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Abstract. Ruelle has found upper bounds to the magnitude and to the number
of non-negative characteristic exponents for the Navier-Stokes flow of an
incompressible fluid in a domain Q. The latter is particularly important
because it yields an upper bound to the Hausdorff dimension of attracting sets.
However, Ruelle’s bound on the number has three deficiences: (i) it relies on
some unproved conjectures about certain constants; (ii) it is valid only in
dimensions =3 and not 2; (iii) it is valid only in the limit Q— co. In this paper
these deficiences are remedied and, in addition, the final constants in the
inequality are improved.

Ruelle [1] has derived upper bounds on the magnitude and number of non-
negative characteristic exponents of the Navier-Stokes equation for the flow of an
incompressible fluid in a domain Q€IR?. The bound on the number, N(u) [defined
in (42)], is particularly interesting because it leads to an upper bound on the
Hausdorff dimension of a compact attracting set [1, Corollary 2.3]. Un-
fortunately, the bounds in [1] on N(u), unlike those on the magnitude, have
certain deficiencies which are

(i) They rely for their validity on some conjectured, but as yet unproved,
relations between the sharp constants in two known inequalities.

(i) They are valid only for d=3.

(iii) Because Weyl’s asymptotic formula for the eigenvalues of the Laplacian in
Q is used, the inequalities are not valid for any fixed @, but only in the limit Q— co.

In this paper a different proof of Ruelle’s inequality for the number will be
given so that the above three deficiencies are remedied. The result is contained in
Eqgs. (40)—(43).

Let v:Q-R? denote a solution to the Navier-Stokes equation, and let
[y ZU,=... be the characteristic exponents corresponding to a probability
measure g(dv) on the space of solutions that is ergodic with respect to the Navier-
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Stokes time evolution. Ruelle shows [1] that for all n=1

nd

Y ws—d ¥ Cey=—dE,. W

i=1
n
The brackets < -) denote average with respect to g, E,= )_ e, and the e;=¢,(v) are
1
ordered such that e, <e, <... and are the eigenvalues of the Schrédinger operator
H=—vA—w(x) (2)

with Dirichlet boundary conditions on . Here, v is the kinematic viscosity and
w(x) =0 with

w(x)? = [(d—1)/4d] ). (0v,/0x;+ v,/0x,)* = [(d—1)/2vd] &(x). (3)
LJ
The quantity &(x) is the rate of energy dissipation per unit mass in the flow v. In (2),
(3) and henceforth, explicit dependence of the various quantities on v is understood
but not explicitly indicated unless necessary.
One might try to take additional advantage of the fact that divo=0 but, as in
[1], we shall merely assume that w is some given non-negative function. It will,
however, be assumed, as in [1], that

we L' T(Q). 4)

Remark. The definition (3) has a factor (d— 1)/d, which is an improvement over
that in [1]. The reason is the following: Ruelle starts with an operator on
L*(RY®R? given by # = —vAJd;+ W,(x), where W, (x) is the d xd symmetric
matrix W,(x)=(0v;/0x;+ 0v;/0x;)/2. Ruelle notes that the eigenvalues of # will
satisfy (1) if w(x) in (2) is the largest eigenvalue of the matrix W,(x). This he
estimates by (TrW?)V2, and this leads to (3) without (d—1)/d. Since divv=0,
however, TrW=0. If A, 24, 2 are the eigenvalues of W, then TrW?=) A? and

d d 2
TrtW=Y) A. But (d—l)Z).f;(Zii) =/}, and hence (d—1)TrW?2dA3. In
2 2

addition to the condition divo=0, 5# is supposed to be restricted to the space of
divergenceless functions. This restriction might improve (1) but, as in [1], it will
not be used here.

The domain QeR? is assumed to be an open set of finite volume |Q;
boundedness is not required. Condition (4) insures that the quadratic form on

H}(9), defined by
0, )= [IV|*— [wo?, %)

is bounded below and thus defines H as a self-adjoint operator. (Integrals, here and
henceforth, are over Q.) For our purposes, self-adjointness is not important; the
only important consideration is the max —min principle which can be used as a
definition of the e;:

.= inf 3 0(0,9). ©

where ¢ ={¢,,...,¢,} is any L* orthonormal set in H}(€). It is, in fact, the right
side of (6) that enters in the derivation of the bound (1).
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The goal is to find upper bounds on the following two quantities

(a) E()= Y lel, 720, (M
e;i=0
(b) E, itself for fixed n. (8)
It is a consequence of (1) that for y=1
Y. W=d [Ke " < d{E()) . &)
mz0 (e>=0

This is Karamata’s theorem which, more generally, states that when f:R—-R is
convex and non-decreasing then (1) implies that

nd n n
3 fsd ¥ f—enza( 3 fi-e)) (10
for all n. If, in addition, f(t)=0 for t=<0, then
Y fw)=d Y f(—<ei>)§d< Y f(—ei)>. (11)
1iz0 (ei»y=0 ei=0

[Actually, Karamata’s inequality gives the left-hand inequalities in (9)-(11). The
right-hand inequalities come from Jensen’s inequality { f(a)) = f(<a)).]

It is (9) that gives information about the magnitude of the y;. The bound used
in [1] [except for the factor (d—1)/d in (3)] was

E()SL, v 2 [wx) "% dx. (12)

The present knowledge about (12) is the following:

(1) L, <o fory>3(d=1),y> 0(d= 2), 7=0(d =3). No such bound exists for
y<%(d=1)or y=0(d=2). The case y =3, d=1 does not seem to have been settled.
(The claim in [2] that L,,, ; <co is not justified.) Bounds on L, , were first given
by Lieb and Thirring in [3] and on L, , for y>0 (d=2,3) and y> Ld=1)in[2].
Bounds on L, 4, d =3, were first given by Cwikel [4], Lieb [5, 6], and Rosenbljum
[7]. The best upper bound for L, 5 is in [6], namely 0.0780=4n"23"¥><L,
<0.1156. The lower bound is from [2, Eq. (4.24)]. Recently, by a simpler method
Liand Yau [8] derived upper bounds for L, , d =3 which they claimed was better
than that in [6] ; unfortunately a numerical error was made in [8] and their bound
for L, 5 is three times larger than that in [6].

(2) The sharp constant L, , in (12) cannot depend on &, i.e. L, d(Q) L, JARY).
To see this, assume that 0eQ and, given w on R%, consider w(x)=c*w(cx) on Q.
Then let ¢— co. This situation is in contrast with the |Q| dependent bound for E, to
be derived later.

(3) There is a natural “guess” for L, , given by the semiclassical formula

E(y)~(2m)~ [{ dp dxlvp® = w(x)| 2 = L, ™2 [ wlx) * 42 dx (13)
with |a|_ =max(0, —a). An easy integration gives
L; =27 Iy +1)/T(y +1+d/2). (14)

(4) It is a fact [2] that
L,zLq (15)
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In [2,3] it was conjectured that L, ,=L{ ,for d=3. It is known [2] that for each
d=7 there is a y,>0 such that L, >Ly 4 when y<y, Whend=1lor2,y,>1 Itis
also known [9] that L, , =L, for 7=3/2. In fact [9] the ratio R(y)=L, ,/L; ,is
monotone non—increasing in y ; thus if R/(yo)=1 for some y,, then R,(y)=1 for all
Y27, Glaser et al. [10] have shown that L, ,> L , for d=7. They also evaluate
L, , exactly (it is a Sobolev constant) provided w is restricted to be spherically
symmetric. For related results see [11].
(5) Inequality (12) for y=1 is equivalent [2] to

2P0 dx= K, [ o,(x)! "2 dx, (16)

where the {¢,} is any L* orthonormal set in H'(RY) [or Hy(€2)] and

0 00= ¥ I8P (1)

The sharp constants in (12) and (16) are related by
L, ,=[d2KJ"*(1+d/2)~ 1742, (18)

[Note: If n is specified then the sharp constant in (16) may depend on #, i.e. K (n).
K,, the sharp constant in (16), (18) is defined to be sup, K, (n).] Corresponding to
LS ; in (14) there is a classical value Kj given by (18):

=4ndl(1+d/2)**/2+d). (19)

By (15), K, <K&

An inequality related to (16), and which will be used later in the event that
K, <K, was proved by Liand Yau [8]. It depends on the volume |Q| and it is the
relation obtained by setting K, = K and g(x) =n/|Q| in (16). For any orthonormal
set in Hy(Q) ;

Y [V (x)I? dx> Ken' T 24Q|~ /4. (20)
i=1
(The strict inequality in (20) is, in fact, implied by the proof in [8].)

Before turning to our estimate for E, let us make a few additional remarks
about (12).

(o) Combining (3), (9), (12) we see that the right side of (12) is suitable for
passing to the “infinite volume” limit, i.e. in some vague sense it is proportional to
the volume. The upper bound we shall obtain later for the quantity introduced in
L1 N(w) = smallest n such that E, >0, (21)
will also have this extensivity property. By (1), dN(w) is related to number of non-
negative characteristic exponents and an upper bound on N(w) will yield a bound
on the number of non-negative characteristic exponents [see (43)].

(B) The bound on N(w) in [1] relied on the fact that L, ,<co (which is true if
and only if d=3) and on the conjecture that L, ,<Lg , While L ,/L{ ;=1
+d/2>1, the best bound published so far [6] for L, ; is

L, <(6.844) L5 ,=0.04624, (22)

and this exceeds Lj ;=0.01689. However, the bound can be improved slightly to
0.04030 [see (51) below].
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(y) Inequality (12) can be used to derive a lower bound for each e,. If e (V) is
the n™ eigenvalue for the potential ¥ in place of —w in (2) then, for any number e,
itis clear that ¢ (—w)=e, (—(w+e),)+e Take y=01in (12) and set e=e¢,. Then the
number of non-positive eigenvalues for V'=—(w+e¢,), is at least n, and (12) yields

n<Ly v~ Y [(w(x)+e,)!? dx. (23)

The integral on the right side of (23) is finite if e, <O or if |Q| is finite. It is also
monotone in e, and thus (23) yields a lower bound for e,.
Now we turn to our main goal which is an upper bound for E,. Let ¢, ..., ¢,

be the eigenfunctions corresponding to e; Se, =...Ze,. [By virtue of (6) and a
limiting argument, any approx1matmg orthonormal set such that ZQ(qﬁ,,QS)
<E,+e will sufflce} Let g,(x ZId) (x)2.

By (6), (16) and with p= 1+2/d

. E, 2 F(g,), (24)
with
Flo)=vK el — [we (25)
which in turn is greater or equal to
Gl =vK, lely—lwl, llel,- (26)
Thus,
E,zinf{F(0)|fe=n,0(x)=0} (27)
zinf{G(o)|f e=n,0(x)20}. (28)

However, [l¢],19|""?" = [ ¢, and therefore if we define the function J, (for X >0), and
E, by

JX)=vK X" —|wl,X, (29)
E,=inf{JX)|X ZnjQ|~ 17}, (30)

we have that
E,>E,. (31)

The strict inequality in (31) is justified by the fact that g, cannot satisfy the Holder
inequality after (28), i.e. ¢, cannot be constant in Q.
[t is left as an exercise, using the fact that [[¢||/[¢], can be made arbitrarily
large, that E, is indeed the infimum in (27).]
The minimum in (30) can be computed to be
E,>E,=J@nQ "), nz|Q'"X,,
, (32)
:J(X0)7 né'QII/pX09
where J'(X ) =0, namely

PEXE = wl,.. (33)
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In particular, if n|Q|~ /7" is greater than or equal to the value X, >0 such that
J(X,)=0, then E,>0. Therefore, N(w) defined by (21) satisfies

Nw) S Z1Q"7 {lwl ,./vK 3P~
=Z1Q {[ dxw(x)! FI2/|QIET DK )2 (34)

The symbol & denotes “the smallest integer =.”
If K, < K¢, the constant in (34), namely K %2, can be improved as follows. Let
0<d<1 and split the kinetic energy term in two parts using (16) and (20). Thus,

E,2F0,), (35)
with
Fy(@)=(1—0)vKn?|QI' "2 +5vK [lel5— fwe. (36)
As before,
E,>E,(0)=(1—0)vKn?|Q|' "7 +inf {0vK X — || wl,XIXZnQ" "}, (37)

Previously, in (32), we discussed the inf in (37). Thus ];7?,,(5)20 if n satisfies the
following two conditions:

nz|QVPX 670D [see (32),(33)], (38)
n? QI TP{(1 - ) K+ 0K} 2w, 12 (39)

Condition (39) implies that E,,(a)go, provided (38) is satisfied. Choose ¢ so that
(38) and (39) are the same, namely

d=K4[2K,/d+ K511,
Inserting this in (37), we have as before
N(w)SFLAJQv~2{[ dx w(x)* T92/|Q[}@* 2, (40)
(A)"*=[2K,+dK][(d+2)K,K] ™. 41)

The inequality (40), (41) is our main result.
We now wish to relate (40), (41) to the turbulence problem, i.e. we want to find
an upper bound to

N(u)=smallest n such that Y p,<0. (42)

i=1
By (1),
N(u) < d{smallest integer such that (E,> >0}
<d{smallest integer such that (E"> >0},
where, for each w,
E Esup{E 0)0=6=1}.

For each fixed n and 6, E (6), and E are functions of t= !lw]l" Denote them by
E ,(0,t) and E .(1). Direct calculation using (32), shows that E ,(t) is @ convex function
of t (not t'/*' = =|lwl ). Since E (0, 1) differs from E () in a trivial way, E (0, 1)isalso a
convex function of t. Since E (1) is the supremum of convex functions, is too is
convex in t. By Jensen’s inequality <E >2En(<t>)



Characteristic Exponents in Turbulence 479
Thus, by expressing the right side of (40) in terms of || w||%, and then averaging

with respect to ¢(dv) we obtain the bound sought in [1]:
N(p) S FdA |Qv=4>{[f o(dv) dx w,(x)! *¥*/|Q[} ¥+ 2., (43)

Finally, let us record some available information about the constants in (41).
Using (19) we have

K¢ =n%/3=3.290,

K =2n=6.283, (44)

K¢ =3(6n)%3/5=9.116.
To bound K, a bound on L, , is needed.
d=1: The bound in [2, Eq. (2.11)] with m=1, n=1is

L, (S@m)~12I(5/2)7'T(1/2)*(1/2)" ' =4/3. 45)

d=2,3: In this case we use the formula [6]

go le))" =y (} le"”'N de, (46)

where N, is the number of eigenvalues of H <e. In [6] it is shown (with v=1) that
N, < (4m) 42 | dxogod””“’”ee‘f<tw(x>>, 47)
with f(f)=max {0, b(t—a)} and
1/b= of(l—a/y)e’ydy. (48)
Inserting (47) in (46), then doing the e integration, then the ¢ integration [after a
change of variable to tw(x)] and finally the x integration, one finds

Ly,dgb(4n)_d/zf(y+1)(d/2— 149" d/24y) " tal~¥277, (49)
The optimum constant a satisfies
ae* [ e~ dy/y=(d/2+y—1)/(d/2+7). (50)
1
When y=1 we take a=0.61, b=3.6807 for d=2 and a=1.02, b=6.9358 for d=3.
Inserting this in (49) yields
L, ,=0.24008,

(51)
L, ,<0.040304.

Using (18)
K,=1/12=0.08333,
K,=1.0413, (52)
K,=2.7709,
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which, by (41), leads to

A, =2050,
4,=0.5597, (53)
A,=0.1329.

This value for 4, can be compared with the value in [1, Footnote 7], which is
obtained under the conjectured assumptions L, ;=0.0780 and L, ;=L i,

namely Lo 5[1— (LS 4/L5, 3)?°17 2 =0.459. (54)
If Ky =K¢, which is conjectured to be true, (41) yields
A;=(K4)~¥2=0.03633. (55)

In addition to the improvement in (53) over (54), we also note the additional
factor (d— 1)/d in (3) which yields a factor [(d — 1)/d]¥* when the right sides of (40),
(43) are expressed in terms of g(x). This factor is 0.7378 for d=3 and 0.7071 for
d=2.
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