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The Poisson Algebra of the Invariant Charges
of the Nambu-Goto Theory: Casimir Elements
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Abstract. The reparametrization invariant "non-local" conserved charges of
the Nambu-Goto theory form an algebra under Poisson bracket operation.
The center of the formal closure of this algebra is determined. The relation of
the central elements to the constraints of the Nambu-Goto theory is clarified.

I. Introduction

By now it is well known that the classical Nambu-Goto theory of bosonic closed
strings moving in d ̂  3 space-time dimensions possesses infinitely many independ-
ent, reparametrization invariant, "non-local" conserved charges 2£^κ}μN which
serve as infinitesimal generators of active symmetry transformations [1,2] and
which can be carried over to the quantum theory at least in the WKB-
approximation [3]. The Poisson algebra ί) | (for given numerical values of the
linear momenta 3Pμ) of these "invariant" charges ^μ^]μN has been analyzed in
some detail [4]. A maximal abelian subalgebra has been identified for the case
&2 = m2 > 0 and it has been established that there are no Casimir elements in the
algebra ί)$ itself [5].

In the present paper I shall determine the Casimir elements contained in the
formal closure ί)J of f)J for ̂ 2 = m 2 > 0 and point out their relation to the
constraints of the Nambu-Goto theory. As_it turns out, there are exactly two such
independent Casimir elements: one in ί)£ and one in f)^. The corresponding
formal series in the Fourier components Aμ

m(τ) of the string variables uμ(τ,σ)
= pμ(τ, σ) ± M2x'μ(τ, σ), 0 ̂  σ ̂  2π, uμ(τ, σ + 2π) = uμ(τ, σ), μ = 0,1,..., d — 1, where τ
is a time-like and σ is a space-like parameter, can be derived from the integrals

Hτ,σ)uϊ(τ9σ))2γi* and 4
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respectively. The possibility that there_exist additional independent Casimir
elements in the algebra of fractions of \)$ [6] has not completely been ruled out,
yet.

Without loss of generality, I shall carry out the proof in the momentum rest
frame. For the Fourier decomposition with respect to the variable σ this means

The Fourier coefficients A^m(τ) satisfy the commutation relations

{A*m(τ),A*n(τ)}= +(gμv/π)imδOιm+n, m9n= ± 1 , ± 2 , . . . ,

Here the symbol Y denotes summation over all integer values of n from — oo to
n

+ oo with the exception of zero, the symbol {,} stands for Poisson bracket
operation, gμv = diag( + , —,..., —), and the string tension parameter M2 has been
set equal to 1.1 "renormalize" the Fourier coefficients, suppress the τ-dependence
and restrict myself to the + combinations:

ί - W ( s ) - ± ' ±*- 4π
{α™, α"} = — κgμvimδOm + n, m, n= ± 1 , ±2,..., κ=—j.

Rotational invariance in the momentum rest frame, i.e. vanishing Poisson bracket
with the charges JfβfJ forces any candidate JΓ for a Casimir element in 5 ( m, 0,..., o> to

have the general form

Σ
T—\ X—\f X—\f r—i/ T—1/ T—\f r—\f / Is . f Λ \ / I f /* \ ffi 1

Σ Σ Σ - Σ Σ Σ - Σ «'<') • (xfatK • • •
a = 0 r = 0 fci ίι ka €a mi mr

a + r>0
' ' α0Γ-"((fcUi) •- (kata)) '

OO OO

α = 0 r = 0 «i « d - i fci ^ i ka £a mi m r

X \&iγ GC^) . . . \CCI^(XI^)(XQ . . . 0 C o

r £ ) | - n i . . . n d _ 1]((/ci/i)...(fcαίfα))

Here summation over the space-like tensor indices ib,b = ί,...,a from I to (d — I) is
understood. The summations over a and r cannot both terminate [5]. The coef-
ficients ΰj j j jy;™^^ and î ™1//.n™-\](fciΛ)...(&</«)) a r e t o t a U y symmetric in the upper
indices ms,s = l,...,r. The latter type of coefficients is totally antisymmetric in the
indices nu ..., nd_ v Both types of coefficients are symmetric under the interchange
of kb and tb9 b = l,...,a and under the interchange of any two pairs (kb,Sb) and
(kc, ίc\ b,c = l,..., α. They transform under permutations of the symmetric group
S 2 7 ( 3 2 α + d ~ 1 according to a (in general reducible) representation corresponding
to partitions of 2a/2a + d— 1 into no more than/exactly (d— 1) even/odd integers.
The corresponding standard tableaux contain in every row along with an index kb

also its partner index £b.

On account of the different content of Fourier coefficients carrying space-like
indices, each one of the two formal series Jf ( 1 ) and JΓ ( 2 ) separately must have
vanishing Poisson brackets with the generators of infinitesimal reparametrizations
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and with all invariant charges ϋf^...^. Consequently, I shall treat the two types of
candidates for the Casimir elements separately starting with the (spatially)
pseudoscalar type Jf(2).

II. Pseudoscalar Type

In this section I shall show that there are no Casimir elements of the pseudoscalar
type, oo oo

^ ( 2 ) = Σ Σ Σ'- Σ/ΣT^ -ΣTT/ -Σ/«ϊ1 --α3d-iK<l) --
a — Qr = 0n\ nd-\k\ £\ ka £a

 mi w r

f/yfrα/y^fΛ/ym 1 r/mr Ώ(m 1 mr)
- l α / α

 a i a )
aO •• α O r>[ni...nd-1]{{k1ί1)...(kJa))'

Reparametrization invariance implies that the coefficients B^;;;^d

r]ύ{{kιίl)_{kja))

satisfy the following equations

" "[n 1...nd- 1]((k,

ii) (r + l)mr+ιB^;;;n

m

d:

+ Σ(ms + mr+1)
S= 1

d - 1

1 mr) Π
(fcA)... (kja)) — υ J

with the obvious interpretation of the left-hand sides for the cases r = 0 and/or
α = 0.

The former equations are solved by

Έξ(mι...mr) _ S.
Σ)[n1...nd-l]((k1έ1)...(kaέa))~υO,(n1 + ... + nd-1+kί+έί + ...+ka + έa + mί + ...+mr)

For a given non-negative integer value of a, the latter equations enforce the
vanishing of all coefficients

τ>(m1...mr) k / m n 1-1-1-9 h r—\ π
r>[nχ...nd-A((k^ι)...(kaίa))κbiύams>nj— X A ? J l A ••• ? D,C— I, ...,U,

s = l , . . . , r , j=l,...,d-l9

once the coefficients

B[ni...nd-1]((kιί1)...(kaίa))kb>hnj= ± 1 ? ± 2 , . . . ,

&,c = l , . . . ,α, j = l , . . . , d - l
vanish.

Therefore the claim will be proved if I can show that the assumption of the

existence of a minimal non-negative finite integer A with

••• L L L "-L λ α i •• αd-ilα i iα i i; iαuαuJi5[«i...nd-i]((fciΛ)...(fcA^)) + υ

"l «d- l ki €\ kA tΆ

leads to a contradiction.
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By its defining property Jf ( 2 ) has vanishing Poisson brackets with any element
°f ί)(m o o>> f° r instance with the "renormalized" invariant charges if/o}

 oj,

ί:::; ^
^ n (in)p

Here Op((x^ocp a™) denotes the contribution of first degree in the variables αfo ,̂

k,£ = ± 1 , ± 2 , . . . and of first and higher degree in the Fourier coefficients α™,

m= ± 1, ± 2 , . . . . As a consequence of i) the vanishing Poisson bracket between

Jf{2) and &$ oj(no summation over/!) and of ii) the minimality requirement

(2p)x

imposed on the number A, I obtain the following equation:

This equation implies for arbitrary positive integer values of p,

y . i p - 1 L i " L t %" L J L I L J -'' L u 2-< ^ l •• u t 7 •• l Λ d - i
'*_/ «i Πj rid-iki tγ kA€A

1 1 1

χΣ; - Σ ' . Γ Σ ' Γ Σ Σ'α?1

• α d - 1 l α i i Φ j α i ! Φ j) VαU - i Φ jaiA- i Φ jJ

X (^[m ... nd- i]((fci^i)... (kAtA))\njkΛίA)
 = 0 ,

1 1 1 1 1

-Σ' . Γ Γ Γ Σ
1 Mj « d - l fel ̂ 1 kA-2

2 p - 1 + J-2p-l + 72T=T + + r 2 p - l + / 2 p - l ) Σ ' ' ' Σ ' Σ ' °^1 ' ' ^ '''
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Here the symbol a indicates omission of the object or operation a. The notation
(αfb

b

Φj αfb%j) is to be understood as meaning

The symbol (B ...)(II kh£h...fcα^α) stands for symmetrization of B ... with respect to the
indices np kb9 *f&,..., ka, ίa. Since for fixed non-negative integers t the simultaneous
equations

do not have solutions with all xb i = ί, ...,2ί + l different from zero, I conclude

~Σ ••• Σ ΣΣ " Σ Σ α i •• α / αd-ivαiiΦjαii*jv iαu*jαu*jv
«1 «j « d - 1 fcl A fe^l ^

X B[m ... nd_ i] ((fci^i)... (fc^^)) = ^ '

" Σ ••• λ λ λ ••• λ λ α i •••«/ •• α d - i l α i i Φ j α i i Φ j ;

Σ' Σ' • • Σ' Σ' Σ' Σ' Σ' «ΐ' «"j *d"-M'α'1) (<ήΛoήA)

«1 Πj Πd- 1 fcl if 1 /C.4 ^v4

X ^[πi... nd- i]((fci/i)... (fe^^)) = 0 ,

and finally

Σ Σ' Σ Σ' Γ Σ <> oφL-ϊίαX1) (μ\ΛAί)
MI n d - i fei ̂ i kA £A

However, this is a contradiction to the assumption

Σ Σ Σ Σ - Σ Σ «Ί' • «3d--ϊ(«X') («ΪXί)
«i «d- l ki ^i KA ίA

XB[nί...nd-l]((kιίi)...(kA<?A))^Q

Thus the claim is proved: there are no Casimir elements of the pseudoscalar type.

III. Scalar Type

In this section I shall show that any Casimir element of the scalar type contained in
the formal closure of ί)(m,o,...,o) i s a function of one special Casimir elements,

with the mutually "commuting" limiting elements Ja in Γ)(m>o,...,o)?

^ _ y (-If Γ{2a-\+r) V ^ k

L -" L L L -•• L Ψ-hU-h) ~Λ{χia

{χia
^ ka ea mγ mr

x oc 0 ... α 0



356 K. Pohlmeyer

Here the limiting elements Ja can be expressed in terms of the "renormalized"
invariant charges as follows:

with

with

(2π)2pi

-vvv 1 1 * A
 1

ι ~ \ \ \ (im)2πiβ/2<ιί-Λ|<β

 X2πi
1

x φ rfz2 — : 4 wi
ε/8<|z2-i^i <ε/4 27Π o < |z3 - im| <ε/8

1 oo oo oo

\LTl) Ό = 0 α = 0 r = 0 — v — — v — — v "
v / i ^ y q x p x r >

and so forth.
More specifically, I shall show that for each Casimir element

OC 00

= Σ Σ Σ'Σ' Σ'Σ'Σ' Σ'(«?,'<')•••«•«&)
α = 0 r = 0 fci ^i feα ^ α mi mr

a + r > 0

one can find numbers βω a = 1,2,... such that

α = l

Denote the coefficients of the formal series Jf ( 1 )— £ β$a by 5(

(^
1

l^ l )

mr)

(ka^ fa)):

00 00 00

^ ~ L Pa^ — L L L L -" L L L ---L \aiia/J
a — 1 a — Of — 0 fc i "̂ i fca ^a ^ l ^ r

ί/Y^a/Y a W " ^ /y'"rI3( ' 'Ί " ' " I f )

The coefficients 5;;; have the same symmetry properties as the coefficients B
appearing in the formal series of Jf(1). The numbers βa, a —1,2,... are adjusted
such that

((1, — ! ) . . . ( ! , — 1)) '
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Invariance under local reparametrizations imposes the following conditions on
the coefficients

ii) (1 +r)mr+1^;Γ.ίώβ))+ Σ K + ^ Λ ^ ^ ^
1

s= 1

Σ {(
b= 1

l)5$i>''mr (
r + l}) ... (fcα^α))} = ^

with the obvious interpretation of the left-hand sides for the cases r = 0 or a = 0.
The former conditions are solved by

5(mi.. .m r ) s; D(mi...m r)
% l ^ l ) - ( ^ α ) ) ~ CΌ,(fci+^i + ...+/cα + ̂ α + Wi + ...+mr)

£>((fciZfi)...(/cα^α))?

in particular, because of mί φθ,

For a given positive integer value of α, the latter conditions enforce the vanishing of
all coefficients

β f e ^ V α ) ) fc*Λ, ms = ± 1, ± 2,..., ft, c = 1,..., α, s - 1,..., r

once the coefficients

vanish. Therefore, the claim will be proved if I can show that the assumption of the
existence of a minimal positive integer A with

Σ' Σ' - Σ' Σ'K'^-ί^Aω...^))**)
fci ^ i fc^i ^^i

leads to a contradiction.
/ \

Vanishing Poisson brackets of JΓ(1)— J] ^α^α a n d the "renormalized"
V «=i /

invariant charges i^/oLoϊ imply for all positive integer values of p:

Σ' Γ - Σ' r « ' < ' ) - («fί«ίΛ*1Λ)...(*^)(pFτ + - + T^ΓΓ) =0.

Hence S((fc1̂ 1)...(fc^ )̂) = 0 except when the indices kί,lί,...,kA,έA can be grouped
into pairs such that the values of the indices of each pair sum to zero.

Next, by taking into account the vanishing of the Poisson brackets of

Σ βt$a 1 a n (3 the "renormalized" invariant charges Jfj^ Oj (no sum-
a=1 ' (i5t

mation over;!) p = l,2,3,..., I want to argue that without loss of generality
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B((kίί1)...(kΛίA)) m a y be assumed to vanish unless 0 = k1+/1 = ... = kA + ίA. The
vanishing of the latter type of Poisson brackets implies in particular that for any
given set of values for the indices kγJγ,...,kAJA which can be broken up into pairs
such that the values of the indices of each pair sum to zero:

1 1 V
u2p-l^/2p

KA ύ A

1 1
h2p-ί ' /2p-l ' L2p-1 ' /2p-
KA-1 ιA-\ KA ιA

L L ••• L
kι A kA-

h2p-ί + /2p-l + • • ' + L 2 P - 1 + /2p

..(ic^))W2...fc^) = ( ' ' p = 1,2,3,....

The consequences of the first of these equations can be recognized most easily
when the equation is multiplied by ofi^fiu^j a n c* ^ d)A^Y and finally summed
over in the indices kA and lA

a) ΣΣ-Σ rfeX^iJ'-i^^A*^)...^))

= Σ T - Σ' Σ' Σ'K'φX^ ^
fei ί\ kA-γ €A-\ kA

X (αUΦjαUΦj)^((Λi^i)-.(kAtA))/kA +ίA = 0and

b) Σ' Σ' - Σ' Σ 'K'ΦX. 'Φ/) - (<tit:i*
ki d kΛ (A

X ( j j ) ( ( k 1 ^ 1 )

In words: Nonvanishing contributions to

y
Σ
k

=Γ Σ' Σ' Σ' Σ'K'φXij)-^:,1*/^:^)
fci Λ fe^-1 ^ - i fc^i

yι yι V Y'iTyfcifl/î  (^kAr/^A

Σ Σ --Σ Σκ<χhGίh)-Λ(ZiA

(XiA

^ k ^

from symmetry types in the coefficients B{ikl^lh^ikA^A)) which correspond to Young
tableaux with a) less than (d — 1) rows, and b) with (d — 1) rows and two boxes in the
bottom row arise only from those values of the indices for which kA + 1 A = 0.
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Similarly, the second of the above equations can be cast into the form

ΣΣ- Σ Σ K'ΦX1*,-) tfϊ-l*&:l*J)(<*JΛ~%A~ «JMA)

χ%1Λ)...(^),= Σ'Σ' Σ' Σ Σ Σ ΣΣK*fiίUj)-
fci gγ kA-2 Λ4-2 kA-ι ίA-\ kA <?A

X Φmiι)... ikΛtΛ)λkΛ - «Λ - xk

+δ(kA _ t+k Λ )δ( t A -ι+ίA)+δ(kA _

- δ(kA _ ! + iA _ ,)δ(kA _ ! + M«5(^ - 1 - ίA)

- δ(kΛ -! + kA)δ(kA _ ! + ̂ Jδ(fcΛ _ t - ^ _,)

- ^ _ ! + ίA)δ{kA _ t + ̂  _

where

In words: Non-vanishing contributions to

ΣΣ-Σ Σ «'<') • • («fMA,/,.... <*̂ »

from symmetry types of the coefficients S((fel<fl) ( k ^^ ) } which correspond to Young
tableaux with (d — 1) rows and four boxes in the bottom row arise only from those
values of the indices for which the set kA_ ί9 iA_ l 5 kA, (A can be split into pairs such
that the values of the indices of each pair sum to zero.

Now, observe that the coefficients B ... (of the specified symmetry type) enter
the above sum in the symmetrized form (B .. .\kA _ ^Λ _ IJCA^A) with a correspondingly
symmetric support only. However, such coefficients can be generated by
symmetrization in the indices kA_ί,ifA_ukA,/

>

A of coefficients which vanish unless
0 = kA _ ! + ίA _ ί = kA + tA. Thus, also for the specified symmetry type, without loss
of generality B{{kχ£l) {]iA^A)) may be assumed to vanish unless kA + ίA = 0. Using
similar arguments also for the remaining symmetry types, I conclude that indeed
B((k1Si)...(kAtA)) m a y b e assumed to vanish unless kA+/A = 0.

From the symmetry of the coefficients Siik^ιhmtikΛ^Λ)) under the interchange of
kb and £b,b = l,...,A and under the interchange of any two pairs (kb9 fh) and (kc, /c),
b,c = 1,..., A, it follows that B((k1s1)...(kAtA)) vanishes unless the indices take values
which satisfy 0 = k1+/ι = ... = kA + SA:

where for any permutation π from the symmetric group <ZA

B(k2

Mlp-,^A)) = B(k2u-,k2

A)-

Hence,

' Σ' - Σ' Σtfrt) Λ<ήrf2
^ k e

Σ Σ
k e

= Σ - Σ
fci=l fci=l
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Now, in a final step, I want to argue that B(k2, ...,k2

A) must be constant, in fact, that
/ \

it must vanish. To this end consider the Poisson bracket of Jf ( 1 ) — £ βa<&a with
V α = i /

the "renormalized" invariant charge ^?J f :

Σ L
m n

where O(αfα^αj"αo) denotes the contribution of first degree in the variables

α J α ^ α S , kj,m,n=±\, ± 2 , . . . .

The Poisson bracket in question must vanish. Hence, in particular

GO GO (p/ψ ft" \

fci l / c v 4 i l m « ^ ^ j
m + n Φ O

x[_(m + n)B(k2

u ...,k2

A^,(m + n)2)-mB(ki ...,k2A-i,m2)

-nB(k2,...,k2

A-ι,n2)l=0.

This in turn implies the identity (kl φ 0 for all b = 1,..., A — 1)

The justifivation for the latter conclusion derives from the observation that the
only solutions of the equation (d^3!)

/cb, fcj,,, fc, fc' = 1,..., A — 1 all positive integers, m, /t(m', wr) non-zero integers which do
not sum to zero, and the Fourier coefficients αf, £= ± 1 , ± 2 , . . . , / = 1 , 2 , ...,d-l
treated as independent variables, are:

k'b = kπ(b), b = l,2, ...,A — 1, m' = m, n' = n

and

K = K(b)> b = ί,29...,A-ί, m' = n, n' = m

for some permutation π from the symmetric group S^4"1. It follows that
B(kj,kl, ...,/c^_1,fc^) does not depend on the value of k\. But by symmetry this
implies that B(k\, ...,fe^) does not depend on the value of any k\, b = \, ...,A. In
other words B(k\, ...9k\) must be a constant equal to B(l,..., 1). Now, due to the
convention concerning the choice of the coefficients βai a = 1,2,...,

0 = S((lf -!)...(!, - 1 ) ) = 5(1,1,...,1).

Hence:
B(kl...,k2

A) = 0,

and finally in contradiction to the defining property of A:

ΣΣ-Σ Σ (αfX1) - («ίί«ίΛ*1Λ,...(*^))=o.
fcl ^ 1 fc.4 ^
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This completes the proof that any Casimir element of the scalar type contained in
the formal closure of ί)(m,o,...,o) *s a function of the special Casimir element ζ6.

IV. Conclusions

According to the above analysis, each one of the two algebras of invariant charges
\)% contains in its formal closure exactly one independent Casimir element

and

respectively. The representations of the algebras f)«J and ί)^ relevant for the
Nambu-Goto string theory are characterized by the conditions ̂ + = 0 and <€~ = 0
corresponding to the invariant measures δ(^+) and δ(^~). It is for this
representation ((€± =0 implies Y Y a±μka^ = 0] that the limiting elements

V k

a

Y (_ i \b y ^ zi

έr } \b)rh mr Γ(2b-l) r\

x + ... + mr)

become multiples of 1. Actually they become equal to 1. Due to the Poisson
brackets of,// with the invariant charges 2t± ...:

o m r + i Γ ( 2&-l)r!

x Σ Σ Σ Σ Σ ' Σ *

and, in particular, due to the vanishing of the Poisson brackets of the limiting
elements <// among each other, consistency is guaranteed. For the algebras of
invariant charges \)$, the reparametrization invariant operator conditions
e// —1=0 replace the non-invariant conditions ^ ^ α ± / U f c α ^ = 0 (which, of

k £
p

course, cannot be expressed in terms of invariant charges).
Thus, at least for the case ^ 2 = m 2>0,1 have confirmed the suggestion of [1]

that the loop wave equations u±μ(τ, σ)w (̂τ, σ) = 0 of the Nambu-Goto theory can
and should be interpreted as an infinite collection of representation conditions
related to requirements imposed on the Casimir elements of i)$.
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