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Abstract. We prove non-existence of bound states for a class of N-body systems
in homogeneous electric fields. This class includes atoms and Born-Oppenheimer
molecules. This result in conjunction with a stability result of [HS] implies
existence of resonances for such systems.

1. Introduction

Though the quantum N-body problem was intensively studied for the past 20
years, the field still abounds with many basic problems. For instance, physical
intuition suggests that a system placed in an external field which, in a certain
direction, pulls it apart overcoming the attraction between particles should not
have bound states. In particular, a homogeneous electric field applied to a system
containing charged particles of opposite charges should break the bound states of
this system. So far this rather obvious statement is proven only for two (one)-particle
systems ([T, AH, HS] see also [A]). The purpose of this article is to prove that
for a large class of N-body systems including atoms and Born-Oppenheimer
molecules, there are no bound states in the presence of homogeneous electric fields.
This result coupled with the stability result of [HS] (see also [Hu]) implies the
existence of resonances in such systems. It is shown in [Sig] that these re-
sonances have exponentially small (in the inverse of the strength of electric field)
width. The latter is determined by the width, in an appropriate Agmon metric, of
the barrier that the system has to penetrate. This shows that establishing
non-vanishing of this width is a delicate matter.

Note the principal difference between the one (two)-body and N-body problems.
In the one-body case, the total potential acting on the particle in question is
V(x) — E-x, where E is the electric field strength (times the charge of the particle).
Hence the force acting on the particle in the E direction is
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—E-VV(x)+|El,

where E =E/|E|. It is positive (close to |E|) for |x| sufficiently large, provided
IVV(x)| vanishes as | x| — oc (in fact, vanishing of E-VV(x) in the direction of field
would suffice). In other words, if the particle is in the half-space E-x>0 and
sufficiently far from the origin, it is pulled off to oo by the electric force. In the
N-body case, the total potential is XV, (x; —x;) —X¢;E-x;, and the total force
acting on the i particle is the direction of E is
— Y EVV,(x;—x;) +¢]|El
JjFi

In general, for not so large | E|, this force pulls the particle to oo only when this
particle is away from other particles. Put differently, along the planes

{x]x; =x; for some j}, (.1

this force can be negative and push the particle back to the origin.

In our proof we adopt a modification of the method of [FH(H — 0)?] and
[FH] (see [RSIV] for a review of related works), where the absence of the positive
energy bound states is shown for a large class of systems. The N-body systems we
consider are specified as follows. N particles have “arbitrary” interactions with
arbitrary fixed centres and repulsive (at least, in the direction of the electric ficld)
interactions with each other. In fact, our assumptions are even weaker than that
since we incorporate the electric field into the potentials and its effect shows only
through a general estimate. Our approach is not intrinsically an N-body one.
Instead of using the geometry of the N-body problem we use that the interactions
between moving particles are repulsive. This fact allows us to reduce the problem
to one of independent particles interacting only with the fixed centres. Though we
cannot separate variables and reduce the problem to the one-particle one, as it is
normally done, the resulting problem, given some additional tricks, can be easily
managed. The underlying intuition is that the repulsive interaction between moving
particles will prevent them from sticking together, i.e. will keep the system away
from the planes (1.1) along which the electric force is not effective. Note that
repulsive estimates instead of geometric analysis were used in [L] in an analysis
of N-body scattering.

The paper is organized as follows. The second section deals with the 1-dimen-
sional one-particle case. Here we develop most of our machinery. The third section
treats the n-dimensional one-particle case. This treatment is, in fact, reduced to a
few remarks concerning essentially the notation. No new ideas or tools are
introduced here. The fourth section deals with the general case, i.e. the class of
N-body systems described above. In the fifth section we discuss generalizations to
potentials including electric fields vanishing at infinity as O(] x| *) with a < 2.

2. One-Dimensional One-Particle Problem

a. Hamiltonian. We define a class of Schrodinger operators (Hamiltonians) on
L*(R) which includes one-dimensional Stark Hamiltonians. Let p = —i(d/dx), and
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define
H=p>+V(x) on L*R)
The potential V(x) will be assumed real and such that H is self-adjoint and the

force — V' pulls the particle which is on the interval x > R to oo:

(A) V=V +V, with VeLZ.(R), V{(x)= —cmax(x,0) for some ¢>0 and
V,eL*R) 4+ L*(R).

(B) V has a distributional derivative satisfying: — V’(x) is bounded and =9 for
x = R for some §,R > 0.

By the Faris—Lavine theorem (see e.g. [RSI1]), H is self-adjoint due to condition
(A). This condition will be also used to guarantee the unique continuation property
for H (see [ABG, H, SchS] and the references therein). Condition (B) on the force
will be used to show that H has no bound states. Note that the usual Stark potential

V(x) = W(x) — Ex,
where W(x) is a one-body potential with W’(x) vanishing as x — oo, obeys this
condition:
—V'(X)=E—-W'(x)»E>0 as x- 0.
We present some properties of the domain of H used henceforth. We have
D(H) < local Sobolev space of order 2. 2.1

This follows readily from the local H-boundedness of V' with the relative bound
0. Next,

D(H)= D(p*<(x) ™17, (2.2)
where (x) =(1+ x,) and x, = max(x,0). We prove this embedding in Appendix.

b. Exponential Bounds. In this section we prove exponential bounds on bound
states of H... as if the latter exist. These bounds are used in the next section to
prove absence of bound states.

Theorem 2.1. Let Yy be a bound state of H. Then e**yel? for all = 0.

This result is expected; in a bound state, the particle tries to avoid the region
in which force pulls it to co.
Idea of the Proof. First we defined a smooth version of x_ shifted to the right

x—R—1/2 if x=R+1,
0 if x<R
0<F, O0ZF<Z1, F'=20

Fix)=

The graph of F’ is shown in Fig. 1:
Now assume on the contrary that for some z > 0,

ey ¢l (2.3)
We absorb this fixed « into F (i.c. we write F for oF). Let for > 2R +2, F,(x) be
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F'y__ Fﬁ
B [ R Rw © o2t
Fig. 1
smooth and obeying
Fix) if x=Zt

Fix) = (2.4)

ot if x=2t,

FO(x)=0( """, k=1, and F/(x)<0 for x= R +1 and 0< F, < I’ (the deri-
vatives are taken in x) (see Fig. 1). Form the wave packets

eFL

V=T

(2.5)

Because of (2.3),

Il =1, ¢, —0. (2.6)
This relation suggests that i, is a scattering sequence. Define the sell-adjoint
operator

AY =3(F'p 4+ pF).

This is just the momentum localized to the region where the force — V' pulls the
particle to + o (see Condition (B)). The commutator i[ H, A" is, up to local terms,
the force in this region. As expected, the local terms vanish along the sequence ,
which allows us to show that

(i[H,AY]), =z 6, for tsuffic. large, 2.7
and for some J, > 0. Here and henceforth we use the notation
CAD =W AP ).
On the other hand we show that
Ci[H AY]y, = Co L (2.8)

The latter estimate is a Virial type result which witnesses the bound-state nature
of ,. It exploits the eigenequation

(H" —E), =0, (2.9)
where E is the eigenvalue of H corresponding to the eigenfunction  and
Hf =e"He T =H —(F')* +2iA". (2.10)

Contradicting Egs. (2.7) and (2.8) show that efyyeL?, which implies the statement
of the theorem.
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Proof of Theorem 2.1. First we prove Eq. (2.7). We use the equation
i[H, A"} = —F'V' +2pF"p — LF", (2.11

which is obtained by the straightforward evaluation of the commutator. Since F”
has a compact support and due to Equation (2.2) and since |V'| is bounded on
supp F', ¢%u is in the domain of [ H, A"} for any ueD(H) and any smooth G such
that euel?. Since F™ has a compact support we have

[CFY) | < Cﬂ%
Hence
(F¥y 0 as t—0. (2.12)
Since F” = 0, we have that
pF'pz0. (2.13)

Since F” has a compact support, y,e D((F")V/?p). Next, by (B), F'V’ is bounded.
We show that for t suitably large

0
—<F’V’>,g§. (2.14)
First, observe that F is chosen in such a way that
—F'V' 'z oF". (2.15)
Next, since F' and F, are supported in [R, oc), we have
R
(F'Hy =21 ‘jmeml//z > !
=l — = L=
j‘ e2Fuy? eyl
Hence )
(F'y,—»1 as t—-o.
Thus (2.14) follows. Equations (2.11) (2.14) yield
. )
Ci[H, AT, ;% for large . (2.16)

Next we derive a Virial-type result. Let

(AYg={Vs AYs> with Y, =e%.

Lemma 2.2. Let G and J be smooth with bounded derivatives, let J' live in x =2 R
and J" have a compact support and let e D(A”)nD(A). Then

CG[H, Ay = —4Re{ ATASY . — 2{J'G'G" . 2.17)

Proof. Observe first that since supp J” is compact, ¥ is in the domain of [H, 4”].
Note the eigenequation

(HS — E)g =0.
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We use a “Virial theorem” for this equation:
0=Im<{ A, (HC —E)Wg).
Due to the equation
HS=H —(G')? +2iAC,
we have that ;e D(H). Furthermore, the last two equations yield
0=Im{ A% g, (H — Eyrg) —Im{ AN 6, (G)2g) — 2Re AN g, ASY ).
Using that
—Im{ASBf) =3 fLi[B. A1f)

i[G)% AT = —J((G)Y),

and

we arrive at (2.17). [J

For special J and G we derive a more detailed relation. Let

)= Fi(ry if r=2R+1
AR if r<2R+41

Then
Fi=Fy, (2.18)

Note that J = F, and G = F, obey conditions of Lemma 2.2 and, due to Eq. (2.2),
Y, is in the domain of 72 AF.

Lemma 2.3. The following identity holds
GLH AT = =42 AMY, 12 = C2F2F" 21 + 1 v (2.19)

Proof. Using (2.18) and computing a simple commutator, we obtain

i
R Y
Pick s > 3t. Taking into account that
F,=FonsuppF, and F' =1 on suppy;,
we derive
Re(AFsAF) = AV y, AF — L7

Taking J = F and G = F,in (2.17), using the last expression and taking into account
support properties of the functions involved, we arrive at

(i[H, A¥]), =r.hs. of (2.19). (2.20)
This together with Lemma 2.4 below completes the proof of Lemma 2.3. [
Lemma 2.4. Let ueD(H). Denote {B),=<u,Bu). Then
([H,A"]),—{[H, A"]),. 2.21)
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Proof. Since due to condition (B), V' is bounded on supp F; and on supp F’, and
since 0 £ F, < F' and F;— F' pointwise, we have

(F V'Y, —<LFV, (2.22)
as s — o0. Moreover
CFE, = FW), (2.23)
Next, we claim that
PESPYu—<PF"p) (2.24)
To prove this we observe first that
Fi=F"+ y. (2.25)

Note that 7. <0, 7. =0(s"!) and is supported in [s,2s]. Define ¢, =(—sy3)/>%

Then ¢, = 0(1) and is supported in [s,2s]. Taking this into account, we obtain
251" 2pu || < const|| (x> 2pul.

This together with Eq. (2.2) implies that

|1/2

[ 7l Y2puf -0 as s—cc,

which, by virtue of (2.25), yields (2.24). Equations (2.22)-(2.24) together with (2.11)
yield (2.21). [

Equation (2.19) implies
CI[H A", S =47 AT, 17 = 2{F"F?), + Ct Y,
with the constant C independent of t. Since F” = 0 we obtain furthermore
CGLH AT S =4l dPAM 1P+ Coot =Gt
This contradicts Eq. (2.16). The contradiction proves Theorem 2.1. []
¢. Absence of Bound States. In this section we use Theorem 2.1 to prove that, given

conditions (A) and (B), H has no bound states. The strategy of the proof is similar
to that of the proof of Theorem 2.1. Instead of 1 we use o as a parameter.

Theorem 2.5. H has no bound states.

Proof. Let  be an eigenfunction of H with an eigenvalue E. We show that this
assumption leads to a contradiction. By Theorem 2.1,

efyel? forall «=0.
Define the wave packets

ety

ety

We claim that ,e D(p) and therefore /e D(AF) (cf. Proposition A.2 of Appendix).
Indeed, let yeCJ obey 0<y <1 and |y™|<C,. Set ¢, =yy,. Then ¢,eD(p?),

Vs
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{p*$s, d.> = p9,|* and
1pd,1? = Hyo o) —~ <V pos o
Since €Ty el? for all B we have, due to condition (A), that
— Vo o> = Cle) +<{Hys b,
Furthermore, we compute
(Hoy, bup =EN ¢, 117 +Re g™ [p? ye™ Woh ) = Ell g, |17 + [z 12 (2.26)
Therefore (remember, |, || =1)
[KCHpye | < Cle? 4 1),
and consequently
Ipg.l%<C () (2.27)

which yields || yp¥, | < C,(2) and which, in turn, by the monotone convergence
theorem, implies the desired result. The latter and equation

Hip, =(—iof'p + E=2F" +2*(F))y,

imply y,e D(H).
Denote

(A=, AV, ).
Equation (2.17) with J = F and G = oF yields
Ci[H, AP, = —da|| AT, |12 =202 CF2F ), (2.28)
Since F" z 0, this yields

(i[H, AT, 0. (2.29)
On the other hand, Egs. (2.11), (2.13) and (2.15) give
CGIH, AT1, Z 0F ), — 5, (2.30)
Recall, F' = 0. We show that for some § >0,
(F'>,z6; for o suffic. large. (2.31)
We have
T Fre2y2 f 02412
(Fy,=% —— 2FR+1HEL =F'(R+1)(1 1), (2.32)
J 272 [ e2emy2
where
f e?.a[‘lpz

. (2.33)
j‘ eZaFlp?_
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We estimate

R+1 2aF 2 © )

o

I e* !y p20F(R+1) j Y

[<=® < — o0

= w :eZaF(R+2) o
eZaFllIZ

R+2 R+2

. (2.34)
lPZ

The first factor on the right-hand side vanishes as « — oo while the second factor
is independent of « and finite, provided ¥ #0 for x =2 R +2. By the unique
continuation theorem (see e.g. [ABG, H, SchS]), the latter is the case for  #£0.
Thus I -0 for « — co, and therefore

(F',z7F'(R+1)=06,

for o sufficiently large.
Next, since F™ is supported in (— oo, R 4 1]

R]‘hleZaFlpz
[(F),|SC-2. (2.35)
j €2aFl//2

By the same argument as above (see (2.34)),
(Fy -0 as a—o0. (2.36)
Equations (2.30), (2.31) and (2.36) imply that

(i[H,AF]>,=z B for o sufficiently large (2.37)

for some f > 0 independent of o. The last equation contradicts (2.29). This proves
Theorem 2.5. [

Remark 2.6. The result of Theorem 2.1 alone without condition (B) on the force
suffices to prove Theorem 2.5. However, if we do not use condition (B), we need
an extra estimate, e.g.

| AFY, || 00 as  a—o0.

3. One Particle in » Dimensions

Now p= —iV and p? =|p|?> = — A (negative Laplacian) on R". The Schrodinger
operator under consideration is

H=p?>+V(x) on L[*R",

where the potential V(x) is a real function on L?*(R") obeying the following
conditions:

(A) V=V, +V,with V,eLZ (R") and V,(x) = —a(h-x), for some a >0 and heR",

V,elP(RY) 4+ L*(R"), p>n/2 for n =4 and p=2 for n < 3.
(B) VeLl (R™, p>n/2.
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(C) V has distributional first derivatives satisfying — h-V V(x) is bounded and = o
for h-x = R for some J, R >0 and h, the same as in (A).

Again, by the Faris-Lavine theorem, H is self-adjoint due to condition (A).
Condition (B) is needed to guarantec that H has the unique continuation property
(see [ABG, H, JK, SchS]). Condition (C) is the condition on the force. It is satisfied
if V' combines the one-body potential W(x) with VW(x) vanishing as | x| — oo and
the electric potential — E-x with E-h > 0.

Applying an orthogonal change of variables (the rotation taking e! =(1,0,...,0)
into h) we reduce the second part of condition (C) to

A

cV

—5—1(,‘() is bounded and =6 for x!=R, (3.1)
X

where x! is the first component of x.

Theorem 3.1. Let  be a bound state of H. Then ¢**)* e LAR") for all %= 0.

The proof of this theorem is exactly the same as the proof of Theorem 2.1 with
all action taking place only in the x!-direction. For instance,

AP =3(F'(xHp' 4 p' F'(x1)

with p! = —i(¢/x"). Using this theorem we show exactly as in Sect. 2.
Theorem 3.2. H has no bound states.
Remark 3.3. A slightly simpler version of the proofis obtained if one takes p'! instead
of A¥, one uses then that (), —0and {f),—0 for any feC{ in order to prove

positivity estimates of the type (2.16) and (2.37). This version does not extend,
however, to the N-body case.

4. Many-Body Systems

a. Hamiltonian. We consider a system of N particles (for the sake of notations of
the masscs 1) interacting with a number of fixed centres. The Hamiltonian of such
a system is

N
H=Y(p2+V)+ YV, on LYR"™), (4.1)

1 i<j
where p;= —iV; with V,, the gradient in the variable x;, V;=Vi(x;) and V;;=

V;j(x; — x;), the real potentials. V, are assumed to obey conditions (A)-(C) of Sect. 3

with the same h. V; is the potential of interaction of the i'" particle with fixed centers
and an external field. The potentials V;; are supposed to obey

v, and (h )V Ve (R + L*(R")
withp>g for n=4 and p=2 for n<3 4.2)

and to be repulsive in the h direction:

(h-y)h-v Vij(y) =0. (4.3)
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In fact, we need this condition only for | y| < R, for sufficiently large R,.
Note that atoms with infinitely heavy nuclei and the Born-Oppenheimer
molecules in an electric field E obey the above conditions. In this case

V=Y 2
i !)(—.—R ‘ —€ X
for R,eR3 (positions of the nuclei) and
V=
X m

Again, in order to simplify the notation we apply the same orthogonal trans-
formation (rotation ¢ in R" taking e! to h) to all x;:(x,....xy) =(g(x,), ..., g(xy))
Then condition (C) on V; reads in this case as

V.
_f;[{'(l)) is bounded and =& for y!=R, (4.4)

oyt
and for some 0, R >0 and condition (4.3) on V;; becomes
L OV
‘r»‘r F()=0. (4.5)
As in the one body case we have
D(H) < loc. Sobolev space of order 2.

b. Exponential Bounds. As in the one-body case we want to show that the bound
states of H, if they exist, decay exponentially in the direction of the field. We begin
with introducing a function F(x) measuring this decay similarly to the one-body

case. The first impulse to define it as F(x) = Z F(x]), where F| is equal F of
Sect. 2, must be suppressed. [t meets technical d1ff1cu1t1cs We define F(x) as follows.
Let
g;=d(x)) and  g=(g,,....05)
where ¢(s) is smooth non-negative function with the following properties
its) s—R—1 for s=R42
g(s) =
g 0 for s<R
and
0=g's)=1, g"(9=0.
Next [|¢g(x)|| will denote the Euclidean norm of the vector g(x): || g(x) || =(Zd(x})?)17
Now define a smooth non-negative function ¢ with the properties
s—R, =1 for s=R,+1
dlo =g T
0 for s<R,

and
0’1, 9" =0.
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We choose R, so that

—=2 2R +10.

\/__
Fx)=¢(lg(x)]). (4.6)
Theorem 4.1. Let Y be an eigenfunction of H. Then e*\yel? for all a.

Define

Proof. We follow closely the proof of Theorem 2.1. Assume on contrary that
ey ¢ L2 for some o = 0 and show that this assumption leads to a contradiction.
In what follows we incorporate « into F, i.e. write F for aF and ¢ for a¢. Define
for t > 2R, +2 a smooth, positive function ¢,(4) such that ¢ =0 **1), k=1,
for Az R, +1 0 = ¢, = ¢’ (the derivatives are taken with respect to 1) and

o,A=¢(A) o A=t and =ar if A1=2c
Introduce

eFtw

Fx)=¢,(l¢(x)[) and ¢, = TeF gl

4.7)
Then

[, =1 and ¢, —0. (4.8)

Henceforth we use the following notation
AY =HVF-p+pVF).

Our task is to obtain a contradiction by estimating {([H, A¥]>, in two different
ways. First we compute

i[H, A"]=2p(Hess F)p — 1 A*F — VF-VV, 4.9)
where
Hess F = Hessian of F.

We evaluate Hess F. We have (remember that |g|l = R, on supp ¢'(g() 1))

V.F = <ﬂ> @'l (4.10)
gl
with the obvious notation ¢}. We compute
0% F 9:9:979; 977 +919: ., | 9:9:939;
[ oL At A +5l 1 1 13 7 J ](b” (4'11)
Ox}ox] lgll> o lgll o lgl?

Taking into account that ¢’ =0 and denoting §; =(¢g,/|/g(/)(¢')"/%, we obtain

’ aa. 2
Zéiglg,dJ gi9; , g—(Zﬁg’é >

i,j lg “2
Using the Schwarz inequality and the fact X§? = ¢’, we obtain
2¢,919; 0 g;9;¢; =2 ¢ g &t (4.12)

gl Tgl?
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Hence, since g/ =0 and ¢’ =0,

Hess F > [gig L g %J. 4.13)
lgll = gl
Since ¢” = 0, we have that
Hess F = 0. (4.14)

First, we prove a virial type result. For t > 2R, 42 we introduce the smooth
function

¢(r) for r=2R, +1
0,(r) = 1
() { 1 for r<2R, +1. (*.15)
As in Sect. 2, ¢, = ¢'0,. It is easy to compute that
VF,=y,VF, (4.16)

where Xt(x) = 01( “ g(x) ” )
Lemma 4.2. , is in the domain of [H, AY<] for all s including s = co.

Proof. We will use Eq. (4.9). First observe that since F, is bounded and VF, =
O(llglt™ 1), where |lgll =(llgl*+ 1Y% we have, due to Proposition A.l of
Appendix, ¥,€ D(H). Next, since

Hess F =O0(llgll ™), (4.17)
we conclude due to Proposition A.l that
D(H) = D((Hess F)'/?p). (4.18)

Thus i, is in the domain of p Hess Fp. Next, we consider the term —VF-VV. Using
Eq. (4.10), we obtain
,9i9; OV,

—VFVV.= —¢' ==L .
Vi lgl xF

(4.19)

Since ¢; is supported in x} = R, the right-hand side is bounded by condition C
(Sect. 3). Hence y, is in the domain of XVF-VV,. Next, we compute using (4.10)
97 —g7 v,

iy 20
20l ox! (420

—VE-VV,; = —

By the assumptions on potentials
200y a2y Vit =)
(070 =7 ()
is infinitesimally form-bounded with respect to p? (see e.g. [RSII, Theorem X.20],
sec also [CFKS, p. 7]). Hence, due to Eq. (4.20),
ZIVEVV I =HIp2 gl 2y, 1% + Clig, 1%,

the right-hand side bounded by Proposition A.1 of Appendix. Thus
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IVE-VI, || < o0,

which together with (4.9) and (4.18) shows that i, is in the form domain of [H, A"
Replacing in the derivation above F by F, we conclude that i, is in the form-domain
of [H, AF<] as well. [

Lemma 4.3. For each t, ), is in the domain of y}?AF and
CGH,AT]) = — 4|17/ 2 A )2 + Ct Y, (4.21)
which C independent of t.

Proof. We follow the proof of Lemma 2.3. Since y, is supported in [ g(x)|| < 2t
and due to Proposition A.1 we have that , is in the domain of y}/2AF. Relation
(4.16) leads to

AP =y, AF %vpvxt. (4.22)

Pick s> 3t. Taking into account that

F,=F on supp(VF)), (4.23)
rs=1 on supp x, (4.24)
we obtain a generalization of Eq. (2.19):
GLH AR = =417 P A2 + I D, (4.25)
where
J,=—y2VF-V|VF|? —|VF|?’VF-V(33) + VF-V(VF Vy,). (4.26)
Using that
V|VF|?> =2(Hess F)(VF) 4.27)

in the sense of R"™-vectors, we get
VF-VIVF|? =2 < VF,(Hess F)VF ) 20, (4.28)
due to Eq. (4.14). Since
[V"(3,)¥| < constt ™",

we conclude that

J,<constt™ L (4.29)
Equations (4.25) and (4.29) yield
GLH, AMT) = =417 P AN 1P+ Ce (4.30)
Next we show that ([H, A™]>, - <[H, A"]),. Since ¢, — ¢ pointwise and since
g:9: OV
gl oxt

are bounded, we have due to (4.19) that
(EVESVV >, —{(EZVF-VV>, (4.31)
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This fact together with (4.9), (4.14) and |AF | < const implies that
(VESVV) =€) 4.32)

with the right-hand side independent of s. Since ¢?'(s) is monotonically increasing
and since V;;(y) is repulsive in the direction e! (see Eq. (4.5)), we have

v,
2(xly — g2 (x1)) ——H <
67 6 = ¢ (D) g SO
Hence (remember, ¢, = 0)
¢, 2! 2 aV'j
S (g2 g2 Y >0, 4.33
2“9”(91 g,)ain_O (4.33)

Since 0= ¢ < ¢ and ¢, — ¢, then due to bound (4.32) and Fatou’s lemma and
the Lebesgue convergence theorem

(VFEg V0 = VF VY5, < . (4.34)
Note for a future reference that the argument of the previous paragraph implies that
—VE-VV,;20. (4.35)
Hence by virtue of (4.31) and (4.34),
KVEVV ) -<(VF- VI, (4.36)
a s— 0. Finally, clearly
(A%F )y, —(A%F),. (4.37)
Now, as in Lemma 2.4 one can show that
{pHess F;p>,—{pHessFp),. (4.38)
Equations (3.46)—(4.38) together with Eq. (4.9) yield
([H, A"15,—<[H, A"]>, (4.39)

as s — oo. Equations (4.30) and (4.39) yield (4.17). (]

Lemma 4.4. For some fixed 6, >0,

lim (i[H, A"]), > 21(%‘ (4.40)

1>
Proof. We estimate every term on the right-hand side of (4.9) separately. We begin
with the last term. We claim

¢’ v, 0

— - Zg;giiig—_:
Tgll = axt= N

For any xesupp ¢', let k = k(x) be defined by g,(x) =maxg (x). Then for this x,
J

¢ (4.41)

1
gilx) 2 \/—N lg(x)]. (4.42)
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Hence

(4.43)

() = \/_
and therefore, since R, > 10\/N , and by the definition of g,
i) = 1. (4.44)

Furthermore, since (for the same x)

xizi(xhH = _2 2R,
2=,y
we conclude with help of Eq. (4.4) that
av,
— 5 (x)= 0. (4.45)
ox;j,

Equations (4.43)—(4.45) and the fact that g,, g; = 0 for all i yield (4.41).
Collecting Eqgs. (4.35) and (4.41), we obtain

b
—VFVV =S¢ (4.46
~ ¢ )
Equations (4.9), (4.14) and (4.46) yield
i[H, A= j_ﬁqs' _A?F. (4.47)

Now we estimate A2F. A straightforward computation (similar to (4.11)) yields
A2F=0(llgll ™). (4.48)

(In fact, (4.11) implies this equation.) We show first that if F'| is supported in
{xIllgll < p} with some p < co, then

(Fi)—0. (4.49)
Indeed,

2
[{F ] §Cez¢(p)§ jzlﬁlljz —0.

Next, we claim that for any 3 >0

Mgll=7>, -0 as t—co. (4.50)

F<Hg”§%>3

gl =074 s ),

As before the last term vanishes as t — o0, so (4.50) follows. Equations (4.48)--(4.50)

Indeed, for any 6 —0,
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imply
(A?F),-»0 as (—ow. (4.51)
Now Egs. (4.47) and (4.51) imply

0
<i[H,AF]>t27}V:<¢'>;+R,, (4.52)

where R, —»0 as t - c0.
Finally, we estimate (¢'),. Since ¢’ =0, we have

[ e2ry? [oerry?
02 ¢ Ry 4 D)5 g =R+ D) 5 L |
Next
2F1 )2
;w e -
The last two relations yield
(¢’ > =0, fortsufficiently large (4.53)

with 6, > 0 independent of t. Equations (4.52) and (4.53) yield (4.40). [
Equation (4.21) contradicts Eq. (4.40). This proves Theorem 4.1. []
Now we proceed to the main result of this paper:

Theorem 4.5. The many-body Hamiltonian H has no bound states.

Proof. We follow the proof of Theorem 2.5. We assume H has a bound state i
and we show that this assumption leads to a contradiction. Theorem 4.1 implies that

eNye2(R™) forall o=0,
with F defined in (4.6). Define
ea:Flj,
V= ey

Since e’y el? for B> 0, we have y,eD(p)> n D(H) by Proposition A.1. Therefore
following the argument given in the proof of Lemma 4.2 we conclude that v, is
in the domain of [H, A"].

First, we estimate (i[H, AT]), from below. This estimate is based on Eq. (4.47).
We begin with the term (AF ),. We usc again Eq. (4.48). We first show that if F,
is supported in {x|||g| < p}, then

<F1>a—>0 as o— 0. (4.54)

This relation is slightly more subtle than Eq. (4.49). We have
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ZaFlpZ

U £ 256(0) ‘L v
IKF .1 =C ‘pr eZaF!//Z—_<—CeZa¢(p+1) szp eh
g zp+1

g lghzp+1

Since ¢(p + 1) > ¢(p), the second factor on the right-hand side vanishes as o« — oo,
while the third factor is independent of « and is finite, provided ¥ £0 on

{x|llg|l 2 p + 1}. The latter is guaranteed by the unique continuation theorem (see
[ABG, H, JK, SchS]). Furthermore

(gl ="5,—>0 as a—oo (4.55)

for any y > 0, which is proven exactly in the same way as (4.50). Equations (4.48),
(4.54) and (4.55) yield

(A*F>, -0 as ax—o0. (4.56)

Next we want to show that

lim ("), 20, (4.57)

[ Amde o}

for some 6, > 0. As in (4.53) we have

f ezasz
g/ SRy+1
(), Z (R +1) 1—W*
Next
20F (2 20F,12 2
j ey f ey 20p(R1 +1) j Y
gl SR +1 lg1SRy+1 <€ [gI SR +1
er“Fx/IZ = j eZaFdIZ - eZad)(R; +2) j‘ wZ :
lg'ZR +2 Jgi =Ry +2

The last expression vanishes by the same argument as before.
Equations (4.47), (4.56) and (4.57) yield

0
lim (i[H, A"]),z %
a—>oc N
for some ¢, > 0.

On the other hand we have a Virial type result. Indeed, recall that y,e D(AF).
Hence a straightforward generalization of Eq. (2.28) gives

GLH,AT]), = —4a| AT, | —a?(VF-VIVF[?),. (4.59)

(4.58)

The last term of this relation was already computed and estimated: Eq. (4.28).
Equations (4.59) and (4.28) yield

CGLH, AT]), < = 20| A%, [1? 0. (4.60)

This inequality contradicts (4.58) which shows that the bound state ¥ for H is
impossible. []
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5. Generalizations

Open problem: To extend the results and proofs above to the casec of electric field
whose strength vanishes as |x| — o0 as O(]x| %) with « < 2. Instead of condition
(C) (Sect. 3) one can consider the condition:

(C)  V has distributional first derivatives satisfying
—(h-x)*(h-VV(x)) is bounded and =6 for hx=ZR and o<2

for some d, R > 0 and some heR".

In the case when the repulsive part of V(x) is due to an electric field E(x), this
condition allows E(x) = O(]x|™*) with o < 2. Note again that after an appropriate
change of variables condition (C’) becomes

v

;(x) is bounded and =46 for x'=R and <2

—(x1) 2

U

A more precise statement of this problem is to show that H as defined in Sect.
4 but with condition (C) replaced by condition (C’) has no bound states. One way
to go about this problem is to analyse the commutator i[ H, A, ], where, after the
change of variables, 4, = X(p'G(x!) + G(x')p') in the onc-particle case and an
appropriate generalization of this expression along the lines of Sect. 4, in the
many-particle case. Here G(s) is a smooth function such that G, G’ = 0 and G(s) =0
for s< R and =(s —R)* for s = R + 1. One should proceed along the lines of the
proofs of the previous section with some additional calculations involving the
Virial-type result. We believe, in fact, that there is no bound states even if condition
(C) (or (C)) is replaced by the condition

() —h'VV(x)=0 for hx=R

for some heR" and some R > 0.

Appendix

In this appendix we establish some elementary properties of the domain of H. The
latter is a many-body Hamiltonian as defined in Sect. 4a. Special cascs of the results
below apply to the one-body Hamiltonians of Sects. 2a and 3. The conditions on
potentials we use here are somewhat more general than in the main text and can
be further generalized. We assume

@) V,=V"H 4+ V@ with V{Y(y) = —ay! for some a=0and VPel?(R") + L*(R").
(ii) V; and y'(CV;;/Cy")eP(R") 4+ L”(R"). Here and above p > (1/2) for n =4 and
p=2forn<3.

By the Faris-Lavine theorem (sec c.g. [RSIT]) the N-body Hamiltonian H, with
these assumptions, is self-adjoint. Moreover, V{2, V;; and y‘((?VU/Exl) are infini-
tesimally p? form-bounded (see e.g. [RSII, Theorem X. 197).
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Proposition A.1. Assume (i) and (ii). Then
D(H) = D(p*|lg [l ~V/?). (A1)

Proof. First we show that D(H) < D(p |||lg |l ~V/?). Let ueD(H) and f = ||g || ~/?w.
It suffices to show that feD(p). Let yeCy with0 < y <l and |0"y| < C,. Setv =y f.
We use the equation

Ipvl|? =<H), =<V, (A2)
with the notation {B), = (v, Bv). By condition (i),
— Ve =g, + <V, (A.3)

Moreover, as was mentioned in the paragraph following conditions (i) and (ii), V(¥
is infinitesimally form p2-bounded. As a result we have

=2V S Elpll? +Clluli®. (A.4)

Furthermore, by the infinitesimal form boundedness of V;;, due to condition (i),

we have

j°

DIVl =Elpel> +Cloli?, (A.5)
Next, commuting H through 7 ||g||~/? and using that
Re(zllg I~ 2ilp2% 2 llgll =2 =IVilgll~ 2212
we obtain
[KHY =g H W+ CHLA (A.6)

Collecting the estimates above and using Eq. (A.2), we arrive at

Hpvll? < const.

This inequality yields ||ypf || <const, which, by the monotonc convergence
theorem, implies that |[pf || < const, i.e. feD(p).
Now we prove (A.1). Commuting H through ||g|]|~ /2, we obtain

Hf =gl "2Hy =2(VIlg I~ )V —(Allg I~y
Hence by the result above fe D(H). Next, similarly to (A.4) and (A.5), we derive
Vel <zlp?ol +Clivll,
which yields
Vel = Helf +Cllvl.
Commuting H through 7 and taking into account that /e D(p)n D(H), we obtain

VIT= CAHST+ ST+ 1S

Applying again the monotone convergence thcorem, we conclude that feD(V).
Consequently, since p? =H —V, feD(p?), which implies (A.1). []J
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Proposition A.2. Let H be as in Proposition A.l. Let \y be an eigenfunction of H.
Let F be a smooth function with bounded derivatives and such that yreD(|||g ||"?).
Then Yy ,eD(H)ND(p"). Here n=1,2.

Proof. Recall the definition

Hp=e"He ¥ =H —|VF|? +2iAF. (A.7)
Clearly Y e D(H[) as follows from the eigenequation
Hyp=Ey,. (A.8)
Inserting (A.7) into this equation, we obtain
Hyp = (E +|VF|2 = 2iAT),. (A9)
Using this equation and the Schwarz inequality, we obtain
(< HYp ) | S 5P + Cllrp)) 2 (A.10)
As in Proposition A.1 one can show that
=Y Vi) S 5Py 2 + ClHlg 1290 (A.11)
This together with the equation
Ippl? = s Hppy — i Vi) (A.12)
yields
Hlpbel < ClLlg Iyl (A.13)

Thus Y peD(p). Equation (A.9) shows that yeD(H). The case n =2 is proved in
the same way. []
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