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Abstract. The development of bounds on the complex effective conductivity
tensor o* (that relates the average current to the average electric field in a
multicomponent composite) has been hindered by lack of a suitable continued-
fraction representation for o*. Here a new field equation recursion method is
developed which gives an expression for o* as a continued fraction of a novel
form incorporating as coefficients the component conductivities and a set of
fundamental geometric parameters reflecting the composite geometry. A
hierarchy of field equations is set up such that the solutions of the (j+ 1)th-
order equation generate the solutions of the jth-order equation. Consequently
the effective tensor Q) associated with the jth-order field equation is
expressible as a fractional linear matrix transformation of QU*". These
transformations combine to form the continued fraction expansion for
o*=Q® which is exploited in the following paper, Part II, to obtain bounds:
crude bounds on QY, for j=1, give narrow bounds on o*. The continued
fraction is a generalization to multivariate functions of the continued fraction
expansion of single variable Stieltjes functions that proved important in the
development of the theory of Pade approximants, asymptotic analysis, and the
theory of orthogonal polynomials in the last century. The results extend to
other transport problems, including conduction in polycrystalline media, the
viscoelasticity of composites, and the response of multicomponent, multiter-
minal linear electrical networks.

1. Introduction

A central problem in Physics is the evaluation of the macroscopic response of a
system given the formulae governing its microscopic behavior. Here a new field
equation recursion method is introduced for estimating the effective transport
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coefficients of composite materials. This development will likely have wide
mathematical significance and open new areas for study in the analytic theory of
continued fractions [1, 2] the analysis of functions of several complex variables
and possibly in the field of multivariate Pade approximation [3].

Although the formalism set up in Sect. 2 extends to many transport problems,
our prime focus is on estimating the effective conductivity tensor o* of a
macroscopically homogeneous d-dimensional composite constructed from n»
isotropic components, or phases, with scalar conductivities o,, a=1,2, ..., n. Note
that because of the standard mathematical analogies [4] all the results derived
here apply to the effective diffusion constant, dielectric constant, thermal
conductivity, and magnetic permeability of such composites. The extension of the
results to composites with local anisotropy (i.e. polycrystalline media) and to the
effective elasticity and viscoelasticity tensor follows from the work of Dell-Antoni
et al.[5] and is not examined until Sect. 15. Similarly we defer until that section the
consideration of the electrical response of multiterminal, multicomponent, linear
impedance networks.

It is assumed the component phases are distinct and separated by sharp
boundaries. In addition, the microstructure is required to be much larger than the
atomic scale so the equations of classical physics can be employed. Examples of
such composite materials include fluid-filled porous rocks, reinforced construction
materials, colloidal suspensions, foams, fibrous thermal insulators, multiphase
fluids, and granular aggregates.

The effective conductivity o* is specifically defined as the tensor of proportion-
ality relating the average current flow j in the composite to the average electric
fields e via the equation j=a*e. (1.1)

In principle o* can be computed by solving Laplace’s equation, V'?¢ =0, for the
potential ¢ in each phase subject to the boundary conditions of continuity of both
¢ and the normal component of the current flow, — gV ¢, across each interface: the
boundary conditions imposed on ¢ at infinity must ensure that the electric field
— V¢ is on average uniform and equal to e. Accurate numerical calculations of o*
have thus been obtained for periodic arrays of spheres and lattices of cylinders of
one component embedded in a matrix of a second component [6-9]. When the
geometry is more complicated we need other methods for estimating o*. One
successful approach has been to obtain bounds on o*: a historical survey of work
on estimating o* through bounding techniques is given in the introduction to
Part I, which follows this paper.

The field equation recursion method introduced here applies to composites
having any given periodic microstructure. In various underlying respects it is a
generalization of the Jacobi tridiagonalization method for deriving a continued
fraction expansion for the leading diagonal coefficient A,, of the inverse A of a
given symmetric real matrix A and thus is related to the method of minimal
iterations (the Lanczos method) for finding the eigenvectors and eigenvalues of a
matrix [ 1, 10]. To understand the basic idea let us regard the elementary equation
relating the local current field to the local electric field as a field equation in the
Hilbert space #" of square integrable fields. This Hilbert space contains a d-
dimensional subspace % of uniform fields and various other subspaces 8”, #', and
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2., a=1,2,...,n, of curl-free electric fields, divergence-free current fields, and
polarization fields that are non-zero only in component a.

The relevant fields in #” can be ordered according to the sequence in which
they appear in perturbation expansions of the solutions to the field equation in
powers of the differences between the component conductivities in nearly
homogeneous materials. The zeroth order fields are the uniform fields. Next come
the first-order polarization fields that are uniform in one component and zero
elsewhere. In general the jth-order electric fields and current fields (or more
correctly, the analogous electric displacement fields) are generated from the
“surface charges” associated with the jth-order polarization fields. In turn the
(j+ 1)th-order polarization fields are obtained by taking each jth-order electric
field or current field and keeping it unchanged within one component while setting
the field to zero elsewhere. The infinite hierarchy of fields thus defined spans some
subspace # = A#9 C#'. The remaining fields in #"\ A are unimportant.

After some analysis we find it natural to introduce a hierarchy of subspaces
HO>H# V> H#D. ., where #, j=1,2,..., 0, is the orthogonal complement in
A of the space spanned by the polarization fields of order j or less. The relevant
information about the composite microstructure is embodied in the inner products
between the various fields and consequently these subspaces incorporate succes-
sively less of such information because they contain progressively fewer fields. The
geometrical information contained in # ™Y but not in #¥ is represented by a
real d(n—1)’-dimensional normalization matrix, N, and by a set of n real
d(n—1)’~ '-dimensional weight matrices, W™ Y, a=1,2,...,n, satisfying

n

Y WU™D=/U"1 where /Y~ Vis the d(n— 1)’ '-dimensional identity matrix. The
a=1
weights and normalization matrices are symmetric and positive-semidefinite and
are defined in terms of the inner products between the jth-order fields in V1,

In essence the sequence of weights and normalization matrices describes the
orientation of the three subspaces %, §’, and _#', with respect to the n subspaces 2.,
a=1,2,...,n. Conversely, any such sequence of normalization and weight matrices
describes the orientation in some Hilbert space #” of three appropriately chosen
orthogonal subspaces %, 8, and #' spanning #" with respect to n other mutually
orthogonal subspaces Z,, a=1,2, ...,n, spanning . In a composite material the
normalization and weight matrices can in principle be calculated from the 2j-point
correlation functions characterizing the microstructure. The elementary weights
satisfy W =/, where f, is the volume fraction of component a and when the
composite is isotropic we find N =(d—1)/V),

The lowest order fields in #) span a d(n— 1)’-dimensional subspace %), A
field equation is easily set up in #¥) that has exactly the same form as the original
field equation in #©: the associated “effective tensor,” Q), maps #? into %7,
The key observation, made in Sect. 11, is that the solutions of the field equation in
A9 generate all the solutions of the field equation in #° ™Y, This is remarkable
because it allows us to obtain recursion relations that link together the effective
tensors: we are able to express QU™ ), as a fractional linear matrix transformation
of QY incorporating as coefficients the weights WV ™Y, a=1,2 ... n, the
normalization factors MY, and the component conductivities o,, a=1,2,...,n.
Since o* = Q) these fractional linear matrix transformations combine to form a
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continued fraction representation for o*, with matrices of increasing dimension as
its elements. This is the basis of the field equation recursion method. The continued
fractions, denoted as Q-functions, or Q-fractions, have some fascinating analytic
and invariance properties which will be explored in Sect. 3 of Part II. They
converge for any reasonable set of finite non-zero component conductivities: the
dependence of o* on QY becomes negligible when j> 1.

The continued fraction expansions are useful for two reasons. By truncating
the continued fractions in an appropriate manner one obtains a sequence of
rational approximants for the conductivity function o*(s4, 05, ..., 5,) each having
the correct analytic form. The weights and normalization matrices that enter the
truncated continued fraction can be adjusted to fit known values of the function
and the rational approximant thus obtained can be used to extrapolate beyond the
given data points. A second application of the continued fraction expansion is in
deriving bounds on the effective conductivity tensor. These result from the
observation that a crude estimate of Q, for j>1, generally gives a good estimate
of o* and wide bounds on Q) imply rather narrow bounds on o*. Thus we only
need to obtain rather elementary bounds on Q¥ to give good bounds on o*. As will
be seen in Part II, the field equation recursion method gives bounds on o* for
anisotropic composites constructed from arbitrarily many components which may
have complex conductivities. Complex conductivities, or complex dielectric
constants, are needed for a description of the response of the composite when the
applied field e=e(w) oscillates at a fixed frequency w such that the wavelengths
and attenuation lengths exceed the largest scale of inhomogeneities in the
microstructure. At higher frequencies, outside this quasistatic regime, VgV ¢ is
non-zero on the length scale of the microstructure and scattering becomes
important.

For two-component isotropic composites, various continued fraction expan-
sions for o*=0*/ already exist. They were obtained solely on the basis of the
analytic properties of 6*(a,,0,). Bergman [11] studied these analytic properties
and from his work we now know [12, 13] that ¢*(6,0,)/0,=0%*(1,0,/0,) is a
Stieltjes function of ¢,/0,, analytic except on the negative real axis and satisfying
o*/o0,>0 when o,/0,>0. Stieltjes functions have been extensively studied in the
mathematics literature and their continued fraction expansions are well-known:
see for example Wall [1] and Jones and Thron [2]. Thus the continued fraction
representation for 6*(a,, g,) obtained by Golden [14] (which was based on earlier
work of Bergman [15]) is equivalent to the S-fraction expansion of a Stieltjes
function. Another type of continued fraction representation for ¢*(a,, 6,), implicit
in [12], has the appealing advantage of treating both components on a symmetric
basis. It turns out that the field equation recursion method, for two-component
isotropic composites, reproduces this expansion. We thereby gain an interpre-
tation of the coefficients in the continued fraction in terms of overlaps between
fields in the composite.

These continued fraction expansions for o* were limited to two-component
composites. Significant progress towards solving the multicomponent problem
was made by Golden and Papanicolaou [16] who derived integral representations
for the diagonal elements of o*. However, unlike the two-component case, this
approach has not yet yielded any continued fraction expansions. Consequently the
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progress in deriving bounds on o*(v,, g5, ..., 5,) when the component conductiv-
ities are complex and when n=3 has been rather slow until now.

The outline of Part I is as follows. Section 2 sets the problem in a simple
mathematical framework. Perturbation expansions that serve to introduce the
field hierarchies are developed in Sect. 3. From these fields the Gram-Schmidt
orthogonalization is used in Sect. 4 to construct basis sets of fields in which electric
fields of different orders, or current or polarization fields of different orders, are
orthogonal but in which fields of the same order need not be orthogonal. Inner
products between the various fields capture the relevant features of the composite
geometry and define block-diagonal matrices of basic geometric parameters. In
each basis the projection operators onto the relevant subspaces of # are
represented by block-tridiagonal matrices of supplementary geometric param-
eters. Sections 5-7 explore relations between these geometric parameters and
expressions are obtained for the supplementary geometric parameters in terms of
the basic geometric parameters. The identities between the basic geometric
parameters motivate us, in Sect. 8, to introduce a new basis set of fields for #°: in
fact we obtain a special set of orthonormal fields, denoted as a canonical basis set.
From these fields we define the weights and normalization matrices. They are
biased with respect to one of the components, called the reference medium, and
determine the basic and supplementary geometric parameters. (A simpler, more
direct, way of defining the canonical basis set of fields and the associated weights
and normalization matrices is given in Appendix 1.) Section 9 shows that the two
sets of weights and normalization factors associated with two different choices of
reference medium are related by orthogonal transformations that in turn are
determined by the lower order weights. In Sect. 10 we find that the duality of
electric and current fields in two dimensions implies identities amongst the
geometric parameters: the normalization factors of isotropic two-dimensional
composites are simply identity matrices while anisotropic composites with d=2
and n=2 have isotropic weights and have normalization matrices of unit
determinant.

The continued fraction expansions for o* are developed in Sect. 11 first from
variational principles and subsequently from the field equation recursion method.
The recursion relations that generate these continued fractions are manipulated in
Sect. 12 into other equivalent forms that generate other continued fraction
expansions. Various types of terminating continued fractions are examined in
Sect. 13 and the simplest of these correspond to well known variational bounds on
o* [17-22], denoted as Wiener-Beran and Hashin-Shtrikman variational bounds.
Bruggeman’s effective medium approximation [23] for o* is found in Sect. 14 to be
generated from a very simple choice of weights and normalization factors. Finally
the extension of the results to related transport problems is discussed in Sect. 15.

In Part II, which follows directly after Part I, the analytic properties of the
continued fractions are investigated and a comprehensive set of bounds on o* is
derived. When the component conductivities g,, a=1,2, ..., n, are complex, finite,
and located in an open half of the complex plane it is found that each diagonal
element of o* is confined to a hierarchy of nested inclusion regions in the complex
plane which converge to the exact value of the diagonal element as successively
higher order weight matrices and normalization factors are incorporated in the
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bounds. The boundary of each region is piecewise analytic, comprised of at most n
circular arcs joined by sections which are not circular.

Those readers only interested in grasping the results should turn to Part II and
read the Introduction and Sects. 2 and 4 in that part. Other readers who seek more
details (but who don’t want to follow the full treatment) should in addition read in
Part I all of Sect. 2, the first few paragraphs in Sects. 3-8, and all of Appendix 1 and
Sect. 11, and in Part II all of Sects. 3 and 4, and the first few paragraphs in Sect. 5-8.

The definitions given in Sect. 11 for the scalar weights w{?=1—w{" and
normalization factors n' of two-component isotropic composites differ slightly
from the definitions of weights, w, ;=1—w, ;, and normalization factors, n;, given
earlier in [12]. They are, however, related via the identities

wi=w, ;, w¥=w,;, nV=1/n_,. (1.2)
Also given any symmetric positive definite matrix A, such as W? or N9, we will let
B=A"t, A=AV, A=A, (1.3)

denote the inverse, square root and inverse square root of the matrix A to avoid
clashes between exponents and superscripts.

2. Projection Operators and Hilbert Spaces

This section is concerned with defining projection operators onto various Hilbert
spaces associated with fields in composite materials. Similar formal approaches
have been introduced by Willis [21], Kohler and Papanicolaou [24], Kantor and
Bergman [25], and Dell-Antonio et al. [S]. The formalism leads to an elegant
geometrical interpretation of the effective conductivity tensor o*.

Consider a d-dimensional periodic composite material with unit cell 9 of
volume 77(2) and let o' denote the Hilbert space of square-integrable complex
vector fields that have the same periodicity as the composite. On this Hilbert space
the standard norm |

’ T ’

{P|P 7/(@ [ dxP(x)"P'(x) (2.1)
is defined for any two fields P, P’ € #”’, where P denotes the complex conjugate
of P.

Three subspaces of #” are of prime importance: these are (i) the Hilbert space
4 of uniform fields, (ii) the Hilbert space & of curl-free, average zero (electric)
fields, and (iii) the Hilbert space ¢’ of divergence-free, average-zero (current) fields.
The subspaces are real-symmetric in the sense that if they contain a field P then they
also contain its complex conjugate P. Associated with these Hilbert spaces are the
projection operators [y, I, and I, defined through the equations

P >=D,[P) iff P0=@;dxp(x), 2.2)

[EY=I,[PY iff VxE=0, V-(E—P)=0, I,E)=0, (2.3)
=GPy iff 7-J=0, VxJ—P)=0, IL|J)>=0. (2.4)
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By the divergence theorem, it follows that I, I, and I, project onto mutually
orthogonal spaces (%, &, and #') and hence satisfy the identities

LI=6,T;. 2.5

Also, since any average-zero vector field can be split into divergence-free and curl-

free parts, we have
Sh=1, 6)

in which I is the identity operator. Because of this last identity it is only necessary
to introduce the operators I and I, and I is in fact just the integral operator
VA=V, where 471 is the inverse Laplacian [24]. (In Fourier k-space the operator
I is local with elements k;k;/k*> when k 40 and with zero elements when k=0.) To
preserve symmetry, we will also use the operator I.

The composite is assumed to be composed of a finite number, 1, of components,
each with homogeneous, isotropic conductivity o,, a=1,2, ..., n. The structure of
the composite is represented by the characteristic functions,

%=1 1in component a;
(2.7)
1.=0 elsewhere,
which can each be regarded as a projection operator mapping any field P e s#”
onto the real-symmetric Hilbert space £, consisting of all those fields which vanish
outside component a. Since no two components overlap, these operators satisfy

Xako= 5abXa s (28)
and because the components occupy all space we have
; Ya=1. (2.9)

a=1

The operators y, and I; do not commute.
In terms of these operators y,, the local conductivity, g, of the composite is
given by

o= a; YaOa > (2.10)

and relates the equilibrium current field, j + J*(j), in the composite [where j € % and
J*(j)e #'] to the equilibrium electric field, e+ E*(e) [where ee % and E*(e)e &'],
via the field equation

+J*(G)> =ole+E*(e)). (2.11)

As Papanicolaou and Varadan [26] and Golden and Papanicolaou [27] have
established on the basis of the Lax-Milgram lemma [28], this field equation has a
unique solution for j, J*(j), and E*(e) as a function of the average applied field e
provided the n component conductivities o,, a=1,2, ..., n, are finite and lie in an
open half of the complex plane, and provided the characteristic functions are
measurable. Under these conditions, (2.11) similarly has a unique solution for e,
E*(e), and J*(j) as a function of j.
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Once the field equation is solved the effective conductivity tensor o* can easily
be computed from its defining equation (1.1). The function o*(¢4,0,, ...,0,) thus
obtained is merely determined by the orientation of the three orthogonal
subspaces %, &', and ¢’ relative to the orthogonal family Z,, a=1,2,...,n. In the
ensuing analysis of Sects. 3-8 we strive to obtain a concise way of representing the
relative geometrical orientation of these subspaces.

3. Perturbation Expansions and Field Hierarchies

Perturbation expansions for electric fields and current fields within nearly
homogeneous materials have been studied since the pioneering work of Brown
[29]: see also [30, 31] among others. Here we show how the perturbation
expansions can be naturally expressed in terms of hierarchies of electric fields and
current fields: these real fields depend on the structure of the composite and not on
the material properties of the constituents. The approach serves to introduce the
field hierarchies, which form the foundation for developing a suitable basis set of
fields that can be utilized to characterize the relative orientation of the subspaces
and subsequently to obtain a continued fraction expansion for o*. We also define
two hierarchies of polarization fields.

Let us first derive a perturbation expansion for the electric field E*(e) for any
applied field e. Since j+ J* is orthogonal to the space &’ we have

Iole +E*(e)>=0. (3.1)

To solve this for E*(e), choose one of the components, say component g, as a
reference medium and define the conductivity differences

db6¥=0,—0,, (3.2)
which are small for a nearly homogeneous material. From (2.10) it follows that
o=0l+ Y y00@=0, (I— y xa/sf,”), (3.3)
a=1 a¥gq
where we have introduced the variables

qu) = o-q/éac(zq) = O-q/(o-q - O-a) ’ (34)

as defined by Bergman [11]. Substituting (3.3) in (3.1) gives
[I- ¥, Tulsi? |[E¥(€) = 3 Tide)/ss”. (3.5

a¥q a¥q

which can be solved by taking the inverse in &’ of the operator on the left-hand side
and applying it to the right-hand side. Alternatively, to obtain a perturbation
expansion (3.5) can be solved by iteration to yield the expansion

EX@))>= Y Nxded/s?+ ¥ Lixainled/sPsi+ ... (3.6)
a¥gq a,b+gq

for the fluctuating part of the electric field.
To simplify the form of this result we define the new variables

W=, =050 (37
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where a=b, bc, bed, ..., represents a string of component indices, each taking values
1,2, ...,n. Also we choose a basis set for % of orthonormal real-valued uniform fields
Xy, £=1,2,...,d, and define the hierarchy of real-valued electric fields

Eo>=Tixax,>,  [Ee)=Tx/ED, (3-8)

where t=0/=b/,bc/, ... represents a string, o, of component indices followed by a
single direction index 7.

To avoid confusion, italic subscripts (i, j or h) are reserved for component
indices, script subscripts, such as Z, £, and », represent direction indices, and Greek
subscripts stand for strings of indices: the subscripts « and f signify strings of
component indices while all other Greek subscripts represent a string of
component indices followed by a direction index. We adopt the summation
convention that sums over repeated Greek or script subscripts are implied, while
sums over repeated italic subscripts are not implied. Given any string t or o we let o(7)
and o(«) denote the number of component indices they contain, which we define as
the order of the string.

With these definitions, the perturbation solution is simply

E*(e)=<elx,)Eq//s. (39)

Thus the electric field E* can be expressed in terms of the fields E°.

A perturbation expansion for the current field J*(j) as a function of the applied
current j, is obtained by similar steps. We introduce Bergman’s complementary
variables

tfzq) = O-a/(O.a - O-q) =1- qu) > (310)
and define
(=0, = o), (11

together with the hierarchy of real-valued current fields,
e =Dalx s o> =—Lxld?), (3.12)

in which the minus signs are introduced to simplify subsequent calculations.
Starting from the field equation

Lo i+ J3%()> =0, (3.13)
the analysis yields the perturbation expansion
I*(G) = CGlx > Io /1 (3.14)

for the fluctuating part of the current field.

We have thus defined suitable hierarchies of electric fields and current fields.
The definitions suggest we define a hierarchy of real-valued polarization fields,
either via the recursion relations

Po>=xalXe>,  IPe>=1ad1[P7), (3.15)
or through the complementary recursion relations

Po>=ndxsy,  Po>=—yLIPY%). (3.16)
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These two sets of polarization fields P2, and P2 are equally suitable for our
analysis.

From the commutation relations (2.8) satisfied by the operators y, it
immediately follows that

(PP =<PRPYI=0 if a=b. (.17
Likewise the commutation relations (2.5) for the operators I} imply
CEQJES=0. (3.18)

The hierarchies of fields E?, J°, and P2, (or P2°), with t ranging over all possible
strings span spaces &, ¢, and &, that are subspaces of ', ', and .. Since the Lax-
Milgram lemma [28] implies the field solutions E*(e) and J*(j) of (2.11) actually lie
in the Hilbert spaces & and _#, there is no need to consider the larger spaces ", #'
or Z,.

4. Block-Orthogonal Field Basis Sets

The fields E?, J?, and P2, (or P2?) defined in the previous section do not have any
special orthogonality properties apart from (3.17) and (3.18). Hence they are
unsuitable as basis sets of fields. In this section, following the spirit of the Jacobi
tridiagonalization method [10], we use the Gram-Schmidt orthogonalization
process to construct a new set of real fields E,, J,, and P, which are block-
orthogonal to the extent that

CEJE, = I, > =P, P,)>=0 whenever o(u)=+o(q), “.1)

where the order o(w) denotes the number of component indices a string w contains.
Foreach componentindex a=1,2, ...,nand each integer h =2, let &, #,°, and
' denote the Hilbert spaces spanned by the sets of fields

U {E} U U P
o(r)r< h 0(1;< h D(a‘tl) <h
respectively. To establish an appropriate basis set for these Hilbert spaces, first
define the first-order fields,

E,= Egz s Ju= Jz(z)t’ ,  P= ng = P((z)é(’) > 4.2)

for all component indices, g, and direction indices, 7. Next, for h=2,3, ..., o0, and
for all strings = and e with o(t) = o(w)+ 1 = h let the hth-order fields E,, J_, and P,
denote the components of E?, JO, and P2, that are orthogonal to the Hilbert spaces
&y #, and 27, respectively. [ The field P,, can alternatively be defined as the
component of P20 that is orthogonal to £, the equivalence of these two
definitions follows from (2.6).] By this process of construction, the fields E,, J, and
P,. are necessarily block-orthogonal.

Now from the summation relations (2.9) satisfied by the characteristic

functions y, it follows that

Y Eg=E, Y Jo=-J7, (4.3)
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which implies " "
Yy E,.=0, Y J,=0. 4.4)
= a=1

More generally, by the same reasoning given above, we have

L E=Y J= 3% P.=0 (4.5)
b=1 b=1 b=1

for any component index, b, in the string 7.

Thus the fields E,, J., and P,, are not independent. To remove this degeneracy
and obtain basis sets of (generally) independent real fields, we exclude those fields
E_J,, and P, for which 7 contains a component index taking the value q. The fields
in the remaining basis sets will be denoted by E@, J9, and P2, Note that the index
a in P¥ can take the value q.

5. The Basic and Supplementary Geometric Matrices

Not all geometrical features of a composite are relevant in determining the effective
conductivity: there is considerable degeneracy in the sense that many different
composites share the same effective conductivity, even as the component
conductivities are varied. Thus it is important to define a set of geometrical
parameters, that characterize the relevant structural features of the composite.
One candidate is the set of coefficients in the series expansion for o* in terms of the
differences 50'@ between the component conductivities. This set, however, is
unsuitable because it is difficult to calculate the constraints these coefficients must
satisfy to give a sensible conductivity function with the right analytic properties.
Golden and Papanicolaou [16], in a major advance, expressed the relevant
structural aspects in terms of a positive measure yu that occurs in their integral
representation formula for the effective conductivity. Unfortunately the measure
must satisfy certain Fourier constraints that are hard to manipulate and lead to
some unsolved problems in mathematics concerning the characterization of
extremal measures of analytic functions [14].

Clearly the fields E,, J,, and P, contain a tremendous amount of geometric
information. We now assert, and prove in Sect. 11, that the relevant geometric
information is contained in the various real inner products,

UA,UE<EAIE11>9 VA,UE<J1|J71> s Za,/l,nE <Pal|Par1>9 (51)
which we denote as basic geometric matrices and in the real inner products,
UZ,A,VIE<E1|XaIEu> s I/tle,nE<JA|Xa|Jrl> s
ZI,A,){E<PAIFI|P11>9 Z%,l,nE<P}.|FZIPn>:

which we call supplementary geometric matrices. These real geometric matrices
characterize the relative orientation of the n orthogonal subspaces Z,,a=1,2,...,n
with respect to the three orthogonal subspaces %, &, and _¢. We will see, however,
that much of the information they contain is redundant. Our eventual aim is to
obtain a minimal set of invariants (namely the weights and normalization

(5.2)
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matrices) that characterize the relative orientation of the subspaces and, most
importantly, that satisfy simple constraints.

As discussed elsewhere [22, 29-31] geometric parameters such as these can be
expressed as multiple integrals, with appropriate kernels, of the h-point correlation
functions characterizing the geometry of the composite: U, ,, V; ,, Z ;. ,, and
Z} ., depend on o(An)-point correlation functions while Z, , ,, Ul ; ., and V[, |
depend on o(ain)-point correlation functions. The A-point correlation functions
each give the probability that a configuration of h points placed randomly in the
composite lands with certain points in component 1, other specified points in
component 2, ..., and the remaining points in component n: see Beran [31],
Corson [32], Torquato and Stell [33], and Gillette [34] for a discussion of these
correlation functions. The tremendous amount of statistical information con-
tained in the h-point correlation functions currently makes their measurement
prohibitive for h>3. Nevertheless, the automated measurement techniques of
Berryman [35] and the Monte-Carlo computer simulations of Haile, Massobrio,
and Torquato [36] hold great promise. Even if few of the geometrical parameters
can be evaluated, the important point is that they are well-defined and lead to a
continued fraction representation for the effective conductivity, from which a
comprehensive set of bounds can be derived.

The geometric matrices have some obvious properties. By construction of the
fields E,, J,,and P,_[see (4.1)] the basic geometric parameters are block-diagonal in
the sense that

Uin=Vay=Z4,,=0 when o(i)%o(n). (5.3)

In the special case where o(4)=o0(1)=0 the elements of Z, ; , can be directly
evaluated from (3.15) to give

Zo ¢, 4=JOce> (5.4)
where f, is the volume fraction of component a, satisfying

ai fi=1. (5.5)

Although not needed in subsequent analysis, we remark here that the elementary
submatrices U, , and V, ,, with o(4)=o(n)=1, have the additional property

Uaé’,bt’:(d— 1)_1Vat’,bt’=5abfa —fafzn (5.6)

which directly follows from the observation that the trace of I3, taken over the
direction indices, acts as the projection operator onto the class of scalar functions
with zero mean: see [37].

Now noting from (2.6) that the operators I; sum to the identity operator and
recognizing that

<Palu_(')|Par)>=5M’6£’r1fafb:Za,A,{Zb,{,n (5.7

[which vanishes unless o(1) = o(n)=0], we easily deduce the identity

ZY anmt 2 anmt Za 0,02y, 1= 00 0L, 10> (5.8)
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in which summation over the direction index £ =1,2,...,d is, of course, implied.
Similarly the formulae

(5.9)

)IM:
Z

I

=
~
I =
<
.

|
N

follow from (2.9).
The geometric matrices and the supplementary matrices are, in fact, singular.
From the relations (4.5) amongst the fields we have

Z Ulrl 2 Vlrl Z Za,lr, 0: (510)

;l UZ,). n— Z VT/l n Z Zl ai,bn = Z ZZ al, bn—o (511)

for any component index c € A or ¢ € #. This suggests we choose some component,
say our reference medium ¢, and let

u=uY,, v=ve, Z2,=Z9

Ao A n> a,i,n>
= 1@ @) 1@ (512)
ljaE Ua,%,qs w V )?115 Z —Zl ai,bn> zz,a,bEZZ,‘le,brp

denote truncations of the full geometric matrices, defined with respect to the basis
fields E9, J9, and P: each component index, ¢ € 4 or c €7 in these matrices runs
overtheset {1,2,...,gq—1,q+1, ..., n}, skipping the value g, while the indices a and
b can equal q.

We will assume, unless otherwise explicitly stated, that the truncated basic
geometric matrices U, V, and Z,, a=1,2, ..., n, are non-singular with inverses U, V,
and Z, satisfying

OPUS =VaVa=20, ZP, ,=d,, (5.13)
in which summation over a is not implied, by our summation convention. This
generic non-singularity condition is not serious and avoids exceptional cases that
would prolong the discussion of the main point.

Note that the truncated geometric matrices contain the same information for

any choice of reference medium ¢ as the full matrices: one can easily deduce the
remaining elements in the full matrices from the identities (5.10) and (5.11).

6. Expressions for the Supplementary Matrices

Here we establish expressions for all the supplementary geometric matrices U, VI,
Z1, and Z} in terms of the basic geometric matrices U, V, and Z,. This shows that
only the basic geometric matrices are needed to describe the relative orientation of
the subspaces. The argument is simple and hinges on various relations between the
hierarchies of fields E,, J,, and P,,.

By construction P, and E, are the components of x,E, and IP, that are
orthogonal to the fields in Q’,fo(r) and &, respectively. The appropriate linear
combinations of fields necessary to ensure this orthogonality are, in fact, easy to
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find: given any 7 with o(r) 21, let us establish the identities:

Pat = XaEr - i UZ,< . Pl(gT)ng)d, u<Pau|Er> > (61)
E=IP — . GZQE?’US‘,)KE#IPJ ) (6.2)

where the inequality u, o <7 implies the sum extends only over those sets of indices
1, o with o(u), o(o) <o(z). To prove (6.1) it is only necessary to show that P, given by
(6.1) is orthogonal to all the lower order fields in 2,7, . By taking the inner

product with any field P such that o(w)<o(t), we obtain the result
(PP, >=(PRIE>—Z¥, ,Z0, (P,IE, (6.3)

a,w,60a,o,p
which clearly vanishes and thus establishes (6.1). The relation (6.2) is proved by
similar argument.
Now by taking the inner product of (6.1) with any field P,,, with o(®) = o(t), we
deduce
P lEY=Z,,. when o(w)=o(r)
=0 when  o(w)>o(7). (6.4)
Similarly, the second identity implies
(PJE,>=U,, when o(w)=o(r)
=0 when o(w)>o(t). (6.5)

We have thus obtained a complete expression for the inner product matrix
(P,E,> in terms of the basic geometric matrices U and Z,. Now by taking the
inner product of (6.1) with an electric field E,, rather than P, and by taking the
inner product of (6.2) with P, rather than E,, we obtain two more important
relations, namely

Ulo=<BolPu + T <EolPur)Zily iPulEs. (6.6)
Z 0= CEIP) + T (POIE) T, CE,P. 6.7)

When combined with the above expression for (P,|E,) the first relation gives

Ujm, [ Uar, o + Ut, aw + Za, T, + Ut,aaziz?)a, uUau, > (68)

or equivalently, in symbolic form,
ul=U,+Ul+2,+U;2;'U,, (6.9)
where U] and Z,, are matrices that have elements U] and Z{, , labelled by t and

w,whileforeacha=1,2,...,n, U,, with transpose U, is the submatrix of U that has

elements U, ,, which are non-zero only when o(w)=o(t)+ 1. In this sense U, is

block-superdiagonal matrix, U being a block-subdiagonal matrix. Thus the matrix

U! is block-tridiagonal: its block structure is of the Jacobi form [1, 10].
Similarly, the second identity (6.7) implies

Zl,at,bw= Zb,at,(o + Za,r,ba) + Uat,bc) +Za,r,a'Ufrq,)qu,u,a) s (610)
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unless o(t)=o(w)=0, in which case

Z3 aebe=Udeps - (6.11)
Equation (6.10) can be written symbolically as
Zy yv=2Zy+ 20yt U, + 22U 12, (6.12)

in which Z, , is, for each pair of component indices a and b, a block-superdiagonal
submatrix of Z,, with elements Z, .. ., labelled by 7 and w.
By considering the fields J, and P, we similarly deduce that

P> = Vo~ Zae (6.13)
and thereby arrive at the block-tridiagonal expression
Vie=—V,=Vi+Z,+V/Z1V, (6.14)
for V! in terms of Z, and V and at the block-tridiagonal expression
Zy y=—2y — 2l 4V, + 2V Z,, (6.15)
Z} ar =Yz, (6.16)

for Z} in terms of Z, and V. Thus we have obtained formulas for all the
supplementary geometric parameters in terms of the basic geometric parameters.
An additional useful relation,

<Jw|Xa|Er> = Vm,at - Za,co,r_ Uaa),t + Vw,aozfz({)o',uUau,r s (617)
is obtained by taking the inner product of (6.1) with the current field J,,,.

7. Relations Between the Basic Matrices

The basic geometric parameters themselves are not, in fact, independent. From
(6.8) and (5.9) [and from (6.14) and (5.9)] we deduce

n n
— _ 7(a)
Zl Za,l,n_ Ul,n Zl U/l,awZa,w,tUar,n
a= a=

= Vl,n_ Z Vi,awz«(z‘{)m,tl/;zt,n’ (71)
a=1
and (5.8) with (6.12) and (6.15) implies
Ua,b+ Va,bzéabza—za(0+ V)Zba (72)
while (5.8) with (6.11) and (6.16) gives the result
Uit,bet Vaebe=0wZa,t, 6= Za,t, oty 4 - (7.3)

These relations are somewhat complicated and it is not obvious how we can
generate sets of positive definite basic geometric matrices compatible with them.
Our aim here is to reexpress the relations in a simpler form and to develop a
scheme for generating all such sets of allowable basic geometric matrices.
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From (7.1) and (5.10), U and V are solutions for X of the quadratic matrix
equation
. . XHX—-X+G=0, (7.4)
in which ;
G= Y Z,, H,=Z;'+06,2,". (7.5)
a=1

By completing the square we obtain
[AX—3MA) =41-HGA, (7.6)

where A and A are the inverse and square root of 4. This has multiple solutions for

X, namely . .
X=1A+HVY[LI-AGH]'*H, (7.7

in which A is the inverse of A and ¥ is any symmetric, block-diagonal matrix
commuting with AGH, such that

W=/, (7.8)

Hence W must share a common set of eigenvectors with AGH, with
eigenvalues +1.

The matrices U and V in fact correspond to opposite roots of Eq. (7.4), unless
the roots of the equation happen to coincide. That is, for an appropriate choice of
Y, we can identify the + sign solution in (7.7) with U/ and the — sign solution with
V. This result is a consequence of the relations (7.2) and (7.3) satisfied by U and V
and is established by induction. Let U, VU Z() G and HY denote those
submatrices along the block diagonals of U, V, ..., and H, with elements U, V9,
Z@ ., G and HY, satisfying o(t)=o(w)=j. To show U and V correspond to
opposite roots of (7.4) we need to prove that for all j,

U 4y = HO) (7.9)
First we establish that any symmetric matrix D of the form
~ Da,bzéabAa+BZC-le (710)
has inverse D given by
5a,b=5abA;‘—AJIBZ<C+ y BgA;IBgT>‘IB,,A;1. (7.11)
g*q

This is accomplished by taking the product of D, , with D, , given by (7.11), and
summing over b (#¢) to obtain the expression

8yl =0, /+BIC™1 [/— <c+ b;qB,,A,,“BE) <c+ g;quzﬁlg“lBgT)’l]BcAf h
(7.12)

which is clearly an identity. Now H, defined by (7.5), is of this form (7.10) with
A,=Z;',C=2,, and B,=/ (for all a) and hence its inverse is

AH,,=0,2,—2,GZ,. (7.13)
It thus remains to prove

U+ Vi = 5,20~ 29~ IGU 120, (.14
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for all j. Clearly (7.3), (5.4), and (7.5) imply this relation is satisfied when j=1. So
suppose (7.14) and hence (7.9), holds when j=g for some g. By substituting (7.9)
in (7.4) and taking X=U we have

GY =9 U(g)(U(y) + V(y))— Lye) , (7'1 5)

which implies
G =9 + §@ . (7.16)

By inserting this back in (7.2) we establish that our proposed relation (7.14) holds
when j=g+ 1. By induction on j, (7.9) and (7.16) are satisfied for all integers j and
g. Conversely, the initial equations (7.1)+7.3) must hold whenever U, V, and Z, are
chosen compatible with (7.9) and (7.16).

From the definitions (5.1) it is clear that the basic geometric parameters are
positive semidefinite matrices. Any set of (block-diagonal, symmetric, real) basic
geometric matrices that satisfy the positivity conditions,

U=0, V=0, Z,20 Va, (7.17)

the consistency relations (7.9) and (7.16) [which imply (7.1)+7.3)] and the
additional orthogonality constraint that

;l Zi,4=0s4 (7.18)

will be called allowable. Clearly any actual composite corresponds to an allowable
set of basic geometric parameters. Thus the set of allowable geometric parameters
encompasses the set of physically realizable geometric parameters. The converse,
however, is not true. In particular, an allowable set of geometric parameters need
not satisfy (5.4) or (5.6): clearly the orthogonality constraint (7.18) is a weaker
condition that (5.4). Nevertheless, as we will see in Sect. 8, any set of allowable
geometric parameters does describe the orientation in some Hilbert space # of
three appropriately chosen orthogonal subspaces %, &, and _#, spanning 5, with
respect to n other mutually orthogonal subspaces 2, a=1,2, ...,n, spanning .
Thus the “effective tensor”c (04,75, ..., 6,) is still well-defined [via (2.11) and (1.1)]
for any allowable set of geometric parameters, and for any set of variables
0, a=1,2,...,n, located in an open half of the complex plane.

It is now apparent from (7.7) how we can generate all possible allowable sets of
basic geometric parameters. We begin by choosing any set of n positive
semidefinite symmetric real d x d matrices Z, a=1,2, ..., n, satisfying (7.18). Next,
supposing the matrices Z{/~ ") have been specified, for some j= 1, we choose any set
of n symmetric real d(n— 1)’-dimensional matrices Z\ satisfying the inequalities

Pl

Az S 70, 7920, (7.19)
a=1

where A is calculated from the matrices Z{~ " via (7.5). This constraint is
necessary to ensure (7.7) has real, positive definite solutions for U and V¥ in
terms of the matrix W\, that is in turn selected to be any matrix sharing a common
set of eigenvectors with APGYWAY having eigenvalues +1. By repeating this
procedure for successive values of j, starting from j=1, we obtain an allowable set
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of basic geometric parameters. Conversely, any allowable set of geometric
parameters can clearly be constructed in this manner for an appropriate choice of
the matrices Z, and V.

In this scheme for generating allowable basic parameters we need to know the
matrices Z4/~ V) before selecting a possible set of matrices Z¢. Thus, the constraints
on the geometric parameters are coupled between different levels in the hierarchy.
In the next section we show how these constraints can be decoupled by choosing a
different basis set of fields (or “vectors”) in #. The set of allowable basic geometric
matrices are parametrized in terms of a block-diagonal, symmetric set of
fundamental geometric matrices, comprised of normalization factors, N=N%, and
weights W,=WS% , satisfying the relatively simple constraints

N20, W20, ¥ W,=/. (7.20)
a=1

These normalization and weight matrices represent a minimal set of invariants
that characterize the relative orientation of the subspaces. In Sect. 9 we establish
that the eigenvalues of these matrices are preserved under a change of reference
medium which demonstrates that an allowable set of geometric parameters
remains allowable under a change of reference medium.

8. The Fundamental Matrices and a Canonical Basis Set of Fields

To isolate the essential geometric properties characterizing the relative orientation
of the subspaces we need to simplify the form of the relations between the basic
geometric parameters. This is accomplished by transforming the basis sets E¥, J@,
and P into three new block-orthogonal families E/9, J/@, and P2, related to the
old fields via the special linear transformations,

E;(q)= L(th)w E(O‘,’) , qu) — L(,,‘{)IE;(‘” , J;(q) — L(g)w Jf,%), , ng)z L(”q’)i J;(q) ,
7 8.1
P =KO,PD,  PW=RYPY, &1

where the not necessarily symmetric transformation matrices L =(£) ™', K=(K)~*
are selected to be block-diagonal to preserve the block orthogonality of the fields.
Note that the electric and current fields are transformed by the same matrix L,
while the matrix K transforming the fields P9 is independent of the component
index a. Under this mapping the basic geometric parameters U, V, and Z, are
transformed into a new set U/, V', and Z,,. We seek a set of transformation matrices
L and K such that the new basic geometric parameters have the summation

properties n
u+v=l, Y Z,=1, (8.2)
a=1

which is a natural requirement considering that the relations (7.9) and (7.16) that

we wish to simplify incorporate the matrix combinations U+ V and Y Z,. Any
a=1
such set of matrices satisfying (8.2) can of course be replaced by a set of

normalization factors, N, , and a set of weights, W4 . defined implicitly through
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the equations

U=(1+N)"1, (8.3)
V=(I+N"H1, (8.4)
Z,=W,, (8.5)
where
a_fl W,=1. (8.6)

The motivation for introducing these normalization factors and weights is simply
that they appear to play a natural role in continued fraction expansions of the
effective conductivity: they are the generalizations, to anisotropic multicomponent
composites, of the weights and normalization constants introduced for two-phase
isotropic composites [12].

One significant consequence of the requirement (8.2) is that it ensures the fields

n
Xfff) = Zl P;‘Z,) , yﬁq) = E;(q) + J;(q) , (8.7)
a=

when taken together and defined for all strings @ and 7 with o(w)=0 and o(z) =1
form an orthonormal basis set for #, which we denote as a canonical basis set.
(Other canonical basis sets are obtained by selecting a different reference medium
or by choosing a different basis set of uniform fields x,,/=1, 2, ...,d.) To prove this
first note that the orthonormality

<Xg)|xf7q)> = 5(0;7 s <y$:q)lYS1q)> = 51,{ ] <Xﬁg)ly§‘“> :0 (88)

of these fields is established by substituting (8.7) in (8.8) and using (8.2), (8.1), and
(5.10) together with the expressions (6.4), (6.5), and (6.13) for the inner products
(POIEDY and (P@|J?>. Next note that the d independent uniform fields
xP=K%¥x,, £=1,2,....d, clearly span %. Subsequently, a simple counting
argument establishes that for any given integer g=1 the 2k =2d(n— 1)? indepen-
dent fields x? and y§ with o(t)=o0(4)=g span the same subspace of £@_¢ that is
spanned by the 2k independent fields E¥ and J with o(c) = o(u) = g. Therefore the
fields x@ and y@ with o(w)=0 and o(t)=1 span #.

Itis not a priori clear from the definitions (8.7) why the fields x'2 and y% should
form an orthonormal basis set. In fact there exists a much simpler way of defining
these fields and the weights and normalization matrices that avoids much of the
lengthy analysis of Sects. 3-8: this alternative formulation is discussed in
Appendix 1.

Of course, we still need to establish that suitable transformation matrices L
and K exist. From (7.9), (7.16) and the defining equations (7.5) for G and H we have

G '=KTK=LT[2I+N+N"1]L, (8.9)
Hoy= Y LT L, ,=K"Y, K, (8.10)

where o
Viy= W, t+6,W, 1, (8.11)
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and H, ,and L, ,,for each pair of component indices a and b, are those submatrices
of H and L with elements HY ,, and L) ,.. To ensure the relations (8.9)-(8.11) are
satisfied we make the obvious choice and select K and L such that

K=N+N)L; N=N)"'=N"2, (8.12)
Lyy=VY, K, (8.13)

where ¥=Y@_ denotes the positive definite symmetric matrix that is the square
root of ¥, satisfying o
Z Ya,be,c=Va,c' (814)

b*gq
These equations, together with the identities
N=(LULT) *—/, (8.15)
W,=KZ KT, (8.16)

implied by (8.1), (8.3), and (8.5), serve to define by recursion the transformation
matrices K and L, the normalization factors /V, and the weights W,. To see this, let
YO, KD LD NP and WL denote those submatrices along the block diagonals of
Y, K, L, N, and W, that have elements Y@, K@ L@ N9 W4  with
o(t) = o(w) = j. Now if K is known for some integer j then (8.16) enables W and
hence YY"V to be calculated, via (8.11). Then from (8.13) LUV can be determined,
which with (8.15) gives NU* 1D, Subsequently through (8.12) we deduce KW+ 1,

To complete this definition the initial matrix K© needs to be specified: for
simplicity, the natural choice

K§y=0 (8.17)

is made, which with (8.7) implies that x =x,, for /=1,2, ...,d. This gives a set of
clementary weights

Wi =284 (8.18)

satisfying (8.6) as a consequence of (7.18).
Conversely, by similar inductive reasoning, if V and W, are known, then the
initial equation (8.17) and the relations (8.12), (8.13) with the identities

U=L(+N) LT, (8.19)
V=I(/+N"YH 1T, (8.20)
Z,=RWR", (8.21)

which follow from (8.3)(8.5), enable the basic geometric parameters U, V, and Z,
and the transformation matrices K and L to be recovered. Moreover, any block-
diagonal choice of N and W, satisfying (8.6) will yield a set of basic geometric
parameters consistent with (7.1)~7.3): this can be verified by direct substitution,
and has been ensured by the choice of K and L compatible with (8.9) and (8.10).

Now the positivity of the matrix U implies the eigenvalues of /V lie in the
interval (—1, 00), while the positivity of V implies the eigenvalues of N ™' are
similarly confined to this interval. Therefore / must be a positive-semidefinite
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matrix. Also, the positivity of the matrices Z, directly implies, via (8.5), the
positivity of the weights W,. Conversely, any choice of positive-semidefinite /V and
W, leads via (8.19)-(8.21) to a positive-semidefinite set of geometric parameters, U,
V, and Z,.

Thus we have obtained a complete characterization of the set of allowable
geometric matrices: they are the set of basic geometric matrices which follow from
any choice of symmetric, positive-semidefinite, block-diagonal matrices NV and W,
satisfying (8.6). For this reason the normalization factors and weights are called
fundamental geometric parameters.

From (5.4) and (8.18) the elementary weights for a real composite material take
the values

WG o =fubse> (8.22)

and (5.6) in conjunction with (8.15), (8.13), and (8.17) implies that the elementary
matrices U’ and V' satisfy
:z(g)bfz(d“ 1)_ ’t(’q;)fzéab' (8.23)

Consequently when the composite is isotropic the elementary normalization
factor is given by

N pe=(d—1)0u0,, (8.24)

while for an isotropic two-component composite (8.23) implies that the eigen-
values ), £/ =1,2, ..., d, of the elementary normalization factor N*) are related via
the identity

‘21 1P +1)=1. (8.25)

The projection operators I;, i=0,1,2, and y,, a=1,2,...,n, have an elegant
matrix representation in the canonical basis set (8.7) in terms of the normalization
factors and weights. Let us introduce the geometric matrix

)2(31’)1”1 o 5ab W(q) W(q) W(q) (8.26)
with positive square root ¥ defined by

I 0000 =Y. (8.27)

These matrices ¥ and Y are in fact the inverses of ¥ and ¥, defined by (8.11) and
(8.14): this clearly follows from a relation analogous to (7.13). Consequently from
(8.12) and (8.13) we have .
LR=N+N)"1=0V, (8.28)
KL, ,=Y,,. (8.29)
Now by using (8.7) and (8.1) to express the fields x@ in terms of the fields P we
deduce that for all strings = and A with o(z), o(2) > 1,

n n
<X(tq)| F1 !X(}.q)>= Z Zl K(q) Z];(?w - K(q) — K(q) G(q) U(q) G(q) K(q) (8.30)

a=1b=
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where the latter identity follows from (6.10), (5.10) and the definition (7.5) of G. In
conjunction with (8.9) and (8.28) this implies
ONLIXPY =y LIyPy = V9. (8.31)
The same approach gives the expressions
YOLIYEY = (OG0 = UL,
XO|LIYEP) = — XLy P) = U979, (8.32)
<X(q)|pllx(q)> <X(q)|p2|x(q)> 0,
for the remaining matrix elements of the operators I and I, and in conjunction
with (6.8), (6.14), and (6.17) gives the expressions
XSl =Wee,,
YYD = Vs Wil 1 Va1 (8.33)

PN

CELVAVEDED R

for the matrix elements of the operators y,: these formulae even apply when a=g,
provided that we define .
Veor=— ¥ B0 (8.34)

b¥gq

Since the elementary fields x{ = x, span %, the matrix representing I, is especially
simple. The only non-zero elements are

<X(q)!Fo]x(q)> O (8.35)

In summary these matrix representations of the operators I; and y, have the
block structure illustrated in Figs. 1 and 2. They can be expressed in terms of the

Fig. 1. Block structure of the matrix representing the projection operator I in the canonical basis
set (8.7). The matrix representing I, can be obtained from this matrix by interchanging U’ and
V') and switching the signs of the off-diagonal matrix elements 0"V
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Q
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Fig. 2. Block structure of the matrices representing the projection operators y, in the canonical
basis set (8.7)

normalization factors and weights by substituting (8.3), (8.4), and (8.11) in the
above formulae. Furthermor¢ it can be checked, by direct matrix multiplication,
that the matrices represent projection operators satisfying (2.5), (2.6), (2.8), and (2.9)
for any choice of allowable normalization factors and weights.

Thus when the geometric parameters are allowable (but not necessarily
realizable by a real composite material) we can consider ## as an infinite
dimensional vector space and define %, &, ¢, and Z,, for a=1,2,...,n, as those
subspaces onto which the matrices representing Iy, I, I, and y, project. The field
equation (2.11) and the effective tensor o* are perfectly well-defined in this
Hilbert space. Note that the matrix elements of I7 and I, only depend on the
normalization factors while the matrix elements of y, only depend on the
weights.

Representations for the fields E/@ and J/@ in this canonical basis set are
obtained by projecting y%, defined by (8.7), onto the subspaces & and #. From
(8.31) and (8.32) this gives

E= U9y +U97,0x,
R (8.36)
JO=V0yp — D900

Rather than working with these fields which have an awkward representation let

us define
E;;(‘” — U:,(,‘{)E;(‘D — y;q) + Nflq)a Xftq) , 637
J;’f(q) — [7"/,(3) J/l(q) - yi,“) _ /\'/gz)axf’q)

as two new sets of basis fields for & and ¢, that have the advantage of a concise
representation in the canonical basis set. Similarly we can define the polarization
fields

P = W0, P =x+ W, S0,.5 (838)

art,

with o(w)=0, as a new basis set for Z,.
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9. Effect of Changing the Reference Medium

The fundamental geometric parameters, W,=W9)  and N=N{,, were defined
with respect to a specific reference medium labelled by the index g. Here we
consider the type of transformations these parameters and matrices undergo as the
reference medium is changed from component ¢ to say component p=g.
When the reference medium is changed the vector basis sets E@, J@, and P

are replaced by new vector basis sets
E(p) M(” q)E(q) Jip)= Mip&;Q) Jig) , P(p) M(p q)P(q) (9'1)
where the block-diagonal transformation matrix M is given from (4.5) through the

recursion relations
M. D =
g’pfq) - 5/;5 Sll,’bq - 6ab 6aq 5

9.2)
MER,=MEGIME9,  MEO=0 for oft)+o(w),
which apply when p=gq. In conjunction with (8.1) this implies
E/(p) Lw‘(p q)E/(q) J/(p) L’r(p - 4) J/(q)
9.3)
P/(p) KT(p q)P/(q)
where
LEO=LOMPPLY,, 04

KIEO=KOMYPRE, =0, i ofr)=o0(w)=0

are block-diagonal linear transformations. From these relations we deduce

s Q)T — , )T
U= LIGOUMLGST, V= LT,

, , (9.5)
70, =KI9zZ0 Koo,
and by substitution in (8.2), the result
LGOI =5, KIGOK[EIT=5,, 0.6

follows. Thus LT and KT are block-diagonal orthogonal matrices. Consequently,
from (9.5) and the definitions (8.3)—(8.5), the weights and normalization factors
must transform linearly, satisfying

N, = LIGON@LIGAT, W2, =KIPOWe K%, (0)

Furthermore, since L and K are orthogonal, the eigenvalues of N and WA must
be preserved under changes of reference medium.

Now note that (8.28) and the transformation rules (9.7) for the normalization
factors imply

KL= LG KO, LD, LG0T 98)
By substituting (9.4) in this expression, we obtain the identity
10, 9) — K1,
LI®9=K7 ? 9.9)

that equates the two transformation matrices.



Composites and Continued Fractions I 305

Such a simple result does not in general follow from (8.29) because the
transformation
Y(f)b — z K’r(p q)M(p q)y(q) M(p T g1, 9T (9‘10)
ar,bn g,h*q .0
satisfied by the matrix Y is not an orthogonal transformation for composites with
more than two components because M is not an orthogonal matrix. Nevertheless,
(8.29), (9.7), and (9.9) imply
YW= Y Ki%GOMPPY,0 KIGOT, ©.11)

g¥q

and by comparing this with (9.10) we deduce
K= DO YD pIOTKHG= DT — gD YD AT fpOPADKHDT | 9.12)

where KT, MM, and YY) are those matrices with elements K}%9, MP,9, Y{9 such
that o(1)=o(w)=j. Hence K™? is that orthogonal matrix which transforms

YOMDT DD into KT~ DD YD pOTKHG= DT

Assuming the eigenvalues of YWMDTYW do not happen to be degenerate, this
relation is sufficient to specify the matrix K given K*~ 1), By induction on j (and
recalling that K7 = /%) we can thereby determine the transformation matrix K*
without reference to the intermediate transformations K¥) and K'@,. It is thus
apparent that K depends on the weights but not on the normalization factors.

By substituting (9.3) and (9.9) in (8.7) we find that the canonical basis set x'2 and
y@ transforms into the new canonical basis set

X(p) KT(p q)x(q) y(p) KT(p q)y(q) (9_13)

via the transformation matrix K*.

Aside from switches in sign the matrix M for a two-component composite
merely acts to interchange the component indices 1 and 2 and is obviously
orthogonal. Hence the transformation (9.10) for Y is orthogonal and implies a
similar transformation law for Y which with (9.11) implies

KiP9=MPIKIBD for n=2. (9.14)

This, in conjunction with (9.4) and (9.9), completely specifies the matrices L' and
K': by induction we deduce that

L'=K'=M when n=2. (9.15)

Consequently, for two-component composites, the fundamental geometric
matrices W, and NV remain invariant under a change of reference medium, apart
from a relabelling of indices.

10. Geometric Matrices for Two-Dimensional Composites

On the basis of a phase-interchange relationship due to Keller [38], Dykhne [39],
and Mendelson [40] it has been established [ 12] that the normalization factors are
unity for any two-dimensional, two-component isotropic composite. Here we
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show this property extends to multicomponent isotropic composites. In addition
we establish that two-dimensional anisotropic, two-component composites have
isotropic weights and have normalization factors with unit determinant.

Let @ be the transformation that maps any two-dimensional field P=(P,, P,)
into its orthogonal counterpart,

oP=(—P,,P)). (10.1)
Now for any given polarization field P, the associated current field J = I, P satisfies
V-J=0, VxJ-P)=0, TI,J=0, (10.2)
and consequently we have
Vx@J=0, V-(J—PP)=0, I[,&J=0, (10.3)
which implies ®J=1I;®P, and subsequently that
LP=9T,. (10.4)

This property of the two-dimensional operator @ has been discussed in detail by
Mendelson [40] and Kohler and Papanicolaou [24] and provides the key step in
proving the phase-interchange relationship.

Now since y, and @ commute,

%P =Pila> (10.5)
for all components a, the fields J_, E., and P, defined in Sect. 4 must from (10.4)
satisfy o(a) o(a)
o), =—(—1Y9E,, &J,,=(—1Y"E,,,
1= (1B, @l =(—11VE,, 106)

@Paal = ( - 1)0([1)Paa:2 » @PaaZ = ( - 1)0(‘1)Paa1 s

for all strings, a, of component indices. This implies the identity

Vit g =TI = (PIRDI) = BYE =UY o, (10)
and similarly we have
V.‘Qﬁz = ngql),ﬁl’ Z‘(z‘f)m,m =Z£z‘f)az,ﬁ2: Va(i%z: - U&qz),ma V,‘%f,n = &qf,ﬁz-
(10.8)

These relations are, of course, consistent with (5.4) and (5.6). Next, by noting that
the inner product of any vector with its orthogonal counterpart is zero, we deduce

<C1Paaz1+02Paﬂ1|¢ICIPaazl+62Paﬁ1>=0 (109)
for all real constants ¢; and ¢, and thereby conclude that
Zgg)al,lﬂ: —ng)az,m . (10.10)

For an isotropic material the identities (10.7) and (10.8) imply U=V and from
(8.19) and (8.20) we see that this can only occur when

N=I. (10.11)
Thus for any two-dimensional isotropic composite the normalization factor is simply

the identity matrix, and therefore all the matrix elements (8.31) and (8.32) of the
operators I and I, are completely determined in the canonical basis set.
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For a two-component anisotropic composite the strings «, § in (10.7)~(10.10)
represent either a chain of 1’s if =2 or a chain of 2’s if g=1. If « and  have the
same length, then o= f. Consequently (10.8) and (10.10) together with (7.5) imply
that the matrices Z\), HY, and G are multiples of the identity matrix /., By
applying the principle of induction, it follows from (8.12)~(8.17) that K, L&) WD,
and VY + (VD)™ are likewise multiples of /. In addition J and 7, given by (8.3)
and (8.4), must satisfy relations directly analogous to the relations (10.7) and (10.8)
satisfied by U and V. Hence each normalization factor NV j=1,2, ..., co, must
have unit determinant.

Thus, for any two-dimensional, two-component anisotropic composite the
weights WA, WA, j=0,1,...,00, are sequences of isotropic 2x2 matrices
expressible in terms of positive scalar weights w{’=1—w4’ through the
equation . S

WD =wD for a=1,2, (10.12)
while the normalization factors NV, j=1,2, ..., c0, form a sequence of positive
definite 2 x 2 matrices each with unit determinant. This extends earlier work of
Golden [41] who obtained some elementary relations amongst the geometric
parameters of anisotropic two-dimensional composites.

In summary, we have found simple constraints on the normalization factors
and weights of two-dimensional isotropic multicomponent composites and two-
dimensional anisotropic two-component composites. The question of what (10.8)
and (10.10) imply about the fundamental geometric parameters of anisotropic
multicomponent two-dimensional composites is left unresolved.

11. The Continued Fraction Representation for o*

In the first part of this section we demonstrate how a continued fraction
representation for o* can be developed from the Dirichlet variational definition of
the effective conductivity tensor,

{e|o*|e> = réu? {e+E]| Zx ag.qde+E), (11.1)
€ a=

which holds when the variables g,, a=1,2, ...,n, are real and positive: see Synge
[41]. Although this method sheds light on the connection between the continued
fraction representation and well-known bounds on o¥*, it is not the simplest
approach. As we will see in the second part of this section, the continued fraction
expansion can be obtained directly by using the field equation recursion method,
without resort to variational principles and without assuming the component
conductivities are real. In the remainder of the section we show how the expansion
simplifies for two-component composites.

11.1. The Derivation from Variational Principles

The Lax-Milgram lemma [28] implies that the minimum in (11.1) is attained
within the Hilbert space & spanned by the fields E. and so, without loss of
generality, we can restrict attention to fields E of the form

E=Y E®, (11.2)
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where sum extends over all strings 7 of indices not containing the exponent index g.
Substituting this in (11.1) yields the expression

hn
e’o*e= mm[ 21 08Xl Aol XD+ 2 ; 06 Xl 1Lty
o a= a¥q

+°&(%<EL""’IEZ,“”>+ )y 50a<E¥(‘“IxaIEZ}‘“>) aw}, (11.3)
a*q

which from (8.37) and (8.31)—(8.33) can be re-expressed in the form

e’o* e= min { Y (0,6"W,e+260,eTY,0)

3 a=1
+aT[@ + Y (0 WA +250,77 ]a} (11.4)
a=1
here -
whet O=q/+ Y S0, VIW,Y, (11.5)
a®gq

is a block-diagonal matrix and Y, with transpose Y7, is that submatrix of ¥ with
elements Y9,

Now definea'?, j=1,2, ..., c0, as that subvector of & with elements o, for which
o(t)=j. Similarly let W, N, Y9 and © denote those submatrices of W,, N, V.,
and © with elements W9 ,, N9 79  and 6%, such that o(t)=o(w)
=1+0(4)=j. With these definitions (11.4) implies

n h n
e’o*e=min lim |: Y e W+ Y alT <@“)+ ¥ o*a/V”)W,ﬁJW“)) al?
=1 a=1

a h—oow|a=1

h
+2y ol

ji=2

T( y 50“)?21’)T>N(j—1)a(j—1)+2a(1)T< Y 56“)7;1)7){"

a¥gq a+gq

(11.6)

Thus o/ only couples with itself, a* 1 or a/~ 1 (or e if j=1), which is why a
continued fraction expansion for o* can be developed.

We now assume the operations of taking the limit 2— co and the minimum over
o in (11.6) can be interchanged. By differentiating (11.6) it is evident that the
optimum choice for a® is

oA=(O 4 AN (5 o, TR o, (117)
a=q

where "
QP= Y o WP, (11.8)
a=1

To repeat this procedure define, by recursion, the sequence of tensors

QU-D_ i WV Y 56, VIO + NOQURUT1PITSG,  (11.9)
a=1 a,b*q

for j=h,h—1,h—2, ..., 1, where Y and © are defined via (8.26) and (11.5). (Note

that Q) ="Q) depends on the truncation integer h.) After substituting (11.7) back
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into (11.6) and minimizing over a®~ Y a®~2, .. a¥), giving

oD =(OW + NOQUIAIN~1 ( Y 50“)7;,-”) NG~ D=1 (11.10)
aFq
for j>1, and
a“’=(6‘”+/V(”Q‘”/V‘”)‘1( )y 5oq?;1>T)e, (11.11)
a¥q
we finally obtain the identity
o*=Q® (as h— ). (11.12)

A continued fraction representation for o* results when (11.9), or its equivalent
form .
QU-1 — z oan—l)_ Z 50-‘1/‘(11')
a=1

a,b¥q

% [aqV‘f’+ ; 56 JOTWRI~ DI 4 V(j)N(j)Q(j)N(])Y(J)J‘l 1978,
c¥q
(11.13)

is repeatedly inserted in (11.12): here /¢? denotes the submatrix of the identity
matrix /¢ that has elements I,; ,=J,, , With o(w)=1+o0(4)=j. When h is kept
finite, (11.6) implies

o*<Q©  (h finite), (11.14)

and thus the continued fraction expansion, terminated by (11.8), forms an upper
bound on the effective conductivity o*. We call such a bound a Wiener-Beran upper
bound of order 2h+ 1, in recognition of their pioneering work [17, 18] on bounds of
this type: the bounds incorporate information about the composite contained in
(2h + 1)-point correlation functions. In fact the overall procedure outlined in this
section [starting from the Dirichlet variational principles and using trail fields of
the form (11.2)] is an extension of earlier collaborative work with Phan-Thien [22]
in which the general bounding method of Beran [31] was implemented to obtain
third-order bounds on multicomponent composites: see also the related work of
Kroner [20] and Willis [21], among others.

Note that the (2h—1)th-order Wiener-Beran upper bounds necessarily get
tighter as h increases because our set of trail fields includes more and more fields.
Hence the matrices Q¥ ="Q®, h=0,1,2, ..., oo, form a decreasing sequence. Since
they are bounded below by o* the limiting matrix “Q(® must exist, as implicitly
assumed in (11.12). The question of interchangeability of the minimum over o and
the limit h— oo in (11.6) therefore hinges on whether the (2h— 1)th-order Wiener-
Beran upper bound converges to o* in the limit A— co. This convergence will in
fact be established in Sect. 7 of Part II, thereby providing a rigorous justification of
(11.12).

11.2. Derivation from the Field Equation Recursion Method

The tensors "Q%) have a very simple interpretation in the limit A— co. Since their
continued fraction expansion is exactly of the same form as the continued fraction
expansion for o*, the matrix QY(c,,0,, ...,0,) must be the effective tensor in the
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Hilbert space ) ) ) . _ .

HD = %(1)@5(1)@f(1) = g)i])@g)&))@ . @gy) (11.15)
that is associated with the truncated set of geometric parameters W and N¢*+ 1
with g2 .

To prove this directly, thus by-passing the need to use variational principles,
consider the Hilbert space #). From the structure of the matrices (8.31), (8.32),
and (8.33) representing I, I, and y, in the canonical basis set (see Figs. 1 and 2) we
deduce that #V is a subspace of #, namely the orthogonal complement of the nd-
dimensional subspace spanned by the orthonormal fields x, and y&, /=1,2, ..., d,
a=1,2,...,q—1,q+1,...,n. The d(n— 1)-dimensional space %" is spanned by the
fields x‘ while 81 = £ #® and IV = gn#Y, respectively, are spanned by the
fields E“” and J (or E and J®) with o(7)= 2. The component Hilbert spaces
ﬂ,ﬁ”=9am%‘“, a= 1,2, ...,n, are spanned by the fields P¥ (or P?) with o(z) > 1.
Since the canonical basis set satisfies the transformation (9.13) under a change of
reference medium (where KT is block-diagonal) it follows that the Hilbert spaces
AV gD, &V, gD and 2V, a=1,2,...,n,arein fact all independent of our choice
of reference medium, g.

In the canonical basis set the matrices representing the projection operators
'Y, Y, and ¥ that project onto &1, # and 2V are obtained from the
matrices representing I, I, and y, by setting to zero those blocks of elements that
incorporate N and WA?: see Figs. 1 and 2. Consequently from (9.33) we have

n

z 0= Z Gale)_*' Z oaVVtz(,qt)’,{|xt’><x;€|

a=1 =1

+ Y do (q)b((ly(q)> X+ 1%, <yidl)
+

a,b*q

@ (q)><y(q)| (11.16)

a,b*q

where the @%}), are elements of the matrix ©") defined via (11.5).
Now suppose the field equation

(O +I OGO = T oD+ B ) (11.17)

a=1

is solved for jPex™, J*V([V)e #V and E*D(e)es as a function of
eV eyM, Let us define Q) as the associated effective tensor relating j* and e!) via

O = Qe (11.18)

Of course, it remains to show that this definition is consistent with (11.9).
Given any uniform field e e %, with components e, = {e|x,), we seek to find
some field eV =e")(e)e %V, with components e2 = (e|x2>, such that
EX=E*Oe")+eV+ Y edNY,y9, (11.19)
a,b¥gq
is the solution of the field equation (3.1). Note that the last term in this expression
ensures, via (8.37), that E*e&. From (11.16)(11.19) we have

Fl Z o-aXale+E*>

a=1

_ 1
=I7 ) [lx(‘l)>gf$, peesd + ly(q)>< YD, doye,+ ; @fflz),mN 9@ b e{,‘”)]
c¥q

a,b¥q

(11.20)
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which, according to (8.37), vanishes when we set
eW=—NIOW + NHQWAM)~! ¥ 56,V e. (11.21)

b+gq

The field equation (2.11) is thereby solved and (11.19) implies

i>=1To ZI Oudde+E*)
= zl o Wle> + ; X, )00, Y, NVe®) (11.22)
a= a¥+q

where Y,, is that row of the matrix Y with elements Y, . By substituting (11.21)
into (11.22) we conclude that o* =Q® is indeed given in terms of the conductivity
matrix Q) via the relation (11.9). By repeating this argument and successively
introducing the conductivity matrices QY j=2,3,...,00, we obtain the same
continued fraction expansion for o* as implied by (11.9) and (11.12). In contrast to
the variational approach, this derivation of the continued fraction expansion
applies even when the variables o, a=1,2,...,n, are complex.

Note from (11.18) and (9.13) that when the reference medium is changed from
component ¢ to component p, the fundamental conductivity matrices Q% and
Q7 are related via the orthogonal transformation

s ) — s ) ,q)T
Q) =KIG2Qu K GOT, (11.23)

and are both just different representations of the same effective conductivity
tensor, QY. in #V.

Any matrix-valued function ¢, /,£=1,2,...,d, that can be expressed as a
continued fraction of the form implied by (11.12) and (11.9) for some allowable
choice of normalization factors and weights will be denoted as an n-variable
Q-function of rank d and its associated continued fraction representation will
be called an Q-fraction.

11.3. The Recursion Relation for Two-Component Composites

For a two-component isotropic composite the recursion relation (11.9) simplifies
considerably since the weights, normalization factors, and conductivity matrices
take the form

Vvéj)zng)/(j)’ N(j)=n(j)/(j), Q(j)zo-*(j)/(j)’ (11'24)

where wi), n'?, and o* are scalars with
wi +wi =1. (11.25)

The constants w{” and w¥” can be identified via (8.22) with the volume fractions f;
and f,. Also (8.24) implies n®=d—1 and w\® and w?’ in fact correspond to the
fundamental geometric parameters {; and {, introduced in [43], which in turn are
related to a parameter 4 defined by Brown [29] that depends on the three-point
correlation functions. These parameters {; and {,=1-—{; have been accurately
evaluated for cell-materials [43, 44], for regular arrays of spheres and cylinders
[45], and for random distributions of penetrable spheres and cylinders [46-48]
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and have been estimated for random distributions of impenetrable spheres [49,
50]. In fact, following earlier work of Corson [32], a procedure has recently been
developed by Berryman [35] for calculating {, directly via digital image
processing techniques from a cross-sectional photograph of the microstructure.
Ideally all this work should be extended to anisotropic two-component com-
posites: such a scheme has already been initiated by Gillette [34].

By substituting (11.24) in (11.9) we obtain the recursion relation

WY~y g, — )

#(U= 1) —yy(i= 1) G-1)
o =w{ Yo +w§ Vo, — —— - e
POTEE T T Wi g, + Wy Vg 4 nDgrD)

(11.26)

that agrees exactly with the expression [12] derived on the basis of the analytic
properties of 6*(g,,0,), following the approach developed in Appendix 4 of
Part II. The form of the recursion relation was originally motivated by the
structure of simplified expressions for Beran’s variational bounds [18] obtained
independently by Torquato and Stell [46, 517 and Milton [43], and by work of
Berryman [52] establishing a connection with Bruggeman’s effective medium
approximation. (This connection is developed further in Sect. 14.)

For an anisotropic two-dimensional, two-component composite the recursion
relation again simplifies due to the special structure (10.12) of the weights and we
have QU= (W™ Vg, +w§~ Vg )= D — i~ Dy~ (g, —g,)?

x [(WY ™ Vo, +wy ™ Vg, )P +NOQUNI~ L (11.27)

where the 2 x 2 matrices N, j=1,2, ..., 0, have unit determinant.

12. Equivalent Continued Fraction Representations

The recursion relation (11.9) can be expressed in three other equivalent forms that
help shed light on the analytic properties of Q-functions (see Part II). Let us
introduce the variables

. $.=8P=(s)1* =[0,/(0,—0,)]' (12.1)
and the matrix
ntW= (ﬁ+(j))— L=y 4 o, LNDQWNWD | (12.2)
By manipulating (11.13) we have
0.;19(1%):/(1'*1)_}_ bz m‘/;j—l)A":I(’j) W(bj—l), (12.3)
a,b*gq

where W/~ is the square root of W/~ Y and A+ is the matrix defined by
~ . . S e A = 1
Aa,l(;J)=Sa{_/fJ{)b+/£1]) [/(])_ Y /21) 8 VVC(J )y
c,d¥q
x D YDTWAI= D 1/fif')i|~1 /E,f’T} S (12.4)
which is expressed in this cumbersome manner so its inverse

AT =(Er D) (12.5)
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can be readily calculated using the identity

(I—A) t—I=A"1-)"1 (12.6)
which holds for any symmetric matrix A. Specifically we find that
D= W DRI OTIUI D s 3 12)

where W{/~V denotes the inverse of WA/~ 1), ie. the square root of W™D,

Thus by inserting the definition (12.2) of " in this formula and substituting
the resulting expression for A™ in (12.3) we obtain an alternative continued
fraction expansion for o*. For a two-component isotropic composite the form of
the resulting recursion relation is particularly simple: the expression

o*U Doy =14 st @O )61 T (128)

is, for example, obtained when o,=0,. A slightly different form of this continued
fraction expansion (12.8) was derived by Golden [14, 41] and is essentially
equivalent to the well-known expansion of Stieltjes functions as S-fractions [1, 2].

Some additional continued fraction representations are obtained by defining

- W= W) 1=/ {0, (12.9)
the matrix,
A= — W OWYID—AFD, (12.10)
and the inverse matrices
Q(j)E(_Q(j))—l’ E"U)—:—(A_(j))_l, (12.11)

which, in fact, satisfy relations analogous to (11.9), (12.2), (12.3), and (12.7). To see
this first note from (12.2) and (12.6) that the equation

N0 =9 4 g NOFIND (12.12)

is satisfied. Second, by substituting (12.7) in (12.10) and using (12.9) and the
defining equation (8.26) for Y, , we deduce

A a—,(Jj)= Mj— l)ﬂj)ﬁ—(j)ylgj)TVub(j— 1)_ta/‘(1j)b, (12.13)
in which t,=t9 is defined by (3.10). Third, the relation
o V=07V Y WU DR, WY (12.14)
a,b*gq ’

follows directly from (12.3) and a general property of matrices; namely that any
symmetric matrix of the form

D=A+ Y B'C,,B, (12.15)

a,b¥gq
in which A and C are symmetric matrices, has the inverse
D=A"'+ Y A'BIC, ,BA L, (12.16)

where a.b¥q

' ,=—BATBI—-C,,, C=()!, C=(@C)"'. (12.17)
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This property can be checked by taking the product of (12.15) with (12.16) to obtain
the result

I=1+ % BaT[Ca,b+ Y CoBAT'BI+ Cb,c)élc,d:I BA™Y, (12.18)

a,d+q b,c*gq

which is obviously satisfied. These three relations (12.12)—(12.14) of course imply a
continued fraction expansion analogous to the one that results from (12.2), (12.3),
and (12.7). For a two-component isotropic composite this continued fraction takes
the form implied by the recursion relation

03/a*I V=14 Dt +wY U oy o], (1249)

when the choice o, =0, is made.

Lastly, note that the steps in the argument leading to the expression (12.7) from
(11.9), (12.2), and (12.3) can be reversed to obtain (11.9) from (12.2), (12.3), and
(12.7). By similar analysis, and by defining

06,=06P=0,"—0,'=—0, 't; ", (12.20)
the recursion relation

n
SU-1 — Zlffa_lWé’_l)— T 66,79
o=

a,b*q
X[/(j)/0q+ ; 55£yc<j)TW§j—1);>em+/\‘/<j)§<j)/\'/<j>]—1 YOTs6,
c¥q
(12.21)

analogous to (11.9) is obtained from (12.12)-(12.14). For a two-component
isotropic composite this expression simplifies and we find

w9~ w10~ 1/0)°
Wi Do, + WS Vg +1/(nPg*P)
(12.22)
These recursion relations (12.21) and (12.22), and the associated continued fraction

expansions of o*, can alternatively be derived from the Thomson variational
principle,

1o*U=D =i~ Vg Wi~ V/g, —

Gle®) ™y = rgi; GHde i+ I, (12.23)

by following essentially the same steps which led to (11.9) from the Dirichlet
variational principle (11.1). If, in this approach, A is kept finite and Q" is redefined
through the equation

n -1
QM= ( y Mh)/ga> , (12.24)
a=1

then the continued fraction generated by (12.21) is found from the variational
principle (12.23) to correspond to a lower bound on o*, denoted as a Wiener-Beran
lower bound of order 2h+1.

Following similar analysis, given in Appendix 2, the continued fraction
expansion that results from the supplementary recursion relations (12.2), (12.3),
and (12.7) is obtainable from the Hashin-Shtrikman variational principles [19].
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When his kept finite the Hashin-Shtrikman variational principles yield both upper
and lower bounds on o* The bounds are biased with respect to one of the
components, say component m, and are generated by substituting

QW =g, [® (12.25)

in the recursion relations to obtain a terminating continued fraction expansion for
Q(9: this terminating continued fraction is an upper bound when g,,> 0, Va,and a
lower bound when ¢,,< 0, Va. These bounds depend on the 2h-point correlation
functions that characterize the geometry of the composite, and hence are denoted
as Hashin-Shtrikman upper and lower bounds of order 2h.

Countless other continued fraction expansions can be found. For example, it is
clear that by changing reference media from component g to say component p, we
obtain a completely different (but nonetheless equivalent) set of continued fraction
representations for o*, in terms of the normalization factors N, and the weights
Wall.y-

Alternatively (11.9) can be used to express o* in terms of Q' using the reference
medium g and then a continued fraction expansion for Q) can be developed using
the reference medium p. Many other continued fraction expansion for o* that are
variants of this approach can of course be derived.

13. Terminating Continued Fractions

Here we examine several conditions under which the continued fraction expansion
(11.9) for o* terminates at some level, g, in the hierarchy. For this to be possible, the
matrices U, V, and Z, must be singular, in contrast with the assumption made in
Sect. 5. Thus we are, in effect, exploring the consequences of relaxing this
assumption. When the continued fraction terminates the effective conductivity o*
becomes a rational function of the component conductivities and the Hilbert space
A has finite dimension. We find the Hashin-Shtrikman and Wiener-Beran bounds
correspond to terminating continued fractions generated by particularly simple
allowable sets of geometric parameters.

Let us, for simplicity, suppose that the weights WA/~ 1 and the normalization
factors N are non-singular for j=1 up tosay j=g. Then the dependence of o* on
Q¥* Y vanishes if and only if the dependence of o on Q¥ * V) vanishes. From (11.9),
this obviously occurs when the matrix Y“*1 vanishes; which according to (8.26)
will happen if and only if the weights W, a=1,2,...,n share a common set of
eigenvectors and each has a combination of zero and unit eigenvectors (see Fig. 3).
No other eigenvalues are allowed. We call such a set of weights a terminating set
because successive weights and normalization factors do not influence the effective
conductivity: the continued fraction expansion terminates at the gth level in the
hierarchy. When Y@V vanishes, the expression (11.9) for Q@ takes the simple form

n n -1
Q=¥ GaMg)=<z Mg)/0a> , (13.1)
a=1 a=1

in which equivalence of the two expressions for Q¥ follows from the structure of
the terminating set of weights, W, Thus, with this set of weights, the upper and
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Fig. 3. Example of a terminating set of weights (a) and two terminating normalization factors (b
and ¢) for a field equation with d = 1 and n=3. The figure is schematic in that the matrices need not
be diagonal. For the normalization factor of ¢ the 4th-order Hashin-Shtrikman upper and lower
bounds coincide and equal the 3rd-order Wiener-Beran upper bound

lower Wiener-Beran bounds of order 2h + 1, coincide and determinate the effective
conductivity exactly; there is no need to calculate higher order correlation
functions.

These terminating sets of weights, like other sets of terminating geometric
parameters, have a special significance reflected in the structure of the Hilbert
space #. Since YU 'Y is zero, (8.29) implies the transformation matrix L0+ is
zero: K is non-singular because it is determined by the lower order weights and
normalization factors which, by our assumption, are non-singular. Ignoring
mathematical technicalities this implies, via (8.1), that the fields E and J% vanish
when o(n) =g+ 1. All higher order fields, including the polarization fields P2 with
o(t)=g+1, are likewise zero because they are defined through projections and
repeated projections of these fields EY” and Ji?, with o()=g+1, onto various
subspaces. Thus the Hilbert space # has finite dimension and is spanned by the
fields (vectors) x,, E¥, and J¥ with /=1,2,...,d and o(n)<g.

Of particular importance are the terminating continued fractions generated by
choosing some component m and taking

W9=0 for a+m and WY9=/, (13.2)

which implies, via (13.1), that QW _g @ (133)
Thus, given any allowable set of non-singular geometric parameters, the Hashin-
Shtrikman bounds of order 2g are obtained from the infinite continued fraction
expansion for o* by replacing the given weights W with the terminating set (13.2).
The Hashin-Shtrikman bounds therefore correspond to allowable sets of
geometric parameters.

If the weights WA are all non-singular, then the dependence of Q¥ on QU™ 1
can still vanish provided the normalization factor N* V) has a mixture of zero and
infinite eigenvalues, and no other eigenvalues (see Fig. 3). In this limit f1*¢* Y and
9" defined by (12.2) and (8.3) act as projection operators on the space spanned
by those eigenvectors of N9+ Y that have zero eigenvalues, while fi"¢*" and
V'¢* 1 defined by (12.9) and (8.4) project onto the complementary space, spanned
by those eigenvectors of N¥*1 that have infinite eigenvalues.
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Consequently, the expressions (12.7) and (12.13) for the supplementary
conductivity matrices take the form

Q+g+1 'qs7(g+1[,g+1 g+1TiNg g+1
a,l(; ) Vv(a) a LA )?Ig ) VVI(J) Sa/((z,b )’
—(g+1 i +1 +1 ’7 +1)TA +1
A ’(g ) — M/(y))?(g )V’(g )Y+ 1) M/(g)_.t /(!f )’

which with (12.3) and (12.14) give expressions for Q¥ in terms of the weights, W
and the eigenvectors of the terminating normalization factor N¢* 1, Since the
dependence of Q© on Q¥* Y has vanished for such N¢* 1, the upper and lower
Hashin-Shtrikman bounds of order 2g +2 must clearly coincide and equal the
effective conductivity o* exactly: again there is no need to calculate higher order
correlation functions.

For this set of terminating normalization factors the transformation matrix
K@* 1 given by (8.28) is zero. This implies, via (8.1), that the Hilbert space # has
finite dimension and is spanned by the fields P with o(t)<g+1.

When NVY* 1 vanishes entirely, i.e. has only zero eigenvalues, (13.4) implies

(13.4)

Mg D= —t 07V, (13.5)
which leads, via (12.14), to the identity
n -1
QY= ( 3 Mg)/aa> . (13.6)
a=1

So, for any given set of non-singular geometric parameters, the Wiener-Beran
lower bound of order 2g+1 is obtained from the infinite continued fraction
expansion for o* by replacing N¢* 1 with the terminating normalization factor

NE+D=(. 13.7)

Similarly, the Wiener-Beran upper bound of order 2g + 1 is obtained by replacing
the given NU* 1 with the complementary terminating normalization factor,

NE+D = e+ 1), (13.8)

Thus the Wiener-Beran bounds, like the Hashin-Shtrikman bounds, correspond
to allowable sets of geometric parameters.

The dependence of o* on QU*1) vanishes under many other circumstances
which we have not investigated. For example, the possibility that the weights W9
and the normalization factor N are both singular has not been explored.

14. A Simple Approximation for o *

One of the best known formulae for estimating the scalar effective conductivity, o*,
of an isotropic composite is Bruggeman’s effective medium approximation [23]

Y flos—*)[o,+(d—1)6*]"'=0 (14.1)
a=1
that applies to a space-filling aggregate of grains, treated as spherical in the

simplest approximation, with various conductivities ¢, 6,, ..., 6,. This approxima-
tion, also known as the coherent potential approximation, is in fact realizable and
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has been rigorously shown [53] to correspond to a hierarchical model with a very
wide distribution of sphere sizes, similar to an earlier self-similar model of Sen et al.
[54]. For a review of effective medium approximations see Landauer [55], Watt et
al. [56], Korringa [57], Willis [21], Berryman [58], and Niklasson and
Grangqvist [59].

Here we prove that the effective medium approximation formula (14.1) is
obtained from the simple choice

VI/a(,q})_’"zf;,élﬂ . N(}’q’)n =n05/\n (14.2)
of fundamental geometric parameters, where we set
n’=(d-1) (14.3)

so that (8.24) is satisfied. This result extends earlier work of Berryman [52] who
found that the effective medium approximation for two-component composites is
obtained when one substitutes

W(1j—1)=f1a W(zj_l)=f2, n(j)=(d—1), o*U= D = () — 5% (14.4)

in (11.26). Berryman used this special property to prove that the approximation
always lies inside the Beran bounds [1§].

With the choice (14.2) of geometric parameters, which is incidentally invariant
under changes of reference media, the continued fraction expansion for Q(')
implied by (11.13) has exactly the same structure as the continued fraction
expansion for §,2®. Hence we can make the identification

QL}) be=0"0u00s 92‘,’35 =0%04. (14.5)

Substituting these in (11.13), and setting j=1, yields the self-consistent equation

0*= ¥ fi0a— T 800,007, (14.6)

a,b+q

where O is the inverse of the matrix
Oa,b=(0q+ nOO'*)/fq+(O'a+ noa*)éab/f;z > (147)

which is of the form (7.10). Hence, from the expression (7.11) for its inverse, we have

f 5 b f;fb [:cil f;/(o-c * noa*):l —

0,,= -
L (6,+n°c*) (o, +n’c*)

(14.8)

Inserting this in (14.6) gives, after some straightforward algebraic manipula-
tion, the result

@00 3 foctatat)=| § fioia,tn'e)]

a=

X [bil flo,+n°c*+60,)/(0,+ noa*)] , (14.9)
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where the expression between the last square brackets is clearly unity. Thus the
formula simplifies and is equivalent to the effective medium approximation, (14.1):
the dependence on ¢, drops out of the equation.

It is striking that the standard effective medium approximation formula
corresponds to such a simple choice of fundamental geometric parameters and is a
strong indication that these parameters are natural ones for describing the
conductivity properties of composites.

One obvious generalization of the approximation (14.2) to anisotropic
composites is obtained by taking

m(:l)l,n =fa§h, > Nglf), pE= n?é’&aﬁ > (14.10)

where the matrix n° determines the degree of anisotropy and has non-negative
eigenvalues n?, /=1,2,...,d, satisfying

f 1l +1)=1, (14.11)
£=1

to ensure (8.23) holds. The above set of geometric parameters gives a conductivity
matrix o* that commutes with n° and is the solution of the self-consistent equation

S [0 d— ") (o) +n0c*) "1 =0. (14.12)
a=1

This, in fact, corresponds to the effective medium approximation [21, 59, 60] for an
aggregate of aligned ellipsoids of various conductivities o,, a=1,2,...,n. The
ellipsoids have a variety of sizes which must extend to the infinitesimal to ensure
they can be packed to fill all space. They all have the same eccentricity and the
principal axes of each ellipsoid are aligned with the eigenvectors of n° The
eigenvalues n?, /=1,2, ...,d, of n° are given in terms of the ellipsoid eccentricity

through the relations
ng=(1/L,)—1, (14.13)

where the constants L,, £/=1,2, ...,d, are simply the depolarization factors of each
ellipsoid along the various axes [61].

15. Application to Related Transport Problems

In this section, following earlier work of Dell-Antonio et al. [ 5], we give examples
of the applicability of our results to transport problems aside from the effective
electrical and thermal conductivity, dielectric constant, magnetic permeability,
and diffusion constant of composites built from isotropic components.

Clearly the whole analysis applies whenever we have a Hilbert space

H=UDED J' =P, DP,D... DL,

where % has finite dimension and where the subspaces #, &', #', and 2.,
a=1,2,...,n, are real-symmetric with respect to some conjugation J# in J#: a
conjugation satisfies

Hla,P+a,Ph=a, A|P)+a, AP,

(15.1)
H2=1, (APAPY=(P|P),
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for all P, P’ € 5 and for all constants a, and a,, with complex conjugates @, and a,
[62]. Actually there is no need to insist upon real-symmetric subspaces. A
continued fraction expansion can still be developed in terms of a set of hermitian
(rather than symmetric real) weights and normalization factors. Of course, this
result is useful only when the field equation (2.11) and the tensor o* have a physical
interpretation. In the examples given below, the subspaces %, &', #', and 2.,
a=1,2,...,n are all real-symmetric. Nevertheless, hermitian weights and normali-
zation factors may be needed to describe propagation of radiation in gyrotropic
media [61].

Now consider a periodic polycrystalline material comprised of say j=1 types
of anisotropic crystallite at varying orientations in the material: different grains of
the same type of crystal need not have their principle axes aligned. In each grain we
will assume that the local conductivity tensor o(x) is such that Reo(x) and Im o(x)
share a common set of d (real) eigenvectors. The eigenvectors will, of course,
generally change direction across the boundary between two crystallites. Hence as
x is varied over the unit cell 2 the eigenvalues of o(x) take n < jd distinct possibly
complex values 0,,0,,...,0,. The Hilbert spaces %, &, and #' are defined as in
Sect. 2. We redefine 2,, a=1,2,...,n, as the set of all fields P e #" such that

o(x)P(x)=0,P(x) (15.2)

at all points x € 2 not on the boundary of a crystallite. Thus P(x) is locally directed
parallel to any eigenvector of o(x) that has eigenvalue o,. When the crystallites are
isotropic the definition of &, given here clearly reduces to the one given in Sect. 2.

Thus, in this polycrystalline material the effective conductivity tensor o™ is an Q-
function of the eigenvalues o ,,0,,...,a, of the local conductivity tensor. All the
bounds derived in Part IT extend to o*. Note, however, that the elementary
weights and normalization factors need not satisfy the rather special equations
(8.22) and (8.23).

A similar argument shows the results apply to the effective viscoelasticity
tensors of polycrystalline media. As is customary [63], we treat the local
viscoelastic tensor as a d®x d° matrix, o(x), where d°=3d(d+1) and d is the
dimensionality of the composite. We assume that Re o(x) and Im o(x) share a local
common set of eigenvectors and remain constant throughout each crystallite. The
set of eigenvalues, 04, 0,, ..., g,, of the local viscoelastic tensor take real or complex
values. The space % of uniform strain (or stress) fields has dimension d°, and we
define & (or #') to consist of those periodic square-integrable strain (or stress)
fields that have zero average value over the unit cell 2. Each component Hilbert
space Z,,a=1,2, ...,n, consists of the elastic ficlds P(x) satisfying (15.2) for allx € 2.
With these definitions the effective viscoelasticity tensor o* is clearly a rank
$d(d+1) Q-function of the eigenvalues of the local viscoelasticity tensor.

More generally we can consider non-local linear conductivity tensors and non-
local linear viscoelasticity tensors. The non-local operator o must, however, have a
finite number of eigenvalues g,, a=1, 2, ...,n, and the eigenfunctions correspond-
ing to each eigenvalue g, must span some real-symmetric Hilbert space of fields,
defined as £,.

The mathematical framework also applies to multiterminal, multicomponent
linear impedance networks, consisting of d+1 terminals connected to a net-



Composites and Continued Fractions I 321

work of h impedances that have various types of complex conductances
0,(), 6,(), ..., 0,(w) as a function of the frequency w. (Some of the impedances
may share the same conductance and so we have n < h.) Let us label the impedances
by an index i=1,2,...,h and arbitrarily assign a + sign to one side of each
impedance while tagging the opposite side with a — sign. Any field in the network
is represented by a vector P with complex components P;,i=1,2, ..., h, represent-
ing the directed field in impedance i. We let 5#”’ denote the h-dimensional space
comprised of all such fields and in #”’ we define the standard inner product

(P|P'> = Zh; PP, (15.3)

for any two fields P, P’ e &, where the bar denotes complex conjugation.

The impedances are joined at a set of say k+ 1 nodes. Some of these nodes
represent the d+1 terminals. We let an index j=0,1,2,...,k label the nodes,
starting with the terminals. Thus the terminals are labelled by indices j<d. The
geometry of the network is represented by the connection coefficients r; ; defined
by r,;==*1 if the £+ side of impedance i is connected to node j

=0 otherwise.

Each row, i, of this & x (k+ 1) matrix r; ; contains only two non-zero elements, +1
and —1, signifying the two nodes connected by impedance i.
The (k—d)-dimensional subspace &” consists of those fields E € #” satisfying

k
E= 3 b (15.4)
P

for some complex potential ¢; such that
¢$;=0 forall j=<d. (15.5)
The (h— k)-dimensional subspace ¢’ consists of fields J e #” satisfying

h
Y 7. J;=0 forall j, (15.6)
i=1

while the d-dimensional subspace % is comprised of fields e € #” of the form (15.4)
satisfying the additional constraint that

h
Y r ;=0 forall j>d, (15.7)
i=1

where the associated potential ¢, need not be compatible with the boundary
conditions (15.5). The three subspaces %, ", and ¢’ are clearly orthogonal, and by
adding their dimensions we deduce that they span #".

Each subspace £, consists of those fields P such that P;is non-zero only in the
impedances i with complex conductance o,. In the Hilbert space #” thus defined
the effective tensor o* gives the electrical response of the network (measured in
terms of voltages and currents at the terminals) relative to the response when o, =1
for all a. Since # has finite dimension the Q-function o*(g4,0,, ...,0,) must be a
terminating Q-function. The weights and normalization factors thus provide a
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characterization of the analytic functions that result from multiterminal, multi-
component impedance networks. This may have practical applications to the
design and synthesis of electrical networks [64].

Appendix 1: Simplified Definitions of the Canonical Basis Set of Fields
and the Weight and Normalization Matrices

The definitions given in Sect. 8 of the canonical basis set of fields and the weight
and normalization matrices are awkward because they entail the introduction of
several intermediate basis sets of fields. Here we give simpler and more direct
inductive definitions that help shed light on the physical significance of these
quantities.

Given any basis set of orthonormal fields x,, /=1, 2, ..., d, that spans # we set
x@ =x,. Now suppose that for some j the fields x2 have been defined for all strings
o with o(w) = j: thisis clearly true for j=0. The associated weight matrices W can
be defined via the identity

Wi, = <Xl 5 (A1.1)
where o(w)=0(n)=j. The auxiliary fields
2> = X @> — W9, x> (A12)

are then of higher order, j+1, and orthogonal to the fields x with o(t)=j. They
are not however normalized. From (A 1.1) and (A 1.2) their inner products are given
by

Calaf?) =0, Wil .= W%, Wi .= Yid) e, (A13)

and so to obtain the next set of orthonormal fields in the canonical basis set we take

> = Yoy laf?y = Y2, (X 2> — Wi X0 (A14)

Similarly starting from these fields, we define the matrices

U9, =yDInlye>,

V'@ (@ (@) (@ (A1.5)
aa;lbr-—<yq |F2|y‘1> 5aw bt aZ) bt>

and we introduce the set of auxiliary fields
b =Ty — Z Ui v (A1.6)

which are orthogonal to the fields |y ) with o(#)=j and have inner products
BB = 3 ULe Vil (AL7)

By normalizing the auxiliary fields we subsequently obtain the set of fields

lxt(zl£>_ Z Uzlz((g)cn c/r,(qét <[‘1'y(q)>__ Z Utli(zq)bl (q)>> (A18)

c,d*gq

at the next level in the hierarchy of the canonical basis set.
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The relations (A1.1), (A1.4), (A1.5), and (A1.8) clearly serve to define by
induction the weights and the canonical basis set of fields. The normalization
matrices are defined via (8.3) in terms of the matrix U’ that is obtained from (A 1.5).

Appendix 2: Continued Fraction Expansion
from Hashin-Shtrikman Variational Principles

Here we show how the continued fraction expansion for o* implied by (12.2),
(12.3), (12.7), and (11.12) can alternatively be derived on the basis of the Hashin-
Shtrikman variational formulation [19] for o¥,

Celo* —a,lley = min[2<e|P>—a;1<Pm|P>+ > a;lsf:ﬂ<P|xa;P>],
Pes# a=1
(A2.1)

which holds whenever ¢,2 o, for all components o,. If 0, <0, for all 5,, then the
variational principle still applies provided the minimum over PeJ# in (A2.1) is
replaced by the maximum over Pe J#.
Since the minimum in (A2.1) is attained within the Hilbert space spanned by
the polarization fields P?, with a= g, we only need consider fields of the form
P= 3 a,PP (A22)

a¥gq a’
which when substituted in the variational principle (A2.1) gives

e'o*e=ge’e+ min[ Y 2'Z0,+0; " Y oz,,T(s},‘”éabZa-—ZJ{,a,b)ab].
o |a¥gq a,b¥q

(A2.3)

By defining o/ * Y, Z\), and Z{U %, as those subvectors and submatrices of a,, Z,,
and Z{ ,, that have elements «,,, Z¥, ., and Z{¥, , with o(w)=o(t)=}, we
obtain, via (6.12), the formula

e'oc*e=0,.e’e+ min lim| ¥ 2e"ZPaV
a h—oo| afq

h h
. T il N
tog ' ) <'Z1 oT=0af) + Y T VTZ] %x%,”)}, (A2.4)
a, a\J= =

i=2

+

in which o ) .
29y =0us02y =21, (A2:5)

We assume the minimum over o and the limit 2— oo in (A 2.4) can be interchanged.
The best choice of a in the square bracketed expression in (A2.4) is then
obviously ~

T T PR (A26)

b,c¥q

where =" is the inverse of =", This suggests, when (A2.6) is substituted in
(A2.4), that we should define the hierarchy of matrices

=) —==0h J H=(h, j+1)7(j
ShdzzUd . y ZOZ0 070 (A2.7)
x,y*q
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for j=h—1,h—2,...,1. By iterating the optimization procedure, redefining
Q9=g,/—0, ZOZm0z0) (A2.8)

a,b*q
and taking the limit h— o0, the result
o*=Q® (h— ) (A2.9)
is finally obtained. When # is kept finite (A2.9) is replaced by the bounds
o*<Q® when 6,20, Va,
(A2.10)
o*2Q® when 0,50, Va.

To express the continued fraction that results from (A 2.8) and (A 2.7) in terms of
the fundamental geometric parameters, let us introduce, for j<h—1, the matrices

a

+(1) _ iA0)=(h, 1)14/0
D= — VA0V,

A2.11

AFGHD = — WOKDZE i+ DKODT YD — WAIRDT JORD YD | ( )
A+ = pw [/(j)+ Z* O(j)VV)(Cj)/?gcj)ngl’,yj)/?g,j)M/)(}j)O(j)] v

wyTa (A2.12)

fit® = V"')=(/+N(h))_ 1 ,

which remain to be shown equivalent to the conductivity matrices A* and fi*
defined in Sect. 12, for Q® of the form (12.25) with ¢,,=a,.
First note that (A2.9) with (A2.8) directly implies the formula
QO=g/—0c, ¥ WORNW, (A2.13)
a,b¥q
which is consistent with (12.3). Next by substituting (A2.7) in (A2.11) and using
(A2.5) with the expressions (6.10) and (6.11) for the matrix Z] we deduce that

+(J j iAi— D p(i—1 j ) =(h, j+1)7()T i— DTV ifi—1
Aa,l(yj)=_sa/fz{)b+vvfzj )G )[Vé,jz);"‘ z¢ ch,)a:gc,yj )Z(y{)b]/(u )M! )
x,y¥q
(A2.14)

This expression with (8.28) and (8.29) clearly yields the recursion relation (12.7)
which now links A" defined by (A2.11) with M* defined by (A2.12).
Lastly, since the expression (A2.12) for M7 is of the form (12.15), its inverse can
be readily calculated, via (12.16), and for j<h we find
nto =\ +N(j) [/(j) + Z W,(CDE;FE,H I)W)(’D] NG (A2.15)
X, y¥q ’
This with (12.7) and (A2.13) clearly implies a continued fraction for Q® that is
identical to the continued fraction resulting from (12.2), (12.3), (12.7), and (11.12)
and enables us to identify the matrices M and A" defined through (A2.9)-(A2.11)
with the matrices defined in Sect. 12, when Q® has the form (12.25) with 0,,=0,.
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