Communications in
Commun. Math. Phys. 104, 693-695 (1986) Mathematical
Physics
© Springer-Verlag 1986

Ensemble Average of an Arbitrary Number
of Pairs of Different Eigenvalues
Using Grassmann Integration
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Abstract. An identity satisfied by the eigenvalues of a real-symmetric matrix
and an integral representation of a determinant using Grassmann variables are
used to show that the ensemble average of S different pairs of eigenvalues of a
GOE is given by (—1)527 527121 (S+3).

1. Introduction

The idea of a matrix ensemble originally introduced by Wigner [1] has been
successfully used to study the average properties of the compound nucleus levels
[2]. The basic assumption is that each element of a real-symmetric N x N
Hamiltonian matrix has an independent Gaussian distribution. This leads to an
eigenvalue distribution known as the Wishart distribution. Because of the
appearance of a factor with absolute sign in this distribution, further integrations
[3] over the eigenvalues cannot be carried out in a simple way. The purpose of the
present work is to show that a simple identity between the eigenvalues and the
matrix elements of the Hamiltonian together with a representation of a determi-
nant in terms of Grassmann variables can be used to find ensemble averages of the
products of eigenvalues. We shall describe this formulation in Sect.2. The
concluding remarks will be presented in Sect. 3.

2. Formulation

Let us consider a real-symmetric N x N Hamiltonian matrix, then the joint
distribution of its N diagonal and 1 N(N — 1) off-diagonal matrix elements can be

written as 1 L
—N(N—1) =N(N+1)
4

P({H;})=2* exp(—TrH?). 0))

The eigenvalues E; of the Hamiltonian matrix H satisfy the following identity:
N

(1—AE)=det(1—AH), 2
i=1

where A is a parameter.
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Taking the ensemble average of (2) we can write

<n 11— /1Ei)> = (det(1—AH)>. 3)

We now use the Grassmann representation of a determinant given by [4],
det(l—AH) = [ exp— X 430w — AH,mn) 0, 1 dat} da,, “4)

and carry out the integration over the variables H;; using the distribution given by
expression (1). This gives us

<H (1 —1E,~)> = fexp [ -2 aka,— %; > (a;fauaﬂ‘av):l Il da}da,. ®)
Writing

2 apaaya,= %(Z aﬁau)z ; (6)
u

r<v
and using a transformation which converts a Gaussian into an exponential, we can
rewrite expression (5) as
1w l/i
<H ¢! —ZEi)> =7 2 _IOO dtexp(—t?)fexp — (1 —~ iT Xt) Y.ata,)[1dakda,.
(7

Carrying out the integrations over Grassmann variables and the integration over ¢
we get

28
i sSo(N—28)!S! 238 A7 @®)

N! —1)
<n(1—in>> - s C
where the summation over S goes from 0 to the nearest integer less than or equal to
N

—2_.
Equating powers of 4 on both sides in (8), we finally arrive at the desired result:
CEL\E; ... Eys)y=(—1)2752"12I(S+%). ®)

3. Conclusions

We have shown how one can obtain ensemble averages of the products of
eigenvalues using Grassmann integration. It is obvious from expression (8) or the
Wishart distribution itself that the ensemble average of an odd number of
eigenvalues is zero. Recursive relations for the ensemble averages of products of
eigenvalues have been given in [5] by writing the product on the left-hand side of
identity (2) in two different ways. Lastly we remark that the ensemble average given
by expression (9) was conjectured [6] earlier using the results for one and two pairs
of different eigenvalues.
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