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Abstract. We consider compactifications of eleven-dimensional supergravity
to five and three spacetime dimensions, on internal spaces K4 and K, x K,
where K, denotes an n-dimensional Kéhler manifold. The compactifications
to five dimensions yield no surviving spacetime supersymmetries. However, we
find compactifications to three dimensions on S§? x Ky and T? x K, where K
is Ricci-flat and Kéhler (a Calabi-Yau space) with N = 4 supersymmetry. We
also discuss the massless spectrum.

The eleven-dimensional supergravity theory attracted much attention a few years
ago as a possible candidate for a unified theory of all the fundamental interactions,
including gravity. These original hopes seemed not to be realized in practice, and
with the growing surge of interest in superstring theory, work on eleven-dimensional
supergravity was largely abandoned. Recently, however, eleven-dimensional super-
gravity has been making a modest comeback, as a result of developments in
supersymmetric theories of higher-dimensional extended objects (p-branes) [1]. In
particular, the eleven-dimensional supermembrane seems to have the best chance
of being consistent at the quantum level, although at this stage the evidence is
only circumstantial. It has, however, survived consistency checks which appear to
fail for all the other super p-brane theories. As one might expect, the eleven-
dimensional supermembrane is intimately related to eleven-dimensional super-
gravity, in much the same way as the ten-dimensional superstring is related to
ten-dimensional supergravity. In particular, it can be embedded in an eleven-
dimensional supergravity background, and the three-dimensional supermembrane
action exhibits a local fermionic “Siegel”-symmetry if the background satisfies the
classical equations of motion of eleven-dimensional supergravity.

In the light of the renewed interest in d =11 supergravity as a possible
low-energy limit of the supermembrane theory, it seems appropriate to re-examine
the theory. In particular, just as superstrings emphasize the importance of
two-dimensional supersymmetric theories, so supermembranes emphasize the
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importance of three-dimensional supersymmetric theories. The bulk of this paper
will be concerned with some new compactifications of the eleven-dimensional
theory that give rise to supergravities in three dimensions. Interestingly, they
involve a combination of coset spaces and Calabi-Yau spaces for the internal
manifold, with the complex structure of the internal manifold playing a crucial
role. We shall also consider a class of compactifications to five dimensions which
were first described in [2]. These, however, appear to be of limited interest since,
as we shall show, the resulting theories are not supersymmetric. Both classes of
compactification illustrate a point that was not appreciated in the earlier work
on d =11 supergravity, namely that spontaneous compactification can occur to
many more spacetime dimensions than just four or seven. Our solutions make
considerable use of the properties of Kéhler manifolds, and some relevant
definitions and results are contained in an appendix.

Our discussion of the new solutions begins by considering the equations of
motion of d =11 supergravity for a background in which the fermions are set to
zero. The bosonic equations then become

Ryn :%(FMPQRFNPQR — 129unF?) (1)
VMFMPQR = '—5_176_8M1HvMBPQRFMl"'MaFM&--MS’ (2)

where Fyypo =40 Axpo; is the field strength of the three-index photon Ay yp.
There are various well-known solutions to these equations, describing ground-state
configurations of the form (AdS), x K, or (AdS), x K,, where (AdS), denotes
n-dimensional anti-de Sitter spacetime and K, denotes a p-dimensional compact
internal space. Discussion of the known solutions may be found in [3,4, 5].

The first class of solutions that we shall consider corresponds to ground states
of the form (AdS)s x K4, i.e. the product of five-dimensional anti-de Sitter spacetime
and a compact internal 6-manifold. We take K4 to be Kihler, so it admits a
covariantly-constant complex structure tensor J,", satisfying J,,"J,» = — 6,7 and
V,.J.» = 0. (A 2n-dimensional Kidhler space is a space whose holonomy group is
U(n) or a subgroup thereof.) Lowering the upper index of J," yields an antisym-
metric tensor, the Kéhler form J,,,, which is of course also covariantly constant.
We now make the ansatz that in the ground state the metric g,y takes the direct
product form, with g,, being the metric on (AdS)s and g, the metric on K¢. For
the antisymmetric tensor F . yp, We take all its components to be zero except when
all four indices lie in the internal space, in which case

Frunpg = 3¢ pund pgy» @)

where ¢ is a constant. Since J,,, is covariantly constant, the left-hand side of (2)
is zero, while the fact that m,n--- range only over the six directions on K¢ implies
that the right-hand side of (2) is zero too. Substituting (3) into the Einstein equation
(1), we find that the Ricci tensors R, and R,,, on (AdS)s) and K, respectively must
satisfy

Ruv - zczguva (4)

Ry = 2¢% G )
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Thus we have a solution where the eleven-dimensional spacetime is the product
of five-dimensional anti-de Sitter spacetime and an Einstein—Ké&hler 6-manifold
K with positive Ricci tensor. Examples of such manifolds are CP3, CP? x S2,
S2x 8? x 8% and SU3)/[U(1) x U(1)]. (The first three can be understood by
observing that §? is CP! and that all CP" are Kihler, while also direct products
of Kihler spaces are Kihler. The last case is obtained from CP? x CP? by imposing

i

3
the holomorphic constraint ) z'w'=0, where z' and w' are the holomorphic

i=1
coordinates of the two CP? spaces.) On the other hand, G,/SU(3) = S°, S* x §*
and S? x S* are not Kihler. For the first two of these, this follows from the fact
that their second Betti numbers are zero (recall that for a product manifold
M, x M,, the Kunneth formula for the Betti numbers b,(M, x M,) of M; x M,

is Y. BAM )b, (M)

Since the fermion field ¥, is zero in the ground state, the criterion for unbroken
supersymmetry is that it should remain zero after a supersymmetry transformation,
ie. 6%, =0, where

0¥y = D_Mﬁn = Ve +Tﬁ(f‘MNPQRFNPQR - 8fNPQFMNPQ)811, (6)

and I, denotes the Dirac matrices of eleven dimensions. We make a decomposition
of the I'-matrices appropriate to the 11=5+6 split, by taking fu =y,®1; and
I, =1®7T,,wherey, and I',, are the Dirac matrices on (Ads)s and K, respectively,
and I, = (i/61)e™P4* I, , . .rs- Thus from the internal components of (6), the criterion
of surviving supersymmetry requires that

D_mn = Vm’/l + ﬁ(rmnpqu"pqr - 8anqunpq)17 = 0’ (7)

where the eleven-dimensional supersymmetry parameter is now written as e ®#,
and F,,,,, is given by (3). We need not consider the spacetime part of (6), since we
shall show that (7) admits only the trivial solution # = 0.

It is now a straightforward, although tedious, matter to calculate the integra-
bility condition [D,,, D,]n =0 that follows from (7). We find that

anE[D_m’ljn]
2¢? c?
:iRmnpqrpq_Trmnﬁ'g‘]mp‘]nqrpq
) 4 2
_—%(‘]nprmp+Jmprpn)_‘%d‘]man (8)

For the case when K is CP?, with Einstein metric satisfying (5), the Riemann
tensor takes the form [6,7]

C2

Rmnpq = Z (gmpgnq - gmqgnp + Jmp‘]nq - qu‘]np + 2Janpq)" (9)

One may check the relative signs and coefficients in this expression by verifying
that the cyclic identity is satisfied, and that J,,, commutes with R,,,,, as it must
since [V,,,V,]J,,=0. Substituting (9) into (8) yields a set of 15 matrices M,,,
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labelled by m and n for which we need to find a zero eigenvector #, satisfying
M,,..n =0, if there is to be any residual supersymmetry in this case. At this point
it is convenient to take the indices in (8) and (9) to be tangent-space indices, and
work in a basis where the non-zero components of J,, are given by J;, =J3, =
Js¢ = 1. Taking ¢? = 72 for convenience, we note that in particular M, = 14I";, +
18154+ 18156 —32il5,and M5 + M,, = — 10(I"y5 + I ,,), together with similar
expressions obtained by permuting the index pairs 12, 34 and 56. Imposing
M.,..n =0, one readily shows from this that Iy, = I'5,n = I's¢n =il ;n,and hence
from M ,,n = 0 that the only solution is given by # = 0. Thus there are no surviving
supersymmetries if K is taken to be CP3. As this is the most symmetrical of the
6-dimensional Einstein-Kidhler spaces, it is presumably the one that would have
been most likely to have admitted Killing spinors. Although we have not checked
the other choices for K, we consider it unlikely that any of them would yield a
supersymmetric ground state either.

We now turn to the case of compactifications of the form (AdS); x Kg, where
(AdS); is three-dimensional anti-de Sitter space and K is some internal 8-manifold.
Again, our ansatz will involve taking K ¢ to be Kéhler. It is tempting to try solutions
analogous to those we have just been discussing, in which Fyyp, is again taken
to have the form (3), where now the indices m, n,... range over the 8 dimensions
of Kg. Unfortunately this does not work; the “Maxwell”-type equation (2) is no
longer satisfied. This is because although the left-hand side is still zero by virtue
of the covariant constancy of J,,, the right-hand side is now non-zero because
the 8 antisymmetrized indices can now take 8 rather than 6 values. (The Kéhler
form is non-degenerate, since J*> = — 1, so the right-hand side, being proportional
to detJ, is always non-zero if the free indices PQR lie in the (AdS); spacetime
directions.) We therefore look instead for solutions of a different kind, where Kg
is itself the product of a two-dimensional and a six-dimensional Kéhler manifold,
Ks =K, x Ks. We may now make an ansatz for Fyp, in which the only non-zero
components are given by

Fa{icd = csaﬁ']cd’ (10)

where ¢, is the Levi-Civita tensor on K, (which is the same thing as the Kéhler
form on K,) and J, is the Kéhler form on K. Our notation is that the index M
is split into u on the three-dimensional spacetime (AdS);, « on K, and a on K.

The over-antisymmetrization of o, f--- indices on the right-hand side of (2)
now cnsures that the Maxwell equation is satisfied, so it only remains to substitute
(10) into the Einstein equation (1). We find that the Ricci tensors R,,, R,; and R,
on (AdS);, K, and K must satisfy

R, = —2c%g,, (11)
R, =4c*g,,, (12)
R, =0. (13)

(AdS); may thus be taken to be three-dimensional anti-de Sitter spacetime, while
K, and K, are Einstein-Kéhler spaces having respectively positive and zero Ricci
tensor. All 2-manifolds are Kéahler, since the most general holonomy group in 2
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dimensions is SO(2) ~ U(1), but only the 2-sphere admits on Einstein metric with
positive Ricci curvature. This follows from the fact that the Fuler number for
2-dimensional compact manifolds (Riemann surfaces) is given by 1/(2m){d*x
\/QR =2 —2g, where g is the genus, and is positive only for the sphere. Thus the
internal manifold Ky must be the product S? x Y, where Y is a six-dimensional
Ricci-flat Kédhler manifold, i.e. a Calabi-Yau space.

The next step is to determine whether there are any surviving supersymmetries
for this ground state. We begin by making an appropriate 11 =3 4 2 + 6 split of
the eleven-dimensional Dirac matrices I ,:

F[l:’)}u®,c3®r7’
r=19,81, (14)
I=19uQ7T,,

wherc 7,,7, and I', are the Dirac matrices for (AdS);, S* and Y respectively;
Ty =(—1/2)e" 1, pand Iy = (i/61)e"™" P I, ,rs- As for the previous compactifications
that we discussed, the criterion for unbroken supersymmetry of the ground state
is that there exist solutions of Dye&,, =0, where D,, is given by (7). We now

decompose the super-symmetry parameter as a sum of terms of the form

2';11:‘(:®C€<)’7’ (15)

where ¢ is an anticommuting supersymmetry parameter on (AdS);, and { and #
are commuting spinors on S* and Y respectively.

At this stage, it is useful to recall some properties of six-dimensional Calabi—~Yau
spaces. Being Ricci-flat, and Kihler, the holonomy group is SU(3). This means
that there are two covariantly-constant spinors, one left-handed and the other
right-handed. This may be seen by noting that left- and right-handed spinors in
six dimensions transform respectively as the 4 and 4 of SU(4) (which is isomorphic
to Spin(6), the double cover of the SO(6) tangent spacc group). There is only one
embedding of SU(3) in SU(4), and the 4 and 4 decompose as 3+ 1 and 3 + 1
respectively. It is the two singlets in these decompositions that correspond to the
two covariantly-constant spinors on Y. Denoting the left- and right-handed
covariantly-constant spinors by # _ and # , respectively, we may choose conventions
such that they satisfy

‘]abl_‘b;/lw,L = i_irani‘ (16)

These equations follow from the fact that J,°Iyn, are covariantly-constant
vector-spinors, and by looking at the decomposition of vector-spinors under
SU4)—SU@B),ie. 6®4-8+6+3+3+3+1and 6®4-584+6+3+3+3+1,
we see that they must simply be constant multiples of I,#,, since there is only one
singlet in each decomposition. The constants can only be + i, because J *J,* = ~ 4,5,
and hence with a suitable choice of conventions we obtain (16). A direct consequence
of (16) is that

Jap T = +6in, =6i7m, . (17)

With these preliminaries, we can now proceed to substitute (10) and (15) into
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(6), in order to determine whether there are any surviving supersymmetries
for these solutions. First we consider the case where the index M in (6) lies in the
Calabi-Yau directions, i.e. M =a. From the decomposition (14) of the Dirac
matrices, it follows that

IZ:ka%U}ﬂJ“—6huw} (18)
Thus using (16) and (17), we see that the I'-matrix terms in (18) cancel if we act
with D, on 5, , and so since by definition # , are covariantly constant, they therefore
satisfy D, =0.
Next we consider the case where the index M in (6) lies in the S? directions,
1.e. M = o From (10) and (14) it follows that

D,=V,—icl el (19)
so taking 1 in (15) to be 14, and using (17), the requirement D,¢,; = 0 reduces to
D=V, Ficelr,{ =0. (20)

The integrability condition for this equation is [Ea,ﬁﬁ]C = 4R 5,570
2ic*e,;t5C =0, which is indeed satisfied identically if the metric on the two-sphere
is taken to have its standard maximally-symmetric form, for which R,z ;=
4¢*(9,,980 — Yas9p,)- (The normalization here is fixed by Eq. (12).) Thus (20) does
indeed have solutions, namely the usual Killing spinors on S

Finally, we consider the case where the index M in (6) lies in the anti-de Sitter
directions, i.e. M = u. Now we find

m:m+%%nhgﬁ 1)

and so again taking # =#, in (15), and using (17), it follows that the requirement
D&y, =0 reduces to

ﬁuazvﬂs—gy#ezo. (22)
The integrability condition [D,,D,J¢=0 for this equation is ;R,,,,7""s+
(¢*/2)y,4¢ =0, which is satisfied identically if we take the metric on (AdS); to be
the anti-de Sitter metric satisfying (11), so that R,,,,, = — ¢*(9,,9vo — Jus9y,)- Thus
there are solutions of (22) in which ¢ is a Killing spinor on the three-dimensional
anti-de Sitter spacetime.

We have thus shown that there are indeed solutions of Dyeé;; =0 in our
(AdS); x S? x Y solutions, and so these correspond to supersymmetric ground
states of the theory. To count the number of supersymmetries, N, we note that
there are two Killing spinors on S? satisfying (20) for each choice of sign, while
on Y there are the two covariantly-constant spinors #_ and #,, which are left-
and right-handed respectively. Bearing in mind that ¥, and &,, are Majorana
spinors in eleven dimensions, while { and %, are complex, we must take appropriate
real combinations in (15). Taking into account that the signs in (16) and (20) are
correlated, the result is that the effective three-dimensional theory on (AdS), has
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N =4 supersymmetry. Since the Killing spinors { on $? transform as doublets
under the SU(2) isometry group of S, the supersymmetry parameters in three
dimensions transform as 2 + 2 under SU(2). The way in which the supersymmetry
arises in these solutions, involving as it does the interplay between the Killing
spinors on (AdS); and S? and the covariantly-constant spinors on the Calabi-Yau
space Y, is very different from that seen, for example, in Freund-Rubin solutions
of the theory [4]. In particular, it is interesting to note that unlike the Freund-
Rubin case, the relative sign between the two terms involving Fyype in (6) is crucial
for the existence of supersymmetry.

In three dimensions the anti-de Sitter group is SO(2,2), which is isomorphic
to SO(2,1) x SO(2,1). It therefore follows that the N supersymmetries in three-
dimensional anti-de Sitter theories really take the form of (p, g) supersymmetries,
p+ q= N, where p and ¢ label the representations under the two SO(2, 1) factors.
The integers p and g corresponds to the numbers of positive and negative
eigenvalues in the gravitino mass matrix, or equivalently, the numbers of positive
and negative coefficients of the y, term in the three-dimensional gravitino
transformation rule oy, =V e~ c/2y,¢ (see (22)) [8]. Thus in our case, since all
four Killing spinors satisfy the same equation (22), it follows that our three-
dimensional theory has (4,0) supersymmetry. (The choice (4,0) rather than (0,4)
is purely conventional.)

To determine the full spectrum of massless and massive states for these
compactifications would be quite an involved calculation, analogous to those that
have been carried out for Freund—Rubin compactifications, except that here the
more complicated structure of the solutions makes things more difficult. We shall
not carry out such an analysis here. Even to determine the massless spectrum is
non-trivial because unlike, for example, the seven-sphere Freund—Rubin compacti-
fication, the effective three-dimensional supergravity theories that we obtain here
contain reducible massless representations of the super-de Sitter group. What is
immediately clear is that included in the massless spectrum are the graviton, four
gravitinos and the three gauge bosons of the SU(2) Yang—Mills group correspond-
ing to the isometry group of the 2-sphere. In addition, there will be massless states
associated with zero modes on the Calabi-Yau space Y, together, possibly, with
further massless states coming from spherical harmonics on S2.

In order to disentangle the various sources of massless states for these
compactifications, we adopt the following strategy. First of all, we note that massless
states associated with zero modes on Y can be divided into two categories. On
the one hand there are those that will arise for any choice of Calabi~Yau space,
while on the other hand there are those that depend upon the particular choice
for Y that one happens to make. Those zero modes in the former category comprise
the two covariantly-constant spinors # , ; the Kihler 2-form J,; the complex 3-form
of type (0,3) that corresponds to the totally antisymmetric holomorphic tensor
eapcs Where A4, B, ... are 3-valued complex indices, and its (3,0) complex conjugate
e15c; the vector-spinors I,n.; and the constant scalar mode. In the second
category are the additional zero modes on Y associated with additional harmonic
forms of type (1, 1), (1,2) and (2, 1) that are not covariantly constant. The numbers
of such modes depend upon the specific choice of Calabi—-Yau manifold. The modes
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in the former category are characterized by the fact that they are all covariantly
constant, while those in the latter category are not. As discussed in [4], this means
that one can always consistently truncate the full non-linear theory to just those
states associated with the covariantly-constant modes. This is because the set of
covariantly-constant harmonics is closed under multiplication, i.e. on one can
never generate non-covariantly constant harmonics by multiplying covariantly-
constant ones together. Thus even at the non-linear level, we may if we wish
separate the discussion of the zero modes into the two disjoint categorices.

The other device that we adopt in order to simplify the discussion is to note
that whenever one has a lower dimensional supergravity theory obtained by
compactification on a sphere, the number of states of each spin in the massless
multiplet is always the same as one would obtain by making a humble torus
compactification instead. Thus, for example, by compactifying fromd =1 tod =4
on T7 rather than S7 (with the Freund—Rubin “mass” parameter set to zero), one
obtains the same numbers (1,8,28,56,70) of states of spins (2,3/2,1,1/2,0), the
difference being that the theory resulting from the torus compactification is
ungauged rather than gauged. Of course the origins of the various massless states
may differ between the two cases, but not the total numbers of states. Thus, for
example, the 28 gauge bosons in the S7 compactification all come from the SO(8)
Killing vectors on the seven-sphere, whilst in the T compactification 7 come from
the [U(1)]” Killing vectors on the torus and the remainder come from the 21
harmonic 2-forms on T7.

Thus for our compactifications we may temporarily set the constant parameter
¢ in (10) to zero, and take the internal space to be T? x Y rather than S* x Y, in
order to count the states in the massless sector of the three-dimensional theory.
As discussed above, we shall truncate out the zero modes associated with
non-covariantly constant harmonics on Y. Thus the counting of massless states
coming from T? x Y is as follows: From the metric g,y we obtain the graviton
9w two abelian vector fields associated with the two U(1) Killing vectors on T2,
and four scalar fields coming from the three constant symmetric tensors on the
flat T? metric and the metric of the Calabi-Yau space Y. From A4,,yp we obtain
b, vector fields corresponding to the case where two of the indices are internal,
and 53 scalar fields corresponding to all three indices being internal. Here b, and
b, denote the “effective” second and third Betti numbers of T2 x Y, by which we
mean the numbers of harmonic two and three forms associated with the
covariantly-constant modes on Y which are the only ones we are retaining in our
truncation. From the Kunneth formula for the Betti numbers of product manifolds,
we see that b, =2 and b, = 4. For the fermions, when M lics in spacetime ¥y,
yields the four gravitions discussed earlier, and when M lics in the internal space
we have a total of 12 covariantly-constant vector-spinors on T2 x Y, arising as
four complex vector-spinors on T2 (namely the two Killing vectors times the 2
complex covariantly-constant spinors) times the two covariantly-constant spinors
n. on Y plus the two covariantly-constant spinors on T? times the two vectors-
spinors {,n,. on Y. This gives 12 spin 1/2 massless fields. These results are
summarized in Table 1.

Bearing in mind that we are in three dimensions, so that a graviton has no
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Table 1
Numbers of massless modes

Spin T? x K¢ S2x K,
2 1 1

32 4 4

1 4 9

12 12 12

0 8 3

degrees of freedom and a massless vector has only one degree of freedom, we see
from Table 1 that the number of on-shell bosonic and fermionic degrees of freedom
do indeed match, i.e. 12 4+ 12. In fact a massless vector in three dimensions is really
equivalent to a scalar field, since its field strength can be written as the dual of
the gradient of a scalar. One might expect that in the S? x Y compactifications
that we are really interested in, the numbers of vectors and scalars differ from
Table 1, although the total number of vectors plus scalars will be the same. The
12 scalars are just what one needs for a scalar coset manifold SO(N, n)/[SO(N) x
SO(m)] with N =4 and n=3[9]. Upon gauging one expects therefore 6 + 3 =9
vectors and 3 scalars. As a check on our previous results for T2 x K, we consider
the massless spectrum of bosons for the $? x K, compactification. The metric gy
gives one graviton, three vectors from the Killing vectors on S? and one scalar
from the dilation mode of K. From A, yp we get six vectors, namely three from
J @ and three from ¢,,®, where @ denotes the three conformal scalars on S, In
addition, therc arc two scalars from the ¢, and &;3 on K. This massless
spectrum is also given in Table 1, and agrees with that on T? x K, bearing in
mind the equivalence of vectors and scalars discussed above. The full massless
spectrum will thus comprise the states listed in the table, together with additional
matter multiplets associated with the non-covariantly constant modes on the
Calabi-Yau space.

This concludes our discussion of compactifications of d = 11 supergravity on
Kéhler manifolds. One could, of course, look directly at supergravity theories in
three dimensions, and work out further details of the massless sectors for the
theories that we have obtained. We shall not pursue this further here. For now,
we consider that one of the most interesting aspects of this paper is the say in
which various mathematical tools, including especially the use of Killing spinors,
play a role in the physics of Kaluza-Klein theories.

Appendix

In this appendix, we collect together some basic facts about almost complex,
complex and Kihler manifolds. We include a simple discussion, based on the use
of Killing spinors, of the non-integrable almost complex structure on S° There
are several equivalent ways in which one can describe a Kéhler manifold, and
depending upon the situation of interest one may find that one description is more
convenient than another. Since a Kihler manifold is in particular a complex
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manifold, one has the option of using n complex coordinates z* rather than 2n
real coordinates x™ to parametrize points in the manifold. If we divide the real
coordinates into two sets of n, x™ = (x,% x,%), we may relate the real and complex
coordinate bases by choosing relations of the form z* = x;* + ix,o. In terms of the
complex basis, one may write the metric in the form ds? = Zgiﬁdz"sfﬁ , where

gaﬁ: 8(15[71((2,2_), (Al)

and K(z,z) is the so-called Kéahler potential. The Kahler form J may then be
written as J = 2ig,;dz* A dz’.

In practice, it is more convenient for our purposes to describe the Kéahler
manifold purely in terms of the real coordinate basis. Thus we need the following
definitions. To begin, we define an almost manifold as a manifold of real dimension
2n that admits an almost complex structure tensor J,," that satisfies

Jan"P = - 5mp‘ (Az)

(Note that (A2) necessarily requires that the real dimension be even. This follows
by taking the determinant of (A2); (det J,,")* = (— 1)°. Thus since the left-hand side
is positive, the dimension d must be even.) Next, we define an almost Hermitian
manifold as an almost complex manifold which admits a metric g,,, such that

T u"G 04 = Gmn- (A3)

Combined with (A2), this amounts to the statement that the tensor J,,,, obtained
by lowering the second index on J,? with g,,, is antisymmetric,

Jon=—J pom- (A4)
This antisymmetric tensor may be viewed as a 2-form J,
J =10 ,dx™ A dx". (AS)

We define a complex manifold as being an almost complex manifold for which the
almost complex structure tensor is integrable, i.e. the Nijenhuis tensor, defined by

Ny = 0l 7 = 0 o7+ T80, 20,0, — T AP0, (A6)

vanishes. (It is not a priori obvious that (A6) is a tensor, but one can, for example,
check that the partial derivatives may be replaced by covariant derivatives, by
virtue of the connection terms cancelling.) Similarly, we define an Hermitan manifold
as a complex manifold which admits a metric satisfying (A3).

A Kihler manifold may now be defined as an Hermitian manifold that admits
a metric such that the Kahler form (A5) is closed,

dJ =0. (A7)

One can now show that the above definitions lead to the stronger result that in
fact J is covariantly constant. To see this, we first observe that (A7) implies that

Vodwp = Vadmp + Vpd iy = 0. (A8)
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Using N,,,” =0, we re-write the first two terms as
-2,V —(men)+V, ], =0. (A9)
Using (A2), we may write this as

(I =TTV + Vo d = Tt S (Vo 1y = VT ) + Vi n = 0. (A10)

rp
From (A7), we get

quJnr( - Vp‘]qr) + Vmen = 0’ (Al 1)

and hence
Jn (VI M g + V0 = 0. (A12)
Finally, from (A2), we obtain
Vo = 0. (A13)

A nice example of an almost complex manifold where the almost complex
structure is not integrable is provided by the six-sphere. With its standard
SO(7)-invariant metric, the Riemann tensor takes the form

Rmnpq = az(gmpgnq - gqunp); (A14)

where a ™! is the radius of the sphere. One can show that the Killing spinor equation

(Vmi§rm>ni:o (A15)
has 8 solutions #* and 8 solutions # ~. The proof consists of taking the commutator
of Killing derivatives (A15), and substituting (A14) into the result, thereby showing
that the integrability condition is identically satisfied. The Dirac matrices I, of
six dimensions may be chosen to be imaginary and antisymmetric, satisfying
{1} =29, The chirality operator I',=i/6le™ ™[, ... is then also
imaginary and antisymmetric, and I",? = 1. We may take the Killing spinors 7 to
be (real) Majorana spinors. In this basis for the Dirac matrices, the Majorana
conjugate of a spinor 5 is simply #”. Without loss of generality, we may assume
that each Killing spinor is normalized to unit length, 7y = 1.

In terms of one of these Killing spinors #, say one of the #*, we construct the
following real antisymmetric tensor

Jmn: i"/TF7rmn’7:inTr7Fmrn77‘ (Al6)

One can show that any of the matrices 1, I';1,,, and I,,, gives a non-zero
expression when sandwiched between #” and », while I, I",,, ['sI",, and I, give
expressions that vanish. Using I, I, ,,I" ™ = 0, a simple Fierz rearrangement shows
that (A16) implies

Joipd 5= 2 G + 5@ G 50+ G 1), (A17)

which, after tracing to obtain J,,,J™ = 6, implies that J satisfies (A2). Thus J is
an almost complex structure on S°.
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From (A15), the covariant derivative of J,, is given by
Vman = aUmnp; Umnp = ﬂTF7 anpn‘ (A18)

Thus substituting into (A6), with the partial derivatives replaced by covariant
derivatives, we see that the Nijenhuis tensor is given by

Nijk: _4aTijka (A19)

where T, = U{;Jy. Since U, is non-vanishing, it follows that the Nijenhuis tensor
is non-zero, and so the almost complex structure tensor (A16) is non-integrable.
Of course this does not yet constitute a proof that S is not a complex manifold,
since it does not rule out the possibility that there might be another almost complex
structure that is integrable; however in fact it has been proved that this is not the
case.
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