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Abstract. For a quantum system of n identical spins of magnitude j, we
introduce an integrated density of states of definite total spin angular
momentum. The underlying sequence {IK/:n=1,2,...} of probability mea-
sures satisfies Varadhan’s large deviation principle, and converges to a
degenerate distribution. We use the Berezin-Lieb Inequalities to obtain upper
and lower bounds for the limiting specific free-energy of the spins interacting
with a second quantum system under specified conditions on the Hamiltonian.
The method is illustrated by applications to the BCS model and to the Dicke
maser model.

1. Introduction

Large-deviation methods are proving useful in statistical mechanics [1,2], both
for reorganizing existing proofs and for obtaining new results [3-5]. The main
purpose of this paper is to prove a large deviation result which has applications to
the equilibrium statistical mechanics of spin systems; we illustrate its use by
applying it to the calculation of the specific free energy of the BCS model and of the
Dicke Maser model. In the case of the BCS model, it provides a short proof of a
known result; in the case of the Dicke Maser model, when combined with the
Berezin-Lieb inequalities, it provides a substantial improvement on existing
treatments in that it requires minimal restrictions on the interaction terms. In both
cases, the spins are not required to be of magnitude 1/2.

The Laplace method (the method of the largest term) is at the heart of
equilibrium statistical mechanics, but to make it rigorous in particular instances is
usually tedious and sometimes subtle. The large deviation principle, in Varadhan’s
formulation [6], provides an efficient way of supplying the required proofs; it
reduces the tedium and exposes any latent subtleties. The abstract setting is that of
a sequence {KK,:n=1,2,...} of probability measures on the Borel subsets of a
complete separable metric space E (in the main theorem of this paper, E is the
interval [0, 1]), and a divergent sequence {V,:n=1,2, ...} of positive numbers. We
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say that {K,} satisfies the large deviation principle with constants {V,} and rate-
function I: E—[0, o] if the following conditions hold:

(LD 1) I(-) is lower semicontinuous on E.
(LD2) Foreach m< oo, {x:I(x)<m} is compact.
(LD 3) For each closed subset C of E,
limsup V,” 'logIK,[C] < —infI(x).

n=w C

(LD4) For each open subset G of E,
liminfV,” ' logIK,[G] = —infI(x).
n—w G

The following version of Varadhan’s Theorem is adapted to our requirements;
it is readily deduced from Theorem 3.4 of [6]:

Varadhan’s Theorem. Suppose the sequence {IK,} of probability measures on E
satisfies the large deviation principle with constants {V,} and rate-function
1:E—[0,00]. Let { f,} be a sequence of continuous functions f,: E-IR which are
bounded above, and suppose that { f,} converges to f: E-R uniformly on bounded
subsets; then

lim V"' log | exp(V, /,(x)K,[dx]=sup { f(x)—I(x)} .

Let 7/ be an irreducible unitary representation of SU(2) acting on the (2j + 1)-
dimensional complex Hilbert space D(j). Let &, be the tensor product of D(j) with
itself n times (n=1, 2, 3, ...), and define the unitary representation 7, of SU(2) on &,
b . . .

Y 1,(8) =i @m(g)® ... ®lg), geSU(Q). (1.1)
ntimes

By the theory of unitary representations of compact groups, =, is reducible
(n=2) and decomposes into the direct sum

nj X
T,= @ d(n,J)n’, 1.2)
J=0

where the irreducible unitary representation 7’ acts on the (2J + 1)-dimensional
Hilbert space D(J), and has multiplicity ¢/(n, J). Here, J runs through {0, 1,2, ..., nj}
if nj is an integer, and through {1/2,3/2,...,nj} if nj is a half-integer. In Sect. 2 we
show that if X, is an element of 0%, the *-subalgebra of B(K,) — the linear operators
on K, — generated by 7,:
N, ={m(g):geSUQ2)}", (1.3)
where ' denotes the commutant in B(K,), then
nj .
tra, (X, =Y nJ)trpy(n'(X,). (1.4)

J=0

This trace formula can be re-written as follows: Let

Citn) = ,:\io cln, ), (1.5)
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and define a probability measure KJ on the interval [0,1] by

K/[B]=Cm™" Y cnJ); BE[O1]. (1.6)
{J:J/njeB}
Define
JdB)=(=np)~logtrg (™) (1.7)
for H,e N, self-adjoint, and
SIB: T /nj)=(—np)~ " log try(m'(e™PH). (1.8)

Let fJ(B; ) be any continuous function on [0, 1] satisfying (1.8). We can use (1.4) to
write

¢ MIAD = Ci()y [ e~ MIEWIKI[du] . (1.9)
[0, 1]

In Sect. 3 we show that {]K;':ngq} satisfies the large deviation principle with
constants {n} and rate-function I’, where

(1.10)

F(u)=1log(2j+1)+sup {ocu “log {w}} '

sinh (o/2))

Suppose now that the sequence { f/(f;-):n =1} converges uniformly to f4(8;-);
then it follows from Varadhan’s theorem that f(f)= lim f,(f) exists and is given by

11B)= inf {f4Bs)— B~ Ha)} (111)
where
I(w)=F(1)—Fu). (1.12)

This is the essence of the method; in order to apply it to the BCS model in Sect. 2,
we make a second application of Varadhan’s theorem — this time with the trivial
rate-function — in order to prove the convergence of { f;J(f;-)}; in order to apply the
method to the Dicke Maser model in Sect. 4, we require a generalization of the
trace formula (see Sect. 2) and the introduction of the Berezin-Lieb inequalities (see
Sect. 4) in order to prove the convergence of the sequence { f;/(8;)}.

To prove that {IK/:n>1} satisfies the large deviation principle with rate-
function I’ given by (1.10), it is enough to prove that

sinh (a(2j + 1)/2j

1 njauTr =
lim n~ log f eI [du] =lo { sinh (2/2))

} —log(2j+1); (1.13)
the rest follows by general principles (see [2], for example). We are unable to prove
(1.13) directly, except in the case j = 1/2, where the multiplicities ¢/(n, J) are known
explicitly. Instead, we exploit the fact that 2 sinh(nx) behaves like ¢ for large n and
that j sinh(nuy)Ki[du] can be computed using a special case of the trace

1]

formula (1.4). This is done in Sect. 3.
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2. A Trace Formula

In this section we determine the class of operators in B(K,) for which a trace
formula like (1.4) holds. We use nothing more than the theory of finite-dimensional
representations of involutive algebras (see Sect. 2.3.5 of [7], for example). The
decompositions of 7, into irreducible unitary representations of SU(2) are in one-
to-one correspondence with the decompositions of 9, into irreducible *-algebras,
these are in turn in one-to-one correspondence with the maximal abelian
*-subalgebras (masas) of 9. The masas of 9t, are unitarily equivalent. Given a
masa 2, of 9t,, there exists a unitary operator U from &, onto
@ D), 2.1
JeJ keK(J)

where J={J:0=J=nj, d(n,J)+0}, K(J)={1,2,...,c/(n,J)}, and irreducible
*_representations 7’ of 9, on D(J) such that for every NeMN,,

UNU*=@ @ r'(N). (2.2)

JeJ keK(J)

Conversely, if

A=D @ A,, where A,eB(D()),

JEJ keK(J)
then U*AU e N,,. An X e B(K,) is said to be decomposable (with respect to ) if
UXU*=@ P X(J,k), where X(J,k)eB(D()). (2.3)

Jed keK(J)

An operator is decomposable if and only if it belongs to 2. Now suppose that
X € B(K,) and there exists a unitary operator Ve U, such that V*X Ve MN,. Then,
UV*XViUs=@ @ ' (V*XV),

JeJ keK(J)

Urtvi=@ & V(J,k), with V(J, k)eB(D(J)) unitary,

Jed keK(J)

and thus

UXU*=@ @ VU, (VEXV)V(J,k)*. (2.4)

JeJ keK(J)
The converse is also true; if
A=P @ A k),
JeJ keK(J)

where foreach J e J, A(J, k) is unitarily equivalent to A(J, k') for all k, k' e IK(J), then
there exists a unitary Ve U, such that V¥U*4UVeN,. For these operators, which
we call homogeneously decomposable, we have the trace formula

trg (X)= J;J n, J) teg (@' (VEXV)). (2.5)

Notice that if X e 9t, then (2.5) holds, with V=1, for any decomposition.

The above admits a straightforward and useful generalization. Suppose that by,
is a second separable complex Hilbert space, and let H, be a selfadjoint operator on
the tensor product h,®K, such that exp{— fH,} is trace-class. Let

Z,=try,eq,(cxp{—BH,}), [(B)=(—np) 'logZ,. (2.6)
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Assume that there exists a masa 2, of 9, and a unitary operator Ve, such that
(1®V)*H,(1®V) is associated with B(}),)®N,. Such operators will be henceforth
called homogeneously decomposable. Then,

Z”:J;J n, ) trg g o(exp{ — fH,(J)}), (2.7)

where H,(J) is the operator on b,@D(J) given by

H,(J)={ld®n"} ([(1@VI*H,[1®V]). (2.8)

The trace formula (2.7) can be rewritten as follows: Define
Zi(J nj) = try g ouexp{ — BH,J))), (2.9)
JBs T nj)=(—np)~ " logZ}(J /nj). (2.10)

Then for any function fJ(B;-) on [0, 1], satisfying (2.10), we can write (2.7) as,
Z,=Cln) | exp{—nffi(B;u)}Ki[du], (2.11)
[0,1]
and, accordingly,

JdB)=(—np)” " logCl(n)—(np)~ ' log {[Of Hexp{ - nﬁf,.j(u)}ﬂ({;[du]}~ (2.12)

We remark that if H, is associated with B(},)®MN,, then it is homogeneously
decomposable [with V=1 in (2.8)].

In the above, the introduction of the group SU(2) is convenient but irrelevant.
We may replace the irreducible representation n/ of SU(2), which we started with,
by B(R), where K is an arbitrary finite dimensional Hilbert space; then define on
the n-fold tensor product &, of & with itself, the algebra

N,={URQU®...QUeB(R,): U a unitary in B(K)}".

In the decomposition of 9, into irreducible representations of itself, the dimension
of the carrier Hilbert spaces as well as the multiplicities are determined only by n
and the dimension of K. The advantage of introducing the group SU(2) is that

polynomials in the generators S, S, S7 of the representation dr, of the Lie algebra
su(2) provide a convenient basis for 9t, since

N, ={5. 8.8} (2.13)
The generators of dn, are given by

Si= Y (S4), a=xy.z, (2.14)
k=1

where /S, is /S* acting on the k-th component of &, and {/S*:a=x, y, z} are the
generators of the irreducible representation of su(2) carried by the Hilbert space
K=D(j), j=(dim(K)—1)/2.



342 W. Cegta, J. T. Lewis, and G. A. Raggio

3. Large Deviations

In this section we prove the large deviation result announced in Sect. 1. Let C/(n) be
the normalizing factor defined by

Ciln)= éo cn, J). (3.1)

Applying the trace formula (2.5) to the identity operator, we have

nj

Qi+1y= S cn)2J+1). (3.2)
7=
Hence
Qi+ 1)z =2+ 1)/(2nj+1) (3.3)
so that
lim n~'logCi(n)=log(2j +1). (3.4)

Introduce the function ¢:[0, o0) x [0, 0)—[0, c0) defined by

. [(sinh1/25)" 'sinh(v+1/2)s, >0,
t(,v—-{varL o, (3.5)
we have
J
trb(.,)(nj(exsz))= Y oem=1(4,J). (3.6)

m=-—J
Lemma 1. Let {IK):n=1} be the sequence of porbability measures on [0,1] defined
by (1.6); then for every s=0,

limn~'log | e"™IKi[du]=logt(s,j)—logt(0,})). (3.7
[0.1]

n—>w

Proof. For s =0, the result is trivially true. Assume s > 0; applying the trace formula
(2.5) to the operator exp{AS;}, we have

nj

() =S cn, N, J)=Cin) | (2, nju)Kidu]. (3.8)
J=0 [0,1]
Using (3.4), we have
lim n~"log | (s, nju)Ki[du]=logt(s,j)—log(0, ). (3.9)
n—w [0,1]

Now, for x=0,
x(142x) " 'e*<sinh(x)<1/2e" (3.10)

so that [using the fact that v—(2v+1)s(1 +(2v+1)s)” ! is increasing in v=0 for
every s=0]

2(1+5s)s ™ te™ %2 sinh(s/2)t(s, nju) = " > 2e ~*? sinh(s/2)t(s, nju),  (3.11)
and (3.7) follows from (3.11) and (3.9). [J
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Once (3.7) has been established, the proof that {IK/} satisfies the large deviation
principle is routine (see [2] for an exposition of general principles); to make the
paper self-contained, we provide a proof even though it could be deduced, using
Lemma 1, from Theorem I1.6.1 of [1].

Theorem 1. The sequence {IKi:n>j} satisfies the large deviation principle with rate-
function I':[0,1]-R given by (1.10).

Proof. Notice that I/(0)=0, [(1) =log((0, ), and I is increasing and convex. The
Legendre transform of a function is automatically lower semi-continuous, so
(LD 1) holds. This implies that the level sets of I' are closed; it is easy to check that
they are bounded, so (LD 2) holds. It follows from Markov’s Inequality that the
large deviation upper bound holds for a closed interval 4,=[y, 1], y>0:

Ki[A]< | e VKi[du]. (3.13)
10,11
It follows from (3.7) that
limsupn~"'logKi[A4,] < —ay +logt(a/j, /) —logt(0,)). (3.14)
Hence
limsupn™'logKi[A4,] < —I(y)= —inf [(u). (3.15)
n=00 AV

Now let C be an arbitrary closed subset of [0, 1]; if 0 belongs to C, the bound is
trivially true; otherwise, take y =infC, and consider 4, >C. This establishes (LD 3);
to prove (LD 4), we introduce the exponential family {IK/*: 220} defined by

K[ du] = e"*IKi[ du] / [ ™ Ki[dx]. (3.16)
[0,1]
For =0, let g(a) be given by
d -
o(0)= {d‘ 10gt((a+S)/J,J)} : (3.17)
S s=0

Note that a—p(x) is an increasing function with ¢(0)=0 and lim g(«)=1.
a0
Lemma 2. For each 0.2 0, the sequence {IK}:*:n=1} converges weakly to the Dirac
measure supported at the point o(o):
K{,’a —w> 5@(&) .

Proof. Let

ps)=n"tlog [ e™Ki[du], s=0, (3.18)

[0.1]

which is convex, differentiable on (0, c0), and, by Lemma 1, converges to p(s)

=logt(s/j,j)—logt(0,)). p is differentiable on (0, o) with derivative equal to ¢. Let
s> 0; one has

log [Of . eI *[dul = s{p,(oc+s/n) — p, ()} [(s/n). (3.19)
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By convexity, if p, denotes the derivative of p,,

@) = {p,(0c+ s/n)— ()} /(s/n) < pi(ot+ s/n). (3.20)

Applying the generalized Griffith’s lemma proved in [8], we deduce that both sides
of (3.20) converge to (). Thus (the case s=0 is trivial),

limlog | e"K/*[du]=so(x). (3.21)
]

n—ow [0, 1

The result follows from the continuity and uniqueness theorems for the Laplace
transform. [

Returning to the proof that (LD 4) holds, let G be an open subset of [0, 1] and
let y be an arbitrary point of G. For each 6> 0 such that B)=(y—4,y+8)CG we
have

KI[G]1=zK][B)] = (oju " IKi[du] Bfé e "MK [ dx]
> o M IKEABY] | e IKi[du]. (3.22)
(0. 11

Now choose « such that y=g(x), which is possible since y =41 because G is open;
then

liminfrn ™' logII[G] = —(y + d)a+logt(e/j, j) —logt(0, j)

+liminfn~ " logK}*[B)]. (3.23)
By Lemma 2, for n sufficiently large we have K/ *[BJ]>1/2 so that
lim n~ ' logK}*[B)]=0, (3.24)

and (LD 4) holds since 6 >0 was arbitrary subject to the condition (y— 0, y+9)CG
and y was an arbitrary point of G. []

We can now apply Varadhan’s theorem to (2.12) using (3.4) to obtain the
following result:

Theorem 2. Suppose that the self-adjoint operator H, on h,®K, is homogeneously
decomposable and exp{—fH,} is trace-class for every n=1. Let fJ(f,-) be
continuous on [0,1], and satisfy (2.10) for all n=1 and Je . Suppose that the

sequence { f)(B,-):n=1} converges uniformly to f/(B,-), then, f(f)= ILm Ju(P) exists
and

S(B)=inf{ fAB,u)—p~ ' IHu):uel0,1]},
where I is given by (1.12).

Remark. The function fJ(f, -) is some continuous interpolation of the free-energy
(2.10); at first sight, it might be thought that a different choice of continuous
interpolation could yield a different limit function. This is not the case under the
continuity and convergence hypotheses of Theorem 2.
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An Application: The BCS Model. For j=1/2, the following Hamiltonian appears in
the strong-coupling-limit theory of the BCS model [9-11].

Hy=6, ¥ 1ok} +4 ¥ 7S3/'Ses
k=1 KE=1

H, acts on &, and 'S, =/S, +i/S},. H, can be rewritten as
H,=ne, g, + (20— e)Sh+2(S,)* — 4,(S7)*.
By (2.13), H, is homogeneously decomposable with
H,(J)=(ne,+ A, J(J + 1)) 15+ (4,—¢&,) ST = 1,(’S%)?.

Since the eigenvalues of /S* are {—J, —J+1,...,J—1,J} =S, we have
Z(J nj)=exp{ —plne,+2,J(J+1)]} ¥ exp{—pL(4,—e)k—A,k*]}.
keS

Let u be the probability measure on the interval [ —1,1] defined by
p[E]=Q2J+1)""' {keS:kJ ' €E}.
Then,
fiB;Jn)=e,+n ' 2,JJ+1)—np)" ' log(2J +1)

—)og] [ explBLI 4 Iy~ A ld]).

Thus,
B wy=¢,+jndu(u+(nj) ") —np)~ " log(2nju+1)

——(nﬁ)" 1 ]og{[Ag , enﬂw»’;(u,x)lu[dx]} ,

where we have defined ¢@i(-,-) on [0,1]x[—1,1] by
Ol (u, x)=j*nlu*x*+j(e,— A, )ux .
Suppose now that

lime,=¢, and lim nl,=2

n—w n—>aoC

both exist. The sum of the first three summands in the formula for fJ(f;-)
converges uniformly to ¢+ j2Au?. Moreover,

lim @i(u, -)= ¢(u, ) uniformly,
where
@1, x) = jeux + j2 Ju>x? .
Applying Varadhan’s theorem to the constant sequence {y,=u:n=1}, we have

lim (nf)~"log [ e uldx]} =sup{¢u,x):xe[~1.1]}.
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We conclude from Theorem 2 (using compactness of [0, 1]), that f(f) exists, and
f(B)=¢e+inf{ —jeux+2u*(1 —x*)— B~ "Th(u):u:ue[0,1],xe[—1,1]}.

Large deviation methods are used in [ 5] to discuss the general BCS model (see

[12]).

4. The Berezin-Lieb Inequalities for ZJ

In this section we use the Berezin-Lieb inequalities to obtain upper and lower
bounds on the partition functions Zi(J/nj). This then gives us bounds on Z, which
can be treated by Large Deviations.

Consider a fixed J in {0,1/2,1,3/2,2, ...}, and let {|J, &) : ¢ € S?} be the family of
Bloch-coherent unit vectors in D(J) parametrized by the unit sphere S% in IR? (we
use the conventions of [13]). We let m be the probability measure on S? given by
m[dé]=(4n)~ *dxdydz. Consider P(J, é), the orthogonal projection of D(J) onto the
subspace spanned by |J,é); then

(27 +1) | P Omlde] =1 (4.1)

Given any selfadjoint 4 € B(D(J)), let
AN(J, é)=try;(AP(J, 8)). 4.2)

There exists a function A%(J, -) on S* (see [ 13, 14]), such that (in the sense of matrix
elements)

A=QJ+1) [ A%J,6)P(J, &)m[de]. (4.3)
S2

The Berezin-Lieb inequalities [13-15] state that
QJ+1) [ e Omde] <try et (2T +1) | e -Im[de]. 4.4)
S2 S2
More generally, if by is a separable complex Hilbert space and H is a selfadjoint

operator on h®D(J) such that exp{—pfH} is trace-class, then ([13]; see
Appendix 2 for a proof)

(2J+1) Sj trye P Omlde] Strygage P27 +1) Sj trye PV Om[de],
4.5)
where H'(J,-) is the h-operator valued function on S? defined by
HY(J, &)= tra (H(1®P(J, 8)), (4.6)

and H"(J,-) is any h-operator valued function S? such that, in the weak sense on
domains,

H=QJ+1) | H(J,&)(1@P(J, &)m[dé]. (4.7)
SZ

We now apply the inequality (4.5) to the situation described in Sect. 2. Let H,,
acting on h,® K, be homogeneously decomposable and exp{— fiH,} trace-class.
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Let Z,, and Zi(J/nj) be defined as in Sect. 2. Let
SB: T /nj, &)= (~np)~log tr, (exp{ — BHAU, )}); (48)
TiB: I /nj, &)= (—np)~*log tr, (exp{ — BHA(J, O)}). (49)
Then, by (2.11), and (4.5) applied to Zi(J/nj),

E]

¥ dn)2I+1) J, exp{ —npfi(; J/nj,é)im[dé1< Z,

JZ0
<Y dn,J)(2J+1) 5 exp{ —nBfi(B;J/nj,é)im[dé]. (4.10)
JZ0
Define a probability measure IP} on [0,1] by [see (3.2)]
PILE1=(2j+1)"" X @I+ndnd), (4.11)
{J/njeE}

and consider the product measure IM{=IPixm on T=[0,1]xS% Let the
functions f; iB;-, &) and FU(PB;-,é) on [0,1] satisfy (4.8), respectively (4.9), for every
n=1,and JeJ; we can rewrite (4.10) as

(n) (% + 1)"fexp{ —npfip; i MI[d]=Z,
=Cln 2J+1)"IGXP{—WBJ7’(/3 0} Mi[de], (4.12)

where t=(u, é).
Recalling the definition (1.6) of IK/, and the inequality 0<J <nj for Je J, we
have

Cln) 2+ 1) "KI[B] = PJ[B]1 = (2nj+ 1)C/(n) (2 +1) "KI[B],  (4.13)

for every BC[0, 1], and every n= 1. The following result is then a consequence of
Theorem 1.

Corollary. The sequence {IPI:n>1} satisfies the large deviation principle with rate-
function I,

Using the proposition in Appendix 1, we can apply Varadhan’s theorem to
both sides of (4.12) to get the following result:

Theorem 3. Suppose that the self-adjoint operator H, on ), ®K, is homogeneously
decomposable and exp{—fH,} is trace-class for every n=1. Let the sequences
{f{B;):n21}, and {FJ(B;-):n=1} of continuous functions on T satisfy (4.8),
respectively (4.9), for all n=1, and J € T, and converge uniformly on T to f (B;-),
respectively fi(B;-); then

inf{ 79(B;u,&)— B~ 'Ii(w): (u, &) € T} <lim inf /,(8) <lim sup f,(8)
Sinf{ fi(Bsu,&)— B~ Ih(u): (u, é)e T} .
First Application: A General Quadratic Spin-Hamiltonian. On &, let
Hn:CrI'l.R"+rn"5n+ Z Q (#)V)Susnﬂ

u,ve{x,y, z}
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where c,e R, r, e R? and Q,=(Q,(u, v)) is a complex hermitian (3 x 3) matrix. Then
H, is homogeneously decomposable and

H()=c, oy +1,-'S+(’SIQ,’S).
Using Lieb’s table (reproduced in Appendix 3) we have
H(J,&)=c,+Jr, é+J(J—1/2)(8Q,8)+1/2J tr(Q,) + Jk, - é;
HyJ,&)=c,+(J+Dr,-é+(J+1)(J+3/2)(¢|0,é)
—12(J+)tr(Q,)+(J + 1)k, - é

where k,=1m(Q,(z, y), Q,(x, 2), Q,(y, x)).
Now, f(B:u,é)=n 1H“(n]u ¢), and fJ(B;u,é)=n""H,(nju,é). Thus,
LBsu é)=n""c,+jur, - 6+ jPnu(u—1/2nj)(é|Q,é)
+ 1/2]“ tr(Qn) +jukn ) é’

and similarly for 7. Suppose that

limn~'c,=c, limr,=r, and 11m nQ,=Q (eclementwise),

then k,—0, and tr(Q,)—0, so that {fJ(f;-):n=1}, and {fJ(B,-):n=1} both
converge uniformly on T to
SHBsu, &)= c+jur- é+j*u?(é|Qé).
Hence, by Theorem 3,
f(B)=c+inf{jur-e+*u*é|Qé)— p~'Iju): (u,é)eT}.

Second Application: The Spin-Boson Model. Consider n (2j+ 1)-level atoms or
j-spins interacting with a quantal radiation field in a region .7, CR? of finite
“volume” V,. The one-particle Hamiltonian Iy, is assumed to be a positive injective
self-adjoint operator on L*(.«Z,) such that exp{ — b, is trace-class. It follows that
b, has a bounded inverse. Let &, be the symmetric Fock space over the Hilbert
space [*(.«Z,). The Hamiltonian for the full system is taken to be (see [16])

n

H,=dr,)®1+¢ 3 (1 ®'Si)+(V, ”Zki {a*(4)+a(2,)} @Sy .

acting on ,®K,, where ¢ is real, 4, € L*(+Z,), dI" denotes second quantization, and
a(f), feI*(,), denotes the usual annihilation operator (see e.g. [17]). Let

Ay=1l,) " 24,017

We consider the limit V, - oo as n— co, with 9 =n/V,, the density of particles, fixed.
H, is homogeneously decomposable since

H,=dI(h,)®1+:(1®S8})+(V,)""*{a*(4,) +a(2,)}S;.
A glance at Lieb’s table (see Appendix 3) shows that
HYJ,8)=dI'(h,)+eJz - 1+ (o/n)' PIx{a*(L,) +a(Z,)},
HYJ,&)=Hi\(J+1,¢).
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If W[ f]=exp{a(f)—a*(f)}, f € LX4,), denotes the unitary Weyl operator on §,,
then [18],

H,(J,&)=W[(e/n)'"?Jx(b,) " ' 2,1*dI (h,)W[(e/n)'*Jx(b,) ' 2,]

+eJz-1y—(o/n)J°x* 4, - 1,

and similarly for Hj. The traces in (4.8) and (4.9) can be done easily, to obtain
LBy u, @) =gjuz —o(jux)® A, +0 ™ ' £,(B),

TP u, &)= ej(u+ (1 /n)z— o(jlu~+(1/nj)x)* A, + 0 £2B),
where £,°(f) is the specific free energy of the free field:
12(B)=(—pV,)" ' ogtrg (exp{—pdI(h,)}).
Suppose that

n— o

A=1lim 4,, and fop)=lim £(pB),

both exist; then both fJ(f;-), and F4(B;-) converge uniformly to
JAB; u, &)= gjuz— o A(jux)* +07 ' 1 °(p).
1t follows from Theorem 3, that

F(B=1%B)+einf{gjux —oA(ju)*(1 —x?)
— B Th(u):uel0,1], xe[—1,1]}.

A more complete discussion of the statistical thermodynamics of this model
will be given in [19]. We note that our result seems to be optimal in the sense that
the conditions imposed on the coupling constants are minimal. The full details of
the steepest-descent argument of Hepp and Lieb [16] were given in [20] forj=1/2,
where ¢/(n, J) is known explicitly. The best previous result appears to be that of
Zagrebnov [21], who also gives a very detailed bibliography.

Appendix 1
The following is a double application of Theorem 3.1 of [6].

Lemma. Let X and Y be complete separable metric spaces. Suppose {IK,:n=1} is a
sequence of Borel probability measures on X satisfying the large deviation principle
with constants {V,} and rate-function H: X —»[0, c0], and that {IL,,:n =1} is a Borel
probability measure on Y satisfying the large deviation principle with the same
constants {V,} and rate-function 1: Y—[0, cc]. Let F be an extended real valued
upper semicontinuous function on X x Y which is bounded above; then
limsup ¥,"'log [ exp(V,F(x,y){K,xL,} [d(x,y)]
XxY

= sup {F(x,y)— H)—1()}
Proof. Define the function G,: X —>R by
G, (x)=V, "log[exp(V,F(x, y)L,[dy] .
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by using Fubini’s thcorem. It follows that G, is bounded above with the same
bound as F. Let {x,:n=1} be a sequence in X converging to xe€ X. Define
F,:Y->R by F,(y)=F(x,, y) Then F, is bounded above, and if {y,:n=1} is a

sequence in Y converging to yeY, we have limsup F,(y,)<F(x,y) by upper

semicontinuity. Thus, the hypothesis of Theorem 3.1 of [6] is met (see the remark
on p. 278 of [6]), and we conclude that

limsup G, (x,)=limsup V,~ 1logjexp(VF( WL,.[dy]

n—w n—oo

ésgp{F(x,y)— 1(y); . (A1.1)

By Fubini’s theorem,
Xi Jexp(VLF(x, K, x L} [d(x, y)]=[exp(V,G,(x)K,[dx].  (A12)

Again, (A1.1) says that the conditions of Theorem 3.1 of [6] are satisfied, so that
limsup V" log [ exp(V,G,(x)K,[dx] = sup {Sup {F(x,y)—I(y)} —H( x)}

and the claim follows from (A1.2). [J
The following result is heuristically obvious.

Proposition. Take the assumptions and notation of the lemma. The sequence
{M,:n=1} of Borel probability measures M, =K, x IL,, on X x Y satisfies the large
deviation principle with the sume constants {V,} and rate-function J: X x Y—[0, o0]
given by

J(x, y)=H(x)+1(y).

Proof. J satisfies (LD 1) and (LD 2). A rectangle is a subset of X x Y of the form
AxB, where ACX and BCY. For rectangles, logIM,[4 x B]=1logIK,[4]
+loglL,[B]. Thus (LD 3) and (LD 4) follow directly from the assumptions.

To prove (LD 4), let z be a point in an arbitrary open subset G of Z=X x Y.
There exist open subsets G, of X, and G, of Y such that ze G, x G, CG. It follows
that M,[G]=M,[G, x G,]; dividing this inequality by V,, taking logarithms, the
inferior limit, and invoking (LD 4) for rectangles, we obtain:

liminf V,” ' logM,[G]= — GinfG {Jx, 0} =2 —J(2); (A1.3)

the right inequality is obvious since z € G, x G,. Since z was arbitrary in G, (LD 4)
follows from (A 1.3) by taking the supremum with respect to G.

Let C be closed in Z and define F. on Z by Fq(x,y)=0 if (x,y)eC, and
F.= — o0 otherwise. F is upper semicontinuous and

M,[C]= Jexp(VFelx, YIM,[d(x, y)] - (A14)

Dividing (A1.4) by V,, taking logarithms and the superior limit, (LD 3) follows
from the lemma. This completes the proof. []J
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Appendix 2

Let (X, S, ) be a measure space; a family of coherent projections on (X, S, u) is a
weakly measurable map x—P(x) from X to proj(R), the set of orthogonal
projections on a separable Hilbert space K, satisfying:

tr(P(x)=1, (CP1)
[ POuldx)=1g. (CP2)

It follows [14] from (CP 1) and (CP2) that u[ X]=dim(R).

Theorem. (Berezin-Lieb Inequalities). Let §), ] be separable Hilbert spaces; let A be
a self-adjoint operator on h® K such that trg o(e”) is finite. Let P: X —»proj(RK) be a
family of coherent projections on the measure space (X, S, u) and define the map A’
from X to the self-adjoint operators on by by

Al(x)=trg(A(1®P(x)). (A2.1)
Then
J try (e )uldx) S tryg (). (BL1)
X
Suppose, in addition, that there exists a map A" from X to the self-adjoint operators
on by such that

)5"{ AYX)@ P(x)uldx)= A, (A2.2)

in a weak sense; then

(g a(e”) = [ try(*“ptdx). (BL2)
Proof. (Adapted from [14] where it is proved for the case = C). Since A4 is self-
adjoint and e” is trace class, the spectrum of A4 consists entirely of isolated

eigenvalues of finite multiplicity; let {£(j):j€ J} be an orthonormal basis for h®@ K
consisting of eigenvectors of A:

Ac()=A))E0). (A2.3)

where the eigenvalues {A(j):je J} are labelled according to their multiplicities. Let
Q:J-proj(h®K) be the map defined by

Q0 = <&, n>E() (A24)
for each vector n in h@K, then the operator
0, x)=trg(Q()) (1® P(x))
satisfies
0=0(,x)=1, forallj,x. (A2.5)
By (CP1),
jgj 0(j,x)=1, for all x; (A2.6)
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by (A2.3),
Ax)= Y Aj)0Qy,x) for all x, (A2.7)
jeJ
and by (CP 2),
[ try(Q(, x)u(dx)=1 for all j. (A2.8)

Let y be a unit vector in b; then j—Q (j, x) = {y, Q(j, x)y )}, defines a probability
measure on the countable set J by (A2.5)and (A 2.6). Using Jensen’s Inequality and
(A2.7), we have

exp { i, A(x)ypdy) < 'ZJI e*Q (j,x) for all x. (A2.9)

Choosing an orthonormal basis for b consisting of eigenvectors of AY(x), we have
by (A2.9):
try (e < Y e*try (Q(j.x)) for all x. (A2.10)
jeJd
Integrating (A 2.10) with respect to p and using (A2.8) we get (BL 1).

For each x, let {y(x,m):me M} be an orthonormal basis for b consisting of
eigenvalues of A%(x):

A*(x)p(x, m) = a(x, m)p(x, m), (A2.11)

where the cigenvalues {a(x,m): me M} arc labelled according to their multiplic-
ities. Let R: X x M- proj(h) be the map defined by

R(X, m)¢ = <w<xa m)a ¢>bw(xa m) ) (A21 2)
for each vector ¢ in lj; then, by (A2.11), we have
AYx)= Y a(x,m)R(x,m) for each x, (A2.13)
meM
and
Y R(x,m)=1, for each x. (A2.14)
meM

For each Borel subset E of X and each m in M, put
o (E,m)= :!: try, (R(x, m)Q(j, x))u(dx); (A2.15)

then, by (CP2) and (A2.14), E x {m}—a (E, m) determines a probability measure
on the Borel subsets of X x IM. By Jensen’s Inequality, we have

exp{ Y [alx,mo(dx, m)} < Y [e™™g(dx,m) (A2.16)
meM X meMy X
but, by (A2.4) and (A2.14),
Y Jalx,mo (dx,m)=A(j). (A2.17)
meM X

Summing up (A2.16) over j and using (A2.8), we get (BL2). []
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Appendix 3

The following is a completion of Lieb’s table (p. 330 of [13]) computed by the
method expounded in Appendix A of [13].

S%, o =x, y, z, are the components of /S, where J is fixed in {0, 1/2,1,3/2,2,...}.

Lower symbol {-}((J,é) Upper symbol {- }*(J,é)

S Jé J+1)e

(8% JJ—1/2)x*+1/2J I+ +3/2)x2—1/2(J +1)
(8*)? JJ=1/2)y* +1/2J J+DT+3/2y* =120 +1)
(572 JJ—1/2)z2+ 172 (+D)J+3/2)22=1/2(J+ 1)
S*SY JJ—1/2)xy+i1/2Jz S+ +3/2)xy+i1/2(J +1)z
A JJ—1/2)xz+i1/2Jy W+ +3/2)xz+i1/2(J + 1)y
NOs JJ=12)yyz+i1/2)x J+DT+3/2yz+i1/2(J+ Dx

The complex conjugate of an upper symbol (respectively the lower symbol) of $#S5*
is an upper (respectively the lower symbol) of $*S?. We remark that in Lieb’s table

(p-

330 of [13]) “cos¢” should be replaced by “sin¢” in the row corresponding to

(8772
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