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Abstract. Haldane predicted that the isotropic quantum Heisenberg spin chain
is in a “massive” phase if the spin is integral. The first rigorous example of an
isotropic model in such a phase is presented. The Hamiltonian has an exact
SO(3) symmetry and is translationally invariant, but we prove the model has a
unique ground state, a gap in the spectrum of the Hamiltonian immediately
above the ground state and exponential decay of the correlation functions in
the ground state. Models in two and higher dimension which are expected to
have the same properties are also presented. For these models we construct an
exact ground state, and for some of them we prove that the two-point function
decays exponentially in this ground state. In all these models exact ground
states are constructed by using valence bonds.
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1. Introduction

The ground state properties of quantum antiferromagnets not only have
important physical consequences, they also contain some fascinating surprises. In
one dimension the spin 1/2 Heisenberg antiferromagnet can be solved by the Bethe
ansatz [11]. The correlation functions have power law decay and there exist local
excitations with arbitrarily low energy, ie., there is no gap in the spectrum
immediately above the ground state energy. One might expect similar behavior in
any one-dimensional isotropic quantum antiferromagnet. Haldane, however,
argued that if the spin is integer then the one-dimensional Heisenberg antifer-
romagnet has completely different properties [23-25]. He concluded the ground
state correlation functions have exponential decay and there is a gap in the
spectrum above the ground state energy. There is both experimental and
numerical support for these conclusions [12, 16, 36, 37 and references therein].

At first the existence of a gap in the spectrum and exponentially decaying
correlation functions is surprising in a model with a continuous symmetry.
However, there exist fairly simple models like the Majumdar-Ghosh model [31,
32] which have a translationally invariant Hamiltonian with a continuous
symmetry, but have a gap and exponentially (or faster) decaying correlation
functions. (Until now there was no proof that this model has a gap, but the proofis
supplied in this paper.) In these models, however, the ground state is degenerate
and breaks the translational symmetry while the usual Heisenberg antifer-
romagnet presumably has a unique ground state. The possibility of a quantum
antiferromagnet with a continuous symmetry, exponentially decaying correlation
functions, a gap and a unique ground state was quite unexpected. In this paper we
provide the first rigorous example of a model with all these properties. The model
is the one-dimensional spin chain with Hamiltonian

H:Z[Si’siﬂ"'%(si’siﬂ)zl (1.1)

We prove this model has a unique infinite volume ground state, the correlation
functions decay exponentially in this ground state, and there is a gap in the
spectrum immediately above the ground state energy. It has been shown
rigorously that models like (1.1) do not exhibit such behavior if the spin is half-
integral [5].

In two or more dimensions one generally expects the ground states of quantum
antiferromagnets to have Néel order. There is a Goldstone theorem for quantum
spin systems which applies to a general class of isotropic Hamiltonians (which
includes the usual Heisenberg Hamiltonian and the Hamiltonians we will consider
in this paper) [44—46]. It states that if there is Néel order then there is no gap. The
existence of Néel order in the ground state can be proven [21, 26] for the usual
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Heisenberg Hamiltonian on certain lattices if the spin is large enough, but there
may be exceptions. Anderson has argued that the spin 1/2 model on a triangular
lattice or a square lattice with a sufficiently strong next nearest neighbor coupling
has a ground state without antiferromagnetic order [7]. His “resonating valence
bond” (RVB) mechanism is the basis of a possible explanation of high T,
superconductors [8]. We provide an example of an isotropic antiferromagnet in
two dimensions with spin 3/2 for which we can construct an exact ground state and
prove that the two point function decays exponentially in this ground state. We
expect that our model has a unique infinite volume ground state and a gap in its
spectrum, but we cannot prove either of these conjectures. As in our one-
dimensional model the Hamiltonian is isotropic, translationally invariant and can
be written as a sum over nearest neighbor pairs i, j of polynomials in S;-S;.

The construction of a ground state and proof of exponential decay of the two
point function for our two-dimensional model can be adapted to any bipartite
lattice with coordination number three. Since such lattices exist in any dimension
greater than one, we expect that in any dimension greater than one there exist
models with all the properties that Haldane predicts for the one-dimensional
Heisenberg antiferromagnet with integer spin. It should be emphasized that in
dimensions greater than one it is not necessary that the spin be integral for this to
happen. The relevant criterion appears to involve the lattice type (‘especially the
coordination number ), the spin and the dimension.

Our one-dimensional model (1.1) is a special case of the Hamiltonian

H:;[Si'siﬂ-ﬁ(si'siﬂ)zj- (1.2)

The model with f=0 is, of course, the standard Heisenberg model which is
believed to have a unique massive ground state according to Haldane. We now
know rigorously that such a unique massive ground state exists for f= —1/3. The
model with =1, however, has been solved by the Bethe ansatz method [9, 10, 28,
29, 42]. It has a unique ground state with no energy gap, and appears to have
power law decay of the correlation functions by standard field theory arguments.
We expect that the model (1.2) has a unique massive ground state for —1 <f<1
and undergoes a phase transition at f=1 to a dimerized phase with two ground
states and a gap for > 1. At f= — 1 the model has an exact SU(3) symmetry and is
very likely massless [3]. For more details and support for this picture we refer the
reader to [1] and Sect. 4.4. Finite chain calculations supporting this picture may be
found in [13, 20, 34, 41]. A critical theory for the phase transition at =1 based on
the nonabelian bosonization method is given in [3, 4].

The possibility of an isotropic model with a unique massive ground state may
be understood as follows. For a quantum antiferromagnet the quantum fluctu-
ations always provide some “entropy,” even in the ground state. Thus the ground
state of a quantum antiferromagnet is like a classical model at some finite
temperature. If this classical model is in a high temperature phase then the ground
state of the quantum model will be unique and have a finite correlation length, i.e.,
a mass.

The key to all our models is the idea of a valence bond. Given two spin 1/2’s, a
valence bond is formed by putting them in the singlet state 7| — |1. Now consider
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the spin 1 chain. Each spin 1 can be regarded as the symmetric part of the product
of two spin 1/2’s. We construct a state with a valence bond between each pair of
adjacent sites i and i+ 1 by forming a singlet out of one of the spin 1/2’s at site i and
one at site i + 1. After doing this we must symmetrize the two spin 1/2’s at each site
in order to restore spin 1 at each site. This state can be represented diagramatically
asin Fig. 2.1. We call the resulting state a valence bond solid (VBS) state since the
valence bond structure is identical to the underlying lattice. We will show in Sect. 2
that this state is a ground state of (1.1). This state was first introduced, to the best of
our knowledge, in the discussion of the large n limit of SU(n) chains [2]. Valence
bonds have been used before to construct exact ground states [17, 18, 27, 38]. In
these previous models, however, the ground states are at least doubly degenerate.
Furthermore, these ground states can be written as a single tensor product of
states, each of which only involves a few lattice sites. The VBS state cannot be
written as such a tensor product.

Such VBS states can be constructed whenever the spin s equals 1/2 of the
coordination number, z, of the lattice. A generalized VBS state can be constructed
whenever s is an integer multiple of z/2 (see Sect. 6 for details). Hamiltonians for
which these states are ground states can also be constructed. In one dimension the
VBS states can be constructed if and only if the spin is integral. Thus these solvable
models provide a qualitative explanation of why integer and half-integer spin
chains should have such radically different behavior [2].

In two or more dimensions there are many VBS states because of the freedom
at the boundary. We conjecture that if the coordination number z and dimension d
are small enough then in the infinite volume limit there is a unique ground state
and this state has exponentially decaying correlation functions and a gap. If zand d
are large then we conjecture there is Néel order, no gap and infinitely many infinite
volume ground states.

While we have no rigorous results on the nonzero temperature behavior of
these models in two and more dimensions it is interesting to speculate on what
happens. If there is a unique ground state and a gap above the energy of this
ground state, then one would expect that for any temperature there is a unique
Gibbs state and the correlation length remains bounded as the temperature goes to
zero. In other words, it appears that in any dimension there exist isotropic
quantum antiferromagnets which do not have a phase transition even at zero
temperature.

The organization of the paper is as follows. Section 2 is devoted to the one-
dimensional model (1.1). The exact ground state is constructed in detail and the
two point function is calculated in this ground state. The existence of a gap, the
uniqueness of the ground state and the exponential decay of all truncated
correlation functions is proven. Our spin 3/2 model on a two-dimensional
hexagonal lattice is defined and studied in Sect. 3. A ground state is constructed,
and we prove that with periodic boundary conditions the two point function of the
ground state has exponential decay. In Sect. 4 we construct the VBS state for a
general lattice and speculate on how its properties depend on the dimension and
lattice type. For the VBS state on the Cayley tree we show there is Néel order if the
coordination number of the lattice exceeds four, but no Néel order when the
coordination number equals three. We also discuss some SU(n) models for which
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we can find exact ground states which are generalizations of the VBS state, and
develop a random loop representation for these models. The Majumdar-Ghosh
model is considered in Sect. 5. This model is known to have two ground states. We
prove that these are the only two ground states in the infinite volume limit, and
that there is a gap. In Sect. 6 we briefly discuss various generalizations of our
models and the Majumdar-Ghosh model. In Appendix A we sketch how the
standard technique of Gaussian domination shows that there is Néel order in the
ground state of the usual Heisenberg antiferromagnet on the two-dimensional
hexagonal lattice if the spin is at least 3/2.

The various sections of this paper are almost independent, so it should be
possible to read any one section after a quick look at the preceding sections. Most
of the results in this paper were announced in [1].

2. The One-Dimensional Model (1.1)

2.1. The Ground State

We define our one-dimensional system, and describe its exact ground states in
some detail in this subsection. The calculation of the ground state correlation
functions, the proof of the existence of an energy gap, and the proof of the
uniqueness of the ground state will be given in the following subsections.

We denote sites in our one-dimensional lattice by i and denote the spin
operator for spin s=1 at site i by S;=(S";, $?;, S*,). The restriction of a state to two
adjacent sites i and i+ 1 can have spin 0, 1 or 2. We denote the orthogonal
projection onto states with spin 2 by P,(S;+ S, ;). We can express this projection
in terms of the spin operators as follows.

Py(Si+Si+1)=S;"S;, 1/2+(Si'si+1)2/6+1/3- 2.1)
The Hamiltonian is the sum over i of these projections.
H=3} H; with H;=Py(S;+S;). 2.2)

Obviously H =0, so if we could find a state Q with H,Q =0 for all i then Q2 would be
a ground state. Naively, one might not expect such a state to exist, but we will show
that in fact it does.

To describe the exact ground states of the above Hamiltonian, we will
introduce a special basis for the state space. First, consider the state space for a
single spin 1/2. Let y,, 1, denote the eigenstates of S* with eigenvalues 1/2 and
—1/2. The state space for spin 1 may be formed by taking the symmetric part
of the tensor product of two spin 1/2 spaces. Thus an orthogonal basis is

Vi1 Y12=21, YP2o, Where

Wap= [0, @Y, +1,@,1/)/2. (2.3)

We emphasize that in this notation y,; and v, denote the same state. These states
do not all have norm 1. Their norms and overlaps are

(Waps Wy5) = 023055+ 04505, - (2.4)
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These states may be written in terms of a more standard basis for spin 1 as
follows. Let (+), (0), and (— ) denote the orthonormal basis for spin 1 consisting of
eigenstates of S with eigenvalues +1, 0, and — 1, respectively. Then

v =)24),  w=v=0), w,=)/2-). (2.5)

Equation (2.4) hides the SU(2) invariance of the theory. To make the invariance
more explicit we should raise the indices of the state y,; in the left side of the inner
product. We accomplish this by adopting the physicists’ notation ' - ., for the
inner product (y,4, ¥,;). Then (2.4) becomes

P =57 68,4+ 5%07 . (2.6)

Both 6,, and 6%, equal 1 if «=7y and 0 otherwise.

There are four spin 1/2’s associated with each bond on the chain. If two of these
spin 1/2’s are in a singlet state, i.c., a state with total spin 0, then the four spin 1/2’s
can only have total spin 0 or 1. For two spin 1/2’s, a singlet pair is formed by
contracting with an ¢ tensor, i.e., ,®y,e™ is a singlet. (¢ is the antisymmetric
tensor with ¢'*=1.) In this expression and throughout the paper we adopt the
convention that repeated upper and lower indices are summed. Given two spin 1’s
we can form Q,;=1,,®,4¢". Since two spin 1/2’s are always in a singlet state in
Q.5 2,5 1s a mixture of states with total spin 0 and 1. Hence €, is a ground state
(for two sites) of the projection onto spin 2.

It is now clear how we can form a ground state for a finite chain {1,2, ..., L}.
For convenience we take L odd, but the definitions are essentially identical for even
L. Let

Qs =V, OV, ®..®QY,, 5 P1726l2%3  gfr-ror, (2.7)

For any two adjacent sites i and i + 1, there is a spin 1/2 at site i and a spin 1/2 at site
i+1 which are contracted with an ¢ tensor to form a singlet. Thus when @, is
restricted to sites i and i +1, it has only spin 0 and 1. Hence H;Q,;,=0, s0 Q,;is a
ground state of H.

We can simplify our notation by introducing a raising and lowering
convention for indices and a shorthand notation for the tensor products. For spin
1/2 states we define w"‘=e"‘”1p5 with the convention that repeated indices are
summed. A singlet pair of spin 1/2’s is then formed by contracting an upper and
lower index, i.e., p,®@y* For a single spin 1 we define

PP =emeboy ;. (2.8)
It is easily checked that
(waﬂa ll’w) = wTaﬂ ’ ww = 5715613 + 5}){36% . (29)

For our chain of spin 1’s we raise the indices on every other site and introduce the
shorthand,

walﬁlazﬂz...ay__ 1BL - 1aLﬂL=wa1[h®wa2B2® ®waL~ 1BL- 1®1PDZLBL ' (210)
Then our ground state (2.7) is compactly written as

Qup = W, ey T e i (2.11)
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Fig. 2.1. The VBS state 2,4 on a finite chain. Each dot, line, and dotted circle represents a spin 1/2,
a singlet pair, and the symmetrization of two spin 1/2’s to create a spin 1

We can also define the periodic extension of H in (2.2) by adding P,(S, + S.) to
H. This is also known as periodic boundary conditions. If Lis odd then Q = Q, ;¢
is a ground state. If Lis even then Q= Q,*is a ground state, where Q. is the ground
state given by the analog of (2.11) for even L.

There is a simple diagramatic representation of these VBS states. Each site in
the chain is represented by two dots which represent the two spin 1/2’s at that site.
Each dot has a line coming out of it. Connecting two of these lines means that the
two spin 1/2’s are put in the singlet state. After forming these singlets we must
symmetrize the two dots at each site. This symmetrization is represented by a
dotted circle around the two dots. For an open chain there are free lines at each end
of the chain corresponding to the indices o and f in ;. The resulting diagram for
the ground state of an open chain is shown in Fig. 2.1.

We refer to these Q,,; and their (unique) infinite volume limit as Valence-Bond
Solid (VBS) ground states. This terminology comes from the observation that, in
these states, the valence bond (or singlet pair) structure exactly mimics the bond
structure of the basic lattice. In Sects. 3, 4, and 6 we will discuss generalizations of
VBS states to other lattices.

The VBS ground states appear very simple and natural in the present basis, but
these states are not as trivial as they may appear. In particular, these states cannot
be written as a single tensor product of a state at each site. To emphasize the
richness of these states we will express them in terms of the usual {(+),(0),(—)}
basis of S* eigenstates at each site. The basis vectors for the chain are labelled by
strings of 0’s, +’s, and —’s. We denote such strings by A and the corresponding
state by v 4. The coefficient of p , in the ground state €, will be denoted by €,4(A),
SO ‘QaB = ;Qaﬁ(A)wA'

The coefficient ,4(A4) is zero unless A4 is of a special form which depends on «
and f. The rules are as follows:

a=1, f=2: A must contain the same number of +’s and —’s. The first nonzero
character in 4 must be a +, and thereafter the nonzero characters must alternate
between — and +.

a=2, f=1: Same as above with + and — reversed.

a=1, f=1: A must contain one more + than —. The first nonzero character
must be a +, and thereafter the nonzero characters must alternate between —
and +.

a=2, f=2: Same as above with + and — reversed.

An example of an 4 in the a=1, f=2 class is 0+ 00— +0—0+000—.
These four classes are disjoint with one exception; the string containing all 0’s
belongs to both the a=1, f=2 class and the a=2, f=1 class. Note that for any
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choice of x and f, Q,4(A4)=0if A contains two +’s separated only by 0’s or two —’s
separated only by O’s.

We will give an explicit formula for Q,,(A4) and leave the other cases to the
reader. Let 4 be a configuration in the class =1, f=2. Let k be the number of
pairs of + and —. Let m be the number of odd sites at which thereisa + ora —.
Then

Q(A)=(—1)"2". (2.12)

To show that this is a ground state, consider two adjacent sites i and i+ 1. It
suffices to show that @, , is orthogonal to any state which has spin 2 on the pair of
sites i and i+ 1. A basis for these spin 2 states is

e;=(++4),
e,=(+0)+(0+),
e3=2(00)+(+ —)+(— +),
e,=(=0)+(0-),
es=(——).

Obviously, 2, is orthogonal to e; and e5. To see that Q, , is orthogonal to e,, let A
be a string with + atsite i and O at site i+ 1. Let A’ be the same string except that
sites i and i+ 1 are interchanged. This switch leaves k unchanged but changes m by
1. Thus Eq. (2.12) implies that Q, ,(4)= — Q,,(4"). So 2, , is orthogonal to e,, and,
by the same argument, to e,. Finally, to see that Q,, is orthogonal to e;,let Abe a
configuration with 0’s at i and i+ 1. Let A, and A4, be the two configurations
obtained by replacing the two 0’s by — + and + —, respectively. Exactly one of 4,
and A4, will have a nonzero coefficient. (Which one depends on o and  and on what
A looks like off of sites i and i+ 1.) Assume A, has the nonzero coefficient. Then
Eq. (2.12) yields Q,,(4,)= —2Q,,(A). It follows that Q, , is orthogonal to e;. Thus
Eq. (2.12) defines a ground state.

Remarks. 1. For a finite chain with open boundary conditions we have found four
ground states. In Sect. 2.2 we will calculate the norms and overlaps of these four
states (2.14). It follows immediately from this calculation that the four ground
states are nonzero and linearly independent. In Lemma 2.8 of Sect. 2.4 we will
prove that they are the only finite volume ground states. Hence the open chain has
a fourfold degenerate ground state. The total spin commutes with the Hamil-
tonian, so our four ground states must either consist of a triplet of spin 1 states and
one spin 0 state or of four spin 0 states. The states Q,,, Q,,, 2, 2,, have total §*
equal to 0,0, +1, —1, respectively. Hence we must have three spin 1 states (2,
Q,,,and a linear combination of Q,, and ©,,) and one spin 0 state (another linear
combination of Q,, and Q,,). It is worth remarking that in the usual Heisenberg
antiferromagnet the ground state for any L with open boundary conditions is
always nondegenerate and has total spin 0 [30].

2. We can use Remark 1 to show that the periodic chain has a unique ground
state. Suppose the periodic chain has a ground state with total spin 1. Then we can
find a ground state for the periodic chain with total S* equal to +1. Any ground
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state for the periodic chain is also a ground state for the open chain, so this ground
state must be a multiple of Q,,. From the description of Q, in terms of 0’s, +s,
and —’s, we see that Q,, contains configurations with +’s at both sites 1 and L.
Such a configuration, however, has spin 2 when restricted to sites 1 and L, and so is
not a ground state for the periodic chain. This contradiction shows that the
periodic chain only has ground states with total spin 0. The open chain has only
one such ground state, so the periodic chain has a unique ground state.

3. InSect. 2.4 we will show that the four ground states all yield the same state in
the infinite volume limit and that the resulting infinite volume state is the only
infinite volume ground state. In particular, the infinite volume limit constructed
using periodic boundary conditions equals the infinite volume limit constructed
using open boundary conditions.

2.2. The Ground State Two-Point Correlation Function

In this subsection we will calculate the two point correlation function for the
ground state. By Remark 3 above, we need only perform the calculation for a
particular choice of boundary conditions. We will use periodic boundary
conditions. We will show that

(S%,S?) = 5%(—1)(4/3)3 ", (2.13)

where (S%,S”,) denotes the limit as L— oo of the expectation of $%,S°, in the
ground state of the chain with L sites and periodic boundary conditions.

We begin by calculating the normalization of the ground state for an open
chain of Lsites. For later use we will actually calculate the inner product of any two
of our four ground states. Since the notation depends on whether L is even or odd
we assume that L is even. The basic formulae needed for this calculation are Eqgs.
(2.6) and (2.9). The calculation may be done in a diagramatic fashion using the
diagrams introduced in Fig. 2.1.

We draw the state  twice, but label the two drawings as Q and Q' as shown in
Fig. 2.2a. At each site the inner product is, according to (2.6) or (2.9), a sum of two
terms. We represent them by Fig. 2.2b. Inserting Fig. 2.2b at each site in Fig. 2.2a
gives a sum of 2 diagrams. For example, with two sites the inner product is given
by Fig. 2.2¢. Each loop represents the trace of a product of 4 tensors and so gives a
factor of 0%,=2. Thus Fig. 2.2c yields

Q1 Q 2=25% 50,4 6% 5%+ 5% 5%+ 5%,

— 457,50, + 04,07,
D o« B B
aoO*oO———oo———oo——oo——-——OO—oo Qt b II +
¥ 8 T8
(o] J _ )
L X 1+
X B

Fig. 2.2a-b. Inserting b into each site in a gives the overlap Q- Q. ¢ The case with two sites
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Fig. 2.3. Diagrams which appear in the overlap calculation. a A typical one, and b the special one
has no loops

For general even L all but one diagram consists of an open line from « to y, an
open line from f to ¢ and some number of closed loops in between. A typical
diagram is shown in Fig. 2.3a. All these diagrams give a contribution proportional
to 6%,6° - The one other diagram consists of two lines stretching all the way across
the lattice (Fig. 2.3b) and gives simply 5"‘,,5‘2. Thus we need to perform the sum
over all loop diagrams. For each loop we get a factor of 2 from 6%, =2. The number
of diagrams with m loops is the number of ways of choosing the (m—+ 1) points
where the loops begin and end out of the L possible points, i.e., it is given by the

. L . . .
binomial coefficient (m ) Thus the sum of all diagrams of this type is

+1
proportional to

z( L )2'"=[(2+1)L—1]/2,

m=o0 \m-+1
and so
Q1% Q2=06%,0°(3"—1)/2+6%0°, . (2.14a)
If L is odd a similar computation yields
Q- Q=600 (3" —1)/2+ 60", . (2.14b)
The normalization of the ground state with periodic boundary conditions
QY- =343,

can be found by taking traces in (2.14) or by summing graphs on a circle.

Next we calculate the spin-spin correlation function for a chain with Lsites and
periodic boundary conditions. The spin operators acting on our basis for a single
spin 1 give

Swop=—(1/2)0,"p,5—(1/2)65"p,,
on odd sites, or
Sy™ =(1/2)6 " +(1/2)6” p* (2.15)
on even sites, where the (6)*5’s are the Pauli matrices and
6%y =6"6450,”.

Thus acting with S, on the periodic ground state, breaks either the link between
sites r— 1 and r or between r and r+ 1 and contracts the two dangling indices with
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Fig. 2.4. a One of the four diagrams which represent the action of S, - S, on Q. b A typical diagram
which gives a nonzero contribution to QF-S,-S,Q

' —
N ol

+(1/2)e (for r even or odd). Acting with $%,S”, (we assume r > 2) breaks the chain
up into two open lines, one running from 0 or 1 to r— 1 or  and the other running
from r or ¥ +1to Lor 0. One of these four cases is shown in Fig. 2.4a. The dangling
indices near 0 are contracted with (1/2)6” and those near r with (—1)(1/2)a®.

To obtain the correlation function we need to calculate the overlap of this state
with the ground state. Again we represent the calculation by a sum of diagrams.
There now must be two lines which end on the four dangling bonds, all others
forming closed loops. These two lines can both stretch from 0 to » (+ 1) or one can
start and end near 0, and the other start and end near r. There are far more
diagrams of the latter type, however, they all give contributions proportional to
6% (09),6" (,(o"’),,‘s =Tro“ Tro”=0. The former diagrams give contributions propor-
tional to (¢%),79,(c"),°6,* = Tro“e” = 26°". The lines from 0 to r can run around the
chain in either direction but for L— co with r fixed they must take the shorter path
to contribute. Apart from these two lines there are one or more closed loops (many
as L—o0) going around the chain the long way (see Fig. 2.4b). Summing over all
these diagrams as before, being careful to sum over the four possible combinations
of broken bonds and then dividing by the ground state normalization, we
obtain (2.13).

2.3. The Energy Gap

We will prove that the Hamiltonian (2.2) has a gap between the ground state
energy and the first excited state. In this subsection we begin by showing that for
a finite chain of length L the gap is bounded away from zero as L— co. In Sect. 2.4
we will show that the infinite volume system has a gap.

We use an open chain and assume that the four ground states we constructed in
the previous section are the only ground states. We will prove they are the only
ground states in Sect. 2.4. Bounding the gap away from zero uniformly in L is
equivalent to the following theorem.

Theorem 2.1. Consider the Hamiltonian

L—-1

Hi = T Hi. (2.16)
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There is a positive constant ¢ which does not depend on L such that

(w, Hy yw)Zely, p) (2.17)

Sor all v which are orthogonal to the four ground states of H, ;.

Proof. Our proof will take advantage of the following property of our model. If Qis
a ground state then for each i, (Q, H;Q2) equals the lowest eigenvalue of H,.
Consequently, any ground state for H, , is also a ground state for H ,_,.
Let Q, be the orthogonal projection onto the subspace of states which are
ground states for H; ,, n<L. Let P,=1—0Q,. The previous paragraph implies
W= Qui1,80 P,=<P,, . Inequality (2.17) is equivalent to H; ; =¢eP,. We write P,
as a sum of mutually orthogonal projections:

L-1
Pi=3 (Prur=P)+ Py,

The integer [ will be chosen later. It will be independent of L. (We assume, of course,
that L>1)

The idea of the proofis to bound P, —P,=Q,—Q, . by the terms H; in the
Hamiltonian with i near n. If we restrict 0, — Q,, .. ; to the first n + 1 sites, thenitis an
8-dimensional projection. (Q, is 12-dimensional and Q, . , is 4-dimensional.) Let
¢, +1,i=1,...,8 be states on the first n + 1 sites which are an orthonormal basis for
the range of this projection. Each ¢', , | is a ground state for H, , and is orthogonal
to any ground state for H, ..

Let H, ;4 ,+; be the Hamiltonian for sites n—I+1 to n+1, and let
0, -1+1.n+1 be the orthogonal projection onto its ground states. Define

Yo 1=0n 1+ 1,n+lq)ln+1/“Qn—l+1,n+1(pin+1”
and define

e(l)= Sl.ip miax “Qn—l+1,n+1(pin+1”2‘

We will reduce the proof to the following three lemmas.

Lemma 2.2. Let ¢, be the gap for H, ,,,, i.e., the first nonzero eigenvalue of
Hy . Then

8 . 2
Qn_Qn+1§2E(l)A;1P(wln+1)+e Hy iitnets (2.18)

+1

where P(y', , |) is the orthogonal projection onto the states of the formy',, ,®y for
any state y on sites n+2 to L.

Lemma 2.3. If |m—n| 2+ 1 then for anyiand j, P(y', . ) is orthogonal to Py, ,),
i-e-, P(wln + 1)P(w]m+ 1) = 0

Lemma 2.4. There is a constant ¢ such that for all |

<37t (2.19)
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Assuming the three lemmas we complete the proof as follows. We will sum
(2.18) from n=1[to L—1. Note that

L—-1
;l (Qn_Qn+1):Ql_QL=PL_Pl= (2~20)
L—-1
Y Hyroner SUHDH, (2.21)
In the sum
L-1 8 )
¥ T PWh) (2.22)

any two terms with n=n, and n=n, are orthogonal if |n; —n,| > L. Since any sum of
mutually orthogonal projections is less than or equal to the identity operator,
(2.22) is less than or equal to 8(/+1). Thus summing (2.18) yields

2A1+1)

€r+1

P, —P,<16(1+ 1)e(l) +

H,,.

Since e, is the first positive eigenvalue of H, ;, we trivially have

1 1
P=—H,,=—H,.
1= = L

Adding the above two inequalities implies

P, <16(1+ 1)e(l) + <M + 1)1{“.

€141 €

Since P, and H ; can be simultaneously diagonalized, this implies inequality
(2.17) provided 16 (I + 1)e(l) < 1. By Lemma 2.4 we can make this quantity less than
1 by choosing [ sufficiently large. Note that we have not assumed anything about
how ¢, depends on I. The only information we have used about ¢, is that it is strictly
positive. []

Proof of Lemma 2.2. In this proof we will abbreviate Q,_,,; ,+; by Q. Each
operator in (2.18) acts as the identity on sites n+2 to L. Thus we may restrict our
attention to sites 1 to n+1. For any state y on sites 1 to n+1,

(X, P(q)in + 1)X) = |(Xa Qoin+ 1)'2
=11, Q@'ps 1 +(1— Q)¢+ 1)|2
=<2(06 Q0%+ DIP + 2106 (1 = Q)@ 4 )% (2.23)

where we have used the Cauchy-Schwarz inequality to bound the cross terms. The
first term equals

2” Q(Pin +1 H 2(%) P(win+ I)X) é 28(1)(X9 P(win + I)X) >
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since y', , ; is defined as the unit vector proportional to Q¢', . . For the second
term the orthonormality of the ¢',, , implies

8
PRAL — Q)¢ s )P = Zl(ﬂ— @s )
(1=l

Thus summing (2.23) from i=1 to 8 we obtain

(6(Qp—Qur D1)= Z (6 P(@' 1 1)2)

8
U 2 P’y 00 +201(1-Q)xl1>.

But [(1-Q)xl*=(x,(1—-Q)y) and 1-Q<H, iii,n+1/€141- The lemma
follows. [

Proof of Lemma 2.3. In this proof we abbreviate Q0,1 ,+1and Q,, ;41 m+1 DY
Q" and Q™ We can assume m=n+I/+1. To show the two projections are
orthogonal, it suffices to show that the inner product (Q"¢’, . ;®1, Q™¢’, ., ®O)
vanishes for any state y on sites n+2 to L and any state @ on sites m+2 to L. We
should warn the reader that the two ®’s in this inner product mean different
things. The first ® indicates a tensor product between a state on sites 1 ton+ 1 and
a state on sites n+2 to L. The second ® indicates the same thing except that n is
replaced by m.

Since Q" and Q™ commute the inner product equals (¢, ®y,
omQ ¢’ . 1 ®6). But ¢/, , | is a ground state for H, ,, and hence for H, _;, { 4.
So the inner product equals (¢’,, ; ®x, Q"¢ . ,®O). Now ¢/, , is a ground state
for H, , and so is a ground state for H, ,, . Since Q™ acts only on sites greater
thanm—1and m—12n+1, Q"¢’, . ;®0O is also a ground state for H, ,, . But
@', . is orthogonal to such states, so the inner product vanishes. []

Proof of Lemma 2.4. All of the states we will encounter in this proof will be linear
combinations of the states shown diagramatically in Fig. 2.5. Our notation for this
state depends on whether n and [ are even or odd. For brevity we will only consider
the case that n and [ are both even. In this case the state in Fig. 2.5 is denoted by
Q,".%,. The argument in the other three cases is the same.

Let ¢ be one of the states @', . ;. Then ¢ is a ground state of H; ,and sois a

linear combination of the states Q,%;°,,. ie.,

Q= Qaﬁﬂ‘sggA“ e, (2.24)
(o.—»——-HH——— —+eer—Ve0) (o o — —H“—o——«—of ‘oo
-~ - o o ¥ £ p
1 n-4 n-0+1 n n+1

Fig. 2.5. The states Q,%.%, which are used in the proof of the existence of a gap

a y &0
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We can assume A is symmetric in ¢ and g. Since @, ;¢ =0, ¢ is orthogonal to the
ground states of H, ., i.e., to the states Q,7.7,,. Using Eq. (2.14) this implies

0= Qw‘uy“/”av Q= Q’ruyvaav . Qaﬁﬂachaéag
=[0",0°(3"—1)/246°,0",] [6*,0",+ 0°,0",] A%,
=A"2(3"—1)+2A4°".
Thus
AR = —2A4°/(3"—1). (2.25)

Thus whenever the second and third indices in A% are contracted, the result is of
order 37" compared with 4%;%.

Our goal is to bound the square of the norm of Q,_,, ,+,¢. First, we show
that this state is a linear combination of the states Q,°,7,,,. To do so we must show
that Q,_;., ,+¢ is a ground state of H, ,_,and of H,_,,, ,,. The latter case is
trivial since Q, ;4 ,+ i the projection onto the ground states of H,_; ;-
The former case is also immediate since ¢ is a ground state of H; ,andsoof H, ,_,
and Q,_,+, .+, commutes with H; ,_,.

The number of states Q,°,”.,, is independent of n and I, so the preceding
paragraph implies that [Q,_ ;.1 st 121> =(Qp_1+1.0419, @) is bounded by a
constant times the sup over y,v,0, of [(2,%7,,, ®)/[12,°" .. To compute this
inner product we apply (2.14) twice, once for sites 1 to n—1 and once for sites

n—I+1 to n. This yields
QTuuayyw Q= qundvyw . QaﬂﬂéggAaésg
=[6,08 (3" = 1)/2 4 08,0" 1 [07,6°,(3' — 1)/2+6°,8°,]
x [07,0°,+87,0°, ] A%
=A100° (3 = 1)(3 1= 1)/2 4+ 47,7737 = 1)
+ A% 708 (31— 1) +24%708",,. (2.26)

It is now clear how the proof works. In the first term the second and third
indices of A are contracted. By (2.25) this gives us a factor of 3 7. The other terms in
the above sum are smaller than the first term by a factor of 37 or 37" Since n>1,
the overlap in question is of order 37",

To implement this intuition we need to consider the various normalizations.
Recall that ¢ has norm 1 by definition. This implies, after some computation using
Egs. (2.14) and (2.24), that

1= A% 7 A 3 —1)/2 4 A% 0, AP 0.

(A* 7., denotes the complex conjugate of 4* %) The second term in the right side is

nonnegative and the first is just the sum over g, y, ¢, and g of |4 ,}8912(3” —1)/2. Thus
|4,7,12 <203 1)1, (2.27)

B oEe

The norm of Q,°,7 . can be computed using (2.14). The result is 3"*'/4 plus

L6 yo
terms which are smaller by a factor of 37" or 3~'. Combining this calculation with
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(2.26) and (2.27) shows [(2,°,7,u ®)I/[2,%" ] is bounded by a constant
times 37, [

2.4. The Infinite Chain

In this subsection, we prove that the infinite volume system has a unique ground
state, exponential decay of all truncated correlation functions in the ground state
and a gap. We also prove that the finite volume ground states defined in Sect. 2.1
are the only ones. In this subsection instead of the finite chain {1,2,..., L}, we use
the finite chain {—L, —L+1,...,L}. The ground states for this finite chain are
defined by analogy to (2.11) and denoted by Q) ;. The natural way to construct an
infinite volume ground state is to compute expectations in Q,; and then let
L— co. Surprisingly, the result of this operation can be exactly expressed in terms
of finite volume expectations as we will show in Lemma 2.6.

A local observable, A, is any polynomial in the spin operators for finitely many
spins. (The identity operator I is a local observable.) If the spins involved in 4
involve only the sites {n,n+1,...,n+m} we say that the support of 4 is contained
in {n,n+1,...,n+m}. A state ¢ is a function on the local observables such that
o(D=1, o(A4 +yB)=Ag(A4)+yo(B) for all 1,yeC and g(4*A4)=0 for all A.

Lemma 2.6. Let A be a local observable. Then for any | such that the support of A is
contained in {—1, —1+1,...,1},
QY 400 )
Q(L) (L) Z ( &0 &0
o (@0 A0, 5

= 2.28
L= (‘Q(L) Q(L)aﬂ) Z;S (Q(l)sés Q(l)eé) ( )

Jor any choice of o and . (o and B are not summed over in this equation.) In
particular, the limit in the left side of the equation exists and is independent of o and
f. We denote this limit (which is a fortiori a state) by w(A).

Proof. In this proof some repeated indices are not summed, so we will explicitly
write out all summations. We can write Q" as

Q= 5, 0700,0,, (2.29)

where Q,7, Q¥ ;, and Q°; are ground states on {—L,..., —I—1}, {—1,...,I}, and
{I+1, ..., L}, respectively. (We are assuming L—1 is even. If it is not, some indices
must be raised or lowered.) This representation yields

(@, AQD )= T (2,020, AQY, )@y, ).

By (2.14b),
(@, Q0)=0" 3" "= 1)2+67,0%,,
(Q"l,, Q%)zé%@“’— 1)/2+6%,0%,
with no summation over « or 5. Thus
Q5 AQW ) =(3571—1)?/4 yz(; (QY,5, AQV )+ ..., (2.30)
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where the three terms represented by ... are all smaller by at least a factor of 3“1,
The lemma now follows. []

Next we show that w is the only infinite volume ground state.

Theorem 2.7. Assume that a state ¢ on the infinite chain is ground state in the sense
that o satisfies o(H;)=0 for all i, where H, is the local Hamiltonian defined in (2.2).
Then the state g equals the state w defined in the previous lemma.

Remark. Note that the definition of the ground state in the above theorem differs
slightly from the “standard” definition in the mathematical physics literature. In
the standard definition, the set of ground states G, is

Go={0|0(A*[H, A])=0 for an arbitrary local operator A},
while our ground state set G, is
G,={0lo(H)=E, for all i},

where E is the following ground state energy per site:
N/2
E,=inf lim (1/N)Q< Y Hi>.
¢ N-w i=—N/2

Since some models have a state which belongs to G, but not to G, (e.g., the domain
wall state in the Ising chain) we cannot expect these two definitions to be
equivalent. Using the ergodic theorem [35], we can show that any translation
invariant ¢ in G, also belongs to G;. When E, happens to be the minimum
eigenvalue of the local Hamiltonian H, (as in our model), the standard property
[14] of G, implies G, CG,,. In the present model, we expect that the two sets are
identical. Another definition of the ground state, which is in many cases equivalent
to G,, can be found in [6].

The proof of the theorem is based on the lemma above and the following two
lemmas.

Lemma 2.8 (Finite volume lemma). Let ¢ be a state for the sites —L to L which
satisfies Hip=0 for i=—L,...,L—1. Then ¢ can be written as

p=A"Q" ;. (2.31)
where A" (a,$=1,2) are complex coefficients, and Q" are the finite volume
ground states defined in (2.11).

Lemma 2.9. Let A be an arbitrary local operator. Then

: (Q(L)afb AQ(L)}J&)

LIHEOW;H:O (no sum over o, f§,y or d)

for any a, B, 7, & unless a=7y, B=24.

Proof of Theorem 2.7. Assume that a state ¢ satisfies the condition. Let 4 be a local
operator which acts on the spins in the interval {—L,...,L}, and denote the
restriction of ¢ to { — L, ..., L} by ¢,. Since g, is a state on a finite system, ¢, has a
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representation
(A= Y cl P APa) s (2.32)

a

where ¢,20, Y c,=1, and each ¢, is a normalized state which satisfies H;p,=0 for

i=—L,...,.L—1. By Lemma 2.8 each ¢, is a linear combination of the finite
volume ground states Q) ;. Writing each ¢, in (2.32) as such a linear combination
and using Lemmas 2.6 and 2.9, the theorem follows. []

Proof of Lemma 2.8. The proof proceeds by induction in the number of sites. For
two sites the most general ground state (which must have no projection onto s=2)
can be written

Q = waﬁﬁ}’A“y ,
where 4%, is an arbitrary tensor. This can be checked by noting that there are four
independent states of this type, corresponding to s=0 and s=1. Now let us

consider a chain of three sites with open boundary conditions. Given a ground
state €, since it has no projection onto s=2 for the first link, we can write it as

Q=1p,475,4%% (2.33)

for some tensor 4*,% which we may assume is symmetric in ¢ since v _,, is.  has
no projection onto s=2 for the second link, so we may also write

Q = lpay&ﬂﬂeBwaa s (234)

for some tensor B*’;* which can be assumed to be symmetric in ay. Comparing
these two forms of Q, we see that A“y‘”:O unless y =9 or y =g, since otherwise Q
would contain a term in which neither index on the second site was the same as
either index on the third, and this would contradict (2.34). (This term arises by
choosing f=1y.) Since ,,"7,, is symmetric in e, (2.33) becomes

1 1 2 2
szaﬂﬁ IaAaI C+waﬂﬂ ZEAOLZ ‘.

It only remains to prove that 4%, '¢= A4%,%¢. To prove this note that B can also
be reduced in a similar way so that

Q=1y,; lﬂﬁsBal Ot WazzﬂﬂsBazzs .
Equating these two expressions we have
Par (A% = B ) 1,577 (A7, — B*Y)
+ W41 122.:(1‘1m22'g —B* )+ waz” (A% — Bazzs) =0. (2.35)
The coefficients of the first two terms must be zero, hence
Aal lazBalls, Aa22€=Ba22£. (236)

The coefficient of the third term must be zero unless « =2 and ¢=1 in which case a
contribution also arises from the fourth term,

A% =B (for ac+21). (2.37)
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Finally, the coefficient of the fourth term must be zero unless =1 and ¢=2.
A* ' =B*2,° (for ae+12). (2.38)
Equations (2.36), (2.37), and (2.38) imply that
A 'e= 4,7 (for all o, ¢).
Thus we may write the most general ground state wave-function for three sites as
0= lpaﬁﬂyyscae

for some tensor C*.
To carry out the induction step define the following states on N +1 sites:

yo a2 76
Qaﬂ' cg_waal araz...off 0"

Let Q be a ground state for N + 1 sites. Then it is a ground state for N sites and so
by induction

Q=0Q,,7, A%,

af e

Since ©Q has no projection onto spin 2 for sites N and N +1,
Q=0,,%,B"¢.
The argument for three sites can now be used to conclude
Q=0,,C%. [

Proof of Lemma 2.9. The technique used to prove Lemma 2.6, namely Eq. (2.29),
can also be used to prove Lemma 2.9. The details are left to the reader. []

Next we show that any truncated correlation function for the ground state has
exponential decay.

Theorem 2.10. Let A and B be local observables and let d be the distance between
their supports. Then

|(AB)—w(A)o(B)| <37~ ?| A|| | B] .

Proof. For this proof we also write out any summations explicitly. Assume that the
support of A is to the left of the support of B and let r be the right-most site in the
support of A and r +d the left-most site in the support of B. The argument is similar
to that for Lemma 2.6. Choose L large enough that the supports of A and B are in
{—L,...,L}. Write Q™ ; as

Q(L)aﬂ = z Qayglyéﬁaﬂ >
7,0
where Q,7, Q',5, and Q‘sl, are now ground stateson { — L, ...,r}, {r+1,..,r+d—1},

and {r+d, ..., L}, respectively.
By Lemma 2.6 we can compute w(4B) by computing

% ('Q(L)aﬂa ABQ(L}aB) = Z (Qay> A‘Q_as) (Qlyas Q/sg) (Qéﬂ’ BQQ[Z) .

a, B,y,0,8.0
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Using (2.14) to compute (£ ,5,€',,), we see this equals
=31 —1)2 Y (2,7, AQ,) ¥ (2%, BO®))
a,y B.o
+ Y Q) AQaE)(Qeﬂ, BQVI,) .

a,f,7,¢
Using Lemma 2.6 again, the first term when normalized becomes
w(A)w(B)(1—37“~Y), The second term when normalized is easily bounded by a
constant times || 4[| | B]|37“~". Keeping track of the constants yields the result
stated in the theorem. [

Finally, we show that the infinite volume system has a gap. There are various
definitions of the existence of a gap for the infinite volume system. We use the
following one.

Definition 2.11. If wis a ground state then w has a gap ¢ if for every local observable
A such that w(4)=0 we have

w(A*[H, A]) = ew(A*A).
Theorem 2.12. The state w defined in Lemma 2.6 has a gap.

Proof. Let A be a local observable such that w(4)=0. Pick some « and . By
Lemma 2.6

tim (2 A2V.)

E& o A% Tap) _ 4y =0,
mow, oo,y ~OW

Thus the overlap of AQ™, , with Q™ is o(1) with respect to the norms involved as
L— 0. By Lemma 2.9, the overlap of 4Q",; with Q") ;is o(1) with respect to the
norms involved unless «=7y and f=4. Thus the norm of the projection of AQ®",,
onto the subspace of ground states of the finite chain is o(1) with respect to
[4Q" (. By Theorem 2.1 the finite chain has a gap ¢, so

QB 5, A¥[H, AJQ"V, ) Z (e — o(1))(Q", 5, A¥AQD ).
The theorem follows. [

3. The Spin 3/2 Model on the Hexagonal Lattice

3.1. The Ground State

Here we describe our results on the Valence-Bond solid state on the two-
dimensional hexagonal lattice. We show that the state, which is an exact ground
state of a certain Hamiltonian, exhibits properties similar to those of the one-
dimensional VBS state. We also present models in higher dimensions which have
similar ground states. Though our rigorous results are less complete than those for
the one-dimensional model, they provide the first concrete examples in two and
higher dimensions of exact disordered ground states which appear to be unique.

In the present subsection, we describe the model and its exact ground state
precisely. Let 4 be the set of sites in the finite hexagonal lattice with periodic
boundary conditions. The set of bonds B consists of unordered pairs (i, j) of
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a b

Fig. 3.1. a The cubic lattice with b decorated vertices is a three-dimensional bipartite lattice with
coordination number three

adjacent sites i, jin 4. Note that the hexagonal lattice is a bipartite lattice, i.e., it can
be decomposed into two sublattices 4, and Ay with the properties that
Ayudg=A, AN Ax=0, and for any (i, j)e B, eitherie A 4, je Agor je A ,, i€ Ag.
All the results in the present section can be generalized to arbitrary bipartite
lattices with coordination number three. Among the examples of such lattices are
the one-dimensional ladder lattice, the two-dimensional hexagonal lattice, and
various lattices [43] with dimensions three or higher. An example of such a lattice
in three dimensions is given in Fig. 3.1. We can modify this lattice so that all the
bonds have unit length, and any pair of sites separated by unit length are connected
by a bond. However, we note that such an example is primarily of theoretical
interest and has little direct connection with physical experiments. The importance
of these examples is that they show that isotropic antiferromagnets in dimensions
greater than one may exhibit the same properties that Haldane predicted for the
Heisenberg chain. (In Sect. 4, we discuss lattices with coordination numbers

greater than three.)
Let us associate a spin operator S; with spin s=3/2 with site i. Then our

Hamiltonian is
H= Y PyS;+S)= Y H,;, (3.1
G, DeB G, DeB

where P,(S) is the orthogonal projection onto the states with S =3(3+ 1) (spin 3).
Note that our Hamiltonian describes antiferromagnetic pairwise interactions
with perfect SO(3) symmetry. To see that (3.1) has an antiferromagnetic character,
observe that the energy is higher when the two neighboring spins add up to the
maximum spin. This Hamiltonian is also equivalent to the following polynomial of

the spin operators.
Y [Si-S;+55(S:-S)* +345(S:-S)°]. (3.1

G, DeB

To extend the VBS ground state to the hexagonal lattice, we think of spin 3/2 as
the symmetric part of the product of three spin 1/2’s. For a single site, our basis
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consists of four vectors ¥, 11, Wi12=V 121 =Va115 Y122 =P212 =221, and Yy,
which are defined as

Yarara3 = Z Wﬂ1®Wﬂ2®Wﬂ3/ﬂ. (32)
(ay,a2,23)>(B1,B2,B3)

Here {y; =(4), p,=(—)} denotes the standard S* eigenstate basis for spin 1/2,
and the summation runs over all the permutations of («, a5, ;). The normaliz-
ation condition for these vectors is

(tpll1a2<13’ wﬂxﬂzﬁs) = Z 5a1?1512V25a3Y3 . (33)
(B1,82,83)>(71,72,73)

Therefore, our basis is related to the standard S* eigenstate basis for s=23/2 by the
following.

(+3/2=v11./)/6,  (+1/2=v,1,/)/2,
(—1/2=v20/)/2,  (=3/2=v,2,/)/6.

Again we use the following convention for raising indices

PHe® = g“lﬂxgazﬂzgaaﬁswﬂlﬂzﬂa

and a summation convention for repeated upper and lower indices.
Leti,,i,,and i; be the three neighboring sites of a site i. We represent a state on
site i as

Wat,iy @001,

ified,, and as

St

if ie Ag. Then the VBS state on the hexagonal lattice is obtained by letting each
pair of spin 1/2’s on adjacent sites form a singlet pair.

‘QA= ® lpa“ Qyy, A1y ® wa“lauzaﬂa' (34)

iedy T jedp

Note that for any (i, j) € B, both indices o;; and «; appear exactly once in the above
expression. Since one of them appears as an upper index, and the other appears asa
lower index, we can sum over them by setting o;;=o ;. Then all the indices in (3.4)
are contracted, and we get a single state Q, where the valence bond structure is
identical to the bond structure of the lattice (Fig. 3.2).

I’{\ /’l\\ /'1\\

\ y ! H I \
/3_}»\:._;/\{_‘7\_}/\1:7\
\ ! |

\
// L //

{ I Fig. 3.2. The VBS state on the hexagonal lattice.

’/‘ \\\ \\
] / 1
\,(._;\I/{‘\';/ N4 o  Each dot, line, and dotted circle represents a spin
AN NCW e/ 1/2, a singlet pair, and the symmetrization of three
f 1 % spin 1/2’s to create a spin 3/2
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To see that the state Q, is actually an exact ground state of the Hamiltonian
(3.1), note that the restriction of the state to an arbitrary pair of adjacent sites
contains at least one singlet pair. Therefore, the total spin of these two sites is
always 2, 1 or 0, which means H,;Q2,=0 for any (i, j)€ B. Since 0 is the minimum
eigenvalue of the local Hamiltonian H;;, 2, is an exact ground state.

It is desirable to have an argument for the uniqueness of the infinite volume
ground state (like Theorem 2.7) for the hexagonal lattice model (3.1). In fact, we
expect the analog of Lemma 2.8 (finite volume lemma) to be valid for the general
class of VBS systems (which is described in Sects. 4 and 6) including the present
one. Moreover, our result on the exponential decay of the two point correlation
function suggests that the analog of Lemma 2.6 is also valid in the present model
(for a bipartite lattice with coordination number three). See note added in proof.

3.2. Properties of the Ground State

The main result of the present section is in the following theorem which establishes
the exponential decay of the correlation function in the VBS state (3.4). The proof
of the theorem will be presented in the next subsection.

Theorem 3.1. The two point correlation function of the VBS state with periodic
boundary conditions (3.4)

(QAs Si ’ Sj'QA)

(@, 2,) (3.5)

$S;- Sj>A =

satisfies the bound
0=(—1y77¢S;Sp, = Cexp(—li—jl/Eo) (3.6)

for any i, je A. Here C and &, are positive constants which are independent of the
lattice size, (—1) /=1 or —1 according to whether i and j belong to the same
sublattice or not, and |i —j| denotes the graph theoretic distance (i.e., the minimum
number of bonds needed to connect i and j.)

Note that &, in the theorem provides an upper bound for the actual correlation
length. From our proof in the next subsection, we get £, = {1n(2/]/6)} “1=493 ...
For the hexagonal lattice, we may use the “exact but nonrigorous” value [33] of
the entropy of self-avoiding random walks to get an improved upper bound
£ =354....

Let us describe some physical consequences of our theorem. Consider the
following infinite volume limit of the VBS state Q,,,

od)= lim G4

Jm G0, (3.7

Here 4, denotes the infinite hexagonal lattice. By symmetry
o(S)= lim <S;,=(0,0,0).
A=A
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At the same time, since our upper bound (3.6) is uniform in A, the corresponding
bound is also valid for the correlation function w(S;-S;) of infinite volume VBS
state (3.7). This fact strongly suggests that w is a pure state.

Therefore, we conjecture that w is the unique infinite volume ground state of
the Hamiltonian (3.1), and has no Néel ordering. It has been argued that ground
states of two-dimensional antiferromagnets usually have Néel order. Though
some examples of non Néel ordered exact ground states are known [27], they are
infinitely degenerate and exhibit trivial ultra short range correlation functions (see
also Sect. 6). As far as we know, the VBS states (3.4) are the first examples in two
and higher dimensions of disordered exact ground state which are presumably
unique. Note that the VBS state is qualitatively different from Anderson’s
disordered ground state (resonating valence-bond) on the triangular lattice [7].
However, it is interesting that valence bonds seem to play crucial roles in both
cases.

The exponential fall-off of the correlation function also suggests the existence
of an energy gap in the Hamiltonian (3.1). However, we do not know any way of
proving (or disproving) this conjecture.

Finally, let us briefly discuss the relevance of our results and speculations to
Hamiltonians other than (3.1). First of all the (conjectured) uniqueness of the
ground state and the (conjectured) existence of an energy gap suggest that our
hexagonal lattice VBS state is in some sense stable under a perturbation of the
Hamiltonian. In particular, if we start from the Hamiltonian (3.1) and add some
“small” perturbation, the resulting ground state is expected to have the same
properties as the VBS state, i.e., exponentially decaying correlation functions, an
energy gap, and no Néel order. We say that such a ground state is in the VBS phase.
Then a natural question is whether a system with the most standard (and realistic)
purely bilinear Heisenberg Hamiltonian

H= Y S;-S; (3.8)

@, j)eB

is in the VBS phase or not. As we discuss in the appendix, the reflection positivity
argument of [21, 26] is strong enough to prove the existence of Néel order in the
ground state of an s=3/2 antiferromagnet on the hexagonal lattice with bilinear
Hamiltonian (3.8). Thus as we change the Hamiltonian continuously from (3.1) to
(3.8), a (second order?) phase transition from the VBS phase to the Néel ordered
phase takes place at a certain Hamiltonian. Moreover, it is also possible that the
VBS phase is realized in Hamiltonians which are not at all close to (3.1). For
example, a bilinear Hamiltonian with nonnearest neighbor couplings sufficiently
large to destroy Néel order could be in the VBS phase.

3.3. Proof of Exponential Decay

The present subsection is devoted to the proof of Theorem 3.1. The starting point
of our proofis the following polymer representation of the VBS state (3.4). Note that
in (3.4), there is a one-to-one correspondence between the lattice bonds and the
pairs of repeated upper and lower indices. Therefore, each term in (3.4) can be
represented by assigning the values o;;=1 or 2 to every bond in the lattice. By
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denoting the set of bonds with a;;=1 by G, we can rewrite (3.4) as

Q= Y P({n(G)}ieca) (3.9)
GCB

where G runs over all the subsets of the lattice bonds. n,(G) denotes the number of
the bonds in G incident to a site k, and the basis states are given by

q)({nk(G)}keA)=l<>? Vue @2 w”'"‘G)- (3.10)

Here v, (respectively, ") (n=0, 1,2) denotes the basis vector vy, ,,,, (respectively,
w*1*2*3) where n of the three indices are 1.

Remark. The polymer representation (3.9) is also valid for the s=1 VBS state on
the one dimensional chain where our basis is related to the standard S* eigenstate
basis as

Wo=v2=)2+), pi=—p'=0), p,=yp°=)2-).

Inserting this relation into (3.9) and rewriting each term in the standard basis, we
get the representation of the s=1 VBS state presented at the end of Sect. 2.1.

Consider the norm (2,,2,) of the VBS state (3.4). From (3.9) and the inner
product formula (3.3), we easily find that

(24,8,)= » %‘.C]B (¢({nk(G1)}keA)’ (p({”k(G)}keA))
= Y Il xn(G)=n(G)n(G)! (3 —m(G))!, (3.11)

G',GCB keA

where the characteristic function y(A4)is 1 if A is true, and 0 if 4 is false. It is useful to
represent the above expression geometrically. For a given pair G', G, we draw a
graph like Fig. 3.3a by putting a straight segment on each bond in G, and a wavy
segment on each bond in G'. From (3.11), we find that a graph contributes to the
norm (L, 2,) if and only if for each site the number of straight segments incident
to the site equals the number of wavy segments incident to the site.

Let S*=(S'+iS?%)/2 and S~ =(S'—iS?)/2 be the usual raising and lowering
operators, respectively. It is easy to check that these operators acting on our basis
give

ST, =B —mw,y, STp,=np,_,. (3.12)
RN T TN
o S
RPN N,
g $
A > Ny
j

Fig. 3.3. a A graph which contributes to (24, Q). b A graph which contributes to (2,,,S*.S™;2,).
The thicker lines represent the self-avoiding walk w
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Let i and j be sites in A,. Then from (3.10) and (3.12), we find
STST (G} ke ) = B =G G)P({n(G) + 0 i — Oy, j}xecn)-

This formula and (3.9) imply the following expression for the unnormalized
correlation function:
(Q,87:87,Q,)
= o %cm B = (GG P({n(G)} i e ), PU{MAG) + 6y i — O, jfrc )
=Y [l xm(G)=n(G)+ 5k, i 5k, j)(nk(G) + ék,i)! (3—m(G)+ 5k, j)! .
G',G keA (313)

Again we represent the above formula geometrically. This time, the same number
of straight and wavy segments must be incident to each site in 4 except i and j. At
site i we must have one extra wavy segment, and at site j we must have one extra
straight segment (Fig. 3.3b). This observation allows us to construct a self-
avoiding random walk connecting i and j as follows.

Consider an arbitrary pair of G',G which contributes to (3.13), and the
corresponding graph of straight and wavy segments. Then from the above
property we can find at least one bond (i, k,) which is occupied only by a wavy
segment (Fig. 3.3b). [1If there exist more than one (i.e., two) such bonds, we choose
one of them by a suitable convention.] If k, # j, there are equal numbers of straight
and wavy segments incident to k. Since the bond (k;, i) is occupied only by a wavy
segment, this implies that there exists a unique bond (k,, k,) occupied only by a
straight segment. By repeating the same procedure, we get a sequence of bonds
(i, ky), (kysky), (kg ks),... occupied only by straight or wavy segments in an
alternating way (Fig. 3.3b). Clearly, this sequence terminates only when we hit the
site j, and thus it forms a self-avoiding walk w = {ky, k4, ..., k,}, where ko =i, k, =,
(k;, ki ) e Bfor any i, and k; * k,, if [ &= m. We stress that such a self-avoiding walk is
always determined uniquely from any pair G’, G which contributes to (3.13), if we fix
a convention for the choice of the first step of the walk at site i. Let us denote this
unique self-avoiding walk by w(G', G).

Now from (3.11), (3.13), and the above construction, we can write down the
following random walk representation for the two point correlation function:

_ (@488, _

SHS™ = Y Ww). (3.14)

(QA:QA) _w:i->j

Here w runs over all the self-avoiding walks on the lattice connecting i and j, and
the statistical weight W(w) is defined by

W(w)
o 2 G Q) =) [T 41 G) =1dG) + 0y i = 04, Yl G) + 0, ) 3 =1 (G) + 01, )

Y 1 (G =n(G)n(G)! 3 —my(G))!
B ked

G',GcC

(3.15)

When i and j are not both in 4, we can also carry out the same construction and
get similar random walk representations. Here the weight W(w) has an overall
factor (—1)' "’/ which comes from the analog of (3.12) for sites in 4.
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In the following we will show that for any w this statistical weight can be
bounded as

W(w)<C,()/6)7, (3.16)

where |w| denotes the length of the walk w (i.e., the number of bonds in w), and C, is
a finite constant independent of the lattice size.
Combining (3.14) and (3.16) we get

($*STpsC, ¥ (/o s, lf NOO/E
wii—j 1=|i—j

where N(I) denotes the number of distinct self-avoiding walks with length [. Since
the coordination number of the lattice is three, N(I) can be bounded by its mean
field behavior as N(l)<2' Inserting this bound in the above inequality and
summing over [, we get

<S+iS_j>§C2 exp(—li—jl/¢o),

where &,= {ln(2/1/5)}‘ 1=493 ..., and 0<C, <o is independent of the lattice
size. Since <(S*;87 ;> =(<S';8",> +{5%57>)/4, the SO(3) symmetry of the system
implies the desired bound (3.6) for the correlation function ¢S;-S;). For the
hexagonal lattice, the exact (but nonrigorous) behavior of N(I) is known to be N(I)

=(|/2+ﬂ)’ *+o( [33]. Using this instead of the above crude mean field upper
bound, we get an improved upper bound &; =3.54 ... for the correlation length.

Now let us turn to the proof of the bound (3.16) for the statistical weight of the
random walks. Fix a random walk w. Denote the numerator and denominator of
(3.15) by Z,, and Z, respectively. We will construct a lower bound for Z in terms of
Z,. Consider a graph for a pair G’, G which contributes to Z,,. If we eliminate all
the segments in the graph which are on the walk w, we will get a graph in which the
same numbers of straight and wavy segments are incident to any site. Moreover,
this property is preserved if we put both a straight and a wavy segment on any
bond in the trajectory of the eliminated walk . In this way, we get 2!°! distinct
graphs which contribute to the norm Z (Fig. 3.4a—c). Note that given any one of
these 2!l graphs we can recover G, G. (Recall that w is fixed.) Thus each term in Z
appears at most once as one of these 2! graphs for some G, G.

T R R
£k ; I
AN T R
§ i
T VA S T
a b ] ¢ ]

Fig. 3.4. a A typical term in Z,. b The result of deleting the lines in w. ¢ One of the 21! terms in Z
which are associated with a
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We have shown that with each term G/, G in Z,, we may associate 2!°! terms in
Z. These 2!°! terms need not have the same weight as the original term in Z,,. To
compare the weights, first note that the local weights n,(G)!(3 —n(G))! and
(n(G)+ 6y, )! (B3 —m(G)+d;, ;)! only take on the values 3!and 2! for sites k=1, j. For
a site k=i, j which belongs to w, n(G) must be 1 or 2, so the local weight
n(G)! (3 —n,(G))! equals 2!. Thus the weight appearing in Z , is always less than or
equal to the weight appearing in Z. This yields the bound

Z>const2?1Z, .

To obtain the stronger bound (3.16) we need to take advantage of the fact that
the local weight in Z is sometimes 3!. At the sites k,, k,, kg, ... we simply bound the
local weight in Z below by 2!. Let k be one of the sites k, ks, ... other than j. The
bond incident to k which does not belong to w must either be empty or contain
both a straight and a wavy segment. Suppose it is empty. Then when both of the
bonds in w incident to k are empty, the local weight at k for the term in Z is 3!. If at
least one of the bonds in w incident to k has both a straight and wavy segment, then
the local weight is 2!. Thus out of the four possibilities for the two bonds in w
incident to k, exactly three have a local weight of 2! and exactly one has a local
weight of 3!. If the bond incident to k which is not on w contains both a straight
and a wavy segment, then we find the same conclusion is true. Hence for every two
bonds in w, we obtain a factor of 3+3-1=6, instead of just 2-2=4. Inequality
(3.16) follows.

4. VBS States on an Arbitrary Lattice

4.1. The Ground States

In the present section, we extend the VBS state to an arbitrary lattice, and discuss
its properties.

Let A be the set of sites in a translation invariant finite lattice with periodic
boundary conditions and coordination number z. The set of bonds B consists of
unordered pairs (i, j) of adjacent sites i, j in 4. We also assume that the lattice is
bipartite, i.e., it can be decomposed into two sublattices 4 4, 4 with the properties
Audg=A, A ,nAg=0 and for any (i, j)e B, either ie A ,, je Agor je A ,, i€ Ap.

Let us associate a spin operator S; with spin s=z/2 with site i. Consider the
SO(3) symmetric antiferromagnetic Hamiltonian

H= 3% P(S;+S)= Y H;, 4.1)
G, HeB G, DeB
where P,(S) is the orthogonal projection onto the states with S*=z(z + 1) (spin z).

The VBS ground state is again constructed by first regarding spin z/2 as the
symmetric part of the product of z spin 1/2’s, and then letting each pair of spin 1/2’s
on the adjacent sites form a singlet pair. In this way, the valence bond structure
again becomes identical to the bond structure B of the lattice.

To describe the VBS state precisely, we again make use of an SU(2) notation.
For a single spin with s =z/2, our basis consists of the following vectors with ;=1

or 2:
Yy 0= Y 0@ Qg /)/z! . (4.2)

(@1,..., az)=>(B1,..., B2
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Here {1, =(+),w,(—)} denotes the standard S* eigenstate basis for an s=1/2 spin,
and the summation runs over all the permutations of («,...,a,). These states
satisfy the following normalization condition:

(warl vap Py ---ﬂz)= ) 5am5azn 5«1:)': : (4.3)
Brse--s Bz (V1s.-s Yz)

Leti,,...,i, denote the z neighboring sites of a site i. We represent a state on site
i as
waii,anz.--an,
ifieA,, and as

waiilaiilu-aiiz

if ie A5. Here the state with the raised indices is defined as before. Then the VBS
state on the general lattice 4 can be expressed as

QA = ® Vo a0iye e 2, ® PHIRR (44)

ieAy Jjedp

As in Sect. 3.1, we identify a;; with a;, and sum over all the repeated upper and
lower indices. Then all the indices in (4.4) are contracted, and we get a single state
Q. Again it is quite easy to check that the VBS state (4.4) is an exact ground state
of the Hamiltonian (4.1) in the sense that H;;Q2,=0 holds for any (i, j)e B.

Asin the hexagonal lattice VBS state, we do not have any uniqueness argument
like Theorem 2.7. Though we believe that an analog of Lemma 2.8 (finite volume
lemma) is true, the uniqueness in the infinite volume limit seems not to be true in
general. We return to this point later.

In Sects. 2 and 3, we have seen that the VBS state on the one-dimensional chain
and two-dimensional hexagonal lattice seem to share common properties, namely,
the exponential decay of correlations, the absence of Néel order, and the existence
of an energy gap. Thus one might well conclude that these are general features of all
VBS states. However, in the following subsections we will present a Cayley tree
model and a stochastic geometric argument which suggest this is not the case. As
we summarize in the following conjecture, the VBS state on certain lattices may be
in a completely different phase.

Conjecture. If the coordination number z and the dimension d are sufficiently
small, the system (4.1) is in the VBS phase, i.c., it has a unique (infinite volume)
ground state with exponentially decaying correlation functions, no Néel order,
and a finite energy gap. However, if z and d are sufficiently large, the system (4.1) is
in the Néel ordered phase.

As we have noted in the previous section, we expect (but cannot prove) that the
VBS state does not have Néel order if the coordination number of the lattice is
three. Since we can construct a lattice with coordination number three in any
dimension d, not only large d but also large z is actually necessary for the existence
of Néel order.

When the system is in the Néel ordered phase, the infinite volume limit of the
VBS state (4.4) constructed using periodic boundary conditions cannot be a pure
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state since this VBS state has no SO(3) symmetry breaking. A pure state with
explicit Néel order may be obtained by the following procedure. Consider a finite
lattice 4 with boundary 04, and construct the VBS state on A. The only difference
from the periodic boundary condition case (4.4) is that at each site in 04 several
spin 1/2’s remain uncontracted. It is clear that for any choice of these boundary
spin 1/2’s, the VBS state is an exact ground state in the sense that H; Q2 , =0 for any
bond (i, j). Consider the boundary conditions where we fix the boundary spin 1/2’s
to (+) for the sites in d4nA 4, and to (—) for the sites in 04N A. By taking the
infinite volume limit of the VBS states with these boundary conditions, we should
get a pure ground state with nonzero staggered magnetization, provided that the
system is in the Néel ordered phase. In the next subsection, we will carry out this
procedure for the Cayley tree and show that there is Néel order when the
coordination number exceeds four.

The existence of Néel order in valence bond states is not as surprising as it
appears. Though a valence bond carries strong quantum fluctuations, it also has a
tendency to make the two spins “point” in opposite directions. The behavior of the
VBS (or other valence bond) states in the infinite volume limit is determined by the
competition of these two effects.

4.2. The VBS State on the Cayley Tiee
In the present subsection, we describe our results on the VBS state on the Cayley
tree. Let Cy be the N-th order Cayley tree with coordination number z (Fig. 4.1a),
and 0Cy, be its boundary. We assume N is even. Again we decompose Cy into two
sublattices 4, and A, so that the boundary dCy and the origin are contained in
the sublattice A5. Then the VBS state on the Cayley tree is

Qy= (? Vo, Q) PInI (Q) paade2, (4.5)

JjeAp\oCn kedCn

In order to test for the existence of Néel order, we have set the boundary s=1/2
spins to (+).

a b

Fig. 4.1. a The fourth order Cayley tree C, with coordination number three, and b the
corresponding branch B,
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Let us define the Néel order parameter by

3
Q
m= lim @y, So"2)

— 4.6
Now  (Qn, Q) (46

where S,,* is the third (z-) component of the spin operator at the origin (center of the
Cayley tree). As we describe later, we find that the Néel order parameter m is
vanishing for z=3, and is strictly positive for z>4. For z=4 numerical
calculations indicate the order parameter vanishes, but we have not produced a
rigorous proof from these calculations. Note that this is consistent with our
conjecture in the previous subsection.

It is also not difficult to show that in the infinite Cayley tree with any z and free
boundary conditions, the two point function always decays exponentially as

(So Sy~ (=37, 4.7)

where |x| is the graph theoretic distance (the number of the bonds between 0 and x).
It may seem that this is inconsistent with the above mentioned Néel order for z > 4.
However, this exponential decay for free boundary conditions is nothing but a
pathological feature commonly found in Cayley tree systems. It is due to the
exponential increase of the number of neighbors within a fixed distance, and has
nothing to do with the existence or absence of Néel order. Moreover, the following
quantity indicates the marginality of z=4.

<o for z<4,
=00 for z=4.

L(=1S, S, {

Finally, we consider the mixed boundary conditions as in Fig. 4.2 which favor
the existence of a domain wall between two regions which have opposite Néel orders.
The VBS state with these boundary conditions also satisfies the condition
H;Q,=0 for any bond (i, j). Unlike the standard models (e.g., Ising or usual
Heisenberg models) the domain wall (in the finite system) in the VBS state does not
cost any energy.

Let us denote the infinite volume limit of the above state (Fig. 4.2) by 9. We
can show that, for an even z>4, ¢, contains a domain wall in the sense that
(—1)04(S*)<0 when i is in a branch with the plus boundaries, and
(—1)'0+(S;>)>0 when i is in a branch with the minus boundaries. Since the state
satisfies ¢ ; (H;;)=0 for any bond (i, j), the domain wall costs no energy. This raises
the possibility that the VBS state with such a zero energy domain wall exists in the
regular lattice when the system is in the Néel ordered phase and the dimension is
sufficiently high.

e S H N
K R
e f*’ = X\;::‘/
N
\ U
o ,’ —/ NG 32 *  TFig. 4.2. Boundary conditions which favor the existence of a
_eel . e\’"’%" domain wall. + (or —) stands for the three spin 1/2’s at the
T &S TNE poundary
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Derivation of the Results. We now show that the Néel order parameter vanishes for
z=13 and is strictly positive for z>4.

Note that the formula (3.11) for the norm of the VBS state can be easily
extended to the general VBS state as follows:

Qp Q=2 Il x(G)=n(G)n(G)!(z—n(G)!.

Since the Cayley tree contains no loops, the only way to satisfy n,(G") = n,(G) for all
k is to set G'=G. Thus the above formula simplifies to
@y, 2y= Y I m(O)!(z—n(G))!, (4.8)
GCB keCn

where G runs over all subsets of the bonds in Cy, and n,(G) is the number of bonds
in G which are incident to k.

Let B, be a branch in the Cayley tree C,, where M is an arbitrary integer
(Fig. 4.1b). To evaluate the sum (4.8), let us define the following quantities:

Yy = %(no(G)H)! (z=no(G)—1)t 1 o m(G)! (z—m(G)!,

€Bar

Zy=% [ mG)!(z—n(G)!,
G keBpr

where 0 denotes the origin of the branch B,, (see Fig. 4.1b). Note that Y,, and Z,,
represent the norms of the VBS states on B,, which have plus boundary condition
and minus boundary condition, respectively, at the origin. Both states have minus
(respectively plus) boundary conditions at all the other boundary sites when M is
even (respectively odd). Their “initial values” are given by Y, =(z—1)!and Z, =z!.

The lattice By, ; can be constructed by gluing together one bond and (z—1)
copies of By, at a vertex order z. Noting that we can assign either Y,, or Z,, to each
B,,, we get the following recursion equation:

Yyi1= 22-:1 <271>(YM)i(ZM)Z_1~i(i+1)!(2—1 —i)!

i=
z—1

==t ¥ i+ DN (Zp) "7

The recursion equation for Z can be obtained in a similar way,

Zaer ==Y (= )V Zogf .

i=

Let us define a new quantity W,, by W,,=Y,,/Z,,. From the recursion
equations for Y, and Z,,, we get

Wi +1=1(Wh), (4.9)

where

4.9)
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Therefore, we can find the value of W,, by starting from the initial value W, =1/z,
and applying the above one-dimensional map f,(-) M —1 times. In the infinite
volume limit the calculation reduces to the following elementary fixed point
analysis.
Note that the map f,(W) satisfies the following properties:
i) f(W)is continuous for W >0.
i) f,(W)is monotone nondecreasing for W > 0. <To see this, note that f, (W)

=C ¥ (F—ijwti=C y {i—j)*/2}W*/ =20, where C is a
. : .

7

positive quant1ty.>

i) 1/z2f,(W)<z for W>O. <This follows from 1) and f(0)=1/z,
Wllim f(W)=z.
From i)iii), it follows that the limit
W, = 11m Wy = hm £:.M(1/z)

always exists and is determined by the fixed point to which the initial value W=1/z
is attracted. [ Proof. Let W, =1/z. By iii), W, = W,. Because of ii) we then have
Wy 2 W, = W,2W, = etc. Therefore, {W,,} is a bounded increasing sequence
and hence has a limit.]

Clearly, the map f,(W)has W=1 as a fixed point. Since the gradient of f(W)at
W=11is f,(1)=(z—1)/3, this fixed point is stable if z <4, and unstable if z > 4. Thus
for z>4, the initial value W=1/z cannot be deriven to the fixed point W=1.
Moreover, from the properties i)-iii), we can conclude the following:

0<W, <1 for z>4. (4.10)

For z=3, we can show the following property of f,(W) (by a brute force
calculation).

iv) f3"(W)=0 holds for 1/3<W<1.

Therefore, the initial value W=1/3 must be attracted to the fixed point W=1.
Thus we have

W,=1 for z=3. (4.11)

For z =4, the fixed point W= 1 is marginally stable. We expect (based on numerical
calculations) that the initial value W=1/4 is driven to this fixed point, and W_ =1
holds.

It is not difficult to find that the expectation value for S,> can be expressed in
terms of W, as

S (2=,
= lim ¢8¢%,v=""25——.
Y, (W,

i=0
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Substituting the values of W, (4.10), (4.11) into the above formula, we get the
desired result:

m=0 if z=3,

m>0 if z>4.

Numerical calculations yield the following values of the (normalized) Néel order
parameters:

m/s=0, z=4,
=0.814..., z=5,
=0902..., z=6.

To get the estimate (4.7) for the correlation function, note that, for free
boundary conditions, we have W, =1 and thus W,, =1 for any M and z. Therefore,
the formula for correlation functions becomes quite simple. Then the desired (4.7)
can be derived from a representation similar to (3.14) and a little calculation.

Finally, the result on the zero energy domain wall is a simple consequence of
the fact that W, <1 for the plus boundary conditions, and W, > 1 for the minus
boundary conditions if z>4.

4.3. SU(N) VBS State and Random Loop Representation

Here we will describe a set of heuristic and rigorous results which provide further
support for our conjecture (that there is Néel order in the VBS state if the
coordination number and dimension are both large and there is none if they are
both small) in Sect. 4.1. Two keys for the arguments developed here are SU(N)
generalizations of the VBS states, and a random loop representation for the
correlation functions. This random loop representation should not be confused
with the random walk representation in Sect. 3.3. It is interesting that the VBS
state has two natural geometric representations.

First, let us formally extend the VBS state (4.4) to the SU(n) quantum “spin”
system [2]. More detailed discussion about the SU(n) generalizations will be given
in the next subsection. To get the SU(n) VBS state, we simply let the indices o;; in
(4.4) run from 1 to n, instead of 1 to 2. The basis vectors y, ,,. . ,. still satisfy the
normalization condition (4.3) where J,; should be regarded as the n by n unit
matrix.

In the one-dimensional model, the calculation of the correlation function
presented in Sect. 2.2 generalizes easily to arbitrary n. The basic formula for the
action of the spin operators (2.15) is still valid for the SU(n) model, if we regard ¢,”
as the SU(n) generalization of the Pauli matrices, i.e., a basis of the Lie algebra
chosen so that Tro®e”=(5%),’(6%),*=26". Then everything is the same as before
but now there is a factor of n for each loop instead of 2 as for SU(2). Thus the
normalization of the open chain of length L becomes

Q1% Q=58 {(n+)F — 1} /n+6%8°,.
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For the closed chain we obtain (n+1)“—1+n?. The correlation function is
(8%8" > =(—=1)(1/2°26"[2(n+ D)* "+ (n+ )F "1+ (n+1)F7 ] n(n + 1)
=(—1)[(n+2)*2n(n+1)J(n+1)"" (for r>1)

for a,b=1,...,n* —1. Note that the correlation length, 1/In(n+ 1), is finite for all
n>0, and diverges as n—0. Thus the SU(n) VBS state in the one-dimensional
lattice is in the VBS phase for all n>0.

In the Cayley tree model, we can again construct recursion equations for the n
quantities corresponding to Y,,, Z,,, and carry out a fixed point analysis similar to
(but a little more complicated than) the SU(2) case. Then we find that the trivial
fixed point representing the VBS phase [like W=1 in the SU(2) case] is stable in
the region (z—1)/(n+ 1) <1. Therefore, the SU(n) VBS state is in the VBS phase for
zzn+2, and in the Néel ordered phase for z<n+2. This is consistent with the
one-dimensional case where z=2 and the critical value of n is zero.

In order to get some idea of the phase diagram for the SU(n) VBS state on
regular lattices, we construct a stochastic geometric representation for the
correlation functions. The representation is essentially a straightforward extension
of the diagramatic method used in Sect. 2.2.

Let 4 be an arbitrary finite bipartite lattice with coordination number z. To
compute the norm of the SU(n) VBS state 2, we apply (4.3) to each site in the
representation (4.4) of Q. The result is that (2,,Q,)=2,"- Q, is a sum of (z!)4
terms. To obtain a diagramatic representation of this sum we first represent Q , as
shown in Fig. 4.3, where we have assigned a direction to each bond in such a way
that the bond points from a site in A4 , to a site in 4. We represent Q7 by the same
graph with the direction of every bond reversed. We now place the graphs for Q,
and Q" on top of each other. One term in the sum (4.3) is represented by pairing
each bond coming into the vertex with a bond going out of the vertex. Two bonds
that hit a vertex are considered to be attached only if they are paired together. For
example, with z=3 the 3! terms for a single vertex are represented by Fig. 4.4. In
this way each term in (2,4, Q2,)=Q," - Q , is represented by a collection of loops on
the lattice. The contribution from a single loop is 6,,%20,,* ... d, * =n. Thus

Q) Q,=Tn*e, (4.12)
; $ + $ %g - %U%VU\VK
1 by

| Jo I

Fig. 4.3. Fig. 44.

Fig. 4.3. Diagramatic representation of Q,

Fig. 4.4. Diagramatic rule used in calculating the overlaps
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where # C is the number of distinct loops in the configuration C, and the sum is
over all configurations of loops on the lattice with the property that each bond in
the lattice is covered exactly twice by C.

To get the expression for the correlation functions, we generalize (2.15) to
general spin s as

1 z
Swalaz...a, = 5 kzl cakﬁwMazz‘..a‘zk...azﬂ 5

where &, is an omitted index, and ¢,” again denotes the SU(n) version of the Pauli
matrices. Combining this formula with (4.4), we can again express the un-
normalized correlation functions in terms of the random loop configurations as

Q,1S;-S;Q,=(—1)"9/4 ¥ ¥ x(b and b’ belong to the same loop)n*€.
bai C
b'sj (4.13)

Here the characteristic function y(A) equals 1 if 4 is true, and 0 if 4 is false. b
(respectively b') runs over the bonds in the graph of 2 , which contain i (respectively
j). The prefactor (—1)' "7 is 1 if i and j belong to the same sublattice, and —1
otherwise. We have assumed that i and j are separated by a distance > 1.

From (4.12) and (4.13) we get the following random loop representation for the
correlation function.

(S;*Sj>4,,=(—1)"7/4 ¥ Prob, (b and b’ belong to the same loop).
5
Here the probability for the basic event that a particular random loop
configuration C is present is defined to be

ProbA’,,(C)zn#C/Zn#C'. (4.15)
2

(4.14)

Note that, in the above definition, the logarithm of n can be regarded as the
chemical potential for the loops in our stochastic geometric system. By (4.14) and
(4.15), we are now able to extend the correlation function for SU(n) VBS state to
noninteger (complex!) values of n. In the following analysis, we regard (4.14) and
(4.15) as our starting points, and consider positive but not necessarily integer n.

For large values of n, the configurations with many loops (as in Fig. 4.5a) are
favored by (4.15). We expect that the random loop system is in the nonpercolating
phase where the loops are localized and have finite size (with probability one). In
particular, the probability that two sufficiently separated bonds belong to the same
loop is expected to decay exponentially with the distance between the bonds. Thus
the SU(n) VBS state should be in the VBS phase which has short range
correlations.

For small values of n, the configurations with large loops (as in Fig. 4.5b) are
the main contribution to (4.13), (4.14). Then the random loop system (in the infinite
volume limit) may be in the percolating phase where a (unique) infinite loop
appears in the configuration (with probability one). If the probability that a bond
belongs to the infinite loop is strictly positive, (4.14) suggests that the two point
correlation function [<S;-S;>| is bounded below by this probability squared.
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I
| 00 1
0]

|11 0

a CoO o CDO b U

Fig. 4.5. Typical diagrams which contribute to Q," - Q , for a large n (nonpercolating phase) and b
small n (percolating phase)

Fig. 4.6. Conjectured phase diagram for the SU(n) VBS states

Therefore, the SU(n) VBS state is expected to be in the Néel ordered phase. Of
course, this is not true for the one-dimensional chain, where the VBS phase exist for
all n>0. However, this simply reflects the special character of the marginal one-
dimensional lattice, where there are relatively few infinite loops.

In the general infinite lattice, therefore, we conjecture that there exists a critical
value n, (=0). The SU(n) VBS state is in the VBS phase (which corresponds to the
nonpercolating phase) for n>n,, and is in the Néel ordered phase (which
corresponds to the percolating phase) for n<n,. The critical value n, is exactly
known only for the Cayley tree model where n, =z — 2 and for the one-dimensional
lattice where n,=0. We expect that this Cayley trec value becomes reliable in
higher dimensions. In Fig. 4.6, we summarize our conjectured phase diagram for
the SU(n) VBS state on the d-dimensional hypercubic lattice. This phase diagram,
when restricted to n=2, again suggests the existence of a transition from the VBS
phase to the Néel ordered phase as the dimension is increased. Thus it provides
further support for our conjecture in Sect. 4.1.

It is desirable to have rigorous arguments which support the above heuristic
discussion about the SU(n) VBS state. At present we can only prove the following
proposition which confirms our picture for sufficiently large values of n. The proof
of the existence of Neel order for sufficiently small n is probably difficult since it
involves continuous symmetry breaking. We also note that Theorem 3.1 proves
the upper bound n <2 for any bipartite lattice with coordination number three.

Proposition 4.1. Consider an arbitrary (infinite ) bipartite lattice with coordination
number z. If n>(z!)**~ 1, the SU(n) VBS state on the lattice is in the V BS phase, i.e.,
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every truncated correlation function decays exponentially, and there is no Néel
order.

Proof. Consider a finite lattice, and let [ be a loop which contains a fixed bond b, in
the graph of Q,. The statistical weight for a single loop ! is defined as
o)=Y n#c/Zn#c.

Cal [

In the following we prove that w(l) can be bounded uniformly in the lattice size as

() Sn{(z—1)! 2/ n}l,

where |l| is the length (number of bonds) of I From this bound and the
representation (4.14), we get the following upper bound for the two point
correlation function provided that n>(z!)*@~1:

(S:*8,> = z* Prob(|l| 2 (i —j|—2)
< Y afe—1)1EF ) )= Coxp(—li—jl/E).

k=2(ji=jl-2)

Here 0<C, ¢,< oo are independent of the lattice size. We have bounded the
number of the loops with |l|=k by z* in the above.

To prove the asserted bound for w(l), consider an arbitrary loop / and denote by
[ the set of all the lattice bonds which belong to or are incident to I. Given a loop
configuration C31, we replace the loop configuration on [ by a collection of
minimum single bond loops to construct a new configuration C. Clearly, C
contains at least |l[|[/2—1 more loops than C does. Noting that at most
(z— )Mz~ 2 different C can be mapped into a single C (because of the
redundant freedom in [), we get

n|l|/2— 1 CZZ n#C/(Z_ 1)!|l|(2!)(z—2)|l| § ;n#c ,
3

which implies the desired bound for w(l). The exponential decay of every truncated
correlation function and the absence of Néel order can be proved by the same
estimates. []

4.4. SU(n) Quantum “Spin” System

In the present subsection we amplify the discussions of the SU(n) VBS state in the
previous subsection by presenting some details of the SU(n) quantum “spin”
systems which were first introduced in [2].

Consider the simplest s=1/2 case. As we have noted several times, we denote
the standard S* eigenstates (+) and (—) by y,, « =1, 2, respectively. To generalize
this basis from SU(2) to SU(n), we simply let the index « run from 1 to n. Then the
basis for a finite bipartite lattice again consists of the simple tensor product of y,
on one sublattice and y* on the other sublattice. This corresponds to putting the
fundamental representation of SU(n) on one sublattice, and its conjugate
representation on the other. Again the SU(n) singlet (valence bond) can be simply
represented as p,* (=9, ®p%).
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To get the SU(n) generalization of the Hamiltonian, it is useful to represent the
action of the Hamiltonian in terms of the valence bond basis. Note that in the
SU(2) case, the s=1/2 Heisenberg Hamiltonian (with convenient constants
inserted),

H=2S-S'—1/2
acting on a pair of neighboring spins gives

Hlpaﬂ = 5a3wyy .
Written in this way an obvious generalization from SU(2) to SU(n) suggests itself.
The Hamiltonian for the SU(n) model is still defined by the above equation if we
allow the indices a to run from 1 to n. The action of H on a valence bond state can
be obtained by observing that

Hy,”=—nyp,” and stwa“ﬁ” = Waﬂﬁa .

(In the latter equation H,5 denotes the term in H acting on the second and third
sites.) This can be represented graphically as the following:

In the s=1 case, we again let the indices in the basis vector y,; run from 1 to n.
We now have the symmetric tensor representation p,; on odd sites and its
conjugate representation p* on even sites. The Heisenberg Hamiltonian

H,=2S-S8'-2
acting on 1y gives
HIU)alazasad = - 5a1a3w1ia2ﬂa4 - 5a1a4w1fa2“3ﬁ
_ 5a2a3walﬂﬂa4 _ 512a4wa1ﬂasﬁ .
We may again generalize the Hamiltonian to SU(n) by simply letting the indices

run from 1 to n. The action of H, on the VBS state can be represented graphically
as follows.

i l "?1—~—~=—(n+2) ::~: 4’4","7* _ I’\OA’—,/-;\"

-~- ~ - ~7 N

~ -

In the SU(2) case the biquadratic Hamiltonian
H,=2S-S)*-2

produces double bonds on nearest neighbor links

HZlPa{}y(s = (5{5/}6 + 5a66ﬂv)wegag .
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Again we extend this definition of H, to SU(n). The action on the VBS state can be
represented as follows:

H, /\
N S S | VA o < I

]
7 <. \ 8 e/

Consider the one-dimensional SU(n) quantum “spin” system with “s=1” and
the general bilinear-biquadratic Hamiltonian

1
H=zi:;Hl(sbsiﬁ-l)_%HZ(Si>Si+\)' (4.16)

(The factors of n are inserted so that the spacing of eigenvalues of H remains finite
as n—00.) The SU(n) VBS state introduced in the previous subsection becomes the
exact ground state at = —n/(n+ 1). This can be seen by considering the action of
H using the above graphical rules, or by observing that this Hamiltonian is a
projection operator onto the SU(n) representation which generalizes s= 1, namely
the symmetrized traceless tensor with two upper and two lower indices. It is worth
noting that, in the limit n— oo, the exact ground states of (4.16) can be constructed
entirely out of nearest neighbor valence-bonds for arbitrary . For f<0 the
ground state is the VBS state, and for =0 the ground state is the two dimerized
states which have double valence-bonds on every other bond. This provides a
support for the phase transition picture for the ordinary spin 1 chain described in
the introduction and [1].

SU(n) quantum “spin” systems with higher “s” can be defined in a similar way
by putting a variable vy, ,, . ,,, which transforms under the symmetric 2s-tensor
representation of SU(n), on one sublattice and its conjugate representation
p™#2:%2s on the other sublattice. When the coordination number z equals 2s, a
Hamiltonian in which the SU(n) VBS state is an exact ground state can be
constructed. It is a projection onto the “maximal” representation contained in the
product of these two representations, namely the symmetric, traceless tensor with
z-upper and z-lower indices.

5. Energy Gap in the Majumdar-Ghosh Model
5.1. The Model and the Ground States

As in Sect. 2, we consider a one-dimensional lattice, but S; now denotes the spin
operator for spin s=1/2 at site i. The Hamiltonian for the Majumdar-Ghosh
model is

H= ZHi with H;=P;,,(S;+S; 11 +S;4,), (5.1)
where P;,(S) is the orthogonal projection onto the subspace with

S%=(3/2)(1+3/2) (spin 3/2). This Hamiltonian can be written as the usual spin 1/2
Heisenberg model plus a next nearest neighbor term by using the identity

Ps/z(si+si+1+Si+2)=%(si'si+1 +si'si+2+si+1 'Si+2)+%~ (5.2)
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In order to describe the ground states of the system, we again make use of an
SU(2) notation similar to that of the previous sections. For a single site we denote
the standard S*= +1/2 basis {(+),(—)} by

vi=(+), w,=(—).

We also make use of the raising convention y*=¢*y; and the summation
convention for repeated upper and lower indices. For a system on a finite chain
{1,2,...,L}, we use the basis which consists of simple tensor products of y,’s as in
Sect. 2. In particular, the following choice is convenient for our purposes.

walaz...al,qal‘:wM@waz@ ®waL—1®waL. (53)

Each o; can be 1 or 2. This equation applies for the case of odd L. If L is even the
oy _; should be a lower index and the o should be an upper indice. These states
provide us with a complete set of states for the finite chain.

The ground states of the Majumdar-Ghosh model are easily written in this
notation. For odd L there are four linearly independent ground states given by

(1) ap az AL - 1)/2
‘Q a_w4zl @

o tttoL-1)/2 (54)

Q(Z)a=wa<l1 @ aL-12

ay az XL -1)/2°

with «=1 or 2. For even L there are five linearly independent ground states given
by

(5.5)
Q(Z)aﬁ — %“‘ @ AL-2)2

ML-2)/2 2

with a, =1 or 2.

As s clear from the formulae, we get two different infinite volume ground states
from these states. If we again denote the singlet pairs by line segments, the ground
states (5.4) and (5.5) can be represented diagramatically as shown in Fig. 5.1.
Unlike the valence-bond solid states, the valence bonds now cover only half of the
lattice. Moreover, the ground states have period 2, and thus break the translational
symmetry of the Hamiltonian.

Also note that these dimerized ground states are mere tensor products of local
singlet pairs. Therefore, correlation functions for these dimerized states are just

YLD — . . .
Q@ . .
oM .
Q@ 3 . - . . B

Fig. 5.1. The ground states of the Majumdar-Ghosh model
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trivial combinations of singlet pair correlation functions. In particular, the two
point correlation function <S;-S;) vanishes whenever |i—j| =2.

To see that the states in (5.4) and (5.5) are ground states of (5.1), observe that the
restriction of each state to any three adjacent sites contains a singlet pair.
Therefore, the total spin of these three sites is always 1/2. Then the projection
operator representation (5.1) of the Hamiltonian immediately implies that the state
has energy zero.

This model and the above states were first discovered by Majumdar and Ghosh
[31,32],and in [15] it was proved that these states were ground states. Some exact
excited states were constructed in [19, 39]. For some related results see [40]. We
will show that the states in (5.4) and (5.5) are the only ground states and that there is
a gap in the spectrum of the Hamiltonian.

5.2. The Energy Gap

The techniques used in Sect. 2.3 can also be used to prove there is a gap in the
spectrum of the Majumdar-Ghosh Hamiltonian. This subsection is devoted to the
existence of the gap in finite chains. The infinite volume result appears at the end of
Sect. 5.3.

Theorem 5.1. Consider the Hamiltonian
L-2

Hy = :21 H;

with H; defined by (5.1). There is a positive constant ¢ which does not depend on L such
that

HI,L‘%SPL,

where P, is the projection onto the orthogonal complement of the ground states
of Hy |.

Asin Sect. 2 we define Q, to be the projection onto the subspace of states which
are ground states for H, ,, and define P, to be 1 —Q,. Any ground statefor H, ,,,
isalso a ground state for H, ,. Thus the Q, are a decreasing sequence of projections
and the P, are an increasing sequence of projections. This was the only property of
the model that we used in proving Lemmas 2.2 and 2.3 and in using Lemmas 2.2,
2.3, and 2.4 to prove Theorem 2.1. Thus all we have to do in the present case is to
prove an analog of Lemma 2.4.

There is one minor difference between Sect. 2.3 and the present model, namely
the dimension of 0,—Q, , ;. As we will show in Sect. 5.3 the ground states defined
by (5.4) and (5.5) are the only ground states. Hence Q,, restricted to sites 1 to n has
dimension 5if nis even and 4 if nis odd. Thus Q, — Q,, , ; restricted to sites 1 ton+1
has dimension Sx2—4=6ifnisevenand 4 x2—5=3 if nis odd. As in Sect. 2 we
let ¢',, , be an orthonormal basis for 9, —Q,,, ; on sites 1 to n+ 1 and define &(/) as
before:

&(l)= S‘f'p m?-x ||Qn—1+1,n+ 1‘Pin+1”2'
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Note that in Sect. 2.3 it would have been sufficient to prove Lemma 2.4 only for
even [. Here we will only prove the lemma for even [ since it reduces the number of
cases we must consider. The analog of Lemma 2.4 is the following.

Lemma 5.2. There is a constant c¢ such that for all even |
)27, (5.6)

Proof. We begin by computing the norms and overlaps of the various ground
states. As in Sect. 2 this computation may be done in a diagramatic fashion, but
here each calculation only involves one diagram. For example, the overlap of Q)
and Q@ is given by the diagram in Fig. 5.2. This diagram simply equals 6*,. The
norm of Q) is given by a sequence of small loops with one loop for every two sites.
Since each loop gives a factor of 2, the square of the norm of Q) is 2=~ 1/2 The
other norms and overlaps may be computed in the same fashion.

We consider first the case that n is odd. Every state we encounter in the proof
will be a ground state for H, ,_, and a ground state for H,_;,, ,. Thus it is
convenient to introduce the states Q' 7 2, Q21 # QUL # and Q2 F 2 which are
defined diagramatically by Fig. 5.3.

Let ¢ be one of the ¢',, ;. Then ¢ is a ground state of H, , and so is a linear
combination of Q' * % and Q1.2

p=Q02 2047, 4 Q@D op7 (5.7)

The norms of the states in Fig. 5.3 are either 2~ 1/* or 2"~ /%, The overlap of
QU2 = 9and Q¥Y ?iseither 0 or 1. Since ¢ is defined so that it has norm 1, it follows

that
|A75|=0Q2~"*) for any y,9, (5.8a)

|B’;|=0(2""%) for any y,6. (5.8b)

¢ is orthogonal to any state which is a ground state for H, ,, ;. These ground
states include Q'?,*7 and QY . We compute their inner products with ¢ and

& :
Fig. 5.2. The one diagram which contributes to the overlap of QY, and Q%

(12) 8 I

Q 0(555 —— o — - - - —o & . -— - —e ao, .

B

Q(21)0(3 & - e . — ¢ --- o— .

8

Q“Uo(ﬁ —o ~— - - - —0 & ———o ———o .

(22) B 5 0 ea o eW DL . ¢
Q o(ﬁtf el - ¥

1 n-2 n-2+1 n n+l

Fig. 5.3. The states which are used in the proof of the existence of a gap
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find
0=Q”21)75'¢=A75+2‘"_1)/ZBV,;, (5.9)

0=QMI2*F =47 20" D2 B . (5.10)
Equations (5.9) and (5.8a) imply
|B’;|=0(273"%) for any y,6. (5.11)
Equations (5.10) and (5.11) imply
|47,|=0(27"%). (5.12)

Our goal is to show that ||Q, ;1 ,.10]?is O27"%). By (5.7) ¢ is a sum of two
terms. The norm of the second term is

122D, 2B =02~ max |21, = 02",
7,

where we have used (5.11) and Q@ % =27¢~1"/4 Since n>1 this implies the
square of the norm is O(27%). Thus letting ¢ denote the first term in (5.7), i.e.,
(P/:Q(lz)aayaAyaa it suffices to show [Q, ;i .+ 191 =(0,Quor+ Ln+19) 18
027 12).

¢'isagroundstateof H, ,_,and Q,_, ,+, commutes with this Hamiltonian,
$0 Q,_1+1.,+19 is a ground state of H, ,_,. The vector Q, _;, ,+,¢’is trivially a
groundstate of H,_ ;. ,s0itis alinear combination of Q"2 # 7, Q2D F QU1 F,
QG2 F 7 Each of these states has norm 2~ V/* and their overlaps are 0 or 1. Hence
the coefficients in the linear combination must all be O(2~"#). Thus it suffices to
show the inner product of ¢’ with each of these states is O(2~/2*"/4),

The inner product with Q2 £.7is 6/ 47 2=I2 =027 3"*) <0277 *"*) by
(5.11). The inner product with Q%% .7 7 also involves A”, and is sufficiently small.
The inner product with QU1 #is 4 F2n=1= 12 = 2"+~ 112) by (5.8a). The overlap
with Q2D 8 is AF=0(2~"*)<0(2"*~"/2) since n=1.

If n is even the proof is essentially the same. We simply modify Fig. 5.3 by
adding a site on the left in an obvious way. []

5.3. The Infinite Chain

In this section we show that in the infinite volume limit there are exactly two
ground states and each of them has a gap. We denote the four ground states on
{—L,—L+1,...,L} by Q"5 and Q*5 o=1,2.

Theorem 5.3. Let A be a local operator. Then for i=1,2, the expectation value

(i, L) (i, L)
Q"7 AQ7)

VA= gus o)

(no sum over o) (5.13)
is independent of L and o provided that L is large enough that the support of A is
contained in the interval {—L+1, —L+2,...,L—1}. Equation (5.13) defines two
distinct infinite volume ground states »' and w?. If g is an infinite volume state which
is a ground state in the sense that o(H;)=0 for all i, then ¢ = cw' +(1 —c)w? for some
constant ¢, 0<c<1.

The key ingredient in the proof is a finite volume result.
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Lemma 54. Let ¢ be a state on {—L, —L+1,...,L} which satisfies Hip=0 for
i=—L,...,L—2. Then ¢ can be written as

(p=Aa.Q(1’L)a+BaQ(2’L)a
for some complex coefficients A* and B°.

Proof of Theorem 5.3. Since the states Q©)_are tensor products of states on two
sites, the first claim in the theorem is trivial. The states w! and w? are clearly
distinct.

Let ¢ be an infinite volume ground state. Choose a local observable B with
®'(B)=1and w*(B)=0, e.g., B= —(4/3)S, - S,. Let c=¢(B). It is easily shown that

(i, L) (j. L)
lim (@ 7, AQT )

2% TR, 1T, 1

for any local observable A unless i=j and «=f§. Lemma 5.4 and Eq. (5.15) imply
o=cw'+(1 —c)w? by an argument similar to the proof of Theorem 2.7. [

Proof of Lemma 5.4. We proceed by induction in the length of the chain. For 3 sites
the ground state must be of the form

Q= waaﬂAﬂ + lpaﬁﬂBa .

(This can be seen by counting dimensions. The above equation yields four linearly
independent ground states, and the subspace of total spin 1/2 for the tensor
product of three spin 1/2’s has dimension four.) For 4 sites any ground state Q can
be written 2948 5 e

Q:wa B A },‘I'wa B B )
since it is a ground state for the first three sites, and

Q= waﬁyvcaﬁ + waﬂﬂvDay ,

since it is a ground state for the last three sites.
We need to show that
AP =CP =E&,.
We again establish these equations by considering various components of Q. We
list the component considered and the corresponding equation.

P2t B',=D',.

v, % B?,=D?,.

p A' +B', =C', +D*,.
ISP A%, +B%*,=C%*,+D?,.
TRE A2,=C",.

ph A =0.

P22 A, =0

2! Cc',=0
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The first five equations imply 4';=C!, =A4?,=C?,. Thus the most general
ground state for 4 sites is

waaﬁﬁE + WaﬂﬂéBaé .

As in the proof of Lemma 2.8 the general inductive step can be reduced to the
above argument. []

We defined the existence of a gap for an infinite volume ground state in
Definition 2.11.

Theorem 5.5. Each of the ground states w' and w* has a gap.

Proof. Given Theorem 5.1 and Eq. (5.15), the proof is identical to that of
Theorem 2.12. [

6. Other Valence Bond Ground States

There exist generalizations of the VBS states of Sects. 2-4 and the dimerized states
of Sect. 5 and Hamiltonians for which these states are exact ground states. We
present these states and Hamiltonians here. We do not have any general rigorous
results, so this section should be viewed primarily as a list of open questions.

The generalized VBS state may be defined for any lattice with coordination
number z and spin s at each site provided s=nz/2 for some integer n. The
generalized VBS state is formed by constructing »n valence bonds at each bond in
the lattice. We do this by thinking of the spin s at each site as the symmetrization
of 2s=nz spin 1/2’s. For example, this generalized VBS state for the one-
dimensional lattice with spin 2 is shown in Fig. 6.1.

A Hamiltonian for which this state is an exact ground state is

2s N
H= Z z as’Ps’(Si + S_]) H (61)
(i, JeB s'=2s—n+1

where the a, are positive constants. The generalized VBS state is a ground state
since the restriction of the state to any two adjacent sites contains at least n pairs of
spin 1/2’s in the singlet state, and so has a total spin of at most 2s —n. We expect
that the nature of the generalized VBS state depends crucially on the dimension,
the coordination number and the multiplicity ».

All our rigorous results were for lattices that were bipartite, but we should
emphasize that the VBS state and the generalized VBS state can be constructed for
lattices which are not bipartite. For example, we may define a VBS state for the
triangular lattice with spin 3 at each site. We do not know what properties such a
state has, in particular, whether or not the correlation functions decay
exponentially.

We can generalize the Majumdar-Ghosh model [31, 32] and some models
discovered by Klein [27] as follows. For a lattice with coordination number z and

3
1

{ ] |

=~
7

6

Fig. 6.1. A generalized VBS state
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spin s at each site let
(z+1)s
H=Y Y agPy(S;+S;, +S;,+ ... +S,), 6.2)
i s’=(z—1)s+1

where iy, 1i,,...,i, are the nearest neighbors of the site i, and i is summed over the
sites in the lattice. Again the a are positive constants. Now suppose that we have a
state in which every site has 2s valence bonds coming out of it and going to some
nearest neighbor of that site. (Such states are easily constructed.) Then the
restriction of that state to a site i and its z nearest neighbors contains 2s valence
bonds and so has a maximum spin of (z +1)s —2s=(z—1)s. Thus, such a state isa
ground state of the above Hamiltonian. For the one-dimensional lattice with spin
1/2 at each site we recover the Majumdar-Ghosh Hamiltonian.

If sis an integral multiple of z/2 then the generalized VBS state is a ground state
of (6.2). However, the above construction of ground states for (6.2) works even if s is
not an integral multiple of z/2. In dimensions greater than one this construction of
dimerized ground states yields infinitely many infinite volume ground states. For
example, with spin s=1/2 any covering of the lattice by non-overlapping dimers
gives a ground state.

In one dimension, however, we expect that there are only a finite number of
ground states for (6.2). For example, some ground states of (6.2) on the one-
dimensional lattice with spin 3/2 are shown in Fig. 6.2. We refer to the first two
states as fully dimerized and the last two as partially dimerized. In the partially
dimerized states any pair of adjacent sites always contains at least one valence
bond, and so this pair cannot have total spin 3. Thus a Hamiltonian for which the
partially dimerized states are ground states, but the fully dimerized states are not,
can be constructed by adding to (6.2) the projections onto spin 3 for each pair of
adjacent sites. In the fully dimerized state any two sites which are connected by
three valence bonds have a total spin of 0. Thus any three adjacent sites have a
total spin of 3/2, and we can form a Hamiltonian for which the fully dimerized
states are ground states but the partially dimerized states are not by adding to
(6.2) the projection onto spin 1/2 for each group of three adjacent sites. More
generally, if we let the sum over s’ in (6.2) range over all values except s, then the

\ \ /o)
-~ & [ or—
Lot \ e \ IQA—\
L9 e L
- e le— le ~——
‘s N A\ N N
N 19\ N N N
—Te\ | e —e \‘ ,.A—__.\ ._r_.\\
_— | o —_—te I e
—e/ o ————————————— e/
Nt N N N ~7
,/*3 ‘o\ frs — Lo RN /o
\ i \ \ I
| .I—-—————-d‘-., I o e O-I'—
. 5 i S e e 3
\// \_/' \..// \.// \\.,’
o //\ o~ ,/,\ o
—q—') ' 0—'————'—0’ ) | 07—-———"—'\ ‘l
1l g P ——— 1o | A—
7 v/ \ N3 N

Fig. 6.2. Two fully dimerized ground states and two partially dimerized ground states for the
Hamiltonian (6.2)
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resulting Hamiltonian will have the fully dimerized states as ground states, and
we expect they are the only ground states.

Appendix A. Néel Order in the Hexagonal Lattice Heisenberg Model

In Sect. 3 we showed that in the ground state of a particular Hamiltonian on the
two-dimensional hexagonal lattice with spin 3/2 at each site the two-point function
has exponential decay, and hence there is no Néel order. This raises the possibility
that the usual Heisenberg Hamiltonian on the two-dimensional hexagonal lattice
does not have Néel order in its ground state. In this appendix we will use the
technique of Gaussian domination to rule out this possibility, i.e., to show that the
usual Heisenberg Hamiltonian on this lattice does have Néel order provided the
spin is at least 3/2.

Gaussian domination was first proven for classical spin systems by Frohlich et
al. [22]. Dyson, Lieb, and Simon then proved the property for quantum
antiferromagnets and used it to show the existence of Néel order at low
temperature in the usual Heisenberg antiferromagnet on the cubic lattice for spin
=1 in dimension =3 and for spin = 1/2 in dimension =4 [21]. In two dimensions
there is no Néel order at finite temperature, but for antiferromagnets it is a
nontrivial question whether or not there is Néel order in the ground state. Jorddo
Neves and Fernando Perez [26] observed that the techniques of Dyson, Lieb, and
Simon could be used to prove the existence of Néel order in the ground state for
two dimensions if the spin is large enough. For the two-dimensional cubic lattice
they claimed that the method proved Néel order if the spin is at least 3/2.
Unfortunately, there is a mistake in their calculations. The correct version of
inequality (9) of [26] should have a 3/2 in place of the 2 inside the square root in the
denominator in the left side of this inequality. One then finds that there is Néel
order for the two-dimensional square lattice if the spin is at least 1.

Dyson, Lieb, and Simon pointed out in [21] that their proof of Gaussian
domination applies to the two-dimensional hexagonal lattice. Thus it is clear that
one can show the ground state for this lattice has Néel order if the spin is large
enough. Following [21] and [26], it is a routine calculation to show that s=3/2 is
indeed large enough, so we will only present a few highlights of the calculation.

The only significant difference between the present case and those in [21] and
[26] is that we must consider the lattice Laplacian on the hexagonal lattice rather
than the usual cubic lattice. This hexagonal lattice Laplacian is defined by

(—Ap)(x)=3wp(x) - y_leyl‘lw(y), (A1)
where y is summed over the three nearest neighbors of x. To find the eigenvalues
and eigenvectors of this operator recall that the two-dimensional hexagonal lattice
is bipartite, i.e., it can be written as the disjoint union of two sublattices with any
two nearest neighbors belonging to different sublattices. We refer to the sublattices
as “even” and “odd.”

Let §,, i=1,2,3 be unit vectors such that for every even site x, the nearest
neighbors of x are given by x + J;. The nearest neighbors of an odd site y are then
given by y—d,. For a finite lattice 4 with periodic boundary conditions the
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eigenvalues of — 4 are then
3
E*,=3+|g(k)) with ek)= Y exp(ik-d)), (A.2)
i=1
where k ranges over the Brillouin zone for one of the two sublattices. The
corresponding eigenvectors are
h* )= (F)* expLik - x +i(— (k)21 4] 712, (A3)
where (—)* equals +1 for even x and —1 for odd x. (4)* is always +1. ¢(k) is
defined by .
e(k) = le(k)| exp (ip(k)) .

| 4] denotes the number of sites in the lattice. Note that the number of allowed k’s is
|4]/2, so that we have the correct number of eigenvalues and eigenvectors.

Following [21] we note that there is a unitary transformation (rotation by =
about the 2-axis at each odd site) which sends S' —(—)S!,, §2,—S2%,
S —(—)*S3,. The argument of [21], in particular Lemma 6.1, then proves the
Gaussian domination inequality

<Z( )'S* (= Ah)(x), Z( P83 (= Ah)(y ) <L Zh x)(—4h)(x), (A4
where (, ) is the Duhamel two-point function, the bar denotes complex conju-
gation, and h(x) is any function on the lattice.

Define
S =Y h* (xS (A.5)

We caution the reader that the S*, should not be confused with the raising and
lowering operators. S, is a linear combination only of S°,. We now insert one of
the eigenvectors h*, for h in (A.4). Since (—)*h*,(x)=h" ,(x), this yields

(ST, S*)<1/(BEF)). (A.6)

As in [21], Anderson’s lower bound on the ground state energy and some
calculation gives an upper bound on the expectation of the double commutator

AS*[H,ST I CH,,
C*.=2S(S+1/3)E*,/3.

Following [26], the Gaussian domination inequality (A.6), the Falk-Bruch
inequality, the usual sum rule and (S3.S3 > =<8, -S,>/3=S(S +1)/3 imply there
is Neéel order in the ground state if

(A7)

25(S-+1)3> lim 1 P T [28(S +1/3)E 5 JBES)] 2. (A.8)

~o 4] 5=
Define

hmi— 2 Z[E JESM?
A= 0 |Al s=-,

= jB_| ;}dzk{[E_k/E+k]1/2+[E+k/E_k]1/2} 5
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where B is the Brillouin zone for one of the sublattices and |B| is its area. Then (A.8)
becomes

(S+1[2S/3S+1)]'*>1. (A9)

For §=3/2 the left side is 1.846 ..., and numerical evaluation of the integral yields
I=1.52+0.01. Thus there is Néel order for spin 3/2 and higher.

Our calculation has been for the two-dimensional hexagonal lattice, but there
is an analogous calculation for any bipartite lattice for which Gaussian
domination holds. The integral I depends on the lattice type and the dimension,
but I is always at least 1 because of the trivial inequality x+1/x=2. As the
dimension d increases, [ typically decreases to 1. For example, for the cubic lattice
I=1+40(1/d) [21]. The coordination number z enters the above calculation only
in the bound on the double commutator (A.7). Condition (A.9) then becomes

(S+1)[2Sz/3(Sz+ 1)]'*>1.

Acknowledgement. It is a pleasure to thank Mariko Tasaki for drawing the figures.
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Note added in proof. After the completion of this work we received a preprint [47] by D.P.
Arovas, A. Auerbach and F.D.M. Haldane which contains a new representation of the VBS
state. Using this representation we have proved some of the conjectures of the present paper
including the uniqueness of the infinite volume ground state (and hence the absence of Néel
order) for the hexagonal lattice model of Sect. 3. These results are now being prepared for
publication.





