Communications in

Physics

© Springer-Verlag 1988

Commun. Math. Phys. 115, 553-569 (1988)

Simulated Annealing via Sobolev Inequalities
Richard Holley'* and Daniel Stroock?**

I Department of Mathematics, University of Colorado, Boulder, Colorado 80309-0426, USA
2 Department of Mathematics, M.I.T., Cambridge, MA 02139, USA

Abstract. We use Sobolev inequalities to study the simulated annealing
algorithm. This approach takes advantage of the local time reversibility of the
process and yields the optimal “freezing schedule” as well as quantitative
information about the rate at which the process is tending to its ground state.

0. Introduction

Simulated annealing is a Monte Carlo method for locating the minimum of a
complicated function U on some space E. Thinking of U(x) as the “energy” of the
“state” xeE, the method is to run a time-inhomogeneous Markov process on E
in such a way that at any time ¢t =0 the corresponding instantaneous time-
homogenous Markov process has as its equilibrium distribution the Gibbs measure
with energy U at inverse temperature f(¢). By choosing ¢t — f(t) to go to infinity as
t— o0, the idea is to force the process toward the minima of U.

Inherent in the simulated annealing procedure is a competition between two
goals. On the one hand, one wants to make the temperature tend to 0 as fast as
possible, thereby concentrating the Gibbs measures as fast as possible near the
minima of U. On the other hand, having the Gibbs measure concentrated
near the minima of U will do one no good unless the process at large times is
close to equilibrium. Since, as we will see below (cf. Theorem (2.1)), decreasing the
temperature inhibits equilibration, one must be careful not to adopt too fast a
“freezing schedule” (i.e. rate at which f(t) — o).

The problem raised above has been studied previously by many authors
([1-7]), and much of what we prove below is qualitatively similar to known
results. Nonetheless, we believe that our approach to this problem has several
features to recommend it. In the first place, it is simple and essentially context
independent. Secondly, it yields quantitative information about the rate at which
the process is tending to the minima of U. In fact, the results in Sect. 2 indicate
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that at least asymptotically, our estimates may be optimal. Because in practice it
is the most realistic situation and since its description involves the fewest
technicalities, we will describe everything for the case when the state space E is
finite. However, as will be apparent to anyone familiar with Dirichlet forms, only
the results in Sect. 2 really depend on E’s being finite, and even those results have
extensions to other contexts.

Let u, be a probability measure on E and assume that u, charges every point
(e.g. normalized counting measure). Next let go(x,y) be a probability transition
function on E which, in practice, should be chosen so that U(y)— U(x) can be
easily evaluated whenever x and y are points for which g(x, y) #0. We assume

about gq(x, y) that it is irreducible on E (i.e. Z q¥(x,y) = oo for all x, yeE, where

gt (x,y) =Y. qolx, &)q (¢, y)) and that it is py-reversible in the sense that
<39

(X, y) = po(X)qo(x, y) = &y, x), x,yeE. (0.1)

(One may think of p, as the Gibbs measure at infinite temperature and gy(x, y) as
controlling the one-step transitions that the annealing process may make.)
Next, define
e hY

Zy

K= tos B0,

where Z; = [e #Udu,. Then p, is the Gibbs measure at inverse temperature f.
Corresponding to u,; we define the transition probability function gy(x, y) by

qsx,y) = {exp( BU®) — Ux)golx,y) ify#x

[ - Z q5(x, &) ify =x. 02)

With the preceding conventions in mind, we can now define the transition function
P, (x,y) for our simulated annealing process. Namely, define

Lyp(x) =} ($(y) — p(x)ay(x,y), xeE, 0.3)

yeE

for ¢: E— R,. Then the simulated annealing process corresponding to the freezing
schedule t — f(t) is to have its transition probabilities determined by the forward
(i.e. Fokker—Planck) equation

0
'a_t'Ps,t(x’ y) = [L;(t)Ps,t(x’ )](y)9 4 g S, (04)
Ps,s(x’ y) = 5x,y7

where the meaning of the first equation in (0.4) is that

0
5 sl ) =[Py Lyyp](x), tzs, 0.4

for $:E— R,. (In (0.4') and elsewhere, [P, ,¢]1(x) = Y $(y)P, (x,y) is the operator
yeE

determined by Pj (x,y).)
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As is well-known, P, (x, y) satisfies the Chapman-Kolmogorov equation

P (x, )= P, (x,OP(,y), 0sr<s<g
&eE

which, in conjunction with (0.4'), yields the backward equation:

0
6~5[Ps’t¢] (X) = - [Lﬁ(s)Ps,t¢] (X), 0 é S § L. (05)

Also, once the initial distribution v has been specified, the transition probabilities
P, (x, y)completely determine our simulated annealing process X(¢) via the equation

Prob(X(to)elo, ..., X(t,)el,)= 3 = 3 vo)P,, (vooy1) =P, u-1.70)  (0.6)
ym€ly  yoelg
for0=ty<---<t,and I'y,...,[,cE.

The intuitive description of the simulated annealing process is as follows: If the
process is at site x, then it waits an exponential time with mean one and at the
end of that time it chooses a site y with probability g,(x, y) and attempts to move
there. If U(y) < U(x) then the process moves to y, but if U(y) > U(x) and if the
attempted move occurs at time ¢, then, having chosen y with probability g(x, ),
the process actually moves to y with probability e ~#@ WU ~U&) and with probability
[ — ¢ POWM U jt remains at x. This is just the continuous time version of the
usual discrete time simulated annealing process (see [8]).

Since what we want to test is whether the simulated annealing process is having
time to equilibrate, the quantity of interest is the Radon—Nikodym derivative, f,,
of the distribution of X(z) with respect to the Gibbs measure pg,,. Then the degree
to which equilibrium has been achieved can be measured by keeping track of the
size of f,. For example, let ge(1, co] and T > 0 and suppose that | f, n%m)g C<oo
for all t = T. We would then have that

Prob (U(X(t)) g Umin + 5) :<—_ C(Hp(z)({X5 U(X) g Umin + 5}))1 - l/q’ t Z_ T’ (07)

In~1.n

where U,,;, = min U. Obviously, (0.7) gets better as g gets larger. However, one
E

should expect that one will pay for large g with slower freezing schedules f(t) and
larger constants C.

Our analysis of || f;] L) will be based entirely on consideration of the
Dirichlet forms E, associated with the operators L. (It is this fact which makes
most of analysis context independent.) Namely, define

1
Ef¢.¥) =7 2. e VIO ((x) — p(1)) (Y(x) — Y(y))ulx, y) (0.8)
B x,yeE
(cf. (0.1)) for functions ¢ and y on E. It is then an easy matter to check that

— [PLgduy = Ef, ). (0.9)

In particular,

(B =inf {Eg($, ¢): | l,2,) =1 and <)y = [ pdu, =0}
is the gap between 0 and the rest of the I*(u) spectrum of — L;; and, as such, ()



556 R. Holley and D. Stroock

controls the [*—rate at which e approach equilibrium. Because qo(x,y) is
irreducible, we know that y(0) > 0. However, as 8 gets larger, y(f8) will get smaller
at an exponential rate (cf. Theorem (2.1)).

Assume that we know that

yByzye " =0, (0.10)
for some y >0 and m > 0. (We can always take y = 7(0) and m = M, where
M =max U —min U, 0.11)
E E

but sometimes (cf. Theorem (2.1)) one can show that m < M.) We will now give a
simple example of our ideas as they apply to the study of | f,[2,,. To this end,
note that (cf. Lemma (1.6))

d
= U = = 2ol fufd) + BOJ(U = U, )iy

= —2E,(f0f) + ﬁ’(t)j(U — LU p) e — l)zd’uﬁm
+ 200U = <UD, )(fo = Ddpgy < [=2ye7 O™
+ MBI fo = Bz, + 28OM | fi =112,

Thus if we take B(t) = 1/mlog(1 + myt/M), and we set u(t)=| f,— 1 Hfzwm), then
we see that
M
<_44_ﬂ_§ _ 2 1/2y.
W) S L (e 2ut )
from which it is easy to estimate sup I f, Il 2 (t500) in terms of || fo 2, 7. m, and M.

If one wants to estimate || f,|| Bige) for ¢ >2, then one must bring other
considerations to bear. In Sect. 1 we give an abstract account of what can be said
about || f [l =, (g9 O the basis of the behavior of the Sobolev constant for E,. Our
conclusions are contdmed in Theorem (1.10). In Sect. 2 we see how (at least when
E is finite) one must choose the freezing schedule ¢t — f(t) in order for the results
of Sect. 1 to be applicable. What we find (cf. Theorem (2.11) is that we can take
B(t) =log(1l + t)/(m + ¢) for any ¢ >0, where m is the optimal choice in (0.10). In
addition, we calculate m in terms of U and qy(x, y) (cf. Theorem (2.1)). Finally, in
Sect. 3 we replace the Sobolev inequality by a logarithmic Sobolev inequality and
see what can then be said. The result here, when applied to finite state spaces,
shows that || f, ”L""’(ug(,)) stays bounded when one chooses f(t) = 1/mlog(1 + y(¢)),
where lim ¢%/y(t) = 0 for every ¢ < 1 and ¢(t) grows like f(t) (cf. Theorems (3.9) and

t— oo
(3.21) and (3.23)). However, we expect that the considerations in Sect. 3 are only
really interesting when one considers E’s of arbitrarily large dimension.
1. General Results

The results in this section are based on some differential inequalities which are
collected together in the first lemma.

Lemma (1.1). Let a, b, ¢, and ¢ be non-negative numbers and assume that both a and
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& are strictly positive. Let ue C*((0, oo); [0, c0)).

y I
. 1/2
W Cyrrey P
141 14+t 1+4¢
then
4} 1 1fe
) P [ — t
u()"[a1~(1+t)‘“]’ >0
where A=b\/(a + ¢).
i) If T>s20 and ueCY([s, T); (0, 0)) satisfies
a b
/2__ 1+e 7 t T,
YE T+ els 1)
then
b 1/e
<
u(S): 1+S eb :
al 1—
1+T
Proof. We begin with i).
b c
yt2 1/2\1 +2¢ 1/2
e R e T v
bu'? +a+c
- _ 1 1/2\1 +2¢
1+r( LS A S pew
( +u 1/2)1+2g+ (1+u1/2)

< —
= 48(1 +1) 141
Set o(t) = (1 + )" *(1 + u'/%(¢)). Then

o =(1+ t)“/z[(u”z)’ —-——2(1/1+ t)(l + u”z)]

a

< gyt He

_9(1 + l)el-—lwl-f-Za
8 b

and so
(@72 = =2e—g 2 (14077
Hence
o) 22 S [(1 4 — 1],

4

(1+ 00 ™ 2 L0 + 07— 1],

< 44 1 1e
o[ )
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To prove ii) we compute as follows:

(1T +0buy =1+ t)”[u/ + 1—%14:' Za(l+ 0P Wttt =a(l 4+ 1)~ (1 + tbu)t e

Therefore

d ~ 1+ t)Puy e

'(2;[(1 + [)bM] t= _8(((1%[)17)1;%;§ - ae(l +1) -1
Thus ,

—(14+5) e S (1 )T = (1497,
ie.
a 14+s\*
e d 1+s
u(s) :b<1 +<1 n T) )

i1) follows easily from this. Q.E.D.

Throughout the rest of this section we assume that the following hypotheses
hold.

(1.2) Assumption. U is bounded above and below and supU —infU =M < <.
E E

(1.3) Assumption. There is a constant B < oo, such that dp(t)/dt < B/(1 +1).
(1.4) Assumption. For some finite 4, some 2 <p < oc, and all 0 <1,

1 = < Do gy £ AC + DE gy (£,

We also use the following notation: For t 20, ||, is the I” norm on the space
I(pgy)s <f ). is the integral of f with respect to pgy, E, = Egy, 1, = fig, and
Ly = Ly,

If pis as in Assumption (1.4) then we let ¢ = (p — 2)/p and note that p = 2/(1 —¢).

(1.5) Lemma. If (1.4) holds, then for all fe L*(u,(t)),

1= S A+ OELNOIf = DR
Proof. Set 0=1/(1 +¢), then 1/2=0/p+ (1 —0), and so by Holder’s inequality,

1= Sl S W= Il f= <D STA+ DE(f, )11
Af = DT QE.D.

Let foe L'(uo)™ with { f >0 =1, and set f, = (d(m,P, ,))/du,, where dm, = f,du,.

(1.6) Lemma. With f, defined as above, d/dt f, =L, f, + f(U — (U >) f,.
Proof. Let ¢:E—(— 0, cc). Then, denoting du,/du, by v,, we have
d d
Zl—tj‘ (/)f,v,dyo = a,“ PO,t¢7dm0 = S‘PO,tLt(bdmO = §(Lt¢)ftdut
= ¢, f)du,= [ (L, f)vdps.
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Thus d/dt (f,v,) = (L. f)v,, and so

d S\ v Sy, v
%ft dt< ) vzh—L'f ftv'

Finally
\/
b TRU=Z = AU QED.
vV, Zz
(1.7) Lemma. Set K, = 4(1 + 4ABM)/(1 — ¢~ (1/24% 2M)) and let f, be as above. Then
Ll S 1+ KV@I (> el

Proof. Setu(t)=| f,—1{3, = fl3,— 1. Then

)= = 2E(£.f) + Al V(U =<UY) f?du,

2B f)+ BOTU = U — 1y, + 28 (U= U (fi— g,
2 .. BM 2BM .,

Taais " Tie T M0

Hence the estimate follows from 1) in Lemma (1.1). Q.ED.

A

(1.8) Remark. Since E is a finite set, f, is necessarily in I[*(uy), and so we
do not need to run the process for time e/ —1 before f,e*(y,). In fact || fo],.0 <
1/min uy(x)*/2. However, the bound in Lemma (1.7) will become important as E

reE
gets large.
(1.9) Lemma. Set K, = 2ABMe*®M (1 — e BM), Then for all T > e'* and e L,(uy):
[ Prrlla, = (K3 + 2912 ¢ 4
ift=(1+T)e 11,

Proof. We may assume that ¢ =0 and that (¢ ), = 1. Set ¢, =P, . Then

d , BM
Zg<qss>s = - jLsd)d#s* ﬁ(S)I(U - <U>s)¢sdﬂ3 Z’ - m<¢s>sa

and so
I+ T\
<¢t>r§< h ) SePME (T+ze (14T
1+t
Next, set u(s) = | ¢, — (P35 = dl3,, — {¢s>3. Then
BM
w(1) 2 2E( =
(02 2E($,.¢) — - ulo)
Applying Lemma (1.5) we bound this below by
Qe 2BM BM
S e P, A4z e V(1 4+ T).

4 A1 +1) 1+1
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Hence, by ii) in Lemma (1.1),

Q.ED.

2ABM 2BM "|1/e
u(e‘“s(l-l-T)—l)gI: ¢ ]

14e BM

We are now ready to prove the main result of this section.
(1.10) Theorem. Assume that (1.2), (1.3), and (1.4) hold. Set
I(£ — (1 + K}/(ZE))(Kélg + eZBMlls)l/Z'
Then for all T Z e,

[ f1llw,r =K,
Proof. Note that if ¢ is a bounded function on E and T = ¢?%, then

Iqude,uT' = I_f(Pt,qu)ftdﬂt' = ” Pt,T¢ ”2,t “ ft ”2,17
where t=e V(1 4+ T)—1=e*—1. Q.E.D.

2. The Finite Case

In this section we will check the hypotheses of Theorem (1.10) for the model of
simulated annealing given in the introduction. Since the problem and the simulated
annealing process remain unchanged if a constant is added to the energy, we assume
throughout this section that the minimum of U is 0. This is just to simplify the
resulting expressions, and the reader can easily supply the necessary changes if he
is bothered by the addition of an unknown constant to the energy.

From Theorem (1.10) we see that we want to take the inverse temperature at
time ¢ to be 1/mlog(t + 1) for some constant 1/m, and 1/m must be chosen so that
(1.4) holds. At the same time, we would like to choose 1/m as large as we can.
From (0.8) we sce that L, is self-adjoint on L*(ug). The constant m is closely related
to the gap between 0 and the rest of the spectrum of L;. Thus we denote this
distance by (). An easy argument based on (0.8) shows that y(f)= e~ #My(0).
Although this is qualitatively the sort of estimate which we seek, M is only an
upper bound for m. We want to show that one can do better.

For x, yeE we define a path from x to y to be any sequence of points x = x,
X1,X5,...,X, = y,such that go(x;_;, x;) > 0(and hence g,4(x; _ ,x;) > 0)fori=1,...,n.
Let P, , denote the set of paths from x to y. Elements of P, , will be denoted by
p ={pi}i=o. If we think of the elevation at x as being given by the function U, then
the highest elevation along the path peP, , is given by Elev(p) = max {U(p,): p;ep},
and the lowest possible highest elevation along any path from x to y is given by
H(x,y) =min {Elev (p): pe P, ,}. Note that for any x,y,z€E, H(x,y) = H(y,x) and
H(x,y) <max {H(z,x), H(z, y) }. Finally let

m=max {H(x,y) — U(x) — U(y): x, yeE}. 2.1

Note that if x, and y, are such that H(x,,y,) — U(x,) — U(y,) = m, then by the
above observations either U(x,) =0 or U(y,) = 0. The intuitive description of m is
as follows. For each x, with U(x,) =0 and each yeE consider the path from y to
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x, which requires the least total elevation gain when beginning at y. Pick x, and

y to make this least total elevation gain as large as possible. Then m is the elevation

that must be gained along the route that takes the lowest passes between y and x,.
Our immediate goal is to prove the following theorem.

Theorem (2.1). There exist constants 0 < ¢ < C < oo such that for all § =0,
ce Pm<y(B) < CeFm, (2.2)

This theorem is an immediate consequence of the next two lemmas.

(2.3) Lemma. There is a constant C < co such that for all p = 0,

WPy < Ce ™ 24

Proof. We first assume that m > 0.
Set Varg(f) =Y f2(x)ug(x) — (3 f(x)usx))*. Then since
xeE xeE
— Y SOLy f(x)pg(x)
= 1 f __xeE SR Tam— 25
Y(ﬁ) fe}‘guﬂ) Varﬁ (f) ( )

we will have proved (2.4) once we exhibit a function F and a constant C < o,
such that for all =0,

— Y FLF ()
xeE —pm
Var, (F) = Ce

Let x, and y, be two points for which H(x,,y,) — U(xo) — U(yo) =m and set
A ={zeE:H(yy,2) < H(yo, x,)}. Note that x,¢A, and y,€A (otherwise m would be
0). Note also that if xe A, and y¢A, and q(x, y) > 0, then U(y) = H(y,, x,) (consider
the path peP, , for which H(y,,x)= Elev(p), and extend it one more step to y).
Thus for all xeA, y¢A, and all 20, gy(x, Y)ug(x) = gy, X)uy(y) < alx, y)e~ PHEox0)/
Z(p). Let F(x) =1,(x), the indicator function of A. Then

= Y, FOOLF(x)ugx) =3 3 a5x, Y)F) — F(x)2pglx)

xek xeE xeE

<)Y alx, y)e o0 7 (2.6)

XEA y¢A

On the other hand
Var, (F) = i A)y(A) 2 polxo)polyole P00 1000 73,
Thus there is a constant C which is independent of f§ such that
WP S CZge ™.

Since Z; < 1 for all f =0, (2.4) is proved in case m > 0.
If m=0, let F be the indicator function of {x: U(x)=max U(y)}. Then just
yeE

repeat the above argument with this F. Q.E.D.
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(2.7) Lemma. There is a constant ¢ >0, such that for all =0,
ce M <y(p). (2.8)

Proof. From (2.5) we see that it will be enough to find a constant ¢ > 0 such that
for all #=0 and all fel(up),

- Zf Lﬂf x)ﬂﬁ( x)
—xE __>ceTm 2.9
Var, (f) - @9
We first bound Var,(f) above as follows:
If x, yeE let p**eP, , be a path from x to y for which Elev (p**) = H(x, y). Let
n(x, y) be the length of p*¥, and define
N = max n(x, y).

x,yeE

If z, weE let

I if for some O <i<n(x,y)pi¥=zand p}y =w

Lzl X, ¥) = {

0 otherwise.

Note that if «(z, w) = 0, then y. ,(x, y) = O for all x, yeE. In the following we interpret
Lzl X Yz, w) = 0'if 1, ,(x, y) = 0. Now

2Varg ()= (f ) —=f () up(y)pip(x)

xeE yeE
Xx.y 2
=258 st ) oo
xeE ek =1
<Y Ynlxy) Z (f P =1 (P2 1)) pp(y)pp(x)
xeE yeE

_ HgIugly)
ofz, w)e~ FUEVUE)

SNY YT Y sl 9 (2)—f (9)r(z, whe PUEN U0
xeE yeEzeEwek
pp(x)us(VZ()
<N [max DIPIF A _ZW/W:'

z,weE xeE yeE

2wz w)(f(2) = f(w))?e PP Z . (2.10)
zeE weE
Also
P (X y) :uﬂ(x):uﬂ(y)zﬁ — Xz,w(x7 y) HO(X)/“LO(.V) eﬁ[U(z)\/U{W); Ufx) - U(y)]
P oz, whe PUEVUM gz, w) Z,
< i LzlX: Y) Ho(X)Ho()
T azw) Y pe(v)
v:U(v)=0
Thus (2.9) follows {from (0.7) and (2.10). Q.E.D.

(2.11) Theorem. Let ¢ >0, and set f(t) =log(1 + t)/(m + &) and p =2M /(M —¢), then
there is a constant A < oo such that (1.4) holds.
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Proof. We fix t 2 0 and set f§ = fi(t). Then

SU=<pdug= [ (=S L=l 2dpg S T = S D p)Pdpg L =S Dl 2

< LB NI 15

Now
1= CPple min (S 11— Opnmin 2o <11 (10,
Thus
10l S e oo el
That is b

| f— <f>ﬁ”1f(“ < eﬂ(”’”M“’”z’”’)Eﬂ(f,f)

for some finite constant A. Since M(p — 2)/p = ¢, and f§ =log (1 + t)/(m + ¢), we have
the desired result. Q.ED.

Remark. The reasoning used to derive (2.2) may be applicable to a wide range of
situations. For example, let S' denote the circle of unit length, u the uniform
measure on S, and E the standard Dirichlet form

ECLf)= [ 1dfdn

Given a continuous function U:S* — [0, o) whose minimum value is 0, define Up
accordingly. If x and y are distinct points on S', let 4, (x, y) and 4 _(x, y) denote
the arcs running, respectively, clockwise and counter-clockwise from x to y; and
define H,(x,y) to be the maximum of the values that U takes on 4 ,(x,y). Set
H(x,y)=min {H . (x,y), H_(x,y)} and take m = sup {H(x, y) — U(x)— U(y): x, yeS*}.
Finally, let @(-,x,y) be the unit speed geodesic running clockwise (counter-
clockwise) from x to yif H, (x,y) < H _(x,y) (if H ,(x,y)> H _(x,y)). [tis then clear
that, foreachte[1/2, 1]7and x (t€[0, 1/2] and y), themap y —» @ (t, x, y) (x = D(t, x, y))
is smooth p-almost everywhere and has Jacobian not less than 1/2. Hence

Var,(f) = —f §<§Idf12 (£, x, y))@(t, x y)dt>ﬂﬁ(dx)#ﬂ(dy)

<exp (ﬁm)i(ﬂldflz(@(t, x, y)exp(— BU(D(L, x, y))ugldx) ug(dy))dt
< 2exp(Bm)E(S.f).

The problem in more general situations is, of course, that it is not so clear how
one should choose the paths @(-, x, y).

3. Logarithmic Sobolev Inequality

We continue to assume that U,;, =0.
In this section we will first examine what can be said about simulated annealing
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on the basis of a logarithmic Sobolev inequality of the form

Wlog((” qfﬁ;ﬂ) )duﬂgaw)Eﬂ((b, o). G.1)

We will then discuss what one can expect o(f5) to look like in various contexts.

Let 5: [0, o0) — [0, co) and ¢: [0, c0) = [2, o) be smooth non-decreasing functions
satisfying f(0) = 0 and ¢(0) = 2. Using Lemma (1.6) above and following L. Gross
[6] (cf. Theorem (9.10) in [9]) we see that

d Hfz“ql@,'fm[ ’ (t) ( ft )q(t) 1 1)/2 :I
o, tlig(t té ? 1 d ,—2 Et ?( )/2a ?()/
i1l S| O 1208 | 7 ) = 2a0E SIS 10)

q(1)
+ ﬁ’(t)< *) ISl g, If< 2 ’) (U= U »)du,. (3.2)
®) I Sl gy

In order to derive a useful differential inequality from (3.2), we need the following
lemma.

(3.3) Lemma. If yt is a probability measure and 0eL'(p)* satisfies [Odu =1, then
for every ye L™ (u) satisfying [y du =0, one has

|j¢0du| § 81/2 ” ‘l, ”Lw(,u)(jglog Gd:u')l/z'

Proof. By a theorem of Sanov (see Lemma (3.38) in [9]), for each 0 = 0 such that
[0(x)u(dx) =1, we have

[6(x)1og(0(x)) u dX)—Sup{f $(x)0(x)u(dx) —log([ e u(dx))},

where the supremum is taken over all bounded measurable functions ¢. Letting
¢ be of the form ¢(x) = a(x), we see that

000 1og(0(0) u(dx) = sup {§ ap(x)0(x)u(dx) — log(J e u(dx)) .

Note that [(x)u(dx) =0 implies that log(f e u(dx)) = 0 for all a. Thus if in
addition [0(x)y(x)u(dx) = & = 0, then we have

[0(x) log(B(x)) u(dx) = sup {az — log(f e u(dx)) }.
az0
Let e= j W(x)0(x)u(dx). By replacing iy by — ¢ if necessary, we may assume that
£20. We denote log(fe*'™ u(dx)) by F(a).
Define K(g) = sup{ac — F(a)}. Since F(0)=0 and F'(0) =0 and F(a) = 0 for all

az0
a we have K(0) =0 and K(¢) > 0 for all ¢ > 0. Note that if G(x) = F(x) for all x =0,
then
K(g) = sup(sa — F(a)) = sup(ea — G(a)).
az0 az0

Since F(0)=F'(0)=0 and F"(a) <4y |?% for all a, we have F(a) <2a” ||\ || for
all a. Thus K(g) = &2/(8 ||y |2) for all & > 0. From the first part of the proof we have
[0(x)1og 0(x) u(dx) = K(e) Z &* /(8 Y [1%.). (QE.D.

Using Lemma (3.3) with = p,, 0 = (f,/1l f, | 40.)"", and ¢ = U — (U D,, we see
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from (3.1) and (3.2) that for any choice of p:[0, cv) —(0, c0),

1—q()
1 s = G 1 0+ pl0) 0P B0) - 2000 G
M2 1)
E, ;1(0/2’ :1(0/2 - g
VT gy il
Hence, by taking t — ¢(t) so that
’ 7 2 .
0+ OB 007~ a0 =0, (5)
we get
@ ]
sup oS 1 ulzoenp( 297 o) 36

In particular, we want to take p so that [ (1/p(f))df < .
0

We still need to choose ¢t — f(t) in such a way that f(t) and ¢(t) tend to oo as
t— 0. To this end, let 6:[0, c0) = (0, c0) be a smooth non-increasing function and
determine t — f(t) by

B()=—-(B(t) and B(0)=
po

Then

and
r_ 1
Mﬂ_me’
—_—_— "21‘([3) -1 2/ :/}B
Q(ﬂ)" [ + j ) d?} F(ﬁ)—bfg(y)dy.

We have now proved the following theorem.

(3.8)

—_—

(3.9) Theorem. Assume that (3.1) holds for some non-decreasing smooth o:[0, oc0)—
(0, c0). Choose smooth functions p:[0, 00)—(0, 00) so that p is non-decreasing, o is

non-increasing, R = Ojo(l/p(ﬂ))d[3< oo and o(B)—0 as f— oo. Define t— f(t) and
t—q(t) as in (3.7) anz (3.8). Then

i lato = 1o 2.0 Xp@MR), 120, (3.10)
where M = max U-— mm U. In particular, if o) < A(1 + P)*eP™ for some A < oo,
keZ*,and me[O o0) and one takes p(B) = (1 + p)* and o(f) = (1 + B) "}, respectively,
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then q(t) = (1 + B(t))/4 and

k+4 1/(k+4)
I +-———1 —1
(5]

%bg(l +"§> > B(1) 2 -

The crucial assumption in the above theorem is the bound assumed for «(f).
When the state space E is compact, it is reasonable to assume that

2
f¢ﬂlog<“¢ﬁzg> dito < AEo(, ¢) G.11)

for some A < o0. Indeed, as we will see below, (3.11) is implied by the ordinary
Sobolev inequality

I —<d>oll70= CEo(, ¢) (3.12)

for some pe(2, oo) and C < oo; and (3.12) holds in a wide variety of finite dimensional
compact situations. (For example, if E is a compact connected Riemanian manifold
of dimension N and if E, is the Dirichlet form associated with the Laplacian on
E, then (3.12) will hold with 1/p=1/2—1/N.) On the other hand, there are
interesting infinite dimensional examples for which (3.11) holds but (3.12) fails for
every pe(2, o). Indeed, (3.11) for u, and E, on E implies the same estimate (with
A unchanged) for any situation which results by taking arbitrary tensor products
of this one with itself.

The following lemma provides a crude means of passing from (3.11) to an
estimate (3.1).

(3.13) Lemma. If (3.11) holds, then (3.1) holds with o)< Ae®™, where
M =supU —infU.
E E

Proof. 1t is clear from (0.8) that
Eo(¢, §) < Zye\PUE (9, ).

Thus we need only show that

jqbzlog(( ¢ >2>du Sie"“igf”j¢zlog<< ¢ >2>du0. (3.14)
12 r=z, 120

But for any probability measure m on E and any f:E —(—co, o),

£
291
”@N4me

and for each x>0 the integrand on the right side of the above equation is
non-negative. Also the infimum on the right side is achieved when x = | f*(&)m(d¢).
Hence one easily checks that (3.14) holds. QED

)m(d§)= inf F(FAOlog (f2(€) —f4(&)log (x) —f (&) + x)m(dE),
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When (3.11) is all that one knows, then Lemma (3.13) seems to be optimal.
However, as we will now show, one can do much better if one knows that (3.12)
holds for some pe(2, o0) and in addition, that there is a spectral gap estimate of
the form:

l¢ —<Popll3 < BeEf($,¢), B=0. (3.15)

(Since (3.12), itself, implies (3.15) with B=C and m = M, we will always assume
that the m in (3.15) is in [0, M].) To see what can be said on the basis of (3.12)
and (3.15), first note that (by Jensen’s inequality)

ARES TR
j<||w|12>1g<nwnz>”’“ pc Tl R e B
2 WY, (16,
§p~—2l°g<nwnz> “p—zl"g(nwlz) '

Hence, since log x < dx + log 1/, x > 0, for every ¢ > 0,

il

At the same time, it is easy to check that (3.12) implies
1o — Pl p=4CPMEy(p, ). p20.

Combining these, taking 6 = e ™, and using (3.15), we conclude that

¢ —<P)y
[ —<DDpllap

where D < oo depends only on B, C, p, and M.

There are various ways to pass from (3.16) to the estimate we want. Perhaps
the most efficient route is provided by the following lemma due to Jean-Dominique
Deuchel (private communication).

jv? 1og(i-—> dus TS 31W13 +dog1/8)1w13]

J(@ =<y’ 102( > duy = D(1 + PeEy(¢,¢), =0, (3.16)

(3.17) Lemma. For any probability measure u and any ¢el*(u),

¢ ¢—<d> \

2] d — 2ll¢~ I
[¢ °g<n¢>n“> HE[(d— {9, <“¢_<¢>M“2’u) A+ 20— Cd),l13,
Proof. Let ¢pel*(n) with {¢>,=0and ||¢],,=1 What we have to show is that
if [ ¢ log ¢* < co, then

Flo, ¢, 1) = [ (¢ +2)*lo g<

(¢ +a)?

o )du—wlogwugz, (3.18)

for every a # 0. By an easy approximation argument, one sees that it suffices to
check (3.18) for the class @(u) of ¢’s such that {¢>,=0, [[¢],,=1, and
e<|p|=1/e for some 0 <e< 1.

First note that if ¢pe®(u) then 1/peP(¢p?y) and

F(o, ¢, ) = 0’F (é,%, d)zu) + 20 [ Pplog p?dp. (3.19)
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(1) o1 and Qp(tam-1)=Q1Qy ... Qy(1ap—1), where I, has length 1.
Second, check that for any probability measure v and e @(v):

d o S+ p?
EEF(ﬁ,W,V)—Zj(\// +B)log— T dv,
d? + p)? 4
d—ﬁzF(ﬁ,d>,v)=2jlog((/1/+gg dv+ . <4,
and so:
F(Bh,v) S 2B [y logydv + 22, (3.20)
Taking v = ¢?u, ¥ = 1/¢ and B = 1/« in (3.20) and using (3.19), we get (3.18).

Q.E.D.
Summarizing, we have now proved the following.

(3.21) Theorem. Assume that (3.12) and (3.15) hold for some B, Ce(0, o), pe(2, o0),
and 0 Em <M =supU—infU. Then there is an A= A(p, B,C, M) < %0, such that
E E

[¢*log (H—ﬁ“f dug S AL+ P’ Ef(¢, d), B0, (3.22)
2.5

Q.ED.

We combine Theorem (3.9), Lemma (3.13), Theorem (3.21) and (0.7) for our
final result.

B
(3.23) Theorem. If (3.11) holds but (3.12) does not hold, let B(f)= A (1 + &)*e*Md¢.
0

8
If (3.12) and (3.15) hold, let B(f)=A [ (1 + &)*e™, where A4 is as in (3.22). Let

(0]
B(t) = B~ (t) be the cooling schedule for the simulted annealing process. Then if
fo is the density of the initial distribution with respect to y,

-

PrOb(U(X([)) g Umin + 5) § “ fO IlZ,OeZMZ(:u[}(t)({x: U(X) ; Umin + 5}))%%)5
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