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The Poisson Algebra of the Invariant Charges
of the Nambu-Goto Theory: Casimir Elements

K. Pohlmeyer*: **
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Abstract. The reparametrization invariant “non-local” conserved charges of
the Nambu-Goto theory form an algebra under Poisson bracket operation.
The center of the formal closure of this algebra is determined. The relation of
the central elements to the constraints of the Nambu-Goto theory is clarified.

I. Introduction

By now it is well known that the classical Nambu-Goto theory of bosonic closed
strings moving in d = 3 space-time dimensions possesses infinitely many independ-
ent, reparametrization invariant, “non-local” conserved charges Z;® = which
serve as infinitesimal generators of active symmetry transformatlons [1,2] and
which can be carried over to the quantum theory at least in the WKB-
approximation [3]. The Poisson algebra 5 (for given numerical values of the
linear momenta #,) of these “invariant” charges Z; “K) , has been analyzed in
some detail [4]. A maximal abelian subalgebra has been identified for the case
2?=m?>0 and it has been established that there are no Casimir elements in the
algebra b2 itself [5].

In the present paper I shall determine the Casimir elements contained in the
formal closure b of hi for 2?=m?>0 and point out their relation to the
constraints of the Nambu-Goto theory As it turns out, there are exactly two such
mdependent Casimir elements: one in ), and one in B, . The correspondlng
formal series in the Fourier components A; ™(t) of the string variables u;(t, 0)
=p,(1,0)+ M?x(, 0),0s0=2m,u uy(t,0+2n)=u;(t,0), p=0,1,...,d—1, where t
is a time-like and o is a space-like parameter, can be derived from the integrals

$  dol[(u**(r,0)u, (r,6))*]"* and $  dol(u™"z, o, (t,0))*]"*,

T=const T=const

* Onleave of absence from Physics Faculty, University of Freiburg, Federal Republic of Germany
** This work was supported by Stiftung Volkswagenwerk, Deutsche Forschungsgemeinschaft
and by the Director, Office of Energy Research, Office of High Energy and Nuclear Physics,
Division of High Energy Physics of the U.S. Department of Energy under Contract De-AC03-
76SF0098



352 K. Pohlmeyer

respectively. The possibility that there exist additional independent Casimir
clements in the algebra of fractions of h} [6] has not completely been ruled out,
yet.

Without loss of generality, I shall carry out the proof in the momentum rest
frame. For the Fourier decomposition with respect to the variable ¢ this means

m .
ul(t,0)= <Z> S0ty Arm(x)e™,  pu=0,1,..,d—1.

The Fourier coefficients A "(t) satisfy the commutation relations
[T, AL} = F(u/Mimo poys  mn=%1,%2,...
{A;™(1), A ()} =0, pv=0,1,...,d—1.
Here the symbol ' denotes summation over all integer values of n from — oo to

n
+ oo with the exception of zero, the symbol {,} stands for Poisson bracket
operation, g,,=diag(+, —, ..., —), and the string tension parameter M? has been
set equal to 1. I “renormalize” the Fourier coefficients, suppress the 7-dependence
and restrict myself to the + combinations:

aL"=A:’"(r)/<zﬁn>, m=+1,+2,.., \
. T

{oly, oh} = —Kg,,imdg pin, mn=+1,+2,..., K= el

Rotational invariance in the momentum rest frame, i.e. vanishing Poisson bracket
with the charges ) forces any candidate /" for a Casimir element in Dim.o... 0 tO
have the general form

H=AHD 4 42

0 0
AV=3 LYY ..NYY '--Z (o105} .. (oo =)org
a=0rZ0ki 7 ki zam

m, (my...my)
00 B Ay teat )

AO= L T YL ey

a=0r=0 ny na-1 k1 £ ka £a my
k k.
x (fiof ) .. (oo @)ogt . oG Bt a) o ke

Here summation over the space-like tensor indices i,, b=1, ...,afrom 1 to (d—1) is
understood. The summations over a and r cannot both terminate [5] The coef-
ficients B! ;)™ )(k cap and Bl ke 8T€ totally symmetric in the upper
indices m,, s=1, ..., r. The latter type of coefficients is totally antisymmetric in the
indices ny, ..., nd_ 1 Both types of coefficients are symmetric under the interchange
of k, and ¢,, b=1,...,a and under the interchange of any two pairs (k,,,) and
(k.,Z.), b,c=1,...,a. They transform under permutations of the symmetric group
S24/&29*4-1 aecording to a (in general reducible) representation corresponding
to partitions of 2a/2a+d —1 into no more than/exactly (d — 1) even/odd integers.
The corresponding standard tableaux contain in every row along with an index k,
also its partner index .

On account of the different content of Fourier coefficients carrying space-like
indices, each one of the two formal series ") and #"? separately must have
vanishing Poisson brackets with the generators of infinitesimal reparametrizations
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and with all invariant charges 2% . Consequently, I shall treat the two types of
candidates for the Casimir elements separately starting with the (spatially)
pseudoscalar type A2,

II. Pseudoscalar Type

In this section I shall show that there are no Casimir elements of the pseudoscalar

type
e AP = Z Z DI Z Z DXDIDINT Z ot Lo (o)
a=0r=0 n ng-1 ka £a my
(oo =)og o GBI (st e -

(my ..

Reparametrization invariance implies that the coefficients Biy ") 1.z teut )
satisfy the following equations
i) (ny+...Ang_+hky+L i+ Fk,+L4mi+...+m,)

my) —
B["l g~ 11((k1£1) . (kaf o)) =0 >

ii) (r+1)my 4 B sy .. (kat)

st
+ Z(m ) Bl A e

s=1
a-
+ Z (n; +mr+1)B[n1 {':;}l—mﬁ-1},..ndf1]((k16’1)...(kat’a))

a
+ bzl {(kb A My )BT a3 (kata))

(my ...my) _
H (ot My OB e 1) oo+ my s 1))...(kafa))} =0

with the obvious interpretation of the left-hand sides for the cases r=0 and/or
a=0.
The former equations are solved by

B[": "d 1]((k1f1) (kafa))_50 (ny+.. +”d 1tkitlit+o Ftkatlogtmit. tmy)
X B sty .. ata -

For a given non-negative integer value of a, the latter equations enforce the
vanishing of all coefficients

Bl ) ottty K b Mg ny=+1,+2,.... bc=1,...,a,
s=1,..,r, j=1,..,d—1,
once the coefficients
B, .o onae 1(Gr0n) . thata Ko o = £ 1, £2,

. b,c=1,..,a, j=1,...,d—1
vanish.

Therefore the claim will be proved if I can show that the assumption of the
existence of a minimal non-negative finite integer A with

Y XYY Z Z ot o (o) o (A B, e aatn) . tkaray O

ny na-1 ki €1

leads to a contradiction.
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By its defining property #"® has vanishing Poisson brackets with any element
of Bm.o.....0p for instance with the “renormalized” invariant charges 23 , 0.0
ije{l,...d—1}: _ ox

%
,@”(2’ 0= —(2n)? Z i )p’ +O(a, o, o
p)(

Here OP(oz, ¢, ag) denotes the contribution of first degree in the variables ofa/,
k,/=4+1,42,... and of first and higher degree in the Fourier coefficients o,
m=+1,+2,.... As a consequence of i) the vanishing Poisson bracket between

A® and EZ‘Z’ 0.0 (no summation over j!) and of ii) the minimality requirement

(ZP)X
imposed on the number A, I obtain the following equation:

Z SDHDID NN Z ot gt (o)) o (e o)

Rg - 1’(1 fl k

1 1 1
XB[n;...nd_1]((k1/1).“(k,4£’A)){njgp-‘l +A<kip—1 + /ip~1>5i,4,1} =0.

This equation implies for arbitrary positive integer values of p,

2p—1 Z Z DD I WD S Y- L. . iy

nd—lkl ‘1 kata

3 —
A *1) (O 2 DBy o 1) that =0

1 1 1
n]zp—l + kip—l +/ip—1

xnzl/ Z XYYV Y Y ol

ng-1 ki 41 ka-1¢4-1

na-1

- 0gE 1(0‘11*1 A DO (s N S

a1+ %1 %)

X (B[m ongm 1(r1) o Gt a)ineat ) =05

1 1 1 1 1
p—1 +k2p—1 +/2p—1 +kip—1 +/ip—1
xnz Z YISy Y Y a'{‘...&;“

"d1k151 ka-2¢4-2

nd -1

(xd—l(au#:J 11#1) ((xkA ; (A > )

ia-2#j%g 2%]

X (B[nl g 111) oo el a1 ) =0,

1 1 1 1 v
<n2"_1 +k%”_1 +[2p_1 +.. +kzp_1 le,-l)Z Z Y ot oG

i ng—1

Rd -1 —_—
- g I(B[nl ceeRg - 1]((k1£’1)...(kA/A)))(anld‘l ,..kAt’A)_O .
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Here the symbol 4 indicates omission of the object or operation a. The notation
(oz,b* 2+ ;) is to be understood as meaning

a1t
b b
Y o).

jFip=1
The symbol (B ... ) ks, ..kt Stands for symmetrization of B ... with respect to the
indices nj, ky, £, ... k ¢, Since for fixed non-negative integers ¢ the simultaneous
equations
x2PT g x2P g x3P0 =0, p=1,2,3,...
do not have solutions with all x;, i=1, ...,2t+1 different from zero, I conclude

Z Z XYY Y Z aft .. Pt ol g) - (e )

na-1ky ¢1 ka ta
X B[m coma 1t Geat.a) =05

nz:l...nZ/... Z/ Z,Z,- Z Z O( asd—ll(azl-#j u#})

nag-1 k1 ¢y ka fa

k £A-— k
(o ol ) (5408, (et teatan =0

IRED IETAD M YD MR I I bt ool ookl L (ko)

X B, .. nac (st oo katay =0

and finally
Yooy y Z’...’;’;’ ot o (ool ) L (oo 4

ny na-1 ki 41
X B[nl g - 1]((k1fl)-..(kAfA))=0 )

However, this is a contradiction to the assumption

Z EDNDIDINS kaZoc1 LR e W Gl

ng-1 ki ¢1
X B, ..ona- (ki) katan FO-

Thus the claim is proved: there are no Casimir elements of the pseudoscalar type.

III. Scalar Type

In this section I shall show that any Casimir element of the scalar type contained in
the formal closure of b, o, ..o is a function of one special Casimir element %,

+a)

a=1
with the mutually “commuting” limiting elements %, in b 0.....0)

g=y SN g g s 3G )

r=o 1! F(Za——1) ki ¢y ka £a my

ny m, j—
X UG o 00700, (g 401+ bkt latmy+otmys =12, 0
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Here the limiting elements .#, can be expressed in terms of the “renormalized”
invariant charges as follows:

1 1
F, =Y dzF Yz
1 ; (lk) i, 4)_,;c (2)
with
F)= s ¥ 2R o
2 ) &0
1 1 1
Sy= ! I_——, dZ ~
2 ;; ; (lm) 27i g/2<|;§—ik'<g 1277:1
1
X [ Az, F Nz, ,z3)
5/3<|22(£if|<8/4 227UO<|z3—iml<a/8 3 ' ’
with
2 1 0 [ee] [e¢] 2
FNzy,2p,23)= DI Zfzzzagfjo i0...0i0...0 >

gqx pX rx

and so forth.
More specifically, I shall show that for each Casimir element

o o
AV=3F ¥ ¥y .Y Z PIRE Z(d"‘a (Coesy)

a=0r=0ky ¢ ka £a my

atr>0

Xt o B et
one can find numbers f,, a=1,2, ... such that

o0
SR

a=1

e}
Denote the coefficients of the formal series # V' — Y B,%4* by B s ™ wuru:

a=1
© ©
HO_F BB =Y YT LYY YY)
a=1 a=0r=0ky ¢y ka £a my m,
a+r>0
(OCkaOC ) o rE(ml-nmr)
cor 20 P((kif1)... (kafa))

The coefficients B have the same symmetry properties as the coefficients B
appearing in the formal series of #"!). The numbers B,, a=1,2, ... are adjusted
such that

Ef——'i:— 0.

(1, = 1)...(1, - 1))
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Invariance under local reparametrizations imposes the following conditions on
the coefficients

i) (ky+¢y 4.+ kg+lg+mi+ . +m)BG "0 =0,
r
. n My s +m, ny.
ii) (L4 rym, o B o+ Zl(ms+mr+l) ((klt’,)(m oy
=

a
B )
+ X {0y +my s DBGEED ks, 1600 .. )

(M DB kit 4 me . et} =0
with the obvious interpretation of the left-hand sides for the cases r=0 or a=0.
The former conditions are solved by
B ety =00, 401+ 4kt tatmy bt my Bkt
in particular, because of m, +0,
Bmy = 60‘"”‘8('"1) =0.
For a given positive integer value of a, the latter conditions enforce the vanishing of
all coefficients
Bl i ey kwlome=+1,+2,..., bec=1,..,a, s=1,...r
once the coefficients
Bty ety knte=%1,1£2,...,  bc=1,...,a

vanish. Therefore, the claim will be proved if I can show that the assumption of the
existence of a minimal positive integer 4 with
MYy Y b)) By . tearan FO

ki ¢y ka ta

leads to a contradiction.

Vanishing Poisson brackets of <% Wy [3,,%“) and the “renormalized”

a=1
invariant charges 2 ,; imply for all positive integer values of p:
i0...0
@p)

1 1
Al k k —
22 k): G BN ) I (k,.f,n)(kzp—l +.t fzp—1> =0.
1 1 A
Hence E«M,,“(anzo except when the indices ky, [y, ...,k , £, can be grouped
into pairs such that the values of the indices of each pair sum to zero.
Next, by taking into account the vanishing of the Poisson brackets of

[ee}
(9{” M Zl [3,{6") and the “renormalized” invariant charges Z{3 ,; (no sum-
= 300
(2p) %
mation over j!) p=1,2,3,..., I want to argue that without loss of generality
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E((k,/,)...(kAzA)) may be assumed to vanish unless 0=k, +7,=...=k,+7,. The
vanishing of the latter type of Poisson brackets implies in particular that for any
given set of values for the indices k4,71, ..., k 4, £, which can be broken up into pairs
such that the values of the indices of each pair sum to zero:

i i o
<_k2p—1+/2p—1_> ' Y Y o e (A )
A A ki £1

kA—1 fa-1

XBr, o).tk 104 ywaran=0>

1 1 1 1
kip_—ll + /ip_—ll + k2p—1 + /21)—1

le Z, Z, Z (all*J u*J) (afj ZZ*J ff 22*1)
ky ¢4 ka-2¢4-2

x (B((k'xf"l)~-~(k,'4— 20a-2)ka-1a- 1)(kAfA)))(kA— 184 -1kafa) =0 ’

1 1 i 1 Nvwrr it s
k2p—1 + /21)—1 +.. +k2p 1 + 5T /ip—l & (“i1¢jai1*j)

X(B((k’lf'l)(szz)...(kAzA)))(kzzz...kA/A)-_-Oa p=12,3,....

The consequences of the first of these equations can be recognized most easily
when the equation is multiplied by ¥4, o oA, and by cx"Aoc and finally summed
over in the indices k, and [,

a) ¥y Z (of e o) o (02 024 Bty et a

ki ¢y ka a4

,Z/ Z Z Z (OC“¢] 11*1 (O(f: Ll*Jaf::ll‘tj)

ki 1 kA 1fa-1ka
ka
X (o] + 0%, ¢j)B((k1f1)...(kA¢’A))/k,, +£4=0
and
A ki f1 ka-1 a1
b) Z Z iy #j% 11*1 (“u v i - 1*1)
ki ¢ ka ta

X (a4t )B«km) Ak at 4))

—Z DIRTTED YD N Z(“u*; L) (et mianiy)

ki ¢ kA—lfA—l A
ka
X (o5 %0ty )B«klm...(kAzA»/kAHA:o~

In words: Nonvanishing contributions to

DID IS ¥ Z(“k‘“ D) (@20 DB ey . tear.ay

ki ¢y ka €a

from symmetry types in the coefficients E«kl 0)...(ka¢.2y Which correspond to Young
tableaux with a) less than (d — 1) rows, and b) with (d — 1) rows and two boxes in the
bottom row arise only from those values of the indices for which k,+¢ ,=0.
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Similarly, the second of the above equations can be cast into the form

kz: ; kZ Z (all*J 11=#=J) (af:: 22*1 fj ;*)(akA lafA IakAafA)
1 41 a fa

X Bty teat an= ZZ D YD YD YD M Wb Wl /- S I

‘1 kAzfAzkAfoxAA

o (2 e i g,)(a’“ ol el

X (B((kltl)...(kAzA)))(kA_1t,,_ veaey [0k g -1+ 4 )0k 4+ 4)
+0(kg—1 k)l g—1+L 1)+ 0k 1+ )0 41— +ky)
—O(ky—y &4 1)0ky—y +hg)Oky—y—1 4)

— Ok +k)olky— 1+ )0ky—y1—C4-1)

—0(ky— 1+ )0k 1 +£4-1)0ks— 1 —k4)],

where
o(ky=05¢, -

In words: Non-vanishing contributions to

ZL' XY Z (o) o (o2 DB ekt a
1

‘1 ka ta

from symmetry types of the coefficients B, ;... « ... Which correspond to Young
tableaux with (d — 1) rows and four boxes in the bottom row arise only from those
values of the indices for which the setk,_,Z,_, k4, £, can be split into pairs such
that the values of the indices of each pair sum to zero.

Now, observe that the coefficients B ... (of the specified symmetry type) enter
the above sum in the symmetrized form (B ...)y, ./, ... Witha correspondingly
symmetric support only. However, such coefficients can be generated by
symmetrization in the indices k, _ {, £, _ 1, k4, £, of coefficients which vanish unless
0=k, _,+¢4_,=k,+¢, Thus,also for the specified symmetry type, without loss
of generality By,/,)..¢.c.0) May be assumed to vanish unless k,+¢,=0. Using
similar arguments also for the remaining symmetry types, I conclude that indeed
Biyrry)...teac.0y May be assumed to vanish unless k,+¢,=0.

From the symmetry of the coefficients By,/,) .. ¢,c.) under the interchange of
kyand /,,b=1, ..., A and under the interchange of any two pairs (k,, /) and (k,, Z,),
b,c=1,..., 4, it follows that 173«,(1 /). (kat 1) Vanishes unless the indices take values
which satisfy 0=k, +¢,=...=k,+,:

Brry... toatan=0ks+£1) ... 8k y+2,)- BUk3, ... K324,
where for any permutation n from the symmetric group &*:
B(k12t(l)’ sy k12t(A)) = B(k%, cees ki)-
Hence,

R el k k
ey 2 Fofh) o (2 DB st a)
ky ¢y A fla

0

=3 e X ) e B K.

1 ki=1
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Now, in a final step, I want to argue that B(k2, ..., k%) must be constant, in fact, that

it must vanish. To this end consider the Poisson bracket of <Jif L_ ﬂﬁ") with
a=1

the “renormalized” invariant charge Z§):

Zim QP T s Ot

where O(afajof*alg) denotes the contribution of first degree in the variables

afdoftly,  k,/,mn=41,+2,....

The Poisson bracket in question must vanish. Hence, in particular

o o B ~ Aol )
k:z=1 "'kA§=1 %ﬂ%o (o) Elm)—(i’:;aj n
x [(m+mBk3, ....k3_,,(m+n)?)—mB(k3, ... ,k3_,,m?)
—nB(k3, ..., k% _,,n?)]=0.
This in turn implies the identity (k?=0 for all b=1,...,4A—1)
(m+n)B(k3, ..., k2 _,(m+m)?)=mB(k3, ..., k% _ \m*)+nB(k?, ... k3_,,n?).

The justifivation for the latter conclusion derives from the observation that the
only solutions of the equation (d >3!)

(O(klOC ) (akA 1o~ ka- 1)(()( )0( (m+n)

la-171l4a~-1

=(afio M) L (ke ro A ‘)(a,Aa,A)oc“'”")

ky, k. b, b’ =1, ..., A—1 all positive integers, m, n(m’, n’) non-zero integers which do
not sum to zero, and the Fourier coefficients of, /= +1, +2,...,i=1,2,...,d—1
treated as independent variables, are:
ky=kyp, b=1,2,..,A—1, m=m,n'=n
and
p=kupy, b=12,..,A—1, m=nn"=m

for some permutation 7 from the symmetric group &4~ ' It follows that
B(k3, k2, ..., k% _,, k%) does not depend on the value of k3. But by symmetry this
implies that B(k2, ..., k%) does not depend on the value of any kZ, b=1,...,4. In
other words B(k?, ..., k%) must be a constant equal to B(1, ...,1). Now, due to the
convention concerning the choice of the coefficients f5,, a 1, 2,..

0=B.-y..a.-1y=B11,..1).

Hence:
B(kf, ..., k%3)=0,

and finally in contradiction to the defining property of A:

DI IS N Z (o0 o (2 DBy e an =0

ki ¢y ka ta
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This completes the proof that any Casimir element of the scalar type contained in
the formal closure of b, ... o) is a function of the special Casimir element €.

IV. Conclusions

According to the above analysis, each one of the two algebras of invariant charges
b2 contains in its formal closure exactly one independent Casimir element
€'= ¢ do[(uc oy (t,0)°]"*

T=const

and

¢ = ¢ do[(u ¥z oy (z,0)?]
T=const
respectively. The representations of the algebras b} and b, relevant for the
Nambu-Goto string theory are characterized by the conditions ¥ =0and ¥~ =0
corresponding to the invariant measures §(%*) and 6(%~). It is for this
representation (% * =0 implies Z Z(xi“" o 0) that the limiting elements

k+¢’ )4

a (=1 T2b—1+r)
o S o0 S e

b= =0

XL 2Ll 2 (e otk L (o e O

kl fl kb fb my
X (PHafm™).. (Wroc*'"r)&(k1 +otlptmi+...+m)

become multiples of 1. Actually they become equal to 1. Due to the Poisson
brackets of .#.* with the invariant charges Z* ...:

. N B a B 1 a © (__1)" F(2b+r)
W25 )= =1 <b>,§0mr“r<zb—1)r!

XYY LLYYY Y (s L

ki ¢4 ky £p my Mmy 4+ 1
(a+ﬂbkba t’b)(gilaim) (g)lra+mr)

Xg}hn{aimrﬂ gﬂ‘ }

Ar+1

XO(ky+Z 4 ...+ ky+Lptm+ . m, )

and, in particular, due to the vanishing of the Poisson brackets of the limiting

elements .#,* among each other, consistency is guaranteed. For the algebras of

invariant charges b}, the reparametrization invariant operator conditions

F#E—1=0 replace the non-invariant conditions ZZaJ—”‘" /=0 (which, of
k+t’ P

course, cannot be expressed in terms of invariant charges).

Thus, at least for the case ?/’2 m?>0, I have confirmed the suggestion of [1]
that the loop wave equations u**(t, ¢)u; (z,6) =0 of the Nambu-Goto theory can
and should be interpreted as an infinite collection of representation conditions
related to requirements imposed on the Casimir elements of §3.
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