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Nonanalytic Features of the First Order Phase
Transition in the Ising Model
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Abstract. The absence of the analytic continuation for the free energy near the
point of the first order phase transition in the d-dimensional Ising model is
proved. It is shown that thermodynamic functions in the metastable phase do
not have certain values and can be derived only with an uncertainty 6. The
asymptotic expansion near the point of the phase transition yields the values of
thermodynamic functions with the same uncertainty.

0. Introduction

The problem of existence of the analytic continuation for thermodynamic
functions beyond the point of the first order phase transition is closely connected
to the nature of metastable states. In the present work it will be shown that in the
d-dimensional (d = 2) ferromagnetic Ising model with nearest-neighbour interac-
tions and for low temperatures there is no analytic continuation near the zero
point of the magnetic field. Namely, let F(E, h) be the free energy for the model
where E=2-1/T, h=2- H/T, I is the energy of interaction, H is the magnetic field
and T is the temperature. Then the following equality is the main result of this
paper:

: e ki
m =T D (B +CE) T,

where k> E?, C = C(d) depends only on the dimension and |¢|< 1 for sufficiently
large E (see Sect. 3). The result will elucidate many features of the behaviour of the
lattice gas in the metastable state.

A modification of the cluster expansion for the partition function will be used
to obtain the main result. Two sets of terms with the same meaning will be defined.
One of them can describe a wide class of lattice models, whereas the second class
refers only to the Ising model with nearest-neighbour interactions. The question
can be raised whether this double definition is necessary since only one model is
considered. The fact is that the generalized partition function may refer both to the
partition function of the model and to mathematical expressions which are not
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connected to any real physical system. One may notice that the mathematical
induction applied in the theorems makes use of the nonphysical partition functions
in certain steps. Therefore it is necessary to use generalized terms during the proofs
of all theorems.

1. Contour Representation of the Partition Function

Let Ay denote a set of N elements and o, «,, ... be some subsets of Ay(x; CAy,
o, C Ay, ...), which we call “contours.” Each contour « has a complex weight W,,
and its order m, is the number of elements in o. Two contours are considered to be
joint if they have a common element (ot; Vo, ).

The definition of the generalized partition function (GPF) is as follows:

Zy=1+211W, (1.1)

when the sum is taken over all sets of non-joint contours and each term of the sum
is the product of the weights in the set. GPF is a linear function of each weight I7,:

In=Zy+WZy > (1.2)

where Zy=Zyy,-o and Zy_,,, contains only contours not joint with «. In fact,
Zy_m, 1s a GPF, based on N —m, elements and on the contours containing only
the elements of Ay —o. The recurrent equation

Zy=Zy 1+ 2 W2y p, (1.3)

is evident. Here an arbitrary element of Ay is fixed and the summation goes over all
the contours containing the fixed element. Together with the condition Z, =1, Eq.
(1.3) may be considered as a definition of the GPF (1.1).

Concerning the Ising model, we first define the class of admissible volumes of
the system, i.e. all the possible forms that lattice volumes can assume. By a square
we mean a d-dimensional unit cube, by an edge we mean its (d — 1)-dimensional
face, and by a vertex we mean its (d — 2)-dimensional face. Thus each square has 2d
edges and 2d(d—1) vertices; an edge has 2(d—1) vertices and is joined to 2
squares; a vertex is joined to 4 squares and 4 edges. Two edges are connected, if
they have a common vertex.

Let the volume A be a finite set of squares and I be the boundary of A; it means
that all the edges of I" separate A from the other squares in the lattice. A is defined
as admissible, if I" is a connected set of edges. Only admissible volumes and
boundaries will be used later on. One can easily see that a volume can be
determined when its boundary is given.

Now we make a correspondence between the model and the generalized terms.
Namely, we identify the elements of a set with the vertices and the contours with
the boundaries of the admissible volumes. The boundary I', (contour «) is
characterized by the following parameters: m, is the number of vertices in I', (the
number of elements in the contour ), [, is the number of edges in I', (the length of
r,), s, is the number of squares in A,, having the boundary I', (the area of A,) and n,
is the number of vertices in A, (except the m, verticesin I',). For instance, contour o
(Fig. 1) has m, =21, 1,=22, 5,=16, n,=6.
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Fig. 1

In the Ising model every square (spin variable) can be in two states +1. A
square is considered to be joint to the boundary if it contains one or more
boundary vertices. We shall distinguish two types of boundary conditions: “+”
and “—". In the first case all the internal squares, joint to I', have the fixed value
+1 and vice versa. Volume 4, (Fig. 1) contains 14 boundary squares with fixed
values and 2 free squares, taking part in the statistics. The corresponding model
partition functions will be denoted as Z; and Z}.

Now we are going to recall the definition of partition functions corresponding
to different boundary conditions. The statistical weight of the state j (a
configuration of + 1 for the free squares) with “+” boundary condition is defined
as exp(—EL;+hS;"). Here S; is the number of —1, L; is the number of pairs of
neighbouring squares with opposite values, E is real positive and 4 is a complex
number. The statistical weight for “—” boundary condition is defined as
exp(—EL;—hS;"), where S} is the number of “ +” squaresinj. Z;, Z are defined
as the sums over all possible states j. The sums Z, Z differ from the generally
accepted partition functions by unimportant factors which do not alter the results
[3]. These definitions are used to get the following properties: 1) the weight of the
non-perturbed state (the values of all squares are equal to that of the boundary
squares) is 1, 2) Z}(h)=Z;(—h). For example, Z} =1+2e 4E*h 4 o7 6E+2h
Z, =142 47k o7 6E~2k (Fig 1),

Let M, L, S, N denote the parameters of the fixed boundary I', of the volume
Ao We identify the set of N internal vertices with the set Ay and all the internal
boundaries I';, I, ... with the contours a4, a,, ... . Here we emphasize that only m,
(but not n,) vertices are considered to belong to the contour «. Hence, the
admissible boundaries in A, determine the subsets o, a,, ... .

Now our aim is to define the weights of the contours (boundaries) in such a way
that Z; =Zy. The following two propositions are evident. Every state can be
represented by a set of boundaries, separating “+” and “—" squares. Every set of
boundaries without common vertices in all the pairs of boundaries represents a
certain state. The weights W,, W,,... for the case h=0 may be defined as
W, =exp(— EL,); then the equality Z}; =Z, can be easily verified. In the more
difficult case h=0, we shall distinguish between weights W,", W,7,... and W,,
W,,, ..., corresponding respectively to the “+” and “—” boundary conditions,
and Zy, Zy as well. If the boundaries I';, I, ... are such that no boundary can
include any other boundary (as it happened in the example), their weights are
W,* =exp(—El,+hs,), W,  =exp(—El,—hs,). However, when a boundary
includes another one, the number of internal minuses or pluses depends on the
presence of internal boundaries.

In order to obtain an equation for Z; we fix one internal vertex in the
neighbourhood of the boundary I’y and enumerate the possible cases:

Zi(N)=Z3(N=D+Xe Pemt=Z1  (N—m,—n)Z;(n).  (1.4)



430 S. N. Isakov

Here Z 1 (N —1) differs from Z} (N) in the following way: it does not contain any
boundary I', which includes the fixed vertex. The summation is taken over all such
boundaries, Z3, _ , (N —m,—n,) is the partition function of the volume 4,— 4,
Z 4 (n,) is the partition function of the volume with the boundary I',. The partition
function of two volumes is equal to the product of the partition functions.
Therefore

Zi- a(N=m,—n)Z (n)=Z}(N—m,). (1.5)

The definition
Wt =exp(~EL,—hs,) Z;,/Z}, (L6)

allows us to rewrite (1.4) in the form of (1.3). Besides, Z}{ (0)=1,s0 Z} (N)=Z5.
Thus we have
VVa+ = CXp( - Ela - hsa)Zr;/Z:; ’
W,” =exp(—El,+hs)Z,/Z, ,

with the following properties: Zy (h)=Zy(—h), W,*(h)=W,” (—h).

In the case of low temperatures (E is large) the phase transition exists in the
point h=0, where the magnetization changes by a jump [2-5]. We shall suppose
that E> E,, E, is fixed and sufficiently large. According to the Lee-Yang theory
[1-3] all zeroes of Zi correspond to the complex values of h, but in the
thermodynamic limit some zeroes approach the point h=0. Our next aim is to
obtain for any finite domain a circle |h| <r,, where the partition function has no
zZeroes.

The letter C with a subscript will be used as an estimate for the upper bound of
a variable. It will be always assumed that 1) C >0, 2) C= C(d) does not depend on
volume, E, h, etc.; 3)if C,, C,, ...C, have been already defined, we may increase C,
(if necessary) in all expressions; 4) E, may be defined only after all estimates C,,
C,, ... have been introduced and it is sufficiently large in comparison with them.
For instance, the number of contours with a fixed vertex and the fixed length [, =1
is less than C' [2]. That will be the definition of C,.

The letters 6 (0 is complex, |#|<1) and & (—1ZEL 1) will be used for writing
inequalities in a more convenient form. For instance,a—1<b=<a+1landa=b+¢
have the same meaning.

Further in all theorems Z5, Zy will stand for GPF with weights W,", W~
(1.7). GPF may be equal to the Ising partition function for a certain volume or to a
restricted partition function, where some contours are excluded (their weights are
equal to the zero).

1.7)

Theorem 1. Let s, be the upper bound of the area of all contoursin Zy, : s,< s,. Then,
Z3 +0,

In(Z3/ 23 )I< 2 | in(zi /23 | <B2, (1.8
In(Z}/Zi_ )l <mE~2, d%ln(z;/z;_m) <mE2, (1.9)
In(Zy /Z5)|<2N K E~2, di;lln(zlg/z;) <2NE2 (1.10)
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in the circle |h| <r,, where
ro=2dEsy '"*/(1+C51). (1.11)
The theorem is true for the negative boundary conditions as well.

Proof. The symmetry between “+” and “—” boundary conditions is evident. The
inequality Zy #0 follows from (1.8): it can be easily proved by mathematical
induction on N. The inequalities (1.9) also can be obtained by using (1.8) m times.
Inequalities (1.10) are obtained by using (1.8) 2N times; besides, 1) Zyy-o=1, 2)
[f(z2)— f(0)|<|z|-max|f'(z0)] for an arbitrary analytic function f(z), 3)
9

Zy =Zyu-o must be taken into account.

The proof of (1.8) will be obtained with the help of mathematical induction on

N, supposing that (1.8)«1.10) are true for all N’, N’ < N, particularly for Z,- which
are contained in the weights W,* for Z5. After dividing (1.3) by Z5_, we have:

ZN|Zy =1+ 2 W2y )2y (1.12)

Now we are able to obtain the upper bounds for the terms (1.12) and their
derivatives with the help of (1.7), (1.9), (1.10):

d +| d - + -2
‘Eana _'%(—Ela-’rhsa-i-ln(Z,,“/Znu)) <s,+2n,E”*,
LW <Gt 2mE W, (1.13)
d _
IE(ZJ-W/ZJ—J <(my—DE*|Zy_p/Z5_1l, (1.14)
and
i(Z*/Z* )| = Zi(WJ“Z+ /Zx_)| <R
dh N N—-1 adh a N—my/“N—1 N-
Here

Ry=X(s,+@n,+m,~DE ) |WS'Zy_, /Zy_l. (1.15)

1

We can rewrite (1.9), (1.10) as
1Z§ —m/Zx - 1| <exp((m,—1)E™?) (1.16)
and
[W," | <exp(—El,+ s, +2n,0E~?). (1.17)
Note that n,<2d(d—1)s,, m,<2(d—1)1,, [,=2ds% V4 >2ds s, '/, so that the
following bound may be obtained from (1.16), (1.17):
\W," Z§ o/ Zx—1| <exp(—El,+sro(1+E" 1) +1,)
sexp(—L(E-2C,—1)/(C,+1)), (1.18)
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and thus
Ry< X 28,|\W," Zy o/ Zn -

< S 2(12d)"4C, exp(—I(E—2C,— D/(Co+ 1) <1E™2 (1.19)
1=2d

(E, is sufficiently large). The comparison of (1.12) and (1.15) gives
1+Ry>|Zy/Zx_|>1—Ry>1—-3E"2,

and the first inequality (1.8). The second inequality (1.8) (and the last in the proof)

follows from
d Zy

d Zy | 1 |Z,¢] 1E~2
dhZy_,

—_— _2 .
<P Szl ToE

2. Derivatives of Free Energy

Let Z, stand for the GPF of the square volume A,: S,=p%, L,=2d-p*~ ! with

parameters M, L,, S,, N,. Further on we shall write [ /]* for the k'™ derivative of

any analytic function f(h) at the point h=0:
df k!
k)=~ 7 =_" -k—1
[f] —dhkhzo—znifﬁf(h)h dh. @1
Theorem 2.
S, '[InZ; 19 =(k!(2(d—1) (E+ C&))~F)e~b (2.2)

for arbitrary p, k with the restrictions k> E“, and p> (k/E)}/“~ 1),
Proof. We define the critical area S, as
So=(k/2dE(1—C; 1))~ D, (2.3)

and enumerate all contours in A, with the area S,>S,: a;, &5, &3, ... . The order of
the enumeration is arbitrary but it is required that S, <S,,<S,.<.... Let Z;
stand for a restricted GPF: Z;* contains only “small” contours with S,< S, and
contours a«y, o,,...q;; Zg contains only “small” contours. It is evident that

InZ;=InZg + X U;, 2-4)
where U, is defined as U,=In(Z;"./Z}}) (i=0,1,2,...).
Our aim is to prove that [U;]% >0 and |[In Z§ 1®) is sufficiently small. In order

to examine [U;]® we fix an arbitrary contour «;, ;. Its parameters will be written
simply as M, L, S, N. In this case Eq. (1.2) has the form

Zin =27 + W ZEE 259)

Here Z;" R is a restriction of Z;* (Z;" ® does not contain the M vertices belonging to
o; 4+, nor the contours joined to «;, ;). Whence,

Ui=In(l+ W)=V—3V2+31°~..., (2.6)

where V,=W,! Z*®/Z}. The bounds for [V;]¥, [V;*]%¥, ..., can be derived from
the following theorem.
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Theorem 3. Let f(z) stand for an analytic function in the circle |z| <R, where
I/ (2)|£4, A<1/4 and f(z) is real for real z. In this case the coefficient a,

(R-(1 —2]/2) >k>100) of the expansion e*"/®=a,+a,z+a,z*+ ...satis-
fies the inequalities
e T O k12 < g <ot IO k12 2.7
where r is the unique positive (0 <r < R) solution of the equation
r(l1+f'(r)=k. (2.8)

The proof is given in the Appendix.
In order to use Theorem 3 in our case we consider z=nSh,

f@=n(n(Zy/Zy)+In(Z*/Z]") - EL), 2.9

where n is a fixed positive integer (n=1,2,3,...). Taking into account the
definition of ¥, and W,/ , we obtain exp(z+ f(z))=V;". Since f(z) is an analytic

function inside the circle of radius R=n-S - r,, wWhere r, is given by
ro=2-d-E-S”Y/(1+C;Y) (2.10)
[cf. with Eq. (1.11)], Theorem 3 can be applied. Now

d d
[f@I=S"" 7 In(Zy /Zy) + - In(Z ¥/ Z7F)

<ST'2N+M)E"?<E""'.

Therefore A can be defined as A=E~!. Choosing, for example E,> 10, both
A>1/4 and k> 100 will be satisfied. (Remember that k> E“.) Besides,

R(1=2]/A)=nSro(1—2E~112) > 2dESY~ V41 —2E~2)/(1+ C5 1)
=k(1—2E~'2)/(1-C;?)>k.

The requirements of Theorem 3 are fulfilled so that we can write the inequalities
(2.7) for a,=n"*ST*[V"®/k!. From Eq. (28) one gets k/(1+E Y)<r
<k/(1—E~1') or r=k/(1+¢/E).
Now we rewrite (2.7) in a more convenient form, noting that a constant (such as
27 or A: 1/12<A<1) can be written as exp(¢k/E), when k>EY. We obtain
r *=k *exp(3¢k/2E) and Ar %~ 12 " =exp(3¢k/E)/k!. Besides, from Theorem 1
we get
2Nr,  4dNS@-V/ < 2NL L

_ + _ L

and
In(Z %z <M/E*<L)2,
and hence exp f(r)=exp(n- L-(¢{—E)). Taking into account that
L>2d8“" V=488~V = k/E(1—-C; Y)>k/E, (2.12)
we finally obtain
a, =exp(nL(4¢ —E))/k!, [V']® =n*S* exp(nL(4¢ — E)). (2.13)
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In order to obtain similar estimates for [U;]%, we use the inequality
[VmM®/v]® <n*exp(1—n)EL+4(1+n)L)<2™"
(notice that E- L>k). From the expansion (2.6) we obtain
VAR < [U1% <3V1%, LU]% =S*exp(SLE~ LE) . (2.14)
This formula enables us to get estimates for the k'™ derivative of the sum (2.4).
The function (S,L)=S% ~F takes on its maximum for square contours
defined by S=¢*, L=2dq""*. Now y(q)=q" exp(—2dq*~ ' - E) is maximal for
q=4,,, where
G =(k/2(d— 1) E)11d=1 (2.15)
Then
L,=dk/(d—1)E, p,,=(q,) = (k/2eE(d—1))*/“~ 1. (2.16)

Attention should be paid to the fact that g, is not natural, whereas ¢=1,2,3, ....
Hereafter we use g,,=[g,], i.e. the integer part of ¢,. The inequality
Wr =(qn) > W, exXp(—2dk/E) can be obtained after a simple calculation. The
square volume with p>(k/E)"/“~ " contains not less than S,/5 square contours
with the side g;,. Therefore, since L,,, ,, obey (2.15) and (2.16), we get

dk

s,( kit 5d k

The upper estimate for the sum (2.17) will be obtained when all the contours with
the fixed length I,=L will be collected. The weight of each class is defined as

Ui= > Uy, =1 The number of contours in every class is less than §,- C} and
S,<(L/2d)*“~ 1, Therefore,
[ULI® <S,CY(L/2d)™/@= 1) g5L—EL (2.18)

Summation of (2.18) over L yields

k dk/(d—1)
]® 2.19
21Ul <WSP(2e(d—1)(E—5—1nc1)> ’ 219
where we used the inequality

© 2 2 p
Ze"‘"L"<@(£—) (@>1,p>1).

L=1 q eq
The bounds (2.17), (2.19) can be united in the equation
YUY =8,(2e(d—1)(E+ C5&)/k)~ =1, (2.20)

Finally, it is necessary to show that |[InZg ]®| is less than half of the bound
(2.17); then, according to (2.4), the bounds (2.20) will remain true for [InZ,f ]% with
C, replaced by C,. Taking into account that In Zg is an analytic function inside the
circle |h|<ry (1.11) for S,, given by (2.3), we have

k(l + CZ_ 1)d— 1 >k/(d— 1)

QdEY(1—C; 1) @2D)

|[1nzg]<k>|<kzs,,rgk=k!sp<
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where the estimate |InZ{ | <S, is used. The comparison between (2.20) and (2.21)

together with k!<3]/E(k/e)" gives the necessary statement. Equation (2.2) is a
more convenient form of (2.20).

3. Thermodynamic Limit

Theorem 2 shows the behaviour of the derivatives of the free energy F,=S, ' InZ,
for arbitrarily large but finite systems. However, we cannot say at once that the

o“F . .
derivatives F® = hm T of the free energy F = lim F, obey the same estimates,
pow

because we can say nothing about the change of order of limits p— oo and h— —0.
In this section it will be shown that the limits exist and can be interchanged:
F®= lim [F,]®. In fact it is sufficient to find a reglon on the complex plane &

p— o

having the boundary point h=0, where Z, 0 and 1s uniformly bounded for

o+
all p and h. The Lee-Yang circle theorem [1, 2] yields a region |e”| < 1, where Z 40
I
. F
but without any requirement imposed on 6h"p .

Let A, be an arbitrary admissible volume with the parameters M, L, S, N, and
let Z5 be the corresponding partition function. We fix an arbitrary natural number
q (g=1,2,3,...), and among the contours in A, we distinguish the “small”
contours, satisfying s,<g?. The subscript § will be used to label the “large”
contours (s;>¢?), and o is used for the small ones. Let Zy *, Zy * be restricted
partition functions containing only small contours. Thus Egs. (1.3) will be

Zy=Zy -+ ZW Zy oyt ZW Zy (3.1)
@ ;

and
Zi*=Zi* A S W ZEE, (32)

Similar equations can be written for Zy and Zy *, but a somewhat different
formulation will be used. Let j stand for a set of large external contours, i.e. having
the property that none of the contours in the set j contains (in its interior) or is
joined to any other contour of the set j. The corresponding parameters m;, [, s;,
and n; are the sums of my, [, 55, and n, respectively. With this notation we have

Zy=Zy*+ % (Z;f,,,j_,,jI;[z:ﬁ e—lﬂE-Sﬂh>, (3.3)
J

where the product is taken over all the contours  belonging to j.

Lemma 1. The number of sets j for the volume A, with fixed l;=1, and s;=s, is less
than exp(Cs(L+1y+1))), where [,=d - (S—s,)/(q+1).

Proof. It is sufficient to show that for every j we need at most /, additional edges in
the volume A, — 4;in order to connect all the internal large contours (belonging to
j) with the external contour I', (the boundary of A,). Performing this, we have a
joined system of edges with a total length L+ 1,+1,, whereas the number of joint
systems of [ edges is bounded by exp(l- Cs).






