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Abstract. We construct a 1: 1 correspondence between the equivalence classes
of Yang-Mills fields over $? and the conjugacy classes of closed geodesics of the
structure group. Furthermore, we give an explicit isolation theorem for any
Yang-Mills field over S2.

Let G be a compact and connected Lie group and consider a principal fibre bundle
(P, M, G) over a compact oriented Riemannian manifold M. On the space €(P) of
connections on P the Yang-Mills functional L:%(P)—R is defined by

L(Z)=§4 12z11dM

where @, is the curvature of the connection Z and the norm is defined by the
Riemannian metric on M and a fixed Ad-invariant scalar product on the Lie
algebra of G. The critical points of the Yang-Mills functional are called Yang-Mills
connections. It is well-known (see [3]) that Z € ¢(P) is a Yang-Mills connection if
and only if Z is a solution of the Yang-Mills equation D;*Q,=0. In the
introduction of [2] Atiyah and Bott mentioned that, for the 2-sphere S2, the Yang-
Mills equation for G essentially reproduced the Morse theory picture for the loop
space QG. Similar ideas can be found in papers concerning magnetic monopoles
(see[4, 6, 107). The purpose of the present paper is to work out this idea exactly and
to complete it.

In the first section we investigate a mapping @ : €(P)— QG (see [4, 12]) from the
space of connections on a principal fibre bundle (P, $?, G) onto a subspace of QG
determined by the topological type of P.

In Sect. 2 we show that the mapping & carries the critical points of the Yang-
Mills functional into the critical points of the energy integral on QG. For this we
prove that the holonomy group of a Yang-Mills connection over S is either trivial
or the group S'. Furthermore, calculating the index and the nullity of a Yang-
Muills connection over S* by means of cohomology theory and studying the Jacobi
equation on the corresponding closed geodesic, we verify that, after identification
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of gauge equivalent Yang-Mills connections, the index of a critical point of the
Yang-Mills functional is equal to the index of the corresponding critical point of
the energy integral. Moreover, in both cases the nullity is equal to zero. This means
that the equivalence classes of Yang-Mills connections are isolated.

In Sect.3 we prove an explicit isolation theorem for any Yang-Mills
connection over $2. In a sense this result corresponds to an isolation phenomenon
for Yang-Mills fields over $* announced by Bourguignon and Lawson [3].

1. A Map from the Space of Gauge Fields over S?
Into the Loop-Space of the Structure Group

Let €(P) denote the space of smooth connections on a principal fibre bundle P.
The gauge group %(P), on ¥(P), is the group of automorphisms which act on P.
Denote by %,(P) the group of automorphisms preserving a fixed point p, € P.

Now suppose that (P, n, S2, G) is a principal fibre bundle over S?, where G is a
connected Lie group. Let QG be the loop space of G, i.e. the Hilbert manifold of
H*'-maps of the unit circle S* into G taking 1€ S* to the unit of G. Then the
mapping @ : (P)— QG is defined in the following way. Identify S with Cu{c0} (C
is the complex plane) and set ¥, =S*\{0} and V, =S%\{c0}. Denote by ©(Z, y) the
parallel displacement along the curve y:[0,1]—S? by means of the connection
Z e 4(P) and fix a point p,en~!(c0). If yL and y2 are the curves

plite[0,1]-t1-xe8%, xeV,,
y2:te[0,1]-t-xeS*, xeV,.
we define
i) =1Z,y:) (po), xeVi,
s5(x)=1(Z,y) @}, xeV,.

Here p?=1(Z,y,) (po), where 7, is the curve te[0,1]— 1——t——feSz.
Proposition 1.1. The mappings s : V,—P and s%: V,— P are smooth sections of the
bundle (P,n,S?, G).
Now let g :S'—>G be the mapping which is given by the condition
s5(x)=57(x) - 0z(x) for xeS',
and define #(Z)=p;.

Proposition 1.2. Let fe %(P) and g€ G such that f(po)=po-g. Then ®(f*Z)
=g~ '®(2)g.

Proof. This follows from
fotr(f*Z,y)=1(Z,y)of for all curves y.

From Proposition 1.2 we obtain @(f*Z)=d(Z) for f€ %(P). Thus we have a
map @,:€(P)/9,(P)—Q2G induced by .



Yang-Mills Equations on the Two-Dimensional Sphere 233

Let us recall that P determines a homotopy class [P]in [S*; G], i.e. a connected
component of QG (see [13, Sect. 18]). Then we prove:

Proposition 1.3. The image of the map D is the subspace [P1nA®G, where A°G is
the space of smooth mappings of S* into G.

Proof. Let Z € 4(P). According to Proposition 1.1, 9, € A°G holds. Moreover, for
the charts

@i (x,9)€V,x Gosi(x) - gen™(V), i=1,2

of the bundle P, we obtain g,,,,= 0z, Where g, is the transition function. Hence,
0z is the characteristic map, and we have g, € [P]1nA%G.

Conversely, let g e [P]nA®G, and define g : V;NV,—>G by g(x)=¢ <%> From
the existence of a principal fibre bundle (Q, S G) with charts y;: V;x G—Q,
i=1,2, whose transition function is ¢ (see [14, Proposition I1.2.1]) and from the
condition g € [P], implying the equivalence of the bundles P and Q, we infer the
existence of sections s;: V;— P, i=1, 2, satisfying 5,(00) = p, and s,(x) =5,(x) - 9(x)
for xe V;nV,. Let a:(0, 0)—[0, 1] be a smooth mapping with a(t)=0 for t<s,
and a(t)=1fort>¢,, 0<g; <e,. Using that {x, ix} is a basis of the tangent space of
§%=Cu{oo} at x for xe V;nV,, we define a 1-form Z, on ¥; by

Zy (¥)=0,  Z; (ix)=((Ix) = DdLyx 7 0(e"x) = for xeV;nV;,

é(x)a_t
Z; =0,
and a 1-form Z on ¥, by

. d_ . .
Z% (x)=0, ijx(zx)=oc(|xj)dRé(x)d—tQ(e‘x) 2o for xeVinV,,
Z§,0=O‘

It is clear that the forms Z; and Zj are smooth. Moreover, there exists a
connection Z¢€ %(P) with s{Z°=Z, and s5Z°=Z? (see [8, Proposition I1.1.4]).
Since s4°=s, and s%° =s,, we have ®(Z) =, and our statement is proved.

We note that the proof of Proposition 1.3 yields the construction of such a
mapping v : [P1NnA®G—-%(P)/4(P) that @,y is the identity of [P]JnA®G.

Remark. Fix a connection Z € ¢(P), a point p, e n~*(c0) and consider a 1-form #
with values in the adjoint Lie algebra bundle AdP=P x ,4g. If y is a curve in §?
with p(0)= oo, we define the integral

@

fneg

Y
in the following way: Let y* be the Z-horizontal lift of y such that y*(0) = p, and put

(Z)
fne={n.
'y*

v
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The values of this integral are elements of the Lie algebra g. Now we can easily
describe the differential

d® : T,%(P) = [ (Ad P® T*M)— Tp2,QG

if we identify the tangent space T2)@2G with the space of curves in g (using left
translations in the group G). d@ is given by

@
do(n) (0) = yf n

with 6 S*. y, denotes the closed curve [0,c0]u{t-0,0<t< o0} in §2.

2. A Correspondence Between Yang-Mills Connections and Closed Geodesics

Let G be a compact and connected Lie group with the Lie algebra g and a fixed
Ad-invariant scalar product on g. By Hom(S*, G) we denote the set of all
homomorphisms S*—G. We note that sometimes we will identify ¢ € Hom(S*, G)
with the closed geodesic t € [0, 1]—0(e*™). A pair (P, Z), where P is a G-principal
fibre bundle over the oriented Riemannian manifold M and Z is a Yang-Mills
connection on P, we call a Yang-Mills field over M with structure group G. The set
of all these pairs we denote by YM(M ; G). We recall that Z € €(P) is a Yang-Mills
connection if it is a solution of the Yang-Mills equation D, * Q,=0. Here Q,
denotes the curvature of Z; it is a section of Ad P A>T*M, where AdP=P x 449
is the vector bundle associated with P by means of the adjoint representation. The
operator * is the Hodge operator and D, is the covariant differential defined by Z.
Sometimes we will interpret a section & € I'(Ad P) as an equivariant mapping P—g.

In this section we investigate the relation between Yang-Mills connections
over $* and closed geodesics. First we define a mapping 6:Hom(S!,G)
—YM(S?, G). For this we consider the Hopf bundle (S3, $2, '), where S* acts on

8% ={(21,2,) € C%; |z, * +z,)* =1}
by (z4,2,) - 2=(2, 2,2, z). Then
A=%4z,dz,—z,dz, +Z,dz,—2,d%,)
is an irreducible Yang-Mills connection on S with the curvature

2= vo?(Sz) ®dS2. Let g e Hom(S*, G). The associated bundle P,=5°x ,G is a

G-prlnc1pa1 fibre bundle, where G acts on P, by [u, g] - g, =[u, gg,]. Itis clear that

:ueS*->[u,e]eP,is a homomorphlsm of fibre bundles with the homomor-
phlst 8- G. Consequently,i,induces aconnection A,on P,, determined by i¥4,
=0,4. Since ifQ, =0,Q 4, we can easily verify that 4,isa Yang-Mllls connection
on P,. Thus, settmg 6(0)=(P,, A,), the mapping 6:Hom(S', G)—»YM(S?, G) is
correctly defined.

Proposition 2.1. Let ¢ and g be in Hom(S*, G). Then the Yang-Mills fields (P,, A,)
and (P,, A,) are equivalent, i.e. there exists a gauge transformation f: P,— P, with
f*A;=A, if and only if the homomorphisms @ and @ are conjugate.
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Proof. Suppose ¢ = glég 1%, 91€G, and denote by [, ], and [, ],, respectively, the
equivalence classes in P, and P,. Then the gauge transformauon filu, g]QeP
—[u,g,9];€ P, satisfies if f *A =04 A. This implies f*4;=A4, since A4, is
determined by if4,=0,A.

Conversely, let f P,— P, be a gauge transformation with f*4,= 4,. We define
a map [:S*-G by the condition fo ze(u)—zq(u) f(u) for ue$S® and observe
Fwo(z)f(uz)~*=g(z) for ue S* and ze S*.

In order to complete the proof we have to verify that f is constant. The
definition of f yields

0 A=A, =i¥f*A;=(Rpoip)*A4;=Ad(f 1) (if 4+ [*w
=Ad(f ) (@A + o

where w is the Maurer-Cartan form of G. Hence, if te TS? is horizontal with
respect to the connection A4, then f*w(t)=0 holds. Consequently, f is constant
along any horizontal curve in S°. Since A4 is irreducible, f is constant on S>.
From Proposition 2.1, we obtain that 0 induces an injective mapping
f:Hom(S*, G)->YM(S2,G) from the set Hom(S', G) of conjugacy classes of
homomorphisms S'—G into the set YM(S?,G) of equivalence classes in
YM(S2, G). Before we show that the mapping 6 is also surjective, we prove:

e

Proposition 2.2. Let (P, M?, G) be a principal fibre bundle, where M? is a connected
Riemann surface, and let Z be a Yang-Mills connection on P. Then the holonomy
group of Z is discrete or one-dimensional. In particular, if M*=S?, then the
holonomy group is either trivial or S*.

Proof. Let ®&(p,) be the holonomy group and P(p,) be the holonomy bundle of Z
with reference point p, € P. Because of D, * Q,=0 the mapping * Q,: P—g is
constant along horizontal curves. Hence, * Q, is equal to X € g on P(p,). Applying
the holonomy theorem of Ambrose and Singer (see [8, Theorem I1.8.17), we obtain
that the Lie algebra of &(p,) is spanned by X. Therefore @(p,) is discrete or one-
dimensional.

Suppose M 2=52. Then @(p,) is connected (see [8, Sect. IL4]). Consequently,
@(p,) is trivial, the circle S* or the line R. Suppose @(p,)=R. Since R is simply
connected, the holonomy bundle (P(p,), S2, D(p,)) is trivial. Let Z € €(P(p,)) be
the reduced Yang-Mills connection. Because ®(p,) is an abelian group, the Yang-
Mills equation D * Q;=0 is equivalent to d * (s*Q;)=0, where s: S*—>P(p,) is a
global section. Hence s*Q;=c-dS?, ceR. Because of s*Q;=s*dZ =d(s*Z) we
have d(s*Z)=c-dS>. By integration we obtain 0=c - vol(S?). Consequently, Q;
vanishes. Since this contradicts the irreducibility of Z, the proposition is proved.

Proposition 2.3. Let (P,Z)e YM(S%,G) and let X=*Q,(p,), po€P. Then
0:t€[0,1]—-exp(t- X - vol($?)) € G is a closed geodesic, and the Yang-Mills fields
(P,Z) and (P,, A,) are equivalent.

Proof. In the case G=S" we have Q,= X ®dS?, X €iR. Then the first Chern class

of the bundle P is ¢,(P)= — ;—vol(sz) Since ¢, (P) =k is an integer, it is obvious
that

o:te[0, 1]—>et'X'V°1(S7') eS!t
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is a closed geodesic. Further, for the Yang-Mills field (P,, 4,) we have

2mi
Q4,=0,82,= Q*(Vol(sz))®d32 X®dS?=

Hence c¢,(P)=c,(P,). It follows that there exists a gauge transformation f; : P,— P.
Since Q ., =, interpreted as 2-forms on $2, and since the Picard group of 52 is
trivial, we obtain from the Theorem of Weil (see [9]) that there exists a gauge
transflormation f2:P,—~P, satistying f7* f*Z = A,. Thus our statement is true for
G=S".

Now let G be any compact and connected Lie group. The connection Z € 6(P)
reduces to a connection Z on the holonomy bundle (P(p,),S?, ®(p,)). By
Proposition 2.2 (p,) is either trivial or S*. Therefore, we have already shown that

¢:te[0,1]—exp(t- X - vol(S?)) e D(p,)
is a closed geodesic in &(p,) and so is the embedded curve
0:t€[0,1]—exp(t- X -vol(S?) e G

in G. Moreover, there is a gauge transformation f: P, = P(po) with f*Z= A,
Extending f to a gauge transformation P,— P, we see the equ1valence of (P, Z) and
(P 4p)-

So we have proved:

Theorem 2.1. The mapping 8: Hom(S!, G)»YM(S?, G) is a bijective correspon-
dence between conjugacy classes of homomorphisms S* — G and equivalence classes
of Yang-Mills fields over S* with structure group G.

We remark that a simple calculation leads to E(g)=vol(S*)L(4,) for
o€ Hom(S%, G).

The following corollary shows that the correspondence between Hom(S?, G)
and YM(S?, G) is realized by the mapping @ : Z € ¢(P)—0, € QG.

Corollary 2.1. Let (P, Z) e YM(S?, G). Then g, Hom(S*, G) and the Yang-Mills
fields (P, Z) and (P,,, A,,) are equivalent.

Proof. Consider the Hopf bundle with the fixed connection 4 and set p,=(1,0).
Then we see that the sections s{ and s% are given by

STO)=(xI(L+[x) 712, x 7 xl(L+ X)), xeV,
s5(0)=(x(1+x) 72, A+ IxH) 7)), xel,.

Consequently g , =idg:. Now, applying Theorem 2.1, the proof is straightforward.

Let us recall that the Yang-Mills connections on a principal fibre bundle P are
the critical points of the Yang-Mills functional L : €(P)— R. Since this functional is
constant on the orbits of the action of the gauge group %(P), we have mappings
L:%4(P)/%(P)—Rand L:¥4(P)/%,(P)— R. Now we will calculate the index and the
nullity of a Yang-Mills connection over $%, understood as a critical point of the
functional L:%(P)/%(P)—R. For definitions we refer to [2].

ez’

Let e Hom(S8%,G), X = %Q(ez"i‘)ltzo and choose a maximal abelian subal-

gebra t of the Lie algebra g of G with X e¢. It is well-known (see [1]) that there
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exists a basis ey, ..., e, of g satisfying
ad(X) (ezx- 1) =2n0(X)es, ad(X) (ex) = —2n0(X)ey—1, k=1,...,1,
ad(X)(e)=0, s=2I+1,...,n,
where the linear forms 0, :t—>R, k=1, ...,1, are the roots of G.
Proposition 2.4. For the Yang-Mills connection A,€ 6(P,), we have
Index(4,)=2 Z (10.(X)|—1) and Nullity(4,)=0.

Ok(X)'-#O

For the proof we use a fact concerning the index and the nullity of a Yang-Mills
field (P, Z) over a compact Riemann surface M? with structure group G. Endow
the bundle AdP®C =P x ,4(a® C) with the complex structure defined by Z and

consider the holomorphic bundle morphism
Az 0e AdPRC—i[*Q,, ¢le AdPRC,
where [,] is the Lie bracket. Let P*={peAdP®C; A p)=A ¢} and
z@o P* (one easily sees that P*is a holomorphic subbundle of AdP® C, and
so is P*). Then the following proposition holds:
Proposition 2.5. If M? is a surface of genus g, then
Index(Z)=2{c;(P*)+dim(P*)(g—1)} and Nullity(Z)=2dim ,H'(M?;P°).

Here HY(M?; P°) is the first cohomology group of M? with coefficients in the
sheaf of holomorphic sections of P°.

The proof of this proposition is given in [2].

Proof of Proposition 24. Fix X = %Q(e“”)ltzo, and let

= {Yeg@C Yl (59) ad(X)(Y)=4-Y }
. X 3 . A
Because of * Q4 (i,(u))= vl (59 foru e S°, we see that the holomorphic bundle P,

and the bundle $3 X ,q4.,9* endowed with the complex structure defined by the
connection 4 on S3 are isomorphic (consider the mapping

[u’ Y] € S3 X Adoqgl_)[[u? e]> Y] ePéng X Ad(g®c)) .

Arrange the basis ey, ..., e, of g so that 0,(X)>0for k=1, ...,m and 6,(X)=0 for
m<k<l, and let

e,,_1+ie €,y _1—le
2k—1 2%k and b= 2k—1 2k

fi= % %

for k=1,....,m
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Then fi, ..., fos Pis -oos Py €2m4 15 --+5 €, 18 @ basis of g®C satisfying

_ 27160(X) ~
VOI(SZ) a (X)(f;() OI(SZ) f;‘, k—l,...,m,

2n6(X)
vol(S?) *°
ad(X)(e)=0, s=2m+1,...,n

ad(X) (hy) = — k=1,...m,

vo 1(52)

1(S2)
Consequently, the bundles

P; =}.>@0 (S x Adoggl) and k@ (5 x Ad.eC “fo)

are topologically isomorphic. Moreover calculating the curvature of the covariant
derivative in S x »4.,C- f; defined by 4 e %(S?), we obtain that the first Chern
class of §%x 4.,C- fk is 0,(X). Applying Proposition 2.5, we have

Index(4,) =2{c,(P;) —dim,(P; )}=2{< 2 9k(X)> } =2 Z (10X —1).
k=1 ] (X)#'—O

Further, we see that g° is spanned by the vectors e, s=2m+1, ..., n. Since ad (X)

vanishes on g°, the representation Ad-g:S*—GL(g°) is trivial. Therefore, x € S?

—[u,e] €8> X 54.,8° Where u is in the fibre over x, is a holomorphic section.

Because of H'(S?; C)=0 (see [5], Theorem 12.7) we arrive at

s=2m+1

Nullity(Ae)=2dimcH1(SZ;P°)=2dimc{ D HI(SZ;C)}=

This concludes the proof.

If a Yang-Mills connection on P is considered as a critical point of the
functional L: 4(P)/%,(P)—R, itis natural to define the index and the nullity of Z
as follows:

Index,(Z)=Index(Z),
Nullity,(Z) =Nullity(Z) + dim(D,(I'(Ad P))/D (I ,(Ad P))) .
Here I[(AdP)={,e'(AdP); &(p,) =0} is the Lie algebra of 4,(P).

Proposition 2.6. For the Yang-Mills connection A,e%4(P,) we have
Nullity,(4,) =dimg—dimgy, where gx={Yeg;[X, Y]=0}.

Proof. Since the sequence
0—kerD, —I'(AdP,)/I,(AdP,) P p 4 ([ (AdP,)/D , (Iy(Ad P))—~0
is exact and since I'(Ad P,)/I(Ad P,) is isomorphic to g, we have
dim(D, (I'(AdP,))/D, (Io(AdP,)))=dimg—dimKerD,, .

Hence, using Nullity (4,) =0, it suffices to show that KerD,,  is isomorphic to gy.
Let {eKerD,, and fix u, €S3 From D, Da = [QA ,€]=0 we obtain
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[X, &(i,(u5))]=0. So we get the mapping £ € KerD ,—&(i(uo)) € gx. It is easy to
check that this mapping is an isomorphism.

Endow the group G with the biinvariant metric g, induced by the Ad-invariant
scalar product on g. Then it is well-known that Hom(S!, G) is the set of the critical
points of the energy integral on QG. Therefore, the Morse theory defines the index
and the nullity of a closed geodesic ¢ e Hom(S!, G).

Theorem 2.2. Let ¢ € Hom(S', G) and let (P,, A,) be the corresponding Yang-Mills
field. Then Index,(4,)=1Index(g) and Nullity,(4,) = Nullity(g).

Proof. We have to calculate the index and the nullity of the closed geodesic g. For
this we make use of a relation between index and nullity of a geodesic and the
Jacobi equation:

Proposition 2.7. Let ¢: [0, 1]— M be a geodesic on the Riemannian manifold M and
denote by J?,0<t,< 1, the space of Jacobi fields J : [0, 11— TM along g, satisfying
J(0)=J(t,)=0. Then Nullity(¢)=dimJ, and

Index(o)= > dimJy.

0<tp<1

For the proof see [7, 2.5.6, 2.5.9].
We want to apply Proposition 2.7 to the closed geodesic

0:te[0,1]—expt-XeG, Xeg.
The following lemma gives a useful characterization of Jacobi fields along o.

Lemma 2.1. A vector field J along ¢ is a Jacobi field if and only if the curve
Y:te[0,1]-dLy,)J(t) € g is a solution of the differential equation
d? d
prel Y()+ |:X Y(t):|
Now we calculate the dimension of the space of solutions of the problem
d? d
YO+ X2 Y0 (=0, Y(0)=Y(t)=0 1)

for0<t,<1.Fixabasise,..., e, of g as in the proof of Proposition 2.4. It follows
that

Y= 2 (Des- 1 +BiOe+ ¥ Cilde,

is a solution of (1) if and only if (4,, By, ... A,,,,B ) is a solution of

d2

22 A0 — 2n9k(X) ; Bu0)=0,

2

i sz(t)+2n0k(X) ;AdH)=0, @

A40)=B(0)=Ay(to)=Bi(to)=0, k=1,...,m,
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and (C,,,+1, ..., C,) is a solution of
d2
Et-z Ck(t) = O 5
Cl0)=Ci(te)=0, k=2m+1,...,n.
From (3) we conclude that C,, k=2m+ 1, ..., n, vanishes. Setting y, = 4, +iB, for
k=1, ...,m, problem (2) is equivalent to
d? ) d
72 O+ 2100 =y =0, yO)=nl)=0, k=L..m. (4

©)

The solutions of (4) are given by
V) =z,—z e 20X 2 eC, if 0(X)-tyeZ,
y.=0, otherwise.
Therefore, using 0,(X)e Z, k=1,...,m, and the fact that g, is spanned by the
VECLOIS €5 4 15 - - -5 €y, PTOPOsition 2.7 leads to Nullity(g) =2m=dimg— dimgy and

Index(g)=2 ki 0,X)—1).

This concludes the proof of Theorem 2.2.

It is clear that the energy integral induces a functional E : QG— R on the space
QG of conjugacy classes of loops. Therefore, a closed geodesic ¢ € Hom(S*, G) can
also be considered as a critical point of E.

We denote the index and the nullity of ¢ by Index, (¢) and Nullity, ().

Lemma 2.2. Let ¢ € Hom(S", G). Then Nullity, (¢)=0.

Proof. It suffices to check that the tangent space T,[¢] of the conjugacy class of ¢ at
the point g is equal to the space J} of Jacobi fields J along ¢ satisfying J(0)
=J(1)=0. The relation T,[¢]CJ; is well-known (see [7, 1.12.4]). To see that
J3C T [o] we consider the variations

0 (s,0)eRx [0, 1]—exp(s-e)o(t) exp(—s-¢,), k=1,...,2m.

where ey, ..., e, is the fixed basis of g. Since the vector fields

d _
s (s, t) Y =dL,q(ex—Ad(o(t) Der)
form a basis of J ;, the desired result follows.
As an immediate consequence we obtain:

Corollary 2.2. Let ¢ € Hom(S*, G) and let (P,, A,) be the corresponding Yang-Mills
field. Then Index(A,) =Index, (@) and Nullity (4,) = Nullity (o).

3. An Isolation Theorem for Yang-Mills Fields over S2

We consider a G-principal fibre bundle P over S? and endow the space %(P) with
the Sobolev topology H', which is defined by a H!-Norm || |, in I'(AdP). For
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details see [11]. We endow the space €(P)/%4(P) with the quotient space topology.
In this section, we will construct for any equivalence class of Yang-Mills
connections on P an explicit neighbourhood in which there are no other
equivalence classes of Yang-Mills connections. To describe this neighbourhood we
will use the mapping dist : €(P) x ¥(P)— R defined by

dist(Zl,Zz)=< inf | (|fozl—9f522[lzd82)1/2.

f1.f2€9(P) §2
The following lemma relates the mapping dist to the topology of €(P).
Lemma 3.1. Let Z, € 4(P) and let ¢ be a positive real number. Then
{Ze¥(P);dist(Z,, Z)<e}
is an open subset of €(P).

Proof. By standard estimates we can show that for any Z € ¢(P) there exists a
positive real ¢, such that dist(Z, Z+n)=<c,||n|, for all e 'AdP® T*M) with
fInll; = 1. Since dist obviously satisfies the triangle inequality, the lemma follows.

Next we describe a correspondence which will be used decisively. Consider a
field (P, Z) e YM(S?, G) and interpret * Q, as a mapping P — g satisfying * Q,(p - g)
=Ad(g™ 1Y) *Q,(p) for all peP and all geG. Since the Yang-Mills equation
D, * Q,=0 implies that * Q, is constant along horizontal curves, the image 0, of
the mapping * Q, is an orbit of the adjoint representation. Let Orb(G) denote the
set of all orbits of the adjoint representation and denote by Orb’ (G) the set of the
orbits @ € Orb(G) with the property that X € @ leads to exp(X - vol(§?))=1. By
Proposition 2.3 we have ¢, € Orb'(G).

Proposition 3.1. The mapping (P, Z) e YM(S?,G)—0 ¢ Orb! (G) induces a bijec-
tive correspondence between YM(S2, G) and Orb!(G).

Proof. The assertion follows from the relation Q.,=f*Q, for any gauge
transformation f and from the correspondence between Hom(S',G) and
YM(S?, G), given in Sect. 2.

Now we choose a maximal abelian subalgebra ¢ of g and set 0* =0 nt¢ for
0 € Orb(G). Using the fact that all maximal abelian subalgebras of the Lie algebra
of a compact Lie group are conjugate, we obtain that 0* is an orbit of the action of
the Weyl group on ¢t. The distance d(0,, 0,) of two orbits O, 0, € Orb(G) we
define by means of the Ad-invariant scalar product on g, i.c.

d(0,,0y)=min{| X —X,|[; X, €0, X,€0,}.

Similarly, we define

a*(01, 03)=min{| X, - X,||; X, € 0}, X, € O3}

Lemma 3.2. Let 0, 0, € Orb(G). Then d(0,, 0,)=d*(OF, O%).

Proof. Wechoose X, € 0, and X, € O, such that X, etand d(0,, 0,)= || X, — X,].
It suffices to show X, et. Since | X; —X,||?<[|Ad(9)X;—X,|? is valid for all
g € G, the unity of G is a critical point of the mapping f: ge G—||Ad(9) X, — X, ||%.
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Consequently,
dfy(Y)=—-2{Y,[X,X,]>=0

for all Yeg. Hence [X,, X,]=0. Since t is maximal abelian, X, €t follows.

Let 0,:t—>R, k=1,...,1 be the roots of G and let y,=S5,(0), where S, is the
reflection of ¢ with respect to the hyperplane 6, =1. Denote by I, the additive
group generated by the vectors y,, k=1, ..., L. It is clear that I}, is a subgroup of the
lattice I={X et;expX =1}.

Proposition 3.2. Let (P,,Z,) and (P,,Z,) be contained in YM(S?, G). Then the
bundles P, and P, are equivalent if and only if vol(S*) (0%, — 0% )< I,

Proof. Let X, € 03, and X, € 0%, and consider the closed geodesics
0;:te[0,1]—exp(t- X;-vol($?))e G, i=1,2.

From [13], Theorem 18.3, we obtain that the bundles P, and P, are equivalent if
and only if #(Z,) and ¢(Z,) are homotopic (see also the proof of Proposition 1.3).
Applying the Propositions 2.1 and 3.1 and Corollary 2.1, we see that $(Z,) and g,
(i=1,2) are conjugate. Since ¢, and g, are homotopic if and only if
vol(8?) (X, —X,) eI (see [1], 5.47), the lemma is proved.

Let a=min{| X||; X € I, X +0}. Because of I;CI we have a>0.

Now we formulate the isolation theorem.

Theorem 3.1. Let Z, and Z, be two Yang-Mills connections on a G-principal fibre
bundle P over S>.

If dist(Z,, Z,) <a-vol(S?) /2 holds, then the connections Z , and Z , are gauge
equivalent.

Proof. Using Proposition 3.1, dist(Z,, Z,)<a- vol(S?) implies
Vol(S%)?d(0z,, 0,)* =vol(S?) - | d(O,,, 0,,)*dS?
S2

<vol(s?)- inf ¥Q ey —%Q,, ||?dS>
N ( ) f1,f2e9(P) jfz ” 11y f2Z2”

—vol(§?)- inf [ @z — Rz, 7dS
' ( )flyfzeg(P)s"‘zll 121 f222"

=vol(§?)-dist(Z,, Z,)* <a*.

Then, by Lemma 3.2, vol(S?)d*(0%,,0%,) <a holds. Furthermore, by Proposi-
tion 3.2, we have vol($?) (0%, — 0%,) ST, Since a=min{||X||; X € I, X +0}, we
obtain 0, =0,,, and our statement follows from Proposition 3.1.

Corollary 3.1. Let Z, be a Yang-Mills connection on a G-principal fibre bundle P.
Then

{Z mod¥%(P) e 4(P)/%(P);dist(Z,, Z)<a-vol(S*)~1/?}

is a neighbourhood of Z, mod¥%(P), in which no other equivalence classes of Yang-
Mills connections appear.

Proof. This follows from Theorem 3.1 and the relation dist(f*Z, f*Z)
=dist(Z, Z) for Z,Z e €(P) and f, f€ %(P).
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