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Abstract. New solutions of self-dual Yang-Mills (SDYM) equations are
constructed in Minkowski space-time for the gauge group SL(2, C). After
proposing a Lorentz covariant formulation of Yang’s equations, a set of
Ansitze for exact non-linear multiplane wave solutions are proposed. The gauge
fields are rational functions of e*"*i(k? =0, 1 £i < N) for these Ansitze. At least,
three families of multisoliton type solutions are derived explicitly. Their
asymptotic behaviour shows that non-linear waves scatter non-trivially in
Minkowski SDYM.

1. Introduction

Integrable theories in 1 4+ 1 dimensions have been developed very successfully in the
last years. It is then a natural problem to investigate their multidimensional
analogues. Namely four- (or n-) dimensional field theories having an associate
linear differential system with a spectral parameter(s). Such linear systems are
known for self-dual (and antiself-dual) Yang-Mills equations (SDYM) [1, 2] and
SUSY Yang-Mills 3], as well as for non-Lorentz invariant equations like
Kadomtsev-Petviashvili (KP), or three-wave equations in 2+ 1 dimensions [4, 6].
Actually, the dynamics of KP is known much better than that of SDYM in
Minkowski space-time.
The construction of multi-soliton (non-linear multi-plane wave) solutions of
SDYM in 3+1 dimensions is the purpose of this paper. The SDYM reads there
Fuv=% tnia (1.1)
(here &y;,3=+1). Since an explicit factor (i) appears, these equations describe
complex solutions for SU(N) gauge fields or equivalently real solutions (real gauge

* On leave from LPTHE Université Paris VI, 4, Place Jussieu, Tour 16, ler étage, F-75230 Paris
Cedex 05, France



660 H. J. de Vega

potentials) for a SL(N, €C) gauge theory. The last point of view will be preferred
from now on. For a non-compact gauge group the energy density Tj,(x) is not
positive definite. Actually, it is easy to show that the energy-momentum tensor
T,,(x) of the Yang-Mills theory identically vanishes in Minkowskian space-time
when the self-dual equations (1.1) are imposed.

Yang’s equations [7] are a particularly elegant form of SU(2) Euclidean SDYM
equations. Although the SDYM equations are SO (4) (proper Lorentz) invariant in
Euclidean (Minkowski) space-time, Yang’s equations are not fully SO (4) (Lorentz)
invariant. In Sect. 2, we find a fully SO(4) (proper Lorentz) covariant version of
Yang’s equations [Eqgs. (2.11) and (2.20) respectively]. These covariant equations
derive from a Lagrangian density of a four-dimensional (generalized) sigma model

1 Tr[P,3,00,0]
Y=39" 1 (p. 0P, 0] - (1.2)
Here
Q(x):( o) —g(x))

—o(x) —¢(x)
contain the fields, P, =(1+03)/2 and the space-time metric is
gr=n"+C* (1.3)

where #*” is the Minkowski metric and C*” a constant antisymmetric and antiself-
dual tensor [Eq. (2.22)]. The fields ¢, g, ¢ are assumed to be Lorentz scalars (g is not
the complex conjugate of g). The Lagrangian (1.2) defines a translationally
invariant but non-rotationally invariant field theory. The C,, coefficients in (1.2)
can be considered as non-Lorentz scalar couplings spoiling rotational invariance.

In Sect. 3, a first Ansatz describing non-linear multi-plane wave solutions of the
covariant version of Yang’s equations is proposed. They can be considered as 3 + 1
dimensional solitons. Actually, the form of the Ansatz is inspired by Hirota’s
method. Namely

N

0 =go+ Y qie™ (1.4)

i=1

where ¢,(0<a<N) are two-by-two constant matrices with (g,);; =(¢,)2, and
ni=k; x. Here k;(1 <i< N) are arbitrary constant null vectors: k7 =0.

In Sect. 3, an explicit formula [Eq. (3.14)] for the coefficients ¢, is derived from
the self-duality equations. The solution depends on N+ 3 free parameters besides
the null vectors k;(1 £i< N). Actually the SDYM equations are fulfilled, thanks to
a trilinear identity [Eq. (3.12)] satisfied by the metric tensor (1.3).

The analysis of the asymptotic behaviour of these solutions shows that they
describe the scattering of N non-linear single plane-wave solutions.

In Sect. 4, more general solutions are constructed. We start from a fractional
Ansatz where ¢, g, ¢ are ratios of polynomials in " of the form

N
(E(O)-i— Z (Eﬁl)e’“+ Z Cg)emﬂj_.,_cw)em+nz+...+n~ . (1.5)

i=1 15i<j=N
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Notice that all #’s are different in each exponent. For the case N=2 the algebraic
equations for the coefficient are written down explicitly (Appendix A). The analysis
of the asymptotic behaviour suggests constraints on the coefficients such that there
is a single ingoing and outgoing plane wave in directions k; and k,. These
constraints are compatible with the algebraic equations (A.1)—(A.15) and simplify
them enormously. The family of solutions (4.13)-(4.15) depend on six free
parameters besides k,; and k,, and it describes the scattering of two non-linear plane
waves. The scattering produces zero phase-shift and only a SL(2, C) rotation of the
outgoing field with respect to the ingoing field [Eq. (4.18)].

A second family of solutions with a fractional structure follows by applying the
Bécklund transformations y of [8] to a solution of type (1.4). This family of self-dual
fields depends for N=2 on eight free parameters besides k; and k,. The inter-
pretation of this family as interacting plane waves is straightforward after introduc-
ing two constraints in the parameters [Eq. (4.23)]. Then, we find an ingoing pure
o-plane wave (A4-soliton) plus a g-plane wave (4-soliton) yielding for x°— + co two
non-linear plane waves of type B. The ¢ field is constant for type B solitons (see the
Table 1).

Table 1

i —0
n="n,="fixed Fy/4q=const Ny/Aq=const (Ny+ N,eM[(dg + 4,e™
A-soliton

2> — 0
n=n, =fixed Fy/Ay=const (No+ Nye" /(Ao + A1 e™) Ny/4y=const
A-soliton

7]1—’+w _
n=n, =fixed F/(4;+4,€" (Ny+ Ny eM)(4y+ 4,,€")  N,/A, =const
B-soliton

Hy—™ + o0 _
n=n, =fixed F, /(4,4 41,€") (N, + Nye (4, + 4, €") N, /4, =const
B-soliton

The explicit solutions found here show that Minkowski SDYM have a rich
dynamics that can be uncovered by generalizing appropriately 1+1 or 2+1
dimensional soliton theory. Although SDYM possess an infinite number of
conserved currents, a non-trivial S-matrix is found here for the interaction of non-
linear plane waves. The Coleman-Mandula theorem is supposed to hold even
classically and it would imply a trivial S-matrix. The reason why this theorem is
bypassed is probably linked to the infinite spatial extension of the wave fronts. An
analogous phenomenon appears in KP where lumps have trivial scattering, whereas
plane waves exhibit non-zero phase shifts [4,5]. In conclusion, the study of
scattering of non-linear plane waves seems to be the right multi-dimensional
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generalization of 1+ 1 dimensional multi-soliton dynamics. Actually, in the paper
we shall use the terms soliton and non-linear plane wave as synonyms.

The development of a z-function like formalism for SDYM in 3 +1 would be
very interesting. The absence of terms with powers of e™ higher than one in all our
solutions gives a hint about a possible fermionic character underlying the solutions
obtained in this paper.

2. Lagrangian Theory of Self-Dual Yang-Mills Field:
Lorentz Covariant Formulation

The Euclidean self-dual Yang-Mills equations read simpler in complex coordinates
(yyzz):
F,=Fz=0, F;+F;=0. 2.1

Viy=x1+ix2 , ﬂz=x3—ix4 ,
1/5)7=x1—ix2 , ]/Ez'zx3+ix4 .

Equation (2.1) tells us that self-dual fields are pure gauge in the yz plane for fixed y
and 7 and in the yZ plane for fixed y and z. So, we can write [7]

Here

2.2)

A,=D7'3,D, A,=D7'3,D,
A;=E"'0;E, A;=E~\0:E (2.3)

where the matrices £ and D take values in the gauge group. Since we will be
interested in Minkowski space fields, the gauge group will be taken to be SL(N, C).
In this case one can gauge transform Eq. (2.3) yielding

A;=A;=0,
_ _ 24
Ay=x"'0x , A;=y ‘0.1 . @4

Here ye SL(N, C) so dety=1. For N=2 we can parametrize y as

11, @ )
=— . 2.5
=5 <@ . ¢*+o0 22)
It will be sometimes convenient to work in the so-called R gauge [7], where for
SL(2,C) gauge fields

1 [(—08,¢ 0
AR=— wee 5 = 2.
u 2(]5(26”@ , au¢> > ﬂ y,z, ( 6)
1 (059 —2070 o
B= — : =
A; 2¢< 0 —6\7¢> ;o V=y,Z . 2.7

We would like to stress that ¢ is not the complex conjugate of g.
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Inserting Eqgs. (2.4) and (2.5) in the self-duality Egs. (2.1) yields
¢ (0y5+0.2) ¢ — 0,050 — 090z + 0,005 + 0:00:0=0 ,
¢ (0y5+0.2)0 —20,005¢ —20,00:0=0 , (2.8)
¢ (0y5+0.2)0 —20500,¢ —=20:00.=0 .

These equations are not SO(4) invariant, whereas Eqs. (2.1) are clearly rotationally
invariant. It is convenient to use quaternions to describe four-dimensional
rotations. Let us define the 2 x 2 matrix

x=<y_ Z_). 2.9)
i -y

x—-x'=sxtt, (2.10)

A SO(4) transformation yields

where s, t € SU(2). This is an explicit realization of SO (4) as SU(2) ® SU(2). We call
s and ¢ left and right SU(2) respectively. Equations (2.8) are translationally
invariant and right-SU(2) invariant. They are not left-SU(2) invariant. Applying
left-SU(2) transformations leads to the more general equations

$029 —0,00"p+0,00"0+0,05"0,§=0 ,
$0°0 —20,00"¢ —20,02"0,$ =0 , G40
$9%°0~20,00"¢—20,$2"0,0=0 .
Here
a,b" =73 (ayby+asb, +a.bz+azb) .

and X is a constant antisymmetric, Hermitian and antiself-dual tensor transforming
under the (1,0) irreducible representation of SO (4) [2]. 2 reads in the real basis (x;)

0 & —vy o
—e 0 —06 —v
2=i 212
uv l y 5 0 —¢ s ( )
-5 y g 0

where ¢, 6, y€ R and €2 +9* + 6% =1. Yang’s equations (2.8)[7] are recovered in the
particular frame where e=1, y=§ =0. Yang’s equations can be derived from a local
Lagrangian [9]. This is also true for the covariant system (2.11). They are the Euler-
Lagrange equation of the invariant Lagrangian

o =;7 (0% + ") (0,40, +0,00,0) - 2.13)

This can be recast as a sigma model introducing a three-component complex field

0+0 ¢—¢
=(¢, —, == 2.14
EP’<,2,2I.>, (2.14)
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and the unit vector i=(1,0,0). One finds

L=% 9" Gy (V)0 ha0s (2.15)
where g*’=0""+Z*" is a non-symmetric metric tensor in the four-dimensional
space and G,, () is the metric in the internal space

ab(lp) N N2 [5ab igabcﬁc] . (216)

(7 ?’)
An alternative matrix form of Eq. (2.15) is

1, Tr(P.3,00,0)
L =38 T (p.0P. Q) @17

¢ —-Q_ 1+(T3
= , P,= .
Q <—Q —¢>> 2

All the derivations up to now hold both for SL(2, C) and SU(2) gauge fields. In the
latter case, one must impose ¢ = ¢* (where * means complex conjugate) thoroughly.
This constraint can be consistently imposed since the tensor 2, is Hermitian.

Let us now consider the Minkowskian version of the self-dual Yang-Mills
theory. We choose the time co-ordinate x, as

Xo=1ix, , Xp€R . (2.18)

where

Then
0,=03—0y , 0;=05+0, . (2.19)

The field equations (2.11) now read
¢Op—0¢ -0p+00-00+00-C-00=0 ,
¢Oe—200 0¢p—200-C-0¢p=0, (2.20)
$¢00—200-0¢p—20¢ C-09g=0 .

The dot means here Lorentzian scalar product:

a.b:nuvaubvzaobo—i agby, D=0§—i ot , (2.21)
and o o
Cn=-C, ,
Cy =iea;Coj , 150,k jS3 (2.22)

COI-:ﬁ,-EIR 5 7"1’:(6,'}),1‘3) 5 ﬁ2=1 .
In Minkowski space-time the Lagrange density (2.13) is written

= ¢2 [<09106> +(00l00>] . (2.23)
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where
(alby=(n""+C")a,b, .
A conserved energy momentum tensor follows from this Lagrangian,
1

Tuv=¢2

1 _ _ _ _
[0u¢av¢ +§ (auQan +auQan)+ Cul(avga AQ _avgalg)]_r’uvaf s

T, =0 . (2.24)

However, this tensor 7, is not symmetric due to the presence of the tensor C,,,
Too= T =2 (3,00%5 8,0 0
uv vu*‘(‘b—z—( v0070 —0,0 Q)_(.u‘—)v):#: .

This difference cannot be recast in general as the total divergence of an
antisymmetric tensor. That is

T#\'_Tvu*agogv with 0#¢"4+0%=0 .

This indicates that there is no conserved angular momentum in the theory of fields
(¢, 0, 0) with Lagrangian (2.23). The presence of the constant tensor C,, in this
Lagrangian makes it manifestly frame dependent. One can think of the unit vector
Coy;=(0,7,¢) as a “vectorial coupling constant”, which clearly spoils rotational
invariance.

On the contrary, the original self-dual equations (2.1) and the gauge fields 4, are
fully Poincaré covariant. 4, follows from the reduced fields (g, g, ¢) through

Au=1 Gu+C)x "0y (2.25)

where y is given by Eq. (2.5). Therefore, in this formulation of the self-dual Yang-
Mills fields in terms of the auxiliary field y, we find that y is a Lorentz scalar but not a
gauge invariant one. However, it is easy to express gauge invariant quantities in
terms of the field y. One finds for example for (det F,;) with fixed u and v,

det [F] = —(;_4 (0,56 40,0058 —0ub05)’

+ (0450 —20,0070) (0,50 —20,$050)] . (2.26)

3. Self Dual Soliton Solutions in 3+ 1 Minkowski Space-Time

We construct in this section Ansitze that solve the covariant version of Yang’s
equations presented in the previous section [e.g., (2.20)]. By solitons in 3+1
dimensions, we mean a non-linear superposition of plane waves. That is a field like

A=A, (x ki, x ky,....,xky), O0=Zu=s3 3.1

for an N-soliton solution. Here the constant vectors ky,...,ky are taken null in
accordance with the massless character of classical gauge theories

ki k=0, 1<i<N . (3.2)
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Equations (2.20) are bilinear in ¢, ¢ and ¢. Therefore, one can hope that Hirota’s
method can be applied [4]. This suggests to propose the following Ansatz:

N
d(x)=Ko+ ), Kie" ,
i=1

Q(x)=(]:0+§: Cie™ 3.3)
i=1

N
Q_(x)=®0+ Z q—:ie”' .
i=1

Here the K, C, and C, (0<« < N) are constants and
n=k; x=o—k-x , lod=lk| ; 1Si<N . (3.4)

It is trivial to check that the fields (3.3) fulfill Egs. (2.20) fir N=1.
Inserting the Ansatz (3.3) in Egs. (2.20) and equating to zero the coefficient of
em*m (1<i<j< N, N=2) yields the algebraic equations

(1 +AU)(E,G—:J+(1 —A,J)Cj¢l=2K,K] 5
(1 +AU)(D,KJ+(1 —Aij)(]:jKi=0 N (35)

H
ere y zki.q:.kj
ij= k,"kj s

and C* is the antiself-dual tensor introduced in Sect. 2 [Eq. (2.22)].

The system (3.5) looks heavily overdetermined for N > 2 since it contains 3N (N
—1)/2 equations and only 2N unknown (we can absorb then constants K; in a
constant shift of the variables #;). However, as we shall see below, there exist non-
trivial solutions of (3.5) for any N. For N=2, Egs. (3.5) admit the following
solution:

3.6)

¢=K() +K1 €"1+K26”2 .

A+1
0=Cot A(K, e'“+A—J_rT Kye (3.7)

where A4 is an arbitrary constant and A=A4,. We find, therefore, a two-soliton
solution (two non-linear plane waves) that depends on six arbitrary parameters
(Ko, K1, K5, A, Co, Cp) besides the two light-like vectors k; and k.

It must be noticed that Eqs. (3.5) for a given couple (i,j) and arbitrary N are
identical to the equations for N=2, where only the couple (1,2) is present.
Therefore, we find for a fixed pair (i,j) (1 Zi<j<N),

cizAij(Aij_l)Ki (T:j —KJZ/CJ 5
C;=4;;(4;+DK; , C,=-K}/C; .

(3.8)
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Now, we must show that there exist coefficients 4;; such that Egs. (3.5) hold for all
pairs (i,j) (1Zi<j=<N).
For N=3, it follows from Egs. (3.5) and (3.8) that the 4,; must fulfill the linear
system:
Az (A —1)=A3(A13-1) ,

A (A2 + 1) =A53(A23 1), (3.9)
Ai3(A3+ 1) =As3 (A3 +1) .
The determinant of this homogeneous system reads
A=1—Ap A3 — A3 Az + A3 A5 . (3.10)

After some calculations, one finds using (3.6) that A4 is identically zero. Hence, a
non-trivial solution exists for N=3. For N =4 the coefficients 4;; (1 Si<j< N) are
constrained by N equations instead of three for N=3 [Egs. (3.9)]. However, their
structure is the same and we find that they have nontrivial solutions since the
corresponding determinants vanish as 4 does in Eq. (3.10).
The key equation 4 =0 can be written with the help of the non-symmetric metric
tensor of Sect. 2,
gl =n""+C* . (3.11)

(The self-dual tensor C*¥ is given in Eq. (2.22)). We find
Ckilk;y <kl y Kkilkery +<kilke ) Kkilk ) <k jlkiy =0, (3.12)
where we use the scalar product defined in Sect. 3,
{alb)=g""a,b, . (3.13)

Actually, Eq. (3.12) corresponds to an algebraic property of the tensor C,, since it
holds for the arbitrary null vector &;, k;, k;. It is tempting to make a parallel with
classical two-dimensional theories where integrability is linked to a bilinear
algebraic equation in the r-matrices: the classical Yang-Baxter equations [10].
Here, in 3+1 dimensions the multisoliton solutions exist thanks to the trilinear
identity (3.12). Moreover, the structure of (3.12) somehow resembles a zero
curvature (path-independence) condition.
Finally, collecting all equations we find the general expression for C; and
C;(1<i<N)in terms of K; and k;:
N-1
Ci=AmK; T1 [Apn+1+sign(i—n—3)] ,

n=1

€= KT, 1SisN. (3.14)
Therefore, this N-soliton solution depends on N +4 free parameters
CO 5 G_:O > A(N) » Ka(oéaéN) (315)

besides the null vectors ki, ..., ky. Indeed the parameters K; (1<i<N) can be
considered as initial phases of the #;. In addition, one can always rescale (¢, g, @) as

Px)-Kp(x) ., e(0)-K%(x), 2()-e() , (3.16)
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leaving the gauge fields invariant [Eq. (2.6)—(2.7)]. So we have actually (N +3)
parameters. We are not taking into account the SL(2, C) symmetries in the counting
of parameters.

Let us now analyze these multisoliton solutions by studying their asymptotic
behaviour. In the R-gauge [Eqs. (2.6)—(2.7)] the gauge field reads for the two-soliton
solution (3.7):

1
AP ()=
C )= KT K e T Ky o)
: —K k" —K ke, 0 (3.17)
240 (A~ DK kiem +(A+Dk2Ke™] , K klem + K, k2™ '

When 5, — — o0 at fixed #, one gets

AP Xy - o =y (k, Aoy (A+1), K3 /Kp) (3.18)

and a similar expression for 4%. Here a,(k, B, C) may be considered as a one-
soliton solution

k -1 0
au(k,B,(E)E——::W <2B 1>=kua(k,B,(E) .
2<1+ - >

More generally, we can study the N-soliton solution (3.13) when #,— —
(1=2k=<N,k=*i) and p; is kept fixed. In this regime

AN (x), =a,(k;, An0;, Ki/Ky) (3.19)

Kk — 0

where

N-1
o;=[1 [Air+1+sign(i—k—3)] .
k=1

An analogous expression holds for 4% (x).
When all the frequencies w, (1 <k < N) are positive, the limit #,— — oo for k+i
(1=£k=N) and y;=fixed corresponds to t— — oo and

w;t —k; - x=fixed . (3.20)

That amounts to stay on the wave front orthogonal to the vector k;. So Eq. (3.19)
indicates that the solution 4)Y) when w; >0 (1 <k < N) describes the collision of N
plane waves. Equation (3.16) describes each of them when 1— — co. It is reasonable
to call one soliton to the solution ag,(k,B, C) [Eq. (3.18)] since A4,(x) tends
exponentially to a constant when one goes away from the wave front k - x =cte. In
fact, a,(k, B, C) is almost a zero field solution since the local gauge invariants
associated to a, vanish. That is F,,, (@) is non-zero, but its determinant for a given pv
in the internal space is identically zero for all x. However, a, is not a pure gauge.
When some 7, — + oo and the rest is kept fixed, A and 427 give just a constant
connection. A non-trivial behaviour appears when several #,— + o0, keeping fixed
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their differences. For example, let #, and 7, > + o0 in 4> with n3 =n, —n, fixed. We
find

APy, 5o+ 0 =kpa(—ky, A, (A =1), K| [Ky) +kjalks, 4,(A+1), K, /K;)
ny=fixed . (3.21)

Here k3 =k, —k, . The gauge field here tends exponentially to a constant when one
goes away from the plane n;=cte. Since

K2 =(ky —ky)* = —2w,,[1 —cos (§, - K,)] <0 (3.22)

if w;w, >0, the resulting outgoing waves are not like the ingoing ones (3.19). For
t— + o0, the wave speed is less than one. So, we can conclude that the scattering of
the two massless plane waves leads to a pair of massive lumps. The fact that the two
terms in Eq. (3.21) peak at the same plane #; =1n (K /K,) is probably a feature of the
simple Ansatz (3.3).

Everybody familiar with Hirota’s method would probably have noticed that
terms of the form e™*™ are absent in Eq. (3.3). The equations of motion (2.20) do
not admit them through the Ansatz (3.3). They will appear in the solutions of the
next section.

4. Multi-Soliton Ansatz and Soliton Scattering

The Ansétze found in Sect. 3 are not the more general self-dual fields with ingoing
multi-plane wave asymptotics in Minkowski space-time. The first possible
generalization is a fractional Ansatz

F N

== - g=—, 4.1
¢A,@A,Q 4.1)

E.|2|

where A, F, N, and N are polynomials in e™ (1 <i<n) of the form

C(O)—’_i Ci(l)em_*_ Z Cg)em+r]j+”. +(E(n)e'11+'12+...+r,,, ) (42)

i=1 15i<j<n

The coefficients €, (0 <k <n) are constants to be determined by imposing the
field equations (2.20). The Ansatz (4.1) is clearly inspired by the structure of the
known solutions in other integrable equations [4-6].

Equations (2.20) and (4.1) yields the following set of homogeneous equations
for A, F, N and N:

AF[A0?F —F3*A — A*(0F)* + A*(ON|ON>]
—A[N{OAIONY + N(ON[0AY]+(F2+ NN) (042 =0 ,  (4.3)
F(AO*N —No2A)+2F[{ON|0A> —ON - 041+ 2 N<BA|0F> —2 ACON|OF> =0 |
(4.9)
F(40°N—No*4) —2F[{ON|0A> —0N - 04]+2N{OF|0A> —2 A{F|ON> =0 .
(4.5)
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Here we use the scalar product {a|b) [Eq. (2.23)]. It must be noticed that
{ala)=a"a . (4.6)
Let us first restrict to the two-soliton case (n=2). That is
A=Ag+ A" + A0 + Appe
F=Fy +Fe" + Fye™ +F,em ™™
N=Ny+Nie"+N,e"™+Npjen ™
N=Noy+N,e" +Nye"+ Nyem*m .

Here n;=x -k; and k? =k3 =0 as in Sect. 3. Inserting Egs. (4.7) in Egs. (4.3)—(4.5)
and equating to zero the coefficient of each independent exponential : e, e, " 72,
e*m*z etc., leads to the set of 15 algebraic equations listed in the Appendix after
remarkable simplifications. Since they contain 16 unknowns [the constant coef-
ficients in Eq. (4.7)], a non-trivial solution may exist as we explicitly show below.

Before describing the explicit solutions, let us study the asymptotic behaviour of
the Ansatz (4.7) and the invariants associated to it.

When #; or g, tends to + oo keeping #, or #, fixed respectively, we find

4.7

_ Jotfe _ng+ne" __fg+ne”
So+0e" © 2T, v0en 0 9T S,40e

¢ (4.8)
Here y=k - x stands for #, or u, respectively and oy, 9, fo, f 0,7, 7o, and 7 are
constants.

In order to analyze these fields, it is useful to look at the invariant physical
quantities associated to them. One could consider the energy-momentum tensors of
the Yang-Mills theory since any self-dual field is a solution of the Yang-Mills
equations. For the gauge group SL(2, C), 7, depends on a free parameter [11]. Itis
easy to show that

a ’1 v 3
T,,=Tr <F¢,,Fv - Z FyF f’) 4.9)
identically vanishes using the self-dual Minkowski equations
F,,F% EuviaFY (4.10)

It should be recalled that the energy density Ty, (x) is not positive definite for a non-
compact gauge group as SL(2, C).

Let us consider the gauge invariants det(F,;). One could also use the conserved
asymmetric energy momentum tensor (2.24), but the behaviour of all these
quantities are qualitatively similar. We obtain from Egs. (2.26) and (4.8),

3 (k ks)* e
(fo +/feM* (0 + be

(80 fo —€*"8f ) 4+ (don —no ) (8071 — 61y) [68 13

+(8fo —f30) (8fo — [ +25feM e+ (Son — bng)

* (50ﬁ—5ﬁ0)2 82”} .

det (Fu\T) =

e {0 f~100)

(4.12)
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Since e” varies fast with , det(F,;) is peaked around its stationary points. There are
up to six stationary points, although some of them may be complex. One would
naturally call a soliton a field having only one real maximum. Therefore, a solution
with an asymptotic behaviour (4.8), in general, describes several ingoing “one-
solitons” propagating collinearly. It is natural to look for particular cases of (4.8)
with only one peak. Let us first choose ¢(x) to be asymptotically constant for
n1— + oo and #, - + co. It follows in that case from Eq. (4.1) and (4.7) that

R _B_FB_Fo

¢(x)=A0—A1—Az—A12 , (4.13)

and hence ¢(x) is everywhere constant. Now the field equations (4.3)—(4.5) yield

= Niy= —N, ,
A() > 12 Ao 0 A(Z)

4.14)

and a similar equation for N;,. We find in addition the quartic constraint

Cheylky ) (AGNy Ny — A9 Ay Ng Ny — Ao Ay No Ny + 4, 4, No No) +(12)=0 .
(4.15)

We have found therefore a self-dual solution depending on six free parameters
between the nine coefficients 4, 4,, 4,, Ny, N1, N5, Ny, N; and N,. [They must
fulfill Eq. (4.15), and they are defined up to two general constant factors, see
Eq. (3.16.]

Let us analyze the asymptotic behaviour of this solution. For #;— + oo,

n, =fixed, ¢ and g take the form (4.8). More precisely
N, N,
0+ m=e-n+7- =4

P (4.16)
Q’+(n)=é—(n)+A—ll-z

where .
0+ ()= lim o(ny,n,) ,

n—x
and similarly for ¢. (). Analogous results follow for #,— + o0 and fixed #,. In
conclusion, we have two non-linear plane waves both in the initial (t— —o0) and
final (1— + o0) state. Equations (4.16) show that there is no phase-shift due to the
interaction in this case. The effect of the interaction is a constant gauge rotation of

the field )
AL =S4, S, (4.17)
where .
AL (n)= 1m+1 A,(ni,m2)
N1 Lo

and S follows from Eq. (4.16):

<1 Ny /4y = No/4o

5={o 1

)eSL(Z, O . (4.18)

Itis possible to obtain fractional Ansatz solutions [Eq. (4.1)—(4.2)] by applying a
suitable Backlund transformation to the N-soliton polynomial solution (3.3)-
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(3.14). Let us apply the Backlund transformation (y) of [8] to the N=2 solution
(3.7). We find an expression like (4.1) where
A = V(Cl,02,51,52) s

N= V(al,Cz,Bbéz) s

_ 4.19
N= V(v a6y, ) 19
F=F0+F1€'“+F2€"2 .
Here
Ve, By, 0)=75 —afFE + F, e <Aa5 —2Foaﬂ+%>
" By
+F2€ Sad +§—2F0aﬁ (420)
4em e Ckylkyy Cklkyy
——— F| F. , A=—"2-1, S=4 .
Ty Bl s olkes
The coefficients
AsalaaZ’clacZ’,Blaﬂ2’51’52’F0’F1’ and FZ (421)
are only restricted by the constraints
a10; —c1pr=1=a,0, -2, . (4.22)

Therefore, the solution (4.19)-(4.22) depends actually on eight free parameters
besides k; and k,. Asymptotically, it behaves like Eq. (4.8) setting f=0. As
discussed below Eq. (4.12), it is simpler to consider particular cases of the solution
(4.19)—(4.22) in order to analyze their ““soliton” content. Let us for example assume

S62=C2F0 and 51=C1F08 . (423)

The asymptotic behaviour of the fields in this case (see the Table 1) leads us to
interpret the solution as describing the collision of a type A soliton with a type 4
soliton which produces two types of solutions in the final state (t— + o). The
solitons Type 4, A and B are particular cases of Eq. (4.8) as defined in the Table 1.
Therefore, Eq. (4.19) describes inelastic processes: transformations of solitons. It
must be noticed that det F,; vanishes for solitons of type 4, 4 and B as well as it
vanishes for the one-soliton described in Sect. 3.

A full and systematic exploration of the two-soliton and N-soliton solutions
within Ansdtze (4.1)—(4.7) is beyond the scope of the present paper.

We also want to remark that all the Ansétze presented in this paper are specific
of a space-time with Lorentzian signature. For Euclidean signature all solutions
become just constants due to the requirement k# =0 [Eq. (3.2)].

Single non-linear plane wave solutions are known in Yang-Mills theory [12]. If
one imposes the self-duality condition in a SU(2) gauge theory, they become
dependent on one arbitrary matrix function of k-x=x" instead of two. Our
multiplane wave solutions describe the scattering of such single non-linear plane
waves, provided they have a rational form like Eq. (4.8).
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Appendix

Inserting the fractional Ansatz (4.1) for N=2 in Egs. (2.20) yields the follow-
ing fifteen algebraic equations in the sixteen unknowns [4,,F4, Ny, N3,
A=0,1,2,(12)].

Fo(Ni24o—A412No) + F,(No 4y — Ao Ny) + Fi (No 4y — AgN,) + A [Fo (N1 4, — N, A1)
+F,(Nody —4oNy) + Fi (49N, —No4,)]=0 , (A1)

(1+A)(Nod; —Ny Ao) (Fo Fi, — AF Fy) + (1 — A) [F§(N124; — N 4;5)
+AF12(A0N2 —A2N0)+(1 +A)FOF1 (NlAZ —NZAI)]=0 . (A2)

Equation (A.3) follows by exchanging (1+»2) and (41— —A) in Eq. (A.2). Equations
(A.4)—(A.6) are obtained by exchanging N,—~N, and A— —A (4=0,1,2,(12)) in
Egs. (A.1)-(A.3),
Fy (414, — Ao A1) + A3, (Fo Fiy —FyFy + Ny Ny) + 4, 4, Ny, Ny,
—A41415(N1; N, + Ni,N,)

+A41,[413 Ny Ny + 4;(N;Nyy =Ny Noy) + (102, A> —A4)=0
(A7)

24,4,(2FyFy3+ Ny Ny) + NoNo A3, + Ny, Nip 43
— o415 (4F Fy3+ NoNiy + NoNy,) =2 42N, N,
+2A[A134,(NgN;, —NoN,y) + Ag 4 (N, Ny, — N, Nipo)]
+(1e2,4-> —-4)=0 , (A.8)

A3 (FoFya —F Fy + Ny Ny) —F§ (4o 412 — A1 45) + 41 4, No N
— Ao A1 (NoN, +NoN,) + Ao A[Adg Ny N, — 4; (No N, — Ny N,)]
+(1e2, 45 —-4)=0, (A.9)
2F Ay, (Fody —F1 Ag) +2F A (Fiy 4, —Fy A1)+ A, N1 (4, N, — 4, Ny)
+ A3 No(412 N, — A, Nyp) + (4,4, — Ag A1) N1 Ny,
+ 94 N1, Nyy —A2N,Nyy + A[A1,No (41 Ny5 — 41, Ny)
+ Ny Ny (dgdyy + Ay 4y) + A N, (A1, Ny — A, Nyy))
+(Nyo Ny 4> —A)=0 , (A.10)
A2 (FoFy, —F Fy)+ FE (A, 4, — Ao A1)
+(4oNy — A1 No) (41 Nyy — A1, Ny)
+ A4 [No(4;Ny3 — A1, N;) — 4o N1, Ny
+(NyeNy, A—» —A)=0 (A.11)
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24041 (F3Fo —Fy Fy) + (A, 4, — Ao A1) R FoFy + Ny Ny)
+(AgNy — Ay No) (4y N3+ AgNyy) + 4;,(4; NgNoy — Ay Ny Ny)
+ A[(4gNy2+ 4, Ny) (4o Ny — Ay No) + No Ny (Ao Ay, + A1 45)]
+(Nyo Ny, A> —A)=0 . (A.12)

Equations (A.13)-(A.15) follow by exchanging (1+2) and (A— —A) in Egs.
(A.10)-(A.12).
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