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Abstract. We consider one-dimensional spin systems with Hamiltonian :

H(GA) = Z o —h Z O
t,t'ed It t l ted

where ¢, are independent random variables and, using decimation and the
cluster expansion, we show that, when «>3/2 and E(e,,)=0, for any magnetic
field h and inverse temperature 5, the correlation functions and the free energy
are C* both in h and f.

Moreover we discuss an example, obtained by a particular choice of the
probability distribution of the ¢,.’s, where the quenched magnetization is C*
but fails to be analytic in & for suitable 4 and f.

1. Introduction and Results

We consider a one-dimensional system with random interaction enclosed in a box
A whose energy, for a given spin configuration o, in 4, is:

&
Ho)=— Y |t'_t—l“"r; axa ~nY o, (1.1)
t1,t2ed 151 ted
t1¢t2

where g,e {1, — 1}, 3/2<a<2'and ¢
in the probability space (Q, X, P).
In the sequel we will consider the following conditions on the ¢
Cl) Ee,,,,)=0
C2) 38.‘8t1t2‘<8 Vi, t,eZ,
C3) [Ee},,) 2 a for some a>0,
C4) the probability distribution of ¢, ,, depends only on |t, —1,| (translation
invariance).

.1, are independent random variables defined

1112

1 For a>2 the stochastic character of the interaction is irrelevant (see [1] and Remark 3 of Sect. 4)
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Calling we Q a realization of a random field {e,, , ,(t,,t,)€Z} we shall study the
properties, as A goes to infinity, of sequences of random variables as:

Zf(JA) exp[—BH(o 4)]

A= , 1.2

NG TR T 12
where f is a cylindrical function or
1

Fy(o,B,h)= mlogzexp[—ﬁH(%)l (1.2)

We shall also consider the properties of their expectations:

LECORIE) (C DI
IE(F 4(-, B, 1)) = [ P(dw) F y(w, B, h).

To state our results let us recall the definition of the space &(IR?): the space of C*-
functions on IR? with the topology given by the convergence of all derivatives
uniformly on compact sets.

Theorem 1. Suppose conditions C1, C2, C3 are satisfied and consider an inclusive
sequence of intervals invading Z, then for any cylindrical function f the quantity
< s.n converges P almost everywhere in &(R?).

Under the same hypotheses the quantity IE({f >fﬂ, W) also converges in &(IR?).

Theorem 2. Suppose conditions C1), C2), C3), C4) are satisfied and consider an
inclusive sequence of intervals A invading Z, then:

i) The quantity IE(F ,(w, B, h)) converges in &(R?) to a function F(f,h).

ii) The quantity F [, B,h) converges P-almost everywhere to F(B,h) in &(R?).

Part of the results listed above was already known (cf. [2, 3]), but the C*
properties are new.

In [2] Khanin and Sinai prove that for a v-dimensional lattice system
described by a Hamiltonian of the form (1.1), the thermodynamic limit for the free
energy exists with probability one and it is equal to its average value, provided
o>v/2.

In [3] Khanin considers the very same model we discuss in this paper and
shows that, under the same conditions we assume for Theorem 1, the Gibbs states
are unique at any temperature with probability one.

The new results on the C® properties are obtained by using the techniques
introduced in [1] for interaction with finite first moment (o> 2). This approach
relies on the fact that when the interaction among two half lines at a distance / is
infinitesimal with [, then, for arbitrary § and h, by grouping the spins in suitable
blocks, it is possible to average over alternating blocks (decimation procedure) and
obtain a weak effective interaction; then any quantity of relevance can be
expressed in terms of a convergent series (cluster expansion). Our method consists
in showing that with high probability a random system with 3/2 <o <2 behaves
very similarly to a regular system with o>2. In fact by grouping the sites of Z in
blocks whose size is increasing with the distance, say, from the origin, we are able
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to show that the typical interaction among noncontiguous blocks can be made
sufficiently small to satisfy the requirements of [1]. We introduce for any given @
the set C(w), which is the minimal interval, centered at the origin, containing all the
“bad blocks™ (i.e. all the blocks whose interaction with some nonadjacent block is
not sufficiently small), and we show that C(w) is finite with probability one.

If we consider now, say, D*(o,)4 5, standard manipulations of the cluster
expansion allow us to prove a bound, uniform in A, which behaves like |diam C|".
To extend these results to extensive quantities, some extra work is needed, because
our partition of Z into blocks is not translationally invariant.

To study the free energy, for instance, we express its first derivatives as a sum of

.. dF 1 . .
local quantities (—ghi = Y <a,>"), and then we control this sum and its
ted

derivatives with the law of large numbers.

To conclude this section, we want to briefly discuss the analyticity properties of
random systems. The structure of the series expansion we consider is such that
each term is an analytic function both in § and h in.a suitable neighborhood of the
real axis, the position of the nearest singularity being related to the maximal size of
the blocks involved. For the class of potentials studied in [1], due to the
boundedness of the blocks, it was possible to prove, via Vitali’s theorem, the
analyticity in § and h of the limiting free energy in a finite neighborhood of the real
axis.

For the class of potentials considered in this paper, infinite differentiability
comes out to be a general property, but the increasing size of the blocks does not
allow us to make any statement about analyticity.

The presence and the nature of the singularities in  and h have already been
discussed for a class of random models by Griffiths and Lebowitz [4] and Griffiths
[5]. They consider a dilute Ising model with nearest neighbour interaction, where
p is the probability for a site to be occupied. In [4] it is shown that, when p and f3
are sufficiently high, spontaneous magnetization is present. In [5] it is shown that
the average magnetization is nonanalytic for T<T, where T, is the critical
temperature of the corresponding ferromagnetic system. Furthermore, since for
p<p, (where p, is the percolation threshold for the independent system of sites)
the spontaneous magnetization is zero and the Gibbs state is unique (see Georgii
[6]), it is natural to inquire to what extent nonanalyticity affects the differentia-
bility properties of random systems.

In the last section of this paper we will exhibit a model described by a
Hamiltonian of the form (1.1), where, by suitably choosing the probability
distribution of the ¢’s, the limiting free energy is C* both in  and h, but it fails to
be analytic in i at h=0, when 3/2<a <2 for any T < T(a).

2. The Blocks and the Polymer Expansion

Let us define a partition of Z into blocks whose size is logarithmically increasing
with the distance from the origin. In the sequel we shall label the sites of the lattice
with ¢ and the blocks with the index n. The positive values of n correspond to the
blocks on the right of the origin, the negative ones to the blocks on the left.
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Given an odd integer g, we call Q(0) the interval centered at the origin with size
do- O(1) is defined as

—-1 —1
o= {tel:@T -I-Iétﬁqo—z“‘ﬂl(l)}’

and for n=>2

. 1 n—1 _ 1 n
Q(n)= {tel:qo 1+ Y gi)ses T 4 Y q(j)}. (2.1)
2 j=1 2 j=1
For n<0, n= —|n|, we define Q(— |n|)= — Q(|n]), i.e. the symmetric set with respect

to the origin. For n>0, g(n)=g,[(log,n)?]; [-] means integer part and log,x
=max(1,logx). The increasing size of the blocks is necessary to control the
fluctuations of the interaction energy all over Z; but the actual form proportional
to (log, n)? is due to the following considerations:

1) 0>2+

(2.15)],

i) a power law will give rise to problems in estimating derivatives of arbitrary
order. Now for any given w we will define the “bad blocks” in such a way that,
once they are collected in a set C, it will be possible to perform the cluster
expansion outside C.

The probability estimate for having “strong” interactions among noncon-
secutive blocks is based on Bernstein’s inequality [7]: let #,, i=1,2,....,n be
independent random variables satisfying the following conditions:

En* <iEn?b* 2k! Vk=2, (2.2)

2, .. - .
oY is sufficient to get “good” probability estimates [cf. Eq.

where b is a given positive number.

If D,= Y En? 0<t</D,/2b, then
i=1

d

Now if we denote by W(ay, ,0y,) the interaction energy

5 ""‘. > |/17> <2exp(—12). (23)
i=1

g, 0

W(oy,,0y,)=p Z sz—“ 2, (2.4)
tieVy !t1—tzl
t2eV2

following [2, 3] we have:

Lemma 2.1. Let conditions C1, C2, C3 be satisfied, then for any 6:0<6<1/2 and
q, sufficiently large :

]P{El w = const }
a 70_ n : 0 11170 ny)/t= _J 13 o
Q(n1)> ¥ Q(n2) Q(n1)’ YQ(n2) q6(10g+,12)9 !nz‘n1[
<constexp{—q} “log, [M,)?},  (25)

where e=0—3/2, A=¢— 90 and |n,|>|n,|.
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Proof. Tt follows from Bernstein’s inequality by setting:

;=28 I l"‘ [d(n;,n,)]* (2.6)
[d(n,,n,) is the distance between the blocks Q(n,), Q(n,)], and choosing t=g}/**°
(10g+ |n2|)m2' O

Following [1] we introduce a partition of the lattice Z into alternating 4 and B
blocks:

+ o0
2= (Bumuam),
where A(n)=Q(2n), B(n)=0(2n—1). We use the following notations for the spin
configurations in the blocks

y" = GQ(") 4 Exn = O-A(n) ’ ﬁn = oB(n) 9 (27)

and if X is a set of Q-blocks we write y,, instead of (y )QmE  (analogously for f and

o variables). From now on we will consider random spin systems enclosed in a

box A, containing the origin, which is exactly partitioned into 4 and B blocks but

not necessarily symmetric with respect to the origin. The box A contains, say, the

Q-blocks with index between —2m and 2m’ so that A starts and end with A-blocks.
Call

I'w)= {Q(n) dAn'Fnt1: for some 04, Gouy | WG g Toum
const

”2[10g+(maXln| )] |n— I“}'

Consider now a block B(n) and the spin configurations «,_,,, in the adjacent
blocks A(n), A(n—1), and let Zj;,"* be the following partition function:

€,1,0:,0,
Z%rzn—)blln: Z exp{ﬁ Z titx 71y 2}

ty ¥t2eB(n) it1 - lzi

(2.8)

OB(n)
explp Y s,l,z—“ﬁz—a +h'Y ot (2.9)
t1€B(n) [ty —1,] te B(n)
treA(n—1)u A(n)
Set 0=(—1,—1,..., —1) a reference spin configuration, and let (o, _,,,) be
Z5in""" L)
plo, —p,0,) =log — (2.10)
! ZB(n) Ozg(n)
Call I'(w) the set of all triples A(n— 1), B(n), A(n) such that
1
Jwlo, 4,00 > m for some o,_,a,. (2.11)

Meanwhile the “bad” nature of the Q-blocks belonging to I'(w) is obvious, the
introduction of the set I'(w) is to control the effective interaction among the
A-blocks after the decimation of the B-blocks (cf. [17).
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In Appendix A we shall prove the following:

Lemma 2.2. Let conditions C1, C2, C3 be satisfied and e=o—3/2>0, then for all
sufficiently large q, we have :

1
P {_:-’O(n-~ 1%y - |1/)(O(n_ 1 an)l > [q0(10g+ n)(’/l +e]8/4}

1 (logn)e%
1z : (2.12)

qo(logn)g i+e
Now for any given @ we are able to characterize the full set of the “bad” blocks:

[(w)=T(w)ul(w), (2.13)

and for g, sufficiently large, the following probability estimate holds (cf. Lemmas
2.1 and 2.2)

N o &2
P{O(n)e I'(w)} §exp{ —(logn) 1“}. (2.14)

Therefore if we take Q{;—/_l—z~ >1, then from Borel-Cantelli’s lemma we conclude
&

that I'(w) is bounded with probability one and we can define the set C(w) as the
minimal interval centered at the origin ending and starting with B-blocks
containing I'(w).

It follows from the previous probability estimates that:

P{diam C(w) = a} §exp{ —(loga)* Hz} (2.15)

so that calling @, the set of all realizations w that give rise to finite C’s, we have
also

P(Q,)=1. (2.16)

In order to give the proof of Theorem 1 we will suppose for the sake of simplicity
that the support of the cylindrical function is contained in 4(0), and we will start
by considering the following expression:

2 fleg)exp{—BH(o )} Z75c

(fyd=1¢ - , (2.17)
P Y exp{ = BH(o )} 25
where 7e
L c=2 = Z exp{—BH 40 40+ Wlog, T 00} (2.18)
xA\C
and
. +(2n¥w)— 1)
C(w) if Clw)= J o
= ~ @)= (2.19)
B(0)uA(0)uB(1) if C(w)=0,
so that
n*=n*w)= sup |n| if C#6, n*=1 if C=0. (2.19)

B(n)cC
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Then we express Z ;- using the notations introduced in Eq. (2.7)

ZZKC = ZZKC = Z exp{ z a(an) + z W(an’ am)}

aa\c A(n)e A\C A(n), A(m)e A\C

expf Y Wy, Z[ [T exp{UBpo,_ oM 1 exp{W.},
AQ(I(I)E)AE“C Bavc|Bmed\c Le#F a,c

(2.20)

where a(a,) is the self-interaction of the block A(n), J(B,. «,_ (,o,) is defined as

J(By oy 1> 0) = alB) + Wi, 2, )+ W(B,,0,) (2.21)

and we have introduced the inverse temperature in all the interactions.

For every set U: UCZ, UDC, Fy . is the set of all pairs L of blocks such that
one of the elements of the pair is a B-block contained in U and the other can be
either a B-block in U\C or a nonadjacent 4-block contained in U\C or, finally, a
0-block belonging to C. W, is the interaction energy among the two elements of L
(for the sake of simplicity we drop the explicit dependence of W on the spin
configurations).

Now we shall perform the sum over the § variables in the right hand side of Eq.
(2.20) (decimation procedure), and in complete analogy with [1], we shall obtain
by means of a cluster expansion an explicit expression for the effective interaction
among the o’s.

In this way we transform the original system into a physically equivalent
system that, as we will see later, can be considered as in the small coupling (high
temperature) region.

We define a polymer to be a collection R=L,...L, of bonds Le 7 .: for any
pair L;, L,eR3L;...L; eR with L, =L; and L, =L; and such that L, and L;
have a B-block in common.

Given R, we call R the set of all B-blocks contained in R and we call 2, . the
set of all polymers made only of bonds €%, .. We define the activity of the
polymer as a function #°: %, .— R given by:

1

exp {J (B, %, 1, %)}
H(R)= N |
“ lé svek 2. exp{J(B,.0,_ .1, Lll (exp{Wit—1) (2.22)
Bn

By standard manipulations we get

ZZlc\C = Z exXp { Z a(an) + 2 W(an’ am) + Z W(O(n, ym)}

2a\C A(n)e A\C A(n), A(m)yc A\C A(mycA

Qm)cC
H VA e C I LIV IO B (2.23)

B(m)C A\C
where
n
Eydoyero)=1+ Z Z 1—[ H(R,). (2.24)
n=1 Ry..Rn i=1
RieRa,c

RinR,;=0
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The following lemma holds for =

Lemma 2.3. If q, is large enough,

E 4 o070 =€xp { Y Y oR;...R) ]—[ %(Ri)} , (2.25)
nz1 Ig;éfz i1
with
1 .
oR,...R,)= o Z (—1)*(cdgesing)

* geGn(R1...Rn)

where G,(R,...R,) is the set of connected graphs with n vertices and edges i,j
corresponding to pairs R;R; such that R mR ={). We set the sum equal to zero if G,
is empty and to 1 if n—l

Proof. If g, is large enough, for any r:0<r<1 we have

AR <R 21, “ (2.26)

LCR r?

where we denote by || f| the sup norm of the function f.
Using Lemma 2.1, we have

2 Const k
su W < = . (2.27)
B(n)elz)\c Ls%(n) p2r rq; r?

LcFy ¢

If

7.2
ks log. (2.28)

=T
Vra=ynl
Eq. (2.25) is obtained as a consequence of Lemma 2.1 of [1].
The result of the summation over the variables can then be written in the
following way:

Zf(?c)eXp{—ﬁH(Vc)} Z exp{—fl(amc, Vc)}

Fooan= Sep (=P} ¥ expl=Heerd)

aa\c

where

- P—I(aA\C’ ’yC) = Z a(an) + Z W(O(n’ OCm) + Z W(Oén, Vm)
A(n)c A\C A(n), A(m)yc A\C A(myc A\C
Q(m)cC

. (229)
+ ZR ¢(R,...R,) [ #(R)

Rie®4,c
Now to evaluate the sum over the « variables and get the final expression we

shall perform a second polymer expansion. In order to define the polymers of the
second kind, we extract suitable potentials from the renormalized hamiltonian.
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This particular way to collect the effective interactions among o’s will turn out to
be convenient for further developments, even though at the moment it does not
appear to be the most natural one.

For any given cluster of polymers R=R,...R, we define the set

Ep= [U ( U L)} o [ O U = Doam). (2.30)
i=1 \LCR, i=1 B(n)CR
We call & . the set of all possible E; with R,...R,C%y .
For any given E€ &, . we can decompose it as E=E,UE UE_, where E ,, E,
E. are respectively the set of A-blocks in Z\C, B-blocks in Z\C, Q-blocks in C
contained in E. Notice that VE€ &, , E,+0, Ez=+0.
We use the notation az=0oy , yp="7g. We define

Veewrp)= 25 oR,...R) [] #(R), (2.31)
Ri...R, i=1
where ) is over all R: Ex=E, and write
Y oR R [THRY)= Y Vilorg,v). (2.32)
Ry...R.C%a,cC i=1 Eeéa,c

Now we are able to express the renormalized Hamiltonian H appearing in the
expression (2.29) as

- FI(“A\C’ Ye)= Z a(oty,) + Wty 20— 1)

A(mC A\C
+ WO sV g 1)+ Z Vpotp Vp) s (2.33)
DC A
where
_ ZO,an Za,,,O
alo,)=a(or,) +log =20 4 1og B, (2.34)
ZBZn) ZBZn +1)

and for any given set D of Q-blocks the potentials V), are defined as follows:
for D= A(n), Q(m): A(n)e Z\C, Q(m)e C, n,m=* +n* +(2n* — 1)V, =W(a,,7,),
for D= A(n), AmmeZ\C,n+m+1,V,=Wl(,,a,), e
for D=A(n), A(n+1)eZ\C,Vy=Wl(a,, o, ) +yo,,a,, ) [see Eq.(2.10)],
for D=ECE, ¢ V= Vilotp 7p).

35)

Any other E is said to be nonadmissible and we put V;=0. It is easy to realize that
each term V}, in Eq. (2.33) is “small.”

Notice that:

a) We have included the two body term coming from the normalization of the
first polymer expansion that is small for A(n)C A\C.

b) We have not included in ¥V}, the interactions of the two blocks A(n*), A(—n*)
[see Eq. (2.19')] with C because they can be large and then must be considered
separately.
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The Second Polymer Expansion. A polymer S is a collection of sets D,...D, of
Q-blocks connected in the sense that VD,DeS 3D, ...D;, D;,=D,, D; =D such
that D;, and D; , have an 4-block in common. leen a polymer S D D we
will call S the set of all the A-blocks belonging to S and define its act1v1ty @(S) as:

ea(an)

@(S)— Z H o n (eVD(aD , YD) __ 1) , (236)
a5 A(nes Ze "
where
alo,)=ale,), if |n|==|n*], (2.37)

A0 4 ) = A0 o)+ WiV 1 20— 1) -

Notice that if S contains a nonadmissible D, then ©(S)=0.
Using the above definitions we easily get

Z f(’)’c) exp{— ﬂH(Vc } Z eXp {a(cxn*, Vc )+ a(o_ e, ?c)}'—m c(Vo O 4 )

U

<f>w < Z exp{— ﬁH(Vc)} Z eXp {a(“n*a Vc) +aee e '}’c)}‘—'A c(')’ca Oy )
o (2.38)
where

Ecdve oy )=1+ Z Z H o(s).
nZ1 Sy SaCd i=
SlnS,—(b

Lemma 2.4. If q, is sufficiently large:

Eidieors=exp Y. Y ofS,..S,) [T O). (2.39)
nzl St...SaCA i=1
Proof. For any z:0<z<1 we can write, for ¢, sufficiently large:
g 2\V
o®=z"T] Z”wf“ : (2.40)
Dcs ©
where |D|, means the number of Q-blocks in D. We have for A(n)eZ\C,
2|Vl 2
Z Z]Dﬁz = Z 2 SupIW(OCm yml
D3A(n) Q(m): An¥n
2mt1+n

2
+ 7 sup (|1P(O(n— 1 (Xn)l + W’(O‘n’ %4 1)|)

On—1,0n,0n+1

2 n ~
+ Y T 2’5 lp(R, ... R)| T] 1#(R)I=k. (241)
EsdA(n) 2 . Rac A i=1
Eeéz,c

Now we can use the definition of C(w) to treat the first two terms in the right hand
side of Eq. (2.41) and standard methods of the theory of polymer expansion (see
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[8] and Egs. (2.26) and (2.8) in [1] to treat the third one; so that we finally get for
q, sufficiently large

~ 1 1 1 1
k< —7, andif —7 < -log (————), (2.42)
q5* a5t =2 Tz 212

using again Lemma 2.1 of [1], Eq. (2.39) is proven. [

Now we are able to rewrite Eq. (2.38) in the following way:

Z f()’c) exXp {H(Vca O‘J_rn*)}

o gp= T . , (2.43)
o Y exp{H(ye 0,0}

VCs0nks 0 — ke

where
Heoy ) =Hoo, )+ y o(S,...8,) [] OGSy,
S1...8.C4 i=1
(S1...S)nC#*6
and

~

H(yes s ) = = BH o)+ 0ty 7) + 80 s V) - (2.44)

Notice that we have dropped the sum over the collection of polymers that do
not intersect C because they cancel out. This is the most important feature of Eq.
(2.43) that we will use in the next section to prove Theorem 1.

3. Proof of the Theorems
We shall make use of the following lemmas proven in Appendix B.

Lemma 3.1. Consider the system of polymers described in the previous section, with
activity given by Egs. (2.35) and (2.36), then for any given integer k there exists a
constant C, such that for any finite set T of Q-blocks we have :

D Y o(S,...S,) [ OGSy gck(lognT)zﬁ’"ITlQ, 3.1
1...8n i=
(Sls.‘.‘ Sn)nCTZ¢ 0 '

where D¥ is a derivative of order k with respect to the variables § and h and n,

= sup |nl.
QneT

Lemma 3.2. Under the same hypotheses of Lemma 3.1, consider two intervals A, A,
A'DADC. Then for any k there exists a constant C, such that V set T of Q-blocks
contained in A, we have:

D"( Yooess)Jles)y- Y qo(sl---s,,)n@@i))
S1...8,cA’ i=1 S1...8,CA4 i=1
(S1...S)nT=*0 (S1...S)nT=0

(71,
AT, oM+

where d(T,0A) is the distance between T and the boundary A of A.

<& (Inn,)?e" (3.2)
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Now we are able to give an uniform bound to the k-derivative of any local
quantity.

Proposition 3.1. Suppose conditions C1, C2, C3 be satisfied and 3 <o <2, then V
integer k, 3 a constant & Y CQq (cf. (2.15)) and ¥ cylindrical functions f with
support in the set of Q-blocks T::

IS5, 5. SCIC(@)T  (logng)* | fIl, ¥ADC,T. (3.3)

Proof. Let us consider Eq. (2.43) and its generalization valid when the support of f
is not strictly contained in C:

8.
Z exp[H(yC’ n¥s ——n*) + z (P(Sl e Sn) I_I @(f)(Sl)
POy Ay & — ke S1...8a.CA i=1
_ (S1...S)A{CUT}*0 . . (34)
Y exXpLH (e s 0 ) + > @(S;...S,) [] ©(S)
Y Cs O, &~ S1...8,CA i=1

(S1...Sp)n{CuT}+*0

The activity ®Y)(S) is defined as in Egs. (2.35) and (2.36), but starting from the
modified Hamiltonian:

—HY¢ ,)=H(o ) +logf(c,),

where we have assumed, without any loss of generality, />0 (if it is not so, we can
add to f a suitable constant). Then we write

) exp[H( e 04 ,)1G Ve 0s )

Do pn="22 *"*Z xpLHGw 7 ] ; (3.5)

VClnx, & —

where H is defined in Eq. (244) and G (y, o4 ,) is given by:

Gf(VC?ain*):eXp|: 2 (8. 5,) {H oY(s)— [1 @(Si)}] (3.6)
1.-.9n i= i=1
(S1 ..A.SS,,)r\S(TCuAC):# [ !

If we consider a derivative of order k we get a certain number of terms of the form:

f(f1o73 ) o

=1
with

S

Z (Z H + Z k(u)

i=

and

Z : exp[ﬁ(yc, O g )]

o= Z eXP[FI(VC:“in*)].

VCs %+
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We easily obtain

sup [D*H(yc, o) £ C,|CI* (3.8)

VCs 0k nk

for some constant C,. Note that Lemma 3.1 generalizes to the case of © replaced
by ©Y. Applying this concludes the proof.

Proof of Theorem 1. We shall show that Yk, given a cylindrical function f:

IDH<f >, Bk <f>w sl 0, VoeQg, (3.9)

uniformly for f and h varying in finite intervals and uniformly in A’D> A. Starting
from Eq. (3.4), we can write

o= o pn
={flexple 1= 105 g.a— SV <eXPlT] =105 44,

where
T= ) @(S,...S,) [T oSy, (3.10)
S1...8nCAN\A i=1
(S1...S)N(CuT)*¢
= > @(S,...8,) [T 6Y(S), (3.11)
S1...8,CA\A i=1

(S1...8S)n(CuT)=+0
and T is the support of f. Then from Lemma 3.2 and from Proposition 3.1, we have

|Cw)* "

|Dk(<f>w B.h <f>w B, h)l<5k(10g'1T)2leT|QW'

(3.12)

This proves (3.9) and concludes the proof of the first part of Theorem 1.

To prove the second part, it is sufficient to remark that the uniform bound (3.3)
is L'(IP(dw)) as a consequence of the probability estimate given by Eq. (2.15); then
the result follows from the dominated convergence theorem. []

Proof of Theorem 2. With the hypotheses of Theorem 2 the following results
proved by Khanin and Sinai in [2] hold in our case:

AL
2) lim F ,(w, 8, h)=F(f,h). P-ae.
AT

Now for every finite interval A, we can write

d

o, M) =—=> 050 51>
an” 7 5 <o
(3.14)
{g,0 >A h
((1) h) » 117t/ w, B, )
ﬂ e f |A|t1§eA S PR N

tyFto
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Then to prove the theorem it is sufficient to show that Vk>0, YweQ, and
uniformly for f and h varying in finite intervals:

3 lim D* (o0 hmIE(D" o8 ),
i D 8 (000 = (D 8 (00

(3.15)
A A
ElhmD"l Y oe w_l' E<Dk|/1| ¥ 8t112<0-t;6t2>w,ﬂ,h)'
iy,

A7Z |A| ty,tred fe2 ltl_'t2|a A7L tyeZ |t1—-t2]°‘
tyFty

tyF1s
To get this strong law of large numbers we introduce a family of overlapping
volumes V, centered at each site ¢, whose size is increasing as a suitable power law
of the distance of the site ¢t from the origin.
Let, VteZ

ne+[11/4]

=A(n,—[t*])u ( U B(n)uA(n)) , (3.16)
n=n,—[1/41+ 1

where n, is the index of the B or A4 block to which the lattice site belongs. It is easy

to see that |V|~constg,t**(log, t)%. We can write (dropping for simplicity the

dependence on w, 8, h):

1 Dt )
IAI red o= mteAAD N (3.17)
4| te/;AA Do)+ |_/11TzeAX\:AA D<o )" =<ap"),
where
Ad= {zz%mn—[ %'—} gtg%ml}, for A= (_ IATII_/;[)
(3.18)

For each te A\44, we have that V] is strictly contained in A if A is large enough.
The first sum in Eq. (3.17) can be estimated using Proposition 3.1 as:

] t; ID*(a, ") < ClCle)* H(log| A])2e I{E (3.19)

The terms of the third sum are estimated using Eq. (3.12)

= 1
ID¥(<a,p 4~ (o, )")| = Cyllogn,)***|C(w)* " U (3.20)

1 .
The problem of the existence of the limit of i Y. D¥(s;»*is then reduced to the
ied

existence of the limit of — Y DXV
IAI ted

Set:
&,=D*o, " —E(D*(a,>"". (3.21)
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The following proposition is true:

Proposition 3.2.
lim— > &=0, P-ae. (3.22)

Proof. Since ¢, and £, are independent if ¢, and ¢, are sufficiently far apart, we
have for A sufficiently large

const 1
5) ) < A2+2 1/4 hl/l 20k+ 1 < , (323)
((IAI 2 AP ™= s
so that using Chebichev’s inequality we get
1 2 1
P ¢ >s) < ——<oo. [ 3.24
IAIZ 1 ('/” IEZA & |A[=1 |/1|4/3 ( )

Now using Theorem 1 and condition C4, it is easy to show that

hm — Y E(D*¢(a,»"9)

A7Z |A| ted
= hm— Y. E(D¥(a,yN= hm E(D¥(a,)4). (3.25)
A7Z |A| ted

It is easily seen that the same kind of arguments apply to the case:

1 11t
2 Dk(g, g, Y. (3.26)
lA]tlgeAltl t,] o
t1 %1,

In fact the denominator |t, —¢,|* controls the behaviour at large distances and for
small |t, —t,] we are back to the previous situation. This ends the proof of
Theorem 2. []

4. Remarks

Remark 1. In the sequel we will discuss a one-dimensional model where it is
possible to rigorously prove the existence of a Griffiths singularity [4, 5]. We will
actually show that for our model 3f.:Vf>f., the average magnetization is
nonanalytic in h at h=0, meanwhile it is still C* at every f and h.

Let us consider a system described by the Hamiltonian (1.1) where the ¢, are
allowed to take the values 0 and 1 with the following probability distribution

W(811/=1)=f(lt—t’l)§ﬁ, 5>0,
P, =0)=1— f(lt—1]). (4.1)

We call & the set of all the pairs (bonds) b=(t,t'), t, t'€Z; the space of the
realizations of our random field is: Q=(0, 1)¥. We can represent Q as the set % of
all subsets S of .Z: S being the set of bonds b with ¢,=1.
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Given an SC¥ we can decompose it into its maximal connected components
called clusters. A cluster I' is a (generally infinite) set of bonds €. connected in
the sense that for any pair of bonds b, b;el’, 3b; ...b; €I, with b, =b,, b; =b,,
b, nb, . #0,k=1,...,r—1and maximal with respect to this connection. We want
to show that, for p in Eq. (4.1) sufficiently small, the probability of percolation (i.e.
the probability that the origin belongs to an infinite cluster) is zero.

For any finite interval A centered at the origin, consider the following event
E, 4: the origin belongs to a cluster intersecting Z\A=A° The following

inequality holds:

14
PEo )= Y Tl v—Ges (4.2)
pry20 (t,t/)Eylt_tl
ynAC* 9

where y is any finite set of connected bonds in Z. We have:

t
P(E OA)_TZ?,Z > . 43)
with
&)= . 1;[5 Fﬁm (4.4)

To estimate the sum on the right hand side of Eq. (4.3) one can use arguments
typical of the high temperature expansions. For instance, using the method
developed in Appendix A of [1], one can easily see that the “activity &(y)” of the
“polymer” y is so small that

Y ) <+00. (4.5)
30
Than from Eq. (4.3), since IP(E,, 4) =70, we conclude the proof of the absence of
percolation.
Now, following Griffiths, we are able to write the average (quenched)
magnetization in the thermodynamic limit as

hijP(dco)(o'O}w = Z IP( F)IF[ PRECAIY

tel’

=m(f, h), 4.6)

where the sum is over all finite clusters I” passing through the origin [the IP(I')’s are
the probabilities of their occurrence], I' is the set of all sites ¢ belonging to bonds in
I', and {0,y is the magnetization in the site t evaluated in the finite volume I" with
zero boundary conditions when only the set of bonds belonging to I is present. We
further notice that for every finite interval A the cluster I, obtained by putting ¢,
=1 for any ¢, t'e A and ¢, =0 Vte A, t'€ Z\A has nonzero probability. In fact we
have:
|41 ]
)z () |- )

>0. 4.7)
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We see that we are exactly in the situation discussed by Griffiths in [5] for a
dilute 2-dimensional Ising model, so that we can conclude that for Ya<2, Vj3
> Bo(e), where f(x) is the inverse critical temperature of the fully ferromagnetic
system (cf. [9]), the quenched magnetization is nonanalytic in h at h=0.

As far as the C* properties are concerned, let us consider, as an example,
k

m(f, h). 1t is easy to convince ourselves that:

anF
2, O oS0 T, PO
<C, 2 n(}/py ! y;)&(v)<+oo (4.8)
for

= 11 (20

(t,t)ey

and p sufficiently small (the constant C, depends only on k); so that the series that
k

formally expresses (B, h) is uniformly convergent in h.

anF"
Remark 2. In the previous sections we have used “zero boundary conditions” [cf.
Egs. (1.1) and (1.2)], but it is easy to verify that, with minor changes, it is possible
to prove exactly the same results in the general case: i.e. all the limits quoted in
Theorems 1 and 2 exist and are independent of the boundary conditions.

Remark 3. In [1] the problem of the analyticity for a one dimensional system with
translationally invariant finite first moment interactions was considered. The
hypothesis of translation invariance was introduced to be able to apply Ruelle’s
theory [10] to the term (o, ;. ;) of the effective Hamiltonian [cf. Eq. (2.10)]. In
the present paper, to prove our theorems we have to consider nontranslationally
invariant potentials; in particular to treat the term (o, ;, ;) we use an approach
originally due to Dobrushin [11] that applies also to nontranslationally invariant
systems. The following theorem that generalizes the main result given in [1] easily
follows as an adaptation of the method used in the present paper.

Theorem 3. Consider the Banach space &' of the complex-valued functions on the
finite subsets of Z such that:

diamX +1
@ — -

For @, ¥,... ¥,e&', ||V,|ll=1, consider the free energy

sup |(X +t)| < + 0.
teZ

FA (¢+ i A‘ilIli) |AI log Zexp( H ( A))

i=1
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where A=(Ay,..., )
HiX )= ) ®*X)[]x,

Xc4a teX

x,€{0,1},

and the expectation of any cylindrical function f:

A SX )exp[— H5(X ,)]
Ira= f\; XZ exp[— H4(X )]

A

then 3 a sphere @ inC? such that:
) 3lim (4
AL
and defines a holomorphic function of A in w.
2) If the limit
lim F ,(®,)

A7Z
exists, then

F(®y+Y 2,¥)=1imF (D, + Y 4P,
AL
exists and is holomorphic in A on w.

Appendix A
Proof of Lemma 2.2. We start by proving an auxiliary lemma:

Lemma A.1. Let V be a volume partitioned in [n"] volumes V; each of length n (i.e.
\Vil=n and |V|=n'""), and let (o _) be the configuration of the spins in a finite
volume on the right (on the left) of the volume V. If nis large enough, u<1 and e=u
—3. Then the following probability estimate holds :

(A1)

0,0+ 70,0
m{vg+, |25+ 22 l 1}1 1

g_ -1 < >l—= —7.
1z 0z VI 6

Proof. If we call W(ay,0,)(W(g,,0_)) the interaction energy of the volume ¥ with
the right (left) boundary and (-}, the expectation with the probability measure

q (O’ ): exp{_ﬁHv(Gv)}
YV S expl—fHy(0y)}

we have

7047790 _ Cexp{W(ay,a_)}exp{W(oy,0_)}>, (A.2)
Zy0Zy " T (explW(0,,0 ) (xp{Wloy 0 0Dy |
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1

N
Recalling that V' ={ J, ¥, with N=n* and setting:
0

fi=filay )=exp{W(ay ,0_)},
fo=filoy )=exp{W(oy,0.)}.

By Lemma 3 of [3] we have with probability larger than 1 —exp{—n!/2( "2}

o oy Sonst) ¢ <CXDW 00 cxp Wy )
Foolre T U 177 = Cexp{Wiay.0 e (exp(Way, 0 )bg

Sifo {const}
= Foelfa P

for any n sufficiently large and §:0<d6 <+ . But

(A3)

ns—é

{fifdo= Z qylay) f1(o'vo)f2((7VN)

= Z qu,V(GVo)fl(gVo) Z vy, v\Vo,ov, (v ) frloy ), (A4)

TV TN

where gy, ,(-) is the relativization of gy() to oy, and gy y\py 4, () is the
relativization to oy, of the conditional probability on the values g, evaluated
by means of g,(-) with conditions ¢, . Then

K120 =<{folfol S Z Qv v(0yy) filay,)

[Z Qvn,vivo,ov, (UVN)' Z QVN,VIVO,o'yu(o-VN)QV(G/VO) fz(GVN)
=2 max |f1f2' ) sup Q(qVN,VIVQ,o’V0 ()> qVN,VIVo,UVO ()) s (AS)
Vo s TVy TV ,0V,

where g(-, -) is the distance in variation and we have used the following inequality:
Let X be a finite space, p(x), p(x) i=1,2,.,n, probability measures on X, 4,>0

(i=1,2,...,n): Y, 2;=1, then:
0

Z plx)— .;1 )~jl7j(x) = Z Z /1,-|P(x)“l9j(x)|

xeX xeX j=1

= max o(p(-), p(-)).
J
In [3] it is shown that, with probability larger than:

1 —constn*exp{— p(n)}/21 Ho2} —exp{ —n!/20 o120

sup Q(qVN,VWO,aVD(' ) qVN,VWO,g'VO('))

vy 0y,
<5 1—(’))n_'))n)

=, R ol (AT L A.6
L e S (A0
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where
_ const
Y,=1l—exp|— — )
Va=1—exp(—p(n)*~7),
pn)=[(u+ 1) Inm]> 1 +92,
and

max faoy) / min f(a, ) Sexp(2p(n)* %),

with the same probability. With this choice of the functions y(n), %(n), p(n) for n
sufficiently large, we obtain the result of the lemma. [J

Consider now a block B(n) and let &,, &, _, be the spin configurations of the two
adjacent A-blocks and define:

- _ N/2
Zgwrin=" % [i[Z@rove explaloy,,, )} ] exp{—a(,)}, (A7)
O'V0 ,O‘VN 0
where
UUi=Bn), UnU,,=0, |U|=gyllog,n" #—1],

N=2[(log,n)*], oy =&,_,, Oy, =0,.

Since Zj,+™ is obtained by ZZ-™ switching off the interactions between

nonadjacent U/s it follows from Lemma 2.1 that

const(log, n)®* | _ Z&-vi const(log . n)?*
{'— A ( g;;l—)u)s}é g:jl dn §ex {+ A ( g;r(lzu)s}>
qollog.. n) Zgm" go(log, n)*

with probability =1—exp{—constgs"*’(log, n)*" ""}(log, n)**. Notice that
1< (1—p)e implies that Zj;0% ~Z3-+% for n sufficiently large.
Let us consider the following event 3k :1 <k <N,

ou,_1,070,0y,
ZUkk 1 ZUk T+ 1

OU-1OUssy —
ZUk Z0,0
Ux

exp{n(ay,_,.0y,, )}, (A.8)

with

, 1
P NS [y og e T

If this event is verified we have:

S n— 1,8n770,0
ZB?n)1 ZB(n)

Z 3 -1,0770,0n
ZB(n)l OZB(n)

exp{—47} = Sexp(+41). (A9)
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If we notice that when such a k does not exist, then for every block U,
(i=1,2,...,N) the following inequality should be verified for some oy, , gy, ., :

1
>
[qo(log. n)et ‘u)]e/4 s

so that by Lemma A.1 it easily follws that:

IZ”U21 1°9U2i+ 1Z0’0

lZ U2;+1ZJU21 1 0

(A.10)

1
s <
P ('W(“u %y )l > [q,(og. n)e(l -u)]£/4> =

1 (Inn)ex
o (log N n)@(l —#)}

>

. 2
then by choosing u= 18/? we conclude the proof. [

Appendix B. Proof of Lemma 3.1
We start from the equality
D Y o(S,...S) 1 06
i=1

S1...8.CZ
S1...8)nT=*0
k! n

= Y 95,8 ¥ - [Ip~e(s). (B
S1...5.CZ kit...tk,=k kl""kn' i=1
(S1...8)nT=*0

Recalling definition (2.36), we have for S =D1 ...D,, IS|= P

oo 4 exp[a(a, )]
pes=2 ¥ o Y (m)

ag kit tkpim p+m‘ i=1
[T D=r(exp[V,1-1). (B.2)
i=1
Now calling n,= sup |n|, suppose we are able to prove the following estimate:
Q(meD
ID*exp[V},]1l £ Cy (log .. np)*¥, (B3)

for some constant C} depending only on k and for suitable ¥, then, since the
following inequality

< C2(log, m* (B.4)

o [ _expLie,)]
Y expla,)]

is easily seen to be true for some constant C7, we can write:

IDO(S)| < (p+m)(log ;. ng)***C, [ V. (B.5)
Dcs
where
ng=supny, C, =[(supC1> (supCz)]

DcS =k i<k
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Now since each S is connected and the set S, ... S, forms a cluster [i.e. it cannot be
separated into two nonoverlapping parts, otherwise ¢(S,...S,) =0], and more-
over it is supposed to touch the set T, we have:

supng, Snp+ ), ). dp,

i=1 DeS;

where np= sup |n| and d,=max/C? sup |n—n|\, then
Q(meT Q(m), Q(n)eD

n

(11 dpﬂ

i=1\DcS,

log(supns‘)§10g<nT+ Yoy dD> <log

i=1 DCS,

<logny- [] ] logd,,

i=1 DCS,

so that if for any k a positive constant ¢ is chosen such that:

¥ " p+m¥<1l Vp,m. (B.6)
Then if we define
OS)=d’ [ @,. (B.7)
DCs

with

v,
o,= 0,211)% [logd,1%¢,

we can write

DF . % ) qo(Sl...Sn)le@(Si)
1 ST = .

n

SCllog,npP*® ¥ [o(S, ... S,lnte" T] 6(S)

S1...8.CZ i=1
(S1...8))nT=*0
<Cyog.n* Y lo(S,.. ST O6). (B8
S1...8x i=1

(S1...8))nT+0

Now we have only to prove that the modified potentials @, are well behaved:
in other words we want, for ¢, sufficiently large, the modified activities O(S) to be
small enough [cf. Eq. (2.28)] to allow the convergence of the series on the right
hand side of Eq. (B.8).

This last requirement is obviously achieved if we can prove that the estimate
(B.3) that we have assumed, holds with a ¥, such that:

sup Y, @,=<k(gy)——0. (B.9)

n D> A(n) qo— 00
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If condition (B.9) is satisfied we get, by standard methods of the theory of cluster
expansion [8]

y lo(S, ... S,)l ﬁ@(Si)ngconstk(qo). (B.10)
i=1

S1...8.CZ
(St...S)NT*0

Now for D=A(n,), A(n,), D= A(n,), Q(n,) it is easy to see that the previous
requirements on D*(exp[V}]) can be fulfilled [cf. Eq.(2.35)]. In all the other cases:

Vo=Vp= YP @R,...R) [] #R),
n i=1

Ri...R
to study D"f/D, we can start by the analogue of Eq. (B.1) and since VLe #, , for all
sufficiently large g,:
|D* exp[ W, 1 <const | W, |, (B.11)

then using exactly the same arguments leading to Eq. (B.8), we see that the
inequality (B.3) is satisfied with

and
HAR)=1" ] o,

LeR

Wi

D, = —TT(logdL)z"k .

(B.12)

The positive constant 7 has to be chosen small enough. Also in this case for g,
sufficiently large, condition (B.9) is satisfied so that by Egs. (B.8), (B.10), and
Lemma 3.1 is proven. []

Proof of Lemma 3.2. To obtain the proof of Lemma 3.2, which can be considered
a corollary of Lemma 3.1, it is sufficient to use the trivial identity:

n
Z o(S;...8S,) 1_[ o(S)
Si...SnC A’ i=1
(S1...Sp)nAN\A*0

(S1...S)nT#0

n 1 n _
= Y (1‘[ ——7 ] @(5,...8,) T16(S), (B.13)
S1...SnC A’ i=1 (dsi) i=1

(St1...Sp)nA\A*0

(S1...Sp))nT#*a0

where O(S)=0(S)dy*; dg= sup [n—n'| and remark that for every cluster of
0(n), Q(n)es
polymers S,...S,:

(Sy...S)nA\A£0,  (S,...S)"T+0,

one has
" 1 1
< .
iljl (dg)"* = (d(T;01)"*
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Then it is quite simple to generalize Lemma 3.1 to the system of polymers with
activity © for g, sufficiently large. [
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