Communications in
Ma

Physics

© Springer-Verlag 1987

Commun. Math. Phys. 109, 379-395 (1987)

Infrared Asymptotic Freedom for the Pseudoscalar
Yukawa Model at the Critical Point

J. Dimock
Department of Mathematics, SUNY at Buffalo, Buffalo, NY 14214, USA

Abstract. We consider the pseudoscalar Yukawa model on a four dimensional
Euclidean lattice. The fermions are integrated out giving an effective boson
interaction. We show that for weak coupling this interaction is in the class
covered by the Gawedzki—Kupiainen renormalization group analysis. It follows
that one can adjust parameters so that the flow of the renormalization group is
toward a free massless boson theory. This establishes the existence of the critical
theory and controls its long distance behavior.

I. Introduction

There has recently been substantial progress made in developing rigor-
ous non-perturbative renormalization schemes for quantum field theory
([1,2,4,7-9,12-14]). Much of this work uses Wilson’s formulation of the re-
normalization group.

In this approach one begins with a lattice field theory on a fine lattice and
attempts to take the continuum limit by studying effective interactions on coarser
lattices obtained by block spin transformations. This is the basic short distance
or ultraviolet problem. The problem can also be formulated as the problem of
studying the scaling limit for a critical field theory on a unit lattice. In this version
a first step is obtaining the critical theory, a question which is also of interest for
statistical mechanics. Thus one arrives at a class of long-distance or infrared
problems which still carry many of the basic problems of renormalization. The
technique for controlling the infinite volume limit is again to use block spin trans-
formations, this time to get effective interactions in smaller volumes.

In this paper we study the infrared problem for a critical pseudoscalar Yukawa
theory. Our approach uses the renormalization group analysis of Gawedzki and
Kupiainen ([10-13]). The remainder of this introduction is devoted to a precise
description of their results, and in the balance of the paper we show how they can
be applied to our model.

Let L be an odd integer and let A be a four-dimensional unit toroidal lattice
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with [N points in each direction
A=Ay =@/ T =([—1Y2, 1¥2] A 7).

Fields ¢ on A are functions ¢ R The Hamiltonian # , consists of a free massless
piece and a small perturbation:

L%O(QD) Z% Z (px(GC; 1)xy(py + V((p)

x,ye A

Here G, ! = G, (&) is a version of the lattice Laplacian:
(Go Dyy=—Ay, +ElATY E>0.

The £ term is added so that the inverse G, exists, but infinite volume quantities will
be independent of & The potential V is assumed to satisfy V(0)=0 and V(p)=
V(—¢) and to have all the symmetries of the lattice. In addition there are
assumptions about the size and locality of ¥ which we explain after some more
definitions.

We divide A up into blocks A with IN° points on a side and centered on the
points of (L¥°Z)*. A paved set Y is a union of blocks A. For a paved set Y, | Y| is
the number of blocks in Y and #(Y) is defined to be the length of shortest tree
graph on the centers of the blocks in Y. The potential will have pieces of the form
Y Vy, where the sum is over non-empty paved subsets of A, Vy depends only on

YcA
¢ Y, and Vy is exponentially decreasing in £(Y).

One distinguishes between large and small field regions. The small field region
includes complex-valued fields and has the form J#°(A), where for any paved set
XcA:

H'(X)={peC¥:|o,| < Cing*, |9, — @,l/Ix — y| < CoCing’®,
I(éu(p)x - (au(p)yl/|(x - y)|2/3 é Cocln(l)/4, X ?('_ y}
Gawedzki—Kupiainen assume the following condition is satisfied for the small
field region:

GKI: V is analytic on #(A). In the Taylor series V=V,+V,+ V.
around zero we have

VZ((/)) = Z (%m(z) - 6;LOG0.xx)(p32c + Z Z(au(p)xKuv(xs y)((av(p)y - (av@)x)9

x HVX,Y

V(o) = loz ‘P: + ; 174,}”

Vg()(q)) =; V;G,y7

where the various pieces satisfy the conditions for some C_, «

(@) C_/ng<io<C./ng,
(b) mye(—ng 2, ng "),
© Y [Kunpllx—yP? <ng*exp(—ag(4uA)),

xeA,ye A’
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(d) ¥, y(e)is the restriction to equal arguments of a quartic form Vax(@1s-. . 04)
which depends on ¢, only through (¢, ,— ¢, ,) and which satisfies for
Q15,0364 (Y)and @, satisfying the bounds of #'(Y) except possibly the
first:

| 174,Y' § l’l(; 3/4e—a.2"(}’)’

(e) Vv is analytic on 3.#(Y) and satisfies there

[Vaod Sng 220,

The large field region is characterized as follows. For peR* let D(¢) the smallest
paved set D such that | (x)| < 2C n}/*. exp(1/10 xd(x, ~ D)). Then for any paved set
D we define

2(D, X) = {‘PECX3 ® =00+ ¢1,9.€RY, D(py) = D, e (X))}

The set 2(D, X) includes fields which may be large on D, but they must be small off D,
in fact 2(D, X)|x,, = 3#°(X\D). The condition for the large field region is:

GKIL (e7") is analytic on 2(D,X). (V itself need not be defined.) For
(exp(— V2 ))(9) = €"*P(e™")(p) we have

(exp(— V;4))(90) = Z ﬂgﬁmexp< — 2 Z (Pi - Z (174.}' + VZG,Y)>5
{Xo} @

e~D YCN(UXm)
P

where the sum is over collections of disjoint paved sets { X ,} such that D = ( U Xw>

and such that Dn X is a non-empty union of connected components of D. The
function g% are analytic on 2(D, X) and satisfy there

lg%| éexp<Cz|DﬁX| + ) (= Aol +20/’~o(lm</)x)4)~a$(X))~
xeDnX
There is also an identity the g% must satisfy ([12], Eq. 4.16).
An example of a model satisfying GKI, GKII is the potential V()=
Y Gmie2 + Ag: @3:) + const considered by Gawedzki and Kupiainen. Here

X

K,,=0,7,=0,V_,=0,and g} =exp < —Jo ) gof;) if X is a connected component

xeX
of D and is zero otherwise.
Given a Hamiltonian #, =%(¢p, Gy '¢) + V of the above form one defines an
effective Hamiltonian #, on A, _, by making a block spin transformation:

exp (—# 1(¢1) + const) = fexp (— #(¢))3(¢; — Co)dg.

Here C: R~ — RA~-1 is an operator which averages over blocks of spins with
L* points, and then rescales to the unit lattice. The constant is chosen so #,(0) = 0.
By adjusting an overall constant in C we can arrange that #,(¢,)=
L1, Gr o) + Vi(e,), where G;' is a version of the Laplacian on R/~-1,
Iterating this procedure one obtains a sequence of Hamiltonians #, #,, # ,,...
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defined in successively smaller volumes which have the form J#,(¢,) =
304, Gy 0,) + Vil @y).

The main result of Gawedzki—Kupiainen is the following. Let L be sufficiently
large, LZL, and choose constants a=u(L), C, =C,(L). Furthermore let
Ny, Co, C,, C;, ny be sufficiently large depending on L, and chosen in the
indicated order so that Ny= Ny(L), C, = Co(L,Ny), etc.. Suppose that #,
satisfies GKI, GKII so that all couplings are weak. Then for any /4, satisfying
GKIa one can choose m3 = f(4,) satisfying GKIb so that V, satisfies GKI, GKII
with n, replaced by ny +n for all n. (Actually one must express V, in a new
variable ¥, a smeared version of ¢,, for this to be true.)

The small field region eventually includes everything, and so in a certain sense
we have lim V,=0. That is, all variables in the potential are irrelevant (once

n
n— 0

we adjust the mass). One can also establish a sense in which lim G, ' =G, ',

n—oo
a version of the continuum Laplacian. Thus the flow of the renormalization group
is toward a free massless boson field theory. This is the infrared asymptotic freedom.
The renormalization group results give one control over the model. One can
prove that the infinite volume limit exists for the correlation functions. Furthermore
correlations only decay as |x — y|~2 as |x — y| — co, confirming that we have a
critical theory. For these results and more see [13].

I1. The Pseudoscalar Yukawa Model

The Hamiltonian #, for the pseudoscalar Yukawa model depends on a boson
field ¢ as above and on fermion fields ¥, \J which are elements of a Grassman
algebra. It has the form

(P,(l/ ll’ % (px G(;l)x‘(pv_{—Z(%m(z)@JZc-{—}VO(pj)

+ Z UdSo Dy + 9 U livsh o,

where S; ! is a lattice version of the Dirac operator with mass M. The presence
of the ¢* term is standard for this model (see for example [16].).

We immediately integrate out the fermions to obtain an effective boson theory.
This amounts to restricting attention to the charge zero sector. The new
Hamiltonian 5 () is defined by

el H ole)+const) j‘ e olo, b dl//dl//

with the constant adjusted so #,(0) = 0. We obtain

%O((p) = % Z (px(GO_ l)xy(Py + Z(%mé - 6/:*OG(),xx)Q)>2c + ;“OZ (P: - lOgQ((D),
X,y x x

where
Q(p) = det(1 + gSo(iys)p).
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Our goal is to show that #, (or e ”v) satisfies GKI, GKII. This involves
extracting corrections to mj3, 4, from log 2 and showing that the rest is irrelevant.
The details are similar to the analysis of [12].

We begin by defining S, more precisely. Let M > 0 be a fixed constant and let y,,
be four dimensional Dirac matrices satisfying y,7, + 7,7, = — 26 — 7, Then
S, is the operator on (C*)* given by the matrix

I
uve fu

-1

(SO)aﬂ(x y IAl Zel{’(l Y <Zyu51npu+M> s
I

af

where A is the toroidal lattice:

A=Ay=QnL 22n2)* = ([ —n,n]n2nL NZ)*.
-1
The factor Sy (p <Z Vusinp, + M) is analytic and bounded on a strip contain-

u"
ing the real axis, from which we deduce that for some x> 0 and sufficiently small

(depending on M)
[(Soaplx, )| < Ce L

This estimates and all subsequent estimates are uniform in the volume (i.e. uniform
in N). The estimate is best proved first in infinite volume by deforming the contour
and then in finite volume by periodizing. Some variation in the form of S is

tolerable. In particular if we wanted to study the continuum limit we should take
-1

So(p) = <Zyusmp‘,+2(1 ~cospu)+M> . (cf.[18]).

Next we show that Q(¢) has the general form required of our potentials.

Lemmal. (a) Q is real,

(b) 2(¢) = 2(—0),
(c) 0 has all the symmetries of the lattice.

Note. The identity 2(¢p) = 2(— ¢), which is Furry’s Theorem, is not true for the
scalar Yukawa model. Our proof for the pseudoscalar model follows Seiler [ 17] who
considers the two-dimensional case. The result seems to be well-known in the older
literature, but I have been unable to find a reference.

Proof. (a) Choose a representation where 7, is real and 7y,, y,, y; are
imaginary. (For example, consider the Majoranna representation of the Lorentzian
Dirac matrices in which all y, are imaginary. Then replace y, by iy, to obtain a
Euclidean representation of required type.) Then y5=7y,7,7,7; is imaginary and
we have 747,70 = — 7, and hence Sy =7,5,7,. Thus

Q(p) = det (1 + gSoliys)p) = det (1 + g7oSo70(i75)0) = 2(9),

since yo7s = — 7570 and y3 = — 1. Thus £ is real.
(b) On the other hand since S§ =75So7s, 7% =75, and 73 = 1,

Q(p)=det (1+g(So(iys)e)*) = det (1 — gp(ivs)ysSoys)
=det(1 —gpSo(iys)=2(— o).
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(c) 2 is invariant under lattice symmetries since the original interaction is
invariant. In particular if 7, is the reflection thru the plane x, =0 then 2(¢p)=
Q(—¢e°m,) by the structure of £2 and hence 2(¢) = 2(p°n,) by (b).

* %k

Next we note the identity (cf. [19])

Q= exp< — :ii Wk>[2;n,
where
W= (=1 k™ Tr((gSoiys@)), 2.,=det, (1 +gSoiysp).
This gives the expansion of log 2 in powers of ¢ or g, i.e. perturbation theory. We
havelogQ = — Z W, +log 2., (atleast for ¢ or g small). By the lemma W, = 0 for
k odd. Then 2 = .(2>2 and so we have the basic estimate for all geR, peC*

[2] < exp (Tr((gSoiys®)*(gSoivs®)))

=exp (gz 21 @) Tr (So(x, ¥)75So (v, X)Vs))

<exp (@(QZ)le(x)P).

We study W,, W, in more detail. We have

Wy =139 Y, @(x) Tr(So(x,2)(iy5)So(2, y)(i75))e Zco(x (x, )e(y),
Xx,y,2
and
W4=%94 Z Tr(So(x1, X,)(1y5) - S(xq, X )(i75))p(x1) -+ @(x4)
= Z A(Xq,. X)X 1) (xy).
Lemma 2

(a) WZ = %COZ(au(p)ch lémoz(l’x + ZZ u(p)x uv(x .V)((av@)y (av(p)x),

X,V U,V

where {,, 6m3 are O(g*) and

|K,“,(X, y)l < @(gz)e‘#leyl.

(b) W, =Y W, y, where the sum is over paved subsets of A, with 1 <|Y|<2, W,y
Y
depends on {@,} .y and

[Woyl S O(g*)e M Z lo.|*
xeY
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Note. Here and subsequently an expression like ¢(g%) means bounded by Cg?,
where C may depend on L, N, the parameters of the paving.

Proof. (a) Since K(x,y) = K(x —y) and K(x) = O(g*e~**') for some p >0 we have
that K(p) =) e ""*K(x) is bounded by ((g?) and analytic in a strip [Imp,| < u

for some > 0. Since K(x)= K(—x) we have (6u12)(0)=0. It follows that ([12],
Appendix 2)

K(p)=RO) + Y ¥ (" — 1)(e™ — DA,(p),

BV p

where A,,(p) is O(¢*) and analytic in any smaller strip [Imp,| <u. Corres-
pondingly we have

W, =R(O0)Y 02 + Y. Y (3,0)K (%, 1)(0,0),,

X,y 1,V

where K, (x, y) = K, (x — y) satisfies the bound of the lemma. One can arrange that
K,, has all the symmetries of the lattice.

Now replace (0,9), by ((0,9), —(0,9),) + (9,9),. In the second term we get
YK, (x—y) = K ,,(0). By the lattice symmetries this is proportional to 8,,,. Thus the

1famma follows with
{00, = 213,”(0), omd = 2K(0).

(b) The representation holds with
Wyy= Z KY(X,)’)QDx(Py,
X,y

Ky, )= Y xa, (K0 1)2a,0).

41042=Y

Note that K, has support in Y x Y. We estimate this by
Wyl S 1Kyl 113y,

where | @3y =Y |¢,|*>. Now from the estimate on K
xeY

|24, ()K (X, P 4,(9)] S O(gP)e ™ #4442,
But
dA,A)= LA VA, — 2L,
and so
|Ky| £ O(g*)e 4.

This gives the same estimate on || Ky ||, since Vol 4 = L*No = ()(1).
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Lemma 3.

(a) W, =;W4‘Y, where 1 <|Y| <4 and
(Wil < Olghe " ZY [l *.
(b) Wo=2684,) ¢t + W,, where 51y = 0(g*).
Furthermore W, = ; W,.y, where W, y satisfies the same bound as W, y in (a)

Proof.
(a) For 1=|Y|<4 we define W, y with kernel Ay defined by

Ay(xy,...x4) = Z XAI(X1)"'XA4(X4)A(X1,~~~»X4)-

Ajv...u A=Y

Then by Hoélder’s inequality

|W4,Y| < HAYH4/3 o Hi,y-

But we have

| Ayl £ Og*)e 4D,

which gives the same bound for [|Ay|l4;3 and hence the result.
(b) We insert @, = (¢y, — @x,) + @y, in W,, then in the term with @2, we insert
@y, = (@x, — @x,) + @, etc. The @, terms are collected to give 64, ¢t with

Sho= Y A(0,x,,x3,x4)

X2,X3,X4

which is ¢(g*). The remaining terms are collected to give W,. We have W, =
S W,y with
Y

4
Way=12, Y Adxp,x)0l (9x,— 0:)0, -+ Os,e

. 1
=2 X1yeuey x

Using the bound on Ay above each monomial in this sum can be estimated by the
required O(g*)e "4y |, |*
xeY

Remark. The expression for W, 4(¢) is the restriction to equal arguments of

W4.Y(¢1"",(p4)
4
= z Z AY(xla"'ax4)¢1,x1'“(pi—l,xl(pi,x-,d'“@3,:(4(@4,):._(p4,x1)

i

which depends on ¢, only through difference variables.
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III. Expansions for the Fermion Determinant (2

We now want to analyze the locality properties of log 2. This involves making a
number of expansions and estimating the terms in the expansion. For all the
estimates in this section the bounds are asserted to hold for > 0 and sulfficiently
small, L = L(u), Ng = No(u, L).

We begin by making a cluster expansion. ([5, 13, 15,18])

Lemma 4.

Q= Z prfa
{xip 1

where the sum is over all partitions {X;} of A and py, depends only on ¢ | X . For all
peC” geR, (and say |g| £ 1)

|pal < exp <@(g2) ZAlcpxlz>,

loxl = @(Igl“z)e*”y(x)exp<@(Igl) Zxkpxlz), 1X[=2.

Proof. For each pair of distinct blocks A, A" introduce a variable 0 <5, 4 < 1, let
s = {s4 4}, and define

§306.3) = 2 14080l — ) aly) + A;A, 14X)So(x = V) (V)5 4, -

Then

Q= ;fdsrﬁ/ﬁsr[det(ﬂ + gS?)(iVS)qD)]s~r=0

where the sum is over collections I" of pairs (4,4") and s .= {s4 4} (4 arerr NoW I”
determines a partition {X,} of A by grouping together the blocks it connects. Since
S§ with s_,=0 preserves each subspace in (C*)*= @,(C** the determinant
factors. Summing first over {X;} and then over compatible I"’s we have the claimed
representation for 2 with

px= ) [dsro/osrdety(l + gSF(Eys)@)y _—os

I'connX

where the sum is over all I"’s connecting X and det,(-) means the determinant of the
operator on (C**.

To estimate the derivatives 0/0s - we allow s - to be complex. We take s-in the
polydisc

S a0 S2reH A8 (A A)eT,

where p is small enough so [Sy(x,))| < Ce % and r=1. In this domain
[S¥(x, y)| < Cre=#*=¥ and it follows as in the estimate on (2 that

|dety (1 + gS%(iys)e)| < exp ( Og*r*) Y, lo.? >
xeX
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Also in this domain we can surround any point with |s 4 4| < 1 by a polydisc whose
radius in s, 4 is re*¥® %), Thus for |s, 4| < 1 we have by the Cauchy bounds:

|0/0s pdety (1 + gS*(iys)o)|
< [ 11 r—1e‘"“(“"‘"]eXp<@(g2r2) > lfpxlz)-
(4, &)l xeX

If | X|=2, then I' is not empty and we can extract a factor r~* from this
expression. Using also d(A,, A4,) = L(A; U A,) — 2L ° the expression in brackets is
bounded by O(r~ )1 4 4yereXp(—uL(A L A")).

Each I can be thought of as a graph on the blocks 4 in X. By deleting lines in I~
we can break all closed loops and obtain a tree graph which still connects X. This
leads to the bound

I1 (4 e rexp (—(W/2)Z(A L A')) < exp (— (W/2)L(X)).
On the other hand the sum over I" can be estimated by

—t2aus) < ~4u2(Y) < p2XI
e ? < e o < X,
I (A A)el’ {%}];[

Here the second sum is over all collections {Y,} of paved subsets with Y, = X and
| Y,| = 2. The final estimate, valid without the restriction | Y,| = 2, follows from the
general bound ) exp(—y£(Y))<2|X| valid for Ny = N(y) sufficiently large.

YcX
Combine the above estimates using #(X) = L¥°(| X| — 1), hence Z(X) = 1M X |
for | X| = 2, and hence 2| X | — (u/4)¢(X) < 0 for N, sufficiently large. Then we have

lpx| S O~ e~ W4Mexp ( O(g*r?) lecoxlz)

Taking r = |g|~/? gives the result.
If|X|=1then X =A and

pa=det (1 +gSo, 4(iy5)0),

where S, 4(x, ) = 1 a(%)So(x, )x 4(v)- We have as before [p 4| < exp (O(|g1?) ZA [.]?).

We also need an expansion for £ . Under the same hypotheses as Lemma 4 we
have

Lemma 5. Q=) []p}",
{Xy} Y

where

[p3° <exp ((9(92) ZA(quxl2 + |<pxl“)>,

]p§6|§@(lgll/z)e"“g(x’exp<(9(|gl)ZX(ICD)JZ+l¢xl4)>, X|22.

Proof. We have 2., =e">*"+0Q. Expand 2 by the cluster expansion in Lemma 4,
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and make a Mayer expansion for e”2 and ¢"“ using Lemma 2 and Lemma 3. For
example

e =exp <Zyj Wz,y> = l;]((ewz_y -H+1=3 n(exp(Wz,Ya) -1,
(v} @

where the sum is over collections {Y,} of distinct subsets Y, of A with 1 <|Y,| <2.
Similarly e”* is expressed as a sum over {Y,;} with 1 <|Y,| <4. Thus we have

Q;() = Z l_[ Px; n(exp Wz,Yl - I)I;[ exp(W4,y’,} - 1)~

(XY { Y} J @
Any choice {X}, {Y,}, {Y;} determines a new partition {X,} which is the finest
partition such that each X, Y,, Y is contained in only one X ,. If we fix { X} the sum
factors into a product and we have the claimed representation for 2, with

I NN 1 %) (CT STy (C T !

POXAR AR gl @

Here the sum is over all {X}, {Y,}, {¥;} such that {X} is a partition of X,each
Y,, Y, X, and X is connected with respect to {X}, {Y,}, {Y;}, i.e. X cannot be
divided without dividing one of these sets. (However, X is not necessarily

connected.)
Since |e” — 1| < |W|e"! we have

lexp(Wyy) = 11 = (0(g%)e " Y |o,]?)exp (O(gP)e ™ Y ¢, [?)

xe¥, xeY,
< Olghe™ " exp (O(lgl)e P9 Y [p. ).
xeY,

To combine the exponentials in the product over o we use

Ze—(u/z)f(n) Z |¢x|2= Z < Z e(u/z)ﬂn))kpxlz <2 Z |(Dx'2~
a

xeY, xeU, Y, \aY,EX xeX

(Hereweuse Y e ™" <2valid for Ny = N,(y).) Using a similar estimate for the

YiAcY
W,y, terms and the estimate on py, from Lemma 4 we obtain for | X| =2

26 ~WDLXYTT = WLXITT o WDLYp
Pk —§|: Y [Te ™ [Te ™ “l;le . /’]
{Xih{

EEARI AR @
“0(1g1"*)exp(U(1g1) ZX(I%I2 +lo.l*).

The factor (| g|**) may be extracted since each term in the sum either has an X; with
|X;/]z2o0raY,oraY,.
Now using

LX)+ Y L(Y)+ ) L(Y)z £(X)
i a B

— (AL

we extract a factor e @) from the bracketed sum. The remaining sums can be






