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Abstract. Witten’s equation Dy =0 can be interpreted as a gauge fixing
condition for classical supergravity. We rigorously prove the existence of
asymptotically constant solutions of the more general gauge condition Py = Ay
for almost all endomorphisms A of the spin bundle. Each gives an expression for

the gravitational energy similar to Witten’s. These include the choice 4 = \/@,
which yields the particularly elegant energy expression first noticed by Deser.

1. Introduction

Several years ago R. Schoen and S. T. Yau [12] succeeded in proving the Positive
Energy Theorem in General Relativity. Shortly thereafter, E. Witten [ 14] discovered
a second proof based on an integration-by-parts formula for the gravitational
energy. These breakthroughs stimulated considerable recent work in relativity and
have led to a much better understanding of the total mass and energy of isolated
gravitational systems in General Relativity.

Witten’s proof was to some extent inspired by supergravity, although supergrav-
ity plays no direct role in his argument. The exact manner in which Witten’s energy
expression emerges from supergravity has recently been clarified by Horowitz and
Strominger, Deser, Teitelboim, and others (see [ 13] for references). In this context,
the energy formula emerges from the underlying gauge theory of supergravity, and is
seen to involve a gauge choice. Specifically, Witten used the Dirac equation Py =0
as a gauge-fixing condition. Many other choices are possible, and each yields an
expression for the gravitational energy. These energy expressions display the gauge
aspects of supergravity, yet do not involve the anticommuting fields nor supersym-
metry which characterize the full supergravity theory.

This paper establishes several specific theorems about partial differential
equations. These are intended to emphasize and clarify the gauge aspects of Witten’s
energy formula. Theorem 1 is a precise statement showing that an appropriate form
of Witten’s energy expression is valid even when Einstein’s equations are not
satisfied and when the spinor field does not satisfy the Dirac equation. Our main
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result (Theorem 2) is a P.D.E. existence theorem which allows one to make use of a
very large class of gauge-fixing conditions. We give several applications,
including the very natural gauge condition of Deser. The main results are stated in
Sect. 2, and their rather technical proofs appear in Sect. 3.

The results of this paper simplify and generalize the analytic arguments of [10].

2. The Main Results

Let M be an asymptotically flat spacelike hypersurface in a four-dimensional
spacetime N. The Positive Energy Theorem asserts that the A.D.M. energy-
momentum (E-p,) of M—whichisdefined asanintegral over the 2-sphere atinfinity
in M—is positive in the sense that E —|p| = 0. Witten’s proof of this theorem
([14,10]) involves considering the “hypersurface Dirac operator D;” this is the
composition

LSS M(T*M@®8) S I'(S),
where S = S, ® S_ is the (four component) spin bundle of N along M, V is the metric

connection of N and c is Clifford multiplication. (If we choose a local orthonormal
basis of 1-forms of M and let {y'} be the corresponding y-matrices, then locally

M

Dy = )Vivil//

(i=1

for yeI'(S).) The key ingredient of Witten’s proof is an integration by parts formula
which can be cast in the following general form:

Theorem 1. Let M be an asymptotically flat (as defined in [10]) spacelike
hypersurface in a four-dimensional Lorentz manifold N whose Ricci curvature along M
satisfies R;;e L"(M). Let y be any spinor € I'(S) which approaches a constant spinor
Vo at infinity at a rate such that

() IV —yo)lel?,

(1) o~y —Yo)el? for some bounded function ¢ with o =|x| on the asymptotic
ends.
Then

4G Yo, (E — py®y o) =AI4|V Y2+ Y, R ) — | DY P dv,. (1)

Here G is the gravitational constant, y° is the y matrix of the 1-form normal to
T*M and dv, is the Riemannian volume form of M. The inner product (¥, ¢ is the
positive definite hermitian inner product described in [10] and usually denoted y/'¢
by physicists. Finally, # =R+ 2R+ 2R;7%") is an endomorphism of §
constructed from the scalar curvature R and the Ricci tensor R;; of N.

Theorem 1 was essentially proved in [10]; it follows from a careful examination
of the proof of Theorem 4.1 (iii) of that paper. It should be emphasized that Theorem
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1 does not require Einstein’s equations, and holds for any spinor satisfying (i) and (ii):
Y need not satisfy any equation.

We note in passing that if N satisfies Einstein’s equations and the Dominant
Energy Condition then £ is non-negative. We can then use the Monotone—
rather than the Dominated-Convergence Theorem to prove Theorem 1 without
the hypothesis that R;;e L.

Witten’s argument applies (1) by finding asymptotically constant spinors with
Py =0; the righthand side of (1) is then manifestly non-negative and the Positive
Energy Theorem follows by taking iy, to be the eigenvector of p,y°y* with eigenvalue
|pl. Now in the context of supergravity (cf.[3,13]) the equation

Py=0 2

should be regarded as a gauge-fixing condition which provides a canonical way of
extending Y, across M. It is then natural to consider alternative gauge conditions of
the form

Py = Ay, 3)

where A is any endomorphism of the spin bundle S. The main purpose of this note is
to establish the existence of asymptotically constant solutions of (3). We will do this
for large collections of endomorphisms 4—the “admissible families” of Definition
3.6. For example, one such admissible family is the set of all C* endomorphisms 4
with |A|el? and A = O(r~*/?) at infinity. Our main result—proven later —asserts
the existence of solutions of (3) for almost all 4 in such a family:

Theorem 2. Let M be an asymptotically flat spacelike hypersurface in a spacetime N
and suppose that Einstein’s equations and the dominant energy condition hold along M.
Let % be an admissible family of endomorphisms in the sense of Definition 3.6 below.
Then for each A in a open dense set ¥ of B, and for each constant spinor \, there
exists a unique spinor eI (S) satisfying conditions (i) and (ii) of Theorem 1 and

Pp=(P+ A =0 )

Our proofs of this and the next theorem will also give precise statements about
the uniform decay of ¥ at infinity (Eq. 17 below).

Remarks. (1) Ina completely analogous way, we could consider the Dirac operators
P, associated to different asymptotically flat metrics g for N along M, and show that
one can solve Py =0 for almost all such g, and in particular for all g whose
curvature endomorphism £ is non-negative.

(2) The fact that (4) can be solved for almost all—but not all—A is a typical
feature of gauge theories. The exceptional values of A are analogous to the reducible
connections in Yang-Mills theory, and to the metrics with Killing fields in classical
relativity (regarded as a gauge theory with the diffeomorphism group as the gauge
group).

For each endomorphism A Eq. (4) breaks the gauge freedom in the general
energy expression (1) by specifying . In particular it is clear that , being a gauge
dependent field, has no physical meaning.
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Deser ([13]) has pointed out that there is a particularly natural choice for the
endomorphism A. Because Z is a non-negative endomorphism, \/ﬁ exists. Taking
A=t /A, teR, we can then prove:

Theorem 3. Let M be as in Theorem 2, and assume that the stress-energy tensor
satisfies T;;eL'(M). Then for each constant spinor yr,, and for each te[—1—39,
1 + &7 for some 6 > 0, there is a C* spinor s satisfying conditions (i), (i) of Theorem 1
and

Py =t /Ry )
Hence when v, is an eigenvector of p,y®y* with eigenvalue | p| and |4 |? = 1,(1) gives
E“'Pl=(4nG)_1I£|Vl//|2+(l+t2)<¢,%¢>dvg. (6)

When t = 0 this is Witten’s energy expression. However, for any te[ — 1, 1] the
righthand side is manifestly non-negative, so E — [p| = 0, and (as in [10]) equality
holds if and only if M = R? with the standard metric. In particular, the choice t = 1,
corresponding to Deser’s gauge condition

Py = /Ry, (7

is possible, and yields a proof of the Positive Energy Theorem and an energy
expression

E—|p|=(4nG)_1§llV¢|2dvg ®)

every bit as natural and elegant as Witten’s original choice.

Equation (6) clearly shows that the two terms in Witten’s energy expression (the
case t = 0) cannot be interpreted as the energies of the gravitational and matter fields
respectively; the separation of the two terms is purely an artifact of the gauge choice
(2). (Horowitz and Strominger [5] have previously shown that in the Newtonian
limit these two terms do not reduce to the usual expressions for the
Newtonian gravitational and rest mass energies.)

Theorem 2 has other applications. For example, Moreshi and Sparling [8],
following Gibbons, Hawking, Horowitz, and Perry [4], give a version of Witten’s
energy expression which includes electromagnetic charges. Their derivation as-
sumes the existence of a certain P.D.E. (Eq. 3.6 of [8]). Under the hypotheses of their
main theorem this existence follows from Theorem 2.

3. Proofs of the Main Theorems

We shall prove Theorem 2 using weighted Sobolev spaces. Specifically, we will work
with the spaces Hf; obtained by completing the space of smooth compactly
supported sections of S in the norm

k
Whhas= 3 10”91, ©)
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where | |, is the I norm on M, ¢ is a fixed smooth function with ¢ =1 and
a{x) = | x| for x in the asymptotic ends of M, and V'is the [-fold composition V...V of
the Riemannian spin connection of M. (It is appropriate to use the connection V in
(9) because it is compatible with the inner product { , > on S, whereas V is not.)

A useful observation, proven in the appendix, is that the norm (9) is equivalent to
its top order term, that is

|l//!p,k,5§cllo-6+kvklplp (IO)

for some constant ¢;. Now the metric connections of M and N are related by
V.=V, +%h;;7%7, where hy; is the second fundamental form of M = N, and |h;;| <
c,0” ! as a consequence of asymptotic flatness. Hence (10) gives

Wp10 S csla’ VYL, (11)

The main reason for introducing the spaces Hf ;for p # 2 is that when p > 1 and
3 < pk the elements Yy eH} ; have uniform decay: for each « <6+ 3/p there is a
constant ¢ such that || < co ™ * pointwise (cf. Cantor [2]). One consequence of this is
that

Hﬁ,écH%,—l (12)

whenever k> 1+ 3/p and 6 >%—3/p.

The theory of elliptic operators on these weighted spaces was initiated by
Nirenberg and Walker, and has been developed in recent years by M. Cantor,
Choquet—Bruhat and Christodoulou, R. Lockhart, and R. McOwen (see [2] for
references). Using their results we shall prove:

Theorem 4. Suppose AcEnd (S)is measurable and |6* *¢A| is bounded for some & > 0.
Then for —3/p<d<2—3/p,

Pa=P+AH! ;> Hf ;. (13)
is Fredholm and there is a constant ¢ such that VyyeHJ 5,
Wipks = cUPaWlpi—r6+1 W pu-1.041)- (14)

For p=2and 5—3/p<5<3—3/p, D, has index 0 and (13) is an isomorphism
whenever P ;:H} _ — L7 is injective.

Proof. Standard results ([2,7]) imply that p:HY ;— Hj ;. is Fredholm for — 3/p
<8 <2—13/p, and that (14) holds for D. If 61 "°4 is bounded and measurable for
some ¢ > Othen A:HY ;— HY ;. isacompact operator ([ 7] Theorem 5.2). Hence by
general Fredholm theory ([6]) P+ A is Fredholm with index P, =index P.
Equation (14) then follows immediately from the corresponding inequality for P.
Forp=2andd =1 —3/pwehave H} ;= H _, by Holder’s inequality. Thus the
injectivity of P,:H? _, - L? implies that (13) is injective. To prove that it is an
isomorphism we need only show that p—and therefore P ,—has index 0.
Lemma 5 below shows that P isinjective on H{ _ |, and hence on H? ;. To estab-
lish surjectivity, suppose that i is in the kernel of the dual map P*:H§ _;_, —
(H? )*, g '=1—p~'. Then Py =0 weakly because P is formally self-adjoint
(Eq. 3.6 of [10]). Standard elliptic estimates imply that i is smooth. Let i be a
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smooth cutoff function with support in R” — B(R), with g =1 on R” — B(2R), and
|dBg| < co~! pointwise. Repeatedly applying (14) to (1 — Bg)¥ and letting R — oo
shows thatyeHf _;_,Vk.Butwhend <3 — 3/p,we then haveye H} _, by (12),and
hence yy =0 by Lemma 5. Thus P:HY ;—» H 5. has index 0.

Lemma 5. There are constants ¢, d > 0 such that Vte[ — 1 — 6,1+ 6] and yeH} _,

Wlai-1 S cal D+t /RN,

Proof. By Theorem 1 with y, =0 we have

| Py 15 = VY13 + YRy, (15)
ViyeC®. But R is continuous and O(r~ %) by hypothesis, so I\/@|§csa‘1.
Taking limits establishes (15) VyeHi _,. The inequality 2ab < (1 +¢) 'a®+
(1 4 €)b? then gives, for each ¢ > 0,

P+t /RWIE 2 (DYIE =2 DYl t /RY L+t /AW 13
2[1— (140 NIVY B+ /B3 — et /RY 13

= (V= el AV )

where ¢, = (1 + ¢)t? — 1. Using (11) and | ﬁl//]z <cs|Ylyy, -1, we have
P+t /RWBZ el +6) (s~ ey -
Now take & = c3/4c2 and 6 small enough that ¢, < ¢;3/2c2 Vie[ —1—6,1+6]. [

Together, the last two results show that (13) is an isomorphism for at least some
A. We are going to show that this is the case for almost all 4. To this end we
introduce some spaces of endomorphisms 4.

Definition 6. (i) For each ¢ > 0 set
A,={AeEnd(S)|AeHY, . ,n[?}.

Each A€ A, is a bounded linear operator A:H? _, _,— [?; the operator norm makes
A, a Banach space and 4, g A, continuously.

(i) A linear subspace % < A, is admissible if for each Be# for which
Dg:H? _ | —I* has a non-zero kernel there exist Le#, y eker Py and ¢peker P,
such that

A£<¢’Ll//>¢0‘ (16)

This criterion for admissibility is very weak; it would appear that almost any
choice of L should satisfy (16). Nevertheless to prove (16) in specific cases is not
entirely trivial, and becomes increasingly more difficult as % is made smaller. As an
example of such a proof we have:

Lemma 7. Let A, be a family of differentiable endomorphisms which contains the set
C*(S, S) of smooth compactly supported endomorphisms. Then % is admissible.

Proof. Suppose that Dy has a non-zero kernel. Then the adjoint P} also has a non-
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zero kernel because Dy has index 0. Fix yeker Dy and ¢peker Pl Standard elliptic
estimates ([9], Theorem 6.4.3) imply that y and ¢ are continuous and lie in the
Sobolev space H3 ... The zero set Z() = {x|(x) =0} is then closed, and by the
unique continuation theorem of Aronszajn ([1]) it has no interior. Thus the
complement Z(y) (and similarly Z(¢)) is open and dense. Choose a smooth positive
function {(x) with compact support in Z°(/) and set L(¢) =,y > ¢. Then

<o Ly =Tl Pigr>0.

Finally, if L is not smooth we can replace it by an Le C® (S, S) which is close enough
to L that (16) still holds. O

Proposition 8. If 4 is an admissible family then ¥ = {Be| Py is invertible} is open -
and dense in 4.

Proof. For each Be# < A,, B:H? _, —I* is compact, D" 'Py=1+ P~ 'B is
Fredholm, and

Py=(D7' D) (D' Pp)= D3P~ * Py

is an analytic family of self-adjoint Fredholm operators on H _,. Each Py gives a
spectral decomposition of H} _,, and the spectrum and the eigenfunctions depend
analytically on B ([11] Theorem XIL.13). In particular, dimker Py is upper
semicontinuous and .# = {Be%/Py has no zero eigenvalue} is open in 4.

To show that .# is dense we fix B¢.# and y, ¢ and L as in (16), and consider the
perturbations P, = Py, of Py. There are then I? orthonormal eigenfunctions v,(¢)
and numbers A(t), i=1,..., N = dimker P, which depend analytically on ¢ for |¢|
small such that (a) 4;(0) = 0, (b) the 1/,(0) are an L* orthonormal basis of ker P with
¥ 1(0) =1, and (c) Py(t) = A{(t)y(t). Taking the I? inner product with y(t) yields

A(t) = 0, Ppi(©) .

Differentiating,
AO) =Y Py ) + Y, Py ) + Py Y ).

At t=0 we have Py =0, Py=L'D"2Dy+ D{ P, and Doy =0, so 2(0)=0.
Differentiating again,

A O)= Y PY Y + L PY D + 50, P + i, P ).
Since P is self-adjoint and P”(0)= 2L D~ 2L,

340)=1D " (Poy + L)%
Thus A7(0) = 0 with equality if and only if Doy = — L. But then

0={Pi > =<, Po¥h> = <{$, Ly,

contradicting (16). Thus 47(0) >0 and dimker P, < dimker P, — 1 for all suffi-
ciently small . Repeating this process a finite number of times yields invertible
endomorphisms B'e# arbitrarily close to B. O
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Proof of Theorem 2. Fix Ac.# = 4 as in Proposition 8. Let y/; be a spinor such that
W (x) = ,(x) for all x in the asymptotic end with |x| > some R. The conditions of
asymptotic flatness (cf. [8]) insure that Py, = O(r~?), and AeL? by Definition 6.
Hence P o), €*. Now D ,:H? _ | — [*isinjective by Proposition 8, so by Theorem 4

.gr p
$A~H1,6"Ho,1+é

is an isomorphism for p>2 and $—3/p <6 <32 —3/p. Hence there is a unique
¢eH3 _ such that P, &= D a,. The spinor y =y, — ¢ then satisfies conditions (i)
and (ii) of Theorem 1, and D, =0.

If we assume a stronger decay on A we obtain a uniform decay rate for .
Specifically, if AeA, for some ¢>% (ie. A=0("'79), then P,y eH} ; for
3<6+3/p<e< 1 Inverting P on HE |, ;as above and using the facts mentioned
before (12), we find that

Y| <co™® (17)
for some constant ¢ and a <¢e¢ < 1. O

Proof of Theorem 3. We have A = t\/@yoeﬁ, since T;;eL’, and A = O(r~*?) by
asymptotic flatness. For te[—1—0, 1+6] Lemma 5 shows that D+
t/#:H} _{— [* is injective. The theorem follows as in the preceding proof.

If| T,;] = O(r~ %~ *)for some § < ¢ < 1, we again obtain the uniform decay (17). In
particular in many physically interesting situations (e.g. electromagnetic fields with
compactly supported sources) we have T;;= O(r~*), and hence = O(r "*)Va < 1.

O
Appendix

The inequality (10) is an elementary fact about weighted Sobolev spaces which
unfortunately does not appear in the literature. We will give a general proof here.

Let M be an n-dimensional Riemannian manifold that is asymptotically flat in
the following weak sense. There is a compact set K < M such that M—K is the
disjoint union of a finite number of asymptotic ends M, each diffeomorphic to the
complement of a ball in R". Under this difftomorphism the metric on M, written in
standard coordinates on R", should satisfy |g;; —d;;/—=0 as r - oo. Let E be a
hermitian vector bundle over M with connection V compatible with the metric. We
then have

Proposition. For 6 > — n/p, there is a constant ¢ such that
[@lpus < cla*TOVEDl,. VdeHE H(E). (17)

Note that if d < —n/p and E is a trivial bundle then Hf ; contains the constant
functions and the inequality fails.

Proof. By continuity it suffices to verify (17) for smooth compactly supported
sections ¢. For notational simplicity we shall assume that M has only one end, so
M — K = R" — B for some ball B = B(R). Since ¢ is bounded above and below on
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K, a standard estimate gives

Jla’IP <c; [1p1P e, [IVOIT +c, [Ip)7
X K k 5 (18)

< QJ{[J‘”V(]SI"—}— AR
%

where S = 0K (see Theorem 3.6.4 of [9]—the proof given there applies on manifolds).
On the end B° = R" — B we have ¢ = r and the Riemannian volume form dv, is
related to the Euclidean volume form (in spherical coordinates) by

s tdvy £ 0" drdQ < csdv,.
Hence

J1a%1rdv, < cq ] 1917d(7")ag2,
where ¢ = ¢, (pé +n)~! > 0. By Stokes’ theorem this is
= -cﬁsfa]aé(]ﬁlp'a"’ldﬂ — cﬁéfcd(!qbl”)'o”“"dﬁ.
But |d(1¢17)] = p/2|$1""2[<Vd, ¢ > + (b, VP | < p|¢|"~'|V], so the above is
< —coes™ o101+ peges [10°6 17~ V1otV g dv,.

For any ¢>0 we can now apply Young’s inequality ab <ea?+ ¢! ~Pb?, where
p~'+q '=1, to obtain

éjo%l”dvg < - CGC;1£U|05¢|p + 0781! [6°¢|Pdv, + cqe" “PIVPID g 5u1-

Taking ¢ = c; ' and subtracting,

gpltf&(bl"dvgé _C8£0105¢|p+C9|V¢|g.0,6+1' (19)
Combining (18) and (19) gives
|¢|p,1,5§ |V¢|p,o,5+1 + |¢|p,o,a = C|V¢|p,0,5+1- (20)

This completes the proof of the case k = 1.
Now suppose that (17) holds for some k. Replacing E by E® (®*T.M) and ¢ by
V*¢ in (20) then gives

|¢|p,k,5 = Ck|Vk¢)|p,o,6+k = CLIVH 1¢|p,06+k+ 1+
Hence

‘4)!p,k+l,(§:(l + C;«)lvk+l¢‘p,o‘a+k+17

and the proposition follows by induction. |

Remark. The tensor V¥¢ = Vo----0V¢ is not symmetric in its indices; it differs from
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its symmetrization V¥¢ by an operator A4 of the form
k—2
A=VE—Vi=Y g,V R-V®R...Vkla=2

la]=0

where |o| =) o; +2 and R represents the curvatures of M and E. The norms (9)
based on V* and V¥ are equivalent if V'R=0("2"") for 0<I<k—2.
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