then Eq. (2.7a),

[ V(V-A)-Vud’x= | (V?A)-Vudx
R3 R3

= | {% (V- [$(D 1§)* —$*D ,¢plu—Ho, - (curl Vu)} #x=0.

R3



152 Y. Yang

Hence V - A is a harmonic function on IR3. But V - A € L2, therefore we must have
V-A=0, namely, A is globally in the Coulomb gauge. This proves Theorem 2.1.

If the external field is absent, the energy minimizing solutions are no other than
the superconducting vacua. However, it can be observed that the presence of a
small external field will change this situation: the lowest energy level will no longer
contain the vacuum solutions.

In fact, let Q CIR3 be a small bounded domain so that the first eigenvalue 4, of
the problem Au + Au=0, u|,, =0 satisfies 1, > 1. Suppose H,,, is produced from a
vector potential A, € C3(2): H,, =curlA,,,, where V-A_,=0 but A, %0. For
A=A, ¢=1 we have

E(A’ d)): (“Aext”lz,z_' chrlAelez2)<0'

N =

Therefore E,,<0 and the lowest energy level does not contain the vacuum
solutions.

In the subsequent sections, we will not restrict ourselves to the energy
minimizing solutions obtained in Theorem 2.1. The results concerning asymptotic
decay and so on are proved for finite energy solutions. To simplify the statements,
we shall always assume the solutions are sufficiently smooth. This assumption can
be ensured by requiring that the external magnetic field H,,, be sufficiently smooth.

3. Boundedness of the Order Parameter

Our asymptotic decay results depend on the following pointwise boundedness of
the order parameter ¢. The approach here follows the main line of Taubes [17].

Lemma 3.1. If (A, ¢) is a finite energy solution of the Ginzburg-Landau equations
(2.1), then |¢p| <1 on R3,

Proof. Let Q be an arbitrary bounded domain in IR?. Then from Eq. (2.1a), for any
pe Wi 2(8), we have

A
Re | d’x {DAw (D 4)* + 5 (191° = 1)w¢*} =0. (3.1)

Define a function ne CZ(R') with the properties

1, |s=2,
<n<t =
0=n=1,  #nis) {0’ 5123,

Introduce a family of cutoff functions #,(x)=n(|xl/0), xeR3, ¢>0. Set
Q,={xeR?|x|<g}.
Suppose Q) ={xeQ,llp(x)|>1}+0 if g=some g, For o=g, define
wge WOI,Z(Q3Q) by
P(x)

We(X)=1,(x) (Ip(x)| = 1) 0’
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where  (|¢(x)|—1)* =max{|¢p(x)|—1,0}. Define f=¢/l¢| on (R
={xeR3||$(x)|>1}. Then f*f=1 and on Q3,

D s, =V (1ol =1)f+ (Vo) S + (ol =)D f)n,-

Replacing y in (3.1) by y,, we have, by using the simple relations D 4¢ = (V|¢]) f
+19ID4f, Re[f(D4f)*]1=0,

A Ex{V191Pn,+ (¢l = 1)Vn, - VIl +101 (16— 1), D4 12
+ %(l¢l—1)2(l¢|+1)!¢>Ing}=0- (3:2)

From (j¢|—1)=(|¢|*—1) (on Q3,) and the Schwarz inequality we have
[ (pl=1)Vn,-Vipld*x| < (I (I¢|2—1)2d3><)”2<1+ IVnQ~VI¢>II2d3X>”2-
Y R3 23,

3e

(3.3
But, away from the zeros of ¢,
Vigl= Td)l (9*D 4+ (D 49)%).
Hence
VIl =ID 49l (3.4
From the definition of #,, we have
C
|V’19| é E 5

where C>0is a constant independent of ¢ > 0. Inserting the above inequality into
(3.3) and using (3.4) we find

¢
QL (1ol =1)Vn,- Vigldx é? (B> = 1)l 2 D4 2 3.5)
Combining (3.2), (3.5), and the inequality
iIHHLz+ HDA¢||L2+ I(#1> = DIZ-< E(A, ¢)+ |Hey 122 (3.6)

we obtain

o) Ex{VIl*+ (ol —1)Igl IDAfl2+§(|¢|—1)2(|¢l+1)|¢l}ﬂg

4C,
<™ , (E(A, ¢)+ |Heyll22) -

Letting 9 — oo one finds mes((R*)*)=0. Hence |¢| <1 on R?. This contradic-
tion shows that (R*)* =0. Hence the proof of Lemma 3.1 is complete.
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4. Decay of 1—|¢|*
Let D¢ =0,¢—iA,$. We have the identity
DDjp—D,Dybp=—iF;hp, Foj=0A,—0A,. (4.1)
Define g=D ,¢, g,=D,¢. Using (4.1) and (2.1) one finds

A A+1
Digi=D\D,g,= — 5 —|1*) g+ - 9% g,

A—1
+ T ¢2g;!< - 2iFklgk + i(curlHexl)l¢ > (42)

where the summation convention over repeated indices has been observed.

Lemma 4.1. If (A, ¢) is a finite energy solution of Egs. (2.1) with H,,,e W2, then
|gle W 2. Hence, as an immediate consequence of (2.4) and a standard interpolation
inequality, we have |g|e LP(2<p<6).

Proof. Let i, be the cutoff function defined in Sect. 3. Multiplying both sides of (4.2)
by nZgi and integrating by parts, we have

the left-hand-side = | {n2g}D,D,g,}d>x
]R3
2 213 2 X\« 3
=— [ nyIDwgl*d’x—— [ (Om) | — ) &F(n,Dig)d’x,
R3 9 R3 0
. . 3442
the right-hand-side| < 5 lgllz:+2 sz IFul In2g.gild®x
+ HL (curlH,,),l|g,ld*x .

Therefore, by virtue of (3.6) and a simple interpolation inequality, we obtain the

bound s ) s s ,
11£3 N, IDwgl*d°x = C, +2st [Ful n;gkgildx, (4.3)

where C, > 0is a constant depending on E(A, ¢), [H,,, [ w1.2, and 4 but independent
of p=1.

From the Holder inequality we have
3/62 .

LIFulmlg@ld®x<2 [ HIlg]"*Ingg**d*x <2 [H] 2 gl [neglle*; (44)

from (2.4) we have
I7,8llLs = ClIVn,lgl 2= CLIn,V gl 2+ 1Vh,ll <l gl -] (4.5)
Away from the zeros of g, for fixed [=1,2,3,

1
10k gl = Tgl 187 Digi+ &i(Dig)*| = Dygil - (4.6)
1

Combining (4.4), (4.5), and (4.6) we find
HL |[Fulng|gigild*x < Co+ C;ln,D g4, 4.7
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where C,, C;>0depend on E(A, ¢), ||H,,,| w12, and 4 but are independent of g > 1.
Inserting (4.7) into (4.3) and using a simple interpolation inequality, we have
[ naID4gl?d>x < Cy,
R3
where C, >0 only depends on C,, C;. Letting ¢p— oo in the above inequality one

obtains |D g|€ L*. Using (4.6) again we conclude that |g|e W' 2. This proves
Lemma 4.1.

Lemma 4.2. For any ue W"? p>3, we have u—0 as |x|—o0.
For a proof of this lemma, see, for example, Jaffe and Taubes [9].

Theorem 4.3. If (A, ¢) is a finite energy solution of the Ginzburg-Landau equations
(2.1) with the external field satisfying H,,,€e W2, then 1 —|$|*—0 as |x|— o0 and
|p| <1 on R? or otherwise |¢|=1.

Proof. Set w=1—|¢$|*. Then, by virtue of Lemma 3.1,
IVwl=1¢*g+ ¢g* I =2lgl.

Hence, applying Lemma 4.1, we see that VweLnL? From (2.4) we obtain
we W€ Hence w—0 as |x|— oo (Lemma 4.2).
Finally, from Eq. (2.1a) and the relation

V214> =p(Did)* +¢*Did +2ID 4017,

we get V2w < A|¢|*w. Since w—0 as |x|— 00, so, using the maximum principle, we
have w>0 on R* or otherwise w=0. This completes the proof of Theorem 4.3.

5. Decay of H and D ,¢

We shall put some additional assumptions on the external field H,, to ensure the
decay of H and D ,¢.

Theorem 5.1. Suppose H,,,e W> 2. If (A, ¢) is a finite energy solution of Egs. (2.1),
then H=curlA e W?2, In particular, H—0 as |x|— co.

Proof. Since curl?’A= —V?A+V(V-A), we have curl?’ A= —V*H. As a conse-
quence, applying the operator curl to Eq. (2.1b) one finds

VZH=|¢|*H+i(D 4¢)* x D 4,¢ —curl*H,,,. (5.1
Let #, be the cutoff function defined in Sect. 3. Then for fixed j=1,2,3,
]RL neHVPHd>x= -2 ]Rj3 (Vn,-VH n,Hd>x— ]Rfs nolVH|>d>x.

Hence, by the Schwarz inequality,
HL 775 IVHj|2d3x =C HHj”Iz} + HHjHL2 [ VZH,'”LZ > (5.2)

where C is a constant independent of ¢ = 1. From (3.6), Lemma 4.1, and (5.1) we see
that V*He L?. Letting 9g— o0 in (5.2) we get VH;e L*. Hence He W2,
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On the other hand, since n,He W*?, by the well-known L? estimates (cf.
Ladyzhenskaya [11]) we obtain

InHllw2.2 < Cy {1720 H] 2+ [ H 2} £ Co {IV*H] 2+ [Hllys 2} 5

where C,, C,>0 are constants independent of 9= 1. Letting ¢— oo in the above
inequality one finds He W2,
From the Sobolev embedding

W22Lwhr  1<p<6 (5.3)
and Lemma 4.2, we have H—0 as |x|— co. This proves the theorem.

Theorem 5.2. Under the assumption of Theorem 5.1, if, moreover, A € K, namely, the
solution is in the Coulomb gauge, then D ;¢ € W*?2 and hence D ,¢—0 as |x|— 0.

Proof. From (2.4) we see that A e L®. Now rewrite (4.2) as follows:
) A
V2g,=2iA-Vg,+|Al* g+ P (61> —1)g

A+1 A—1 . .
+ N l¢|zgl+ o ¢2gz* —2iFyg,+i(curlHy), @ . (5.4)

Let 5, be the cutoff function introduced in Sect. 3. Multiplying both sides of
(5.4) by n2g} and integrating by parts, we have

S nelVelPdix<2 1 0V, Vel ledd’x
+2 [ ng|A-Vallald®x+11AlglZ

+Q2A+ 1) gz + 2 [HIgP L+ [ Hexll w2 18] 12 - (5.5)
Using the inequalities

HL g |A- Vel lgld*x <Al s llgill s Ime Vel l 2.

IAlglZ-<IAlZs IgliZs,
IHlg* )L < 1HI| 2 llgllZs
and the fact that AeL® gel’(2<p<6) in (5.5) we can find a constant C
independent of ¢>1 such that |7,/Vg||,.<C. Letting ¢— 0 one gets Vg, e L.
This proves ge W':2,
Now, since 7,g, is of compact support, we can find an absolute constant C; >0
such that
I1,8illw22 = C{ll Vz%gz”Ll + “%gt”LZ}
=Co{lIn gl + lgiliwr.2} s (5.6)
where C, is a constant independent of g = 1.

Except for the first term on the right-hand-side of (5.4), all other terms belong to
L?*. Hence, using the decomposition

NA - Vgi=A-V(n,8)—gA-Vn,
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and (5.6) and (5.4), we obtain the bound
11o8illw2>= C5A-V(ng)lL2+Cas (5.7)

where C3, C4>0 are constants depending on |g[lw:.2, [AllLs, [H 2, [Hellw:.2
but not on ¢g=1.
On the other hand, using the Holder inequality, we have

A - Vgl S NAlLs V(80 3 »
1V (1,801 15 = 1V (1,8) 11521V (1,81 25

using the Sobolev embedding inequality, we have

1V(1,8)11Ls = 11,81l w1 = Cs 11,81 w2

where C5 >0 is an absolute constant. As a consequence, one finds, after inserting
the above estimates into (5.7), the inequality

“’79&” w22 S Cs”A”L6”g1”%13,2||’79g1“%1//32 +Cy, (5.8)

where C, is independent of ¢ > 1. It then yields from using a simple interpolation
inequality and letting g—co that g,e W*2,
The behavior g—0 as |x|— oo follows from (5.3) and Lemma 4.2.

6. Exponential Decay Estimates

We shall show in this section if H,,, decays exponentially fast at infinity in a sense
to be made precise shortly (in particular, if H,,, is compactly supported), so do H,
D ¢, and 1—|¢|*. This means the interaction is now of a local character.
Let (A, ¢) be a finite energy solution of the Ginzburg-Landau equations (2.1)
with H,,,e W*? and A€ K to ensure the decay properties established in Sect. 5.
From the identity

V2|gl>=2|D g’ +¢* - Dig+g - (Dig)*
and Eq. (4.2) we obtain
V2(gl*=2ID 48> — A1 —91?) lg* +(2+ 1) |$]*g]?

A—1 . .
+ 5 (P2g* - g* + (%) g - g)—2iF (g g — g:g%) + i(curl H, ), (gF — g,) ¢

2 [(4+ 1)~ =11 1P Igl — {21 19+ 4H[} g — 2lcurlH,y g
=2min{i.1} (W— ;) 81>~ {21~ )

+4[H]} [g]* — C(e, ) [curl Hy |*, (6.1)

where £€(0,1) is arbitrary.
Since 1—|¢|*, H—0 as |x|— oo, from (6.1) we see that a sufficiently large ¢ >0
can be chosen to make

V?|gl*=2min{A, 1} (1 —é) |g]* — C(e, A) [curl H, > (6.2)
for xeR3—Q,.

Q
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Assume now curlH,,, decays exponentially:
lcurlH, |SC e ¥, xeR3, C,;>0, u>0. (6.3)

Set
o(x)=C,e (179 mixl

where C,, m>0 are to be determined. We have, using (6.2),
V(o —|gl>)Sm*c—2(1—¢)min{i, 1} |g|?

—m2eCye~ (10 mlxl 0 o= 2ulx]

<2(1—¢e)min{A, 1} (o —|g/*)—(m?eC,— Cy)e™ " mixl (6.4)
provided we choose
m=min{]/2(1 —&)"> min{A2,1},2(1 — )"} . (6.5)
Take C, >0 sufficiently large to make m*¢C, —C5=0. Then (6.4) becomes
Vo —Igl*)<2(1—e)min {1} (6 —g|*). (6.6)
Also, we may choose C, large enough to make
(6 —1g1)ljx)=020.

Since o —[g|*—0 as |x|— 00, applying the maximum principle in (6.6) we have
lgl? So=Cpe” 7O x| >, (6.7)
where m is determined through (6.5).
From Eq. (2.1a), we easily find
Viw=AlglPw—2[gl?,
where w=1—|¢|%. We can use a similar argument as that in the derivation of the
exponential decay estimate for |g| to obtain the bound
W< Cye (7' 2mixl - v e R3,
where C3>0 is a constant and m=(1—¢)"> min{1"/?, m}.

The exponential decay of H can be deduced from (5.1) under the additional
assumption

lcurl’H, | C, e "™, xeR3, (6.8)

where C,, y>0 are constants.
Indeed, (5.1) gives us the inequality

V2HI* 2 2[¢|*H]* —2[g|*[H| — 2[H] [curl” H|
2
Z(21¢1* —e)H|*— ;(Igl4+lcur12HextI2)~ (6.9)

Consequently, using (6.7) and (6.8) in (6.9) and arguing as before we can obtain the
estimate
H? < Cse” 79" xeR3,
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where m=2min{(1—e¢), (1—¢)~"*y,m} and C5s>0 is a constant depending on
e€(0,1).
In summary, we have

Theorem 6.1. Let (A, ¢) be a finite energy solution of Egs.(2.1) with Ae K and
H,, e W2

(a) If He,, decays according to (6.3), then for any £€(0,1) there is a constant
C(e)>0 such that

0<1—|¢p]*<Cle)e”C~omIx D, p| < C(g)e™ ! ~omlxl

where x e R?, m; =min{A"? 2m,}, and m,=min {42212 2712 1},
(b) If, in addmon H.,, satisfies the decay property (6.8), then for any ¢€(0,1)
there is a constant C(g)>0 such that

H|<C(g)e” 1 -omlxl - xeR3,
where my=min{1,2m,,y}.

Note. (a) If H,,, is of compact support, then, in the above decay estimates,
m,=2""2min{1"? 1} and my=min {1, 2m,}.

(b) If H,,, satisfies both (6.3) and (6.8), then the solutions produced by
Theorem 2.1 enjoy the above exponential decay property.

In the following we make a brief discussion about the flux quantization
problem typical in superconductivity theory.

Suppose that H,, decays according to (6.3). Let (A, ¢) be a finite energy
solution satisfying the general assumption in Theorem 6.1. Let M be a surface in
R3. We shall call M an extended surface, if M is noncompact, orientable, without
boundary, and there is a sufficiently large number g, >0 such that MnB, is a
2-manifold with boundary (M nB,)= MndB, for all ¢ = ¢, and the total length of
the curve d(M N B,) does not grow faster than the exponential functions e’(6 > 0) as
0— o0, where B,={xeR3||x|<g}.

Theorem 6.2. Let M be an extended surface in R> and consider the normalized
excited magnetic flux passing through M defined by the integral

1
o,=— [ H-dS.
M7 m Aj:l
(a) @, is an integer.

(b) If M can continuously be deformed into a plane, then ®,,=0.

Proof. Assume ¢ g, is sufficiently large so that |$|> 7 for |x|=0. Let d(MNB,)
take the inherited orientation from M. Using the Gauss formula and Theorem 6.1
(a) we obtain

{ H-dS+i | dlnq.‘)’ ¢ 1D ¢ - dx
MAB, 0(MnBy) 6(MnBe}
<2C()| | dlte‘“‘”"’zg. (6.10)
(M nBy,)

On the other hand
—i | dmn¢= | dargp=2nN,

(M NB,) (M By)
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where N is an integer. Letting ¢— oo in (6.10) we see that the proof for part (a) is
complete.

Finally, since @,, continuously depends on M and @,, is an integer, therefore
®,, is invariant under any continuous deformation of M. If M is a plane, we can
rotate M to obtain M ™, namely, the same plane with opposite orientation. Hence
&,,=®,,-. This implies ¢,,=0. Part (b) is proved.

Remarks. (a) Theorem 6.2 tells us that although the external flux passing through
an extended surface M can take any value, the excited flux through M may only
attain a number of quanta.

(b) The zero net flux property stated in Theorem 6.2(b) appears to be a special
feature of the Ginzburg-Landau theory on IR*. It may imply that magnetic strings
in R are closed and vortices living on any cross section of R® appear in pairs with
opposite local winding numbers or topological charges.

7. The Case of an Arbitrary Source Current

In the presence of an arbitrary external source 3-current J.,, the Ginzburg-
Landau equations become

DA+ % (1 -19P)$=0.
(7.1)

curl? A+ 2 (§*D,4¢ — $(D19)) = —Jou
which are the equations of motion of the Lagrangian density
1 1 A
L= 5 lcurl A| + 3 ID 40> + 3 (PP =1+ A Ty

Note that the left-hand-side of (7.1b) is divergence-free by virtue of (7.1a),
therefore we must assume J.,, satisfies the natural consistency constraint

v-J,,=0. (7.2)

ext

Using (2.4) and the Holder inequality, we easily see that the action L= | #d>x
R3

is bounded from below on the space K x W!;%if J, , € L°°. By a similar approach
as that in the presence of an external magnetic field, one obtains

Theorem 7.1. Suppose J., € L8> L%, and satisfies the consistency condition (7.2) in
the following weak sense:

Rfa Jo. - Vud’x=0, VYueCZ(R3).

Then
(@) Egs. (7.1) have a least action solution (A, ¢) in the space K x Wil:?; this
solution is regular, that is, (A, )€ W2 x W2 If J.,, is smooth, so is (A, ).
(b) If ., € L2 then1—|¢|*—0 as |x|— 0 and || <1 on R or otherwise |p|=1.
(¢) If J., e W' 2 then H=curlA, D, e W?*? and H, D ,¢—0 as |x|— co.
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(d) Assume J, € Wh2. If |3, | < C,e "™, then the exponential decay estimates

in Theorem 6.1(a) hold for 1—|¢|* D ,¢. Also, Theorem 6.2 holds here for the
excited flux passing through extended surfaces in R3. In addition, if |curld,,|
<C,e "™ the decay estimate in Theorem 6.1(b) holds for H.
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