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Abstract. In this note we study lattice ®*-models with Hamiltonian

m2 2
H=13(p, - A<p)+22<w? —Q*)

and Gaussian boundary conditions. Using the polymer expansion we obtain
analyticity of the pressure and the correlation functions in the infinite volume
limit in a region

{zl 1] <e|arg | <%—5}
for every 6 > 0.

1. Introduction

Let us consider the P(¢)-theory on the v-dimensional lattice Z* with partition
function in the finite volume A given by

Z,(Am)=
[ exp(-%(so,—AAqo) - ZP(qoi)—m—z ) (w-—LY)Hd% (1.1
Rl ieA 2 ia \/EI ied
where
0, A={ie\A|FjeA, |i—jl=1}
and

A=A0d, A
We study the case

o2
P(</>)—A<<p m), (12)
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which is a polynomial with two minima + &, £ =m/ \/g . 4, 1s the lattice Laplace
operator with zero Dirichlet boundary conditions on 0 , A which decouples A from
its exterior. The third term in the exponent defines positive Gaussian boundary
conditions.

Equation (1.1) can be interpreted as a continuous-spin Ising model with two
phases, which are well separated if 1 is sufficiently small and m large. For real 4, it was
shown by Constantinescu and Stroter [3], that the infinite volume limits of pressure
and correlation functions exist for such 4 and that a modified model with interaction
v HAg* — (m?*/4)g*) converges to the Ising-model for v —0.

It has long been an open question whether this model is Borel summable in
the coupling constant 4 for A — 0. In order to prove or disprove this it is necessary to
study analyticity properties. For P(¢)-models with one minimum this has been done
by Constantinescu and Klockner [2].

2. Discussion of the Main Results

In order to show Borel summability, one has to prove analyticity in a domain
{A4,|A| <R and [argi| <m/2} with uniform factorial bounds on the asymptotic
expansion, see Nevanlinna [6], or alternatively in a domain {4, ReA ™' > R™ '}, see
Sokal [9]. We do not quite obtain these results. In fact, if we study a sector with
opening angle 0, the radius of analyticity seems to shrink with cosf. This could be an
indication that Borel summability does not hold.

We now state our main result:

Theorem 1. Consider the P(¢)-model on Z* with finite volume partition function given

by (1.1). Let A be an arbitrary multi-index on Z” with A(p)= [] ¢ and

1esuppA

(AD 40, m)

=Z;'(Lm | Alp)exp <— e, —4,0)— ) P(%))

R I iceA

m2
o= % 00 ]do.

ied+ A ied

Let
P,(,m)=|A| " logZ (A m).

Then for every 6 > 0 there exists an ¢ > 0, such that for m large and Le{)||argi| <
n/2 —8,|/| <&} the infinite volume limits of {A), and P, exist and are analytic.

The proof of this theorem closely follows the spirit of mean field theory deve-
loped by Glimm, Jaffe and Spencer [5], see also Constantinescu and Stroter [3].
The well-known contour-cluster expansion is rewritten in terms of polymers (cf.
Bricmont, Lebowitz and Pfister [1]), which is probably the most sophisticated
algebraic formalism for studying the infinite volume limit of the pressure. Adapting
a trick by E. Seiler [8], we then obtain the result for correlation functions.
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Applying the algebraic formalism the proof reduces to showing the exponential
decay of the Boltzmann factors of the polymers. We have to estimate the behaviour
of certain one-dimensional integrals using the complex Laplace method. Here we fail
to extend our results to a larger domain of analyticity. Our estimates are uniform in
A. Combining this with pointwise convergence for real A[3] we can apply Vitali’s
theorem to obtain Theorem 1.

3. The Expansion

In this part we give the expansion in polymers which yields our results. It has two
main ingredients: an expansion in phase boundaries and a cluster expansion in the
regions of pure phase.

First we map our field variable ¢, onto Ising spin variables o,. Let g,€{ + 1, — 1}.
Here ¥ ={0,};.,6{ + 1, — 1}" is called a (spin) configuration. Setting

1o(@) =" ] exp(— (@ — 27)dz = 1_(~ )
0

we have a partition of unity with y, (@) + x_(¢) = 1. To each configuration > we
attribute

1:(p) = n Xa,(¢i)-
ied
Thus we have
ZGom= Y Z, 5(am), (3.1a)

Te{x 14

where

Z, 5(A,m) = Il . xz(co)eXP{ —3(@,— 4,40) = ). P(9)
R A

mz ied
-5 Y (o — 5)2} 11 de.. (3.1b)
i€d + A 1eA

Seeing that the partition function has positive Gaussian boundary conditions we
can set g, = 1 for ied, A and extend the configuration to A (without changing ¥, ).
If ¥ is a configuration, let

I*={ied|djeAd o,0;=—1land|i—j|=1}
denote the set of phase boundaries. We can identify X with the set of bonds (ij) with
0;06;= — 1 (or with the bonds in the dual lattice perpendicular to (ij)). Here 2 is its
complement in A, ie. the set of bonds (ij) with 0,0, =1 and |X| and |2°| are the

cardinalities of X, 2 respectively.
For each ieA we set

b,=b(2)=|{jeA||i—jl=1and g,0;,= —1}].
We have b, <2v and b, =0 unless ieX*. Furthermore set
a=|{je2’ li—jl =1, jeA}], e, =32v —a).
We find a; <2v for ied , 4.
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For each configuration X = {s,},.; We can now translate the coordinates ¢, into
the corresponding minima h; = ¢,&. Let the translated field be denoted by

V=@, —h;

We now express the Hamiltonian in terms of the translated variables. Some
straightforward calculations yield

2@, — 4,0) =30, — 4,9) + EIA| + | 2] - |29

+2 Y coun (3.2a)

ied

b, ieA
c; =
b, +e;, icd, A.
Note that (v|A] + 2| —|2) =Y ¢;= ), ¢, becausec; > 0forieX*ud, Aand
ied ieX*uds A
¢; =0 for ieA\X*. For the interaction we get

2
P(p) =2 +omy/ 2003 + 7y,

where

Scaling with ¢; we obtain

2
0D = At + my/ 203 + 5 v, (320)

The partition of unity is transformed in the following way
Xo’,((pi) = Xa‘,-(l/ji + O-ié),
Xa,(ailpi +08)= Xo-l(o.i(lpi + &) =y + &) (3.2c)
Inserting (3.2) in (3.1b) and scaling with ¢; we arrive at

Zy s(om)=(=1"-Plexp (= E@[A]| +|Z] - |29))

5_ HX+(‘//i+5)eXP< Z O'iaj‘//il//j‘ Z 201'@//1')
RIAl iecd li-jl=1 ieX*oo4 A

'CXP<— Y QW) —sm* Y i —VZ}//?> [1dy (3.3)
ied ief+a ied ied
Here A_(X)=|{ied,0,= —1}|.
Having expanded in phase boundaries or “contours” we now turn to the pure
phases. We study the term (3.3) coupling next-neighbour spins and apply the Mayer
trick:

eXp<| Z[ O'io'jl//i‘//j>= H exp (—y¥)) H exp (Y:y)),
i—jl=1 (ij)es (ij)eze

[T exp@Wb)= > [l exp@ap)—1.

(ijeXe X e (ijeX
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Here X is a set of bonds. The corresponding set of points belonging to bonds in X is
denoted by X*. Inserting this in (3.1) and resumming we obtain

Z ,(dsm) =3 (= DM-®lexp (= | A +|Z] ~12°)))

z

c Y Zysxm) [T gi4m), (3.4a)
X c3e iE(TFUX%)
where
ZA,)I,X(/L m) = j l—l exp(— ‘pi‘pj) H (exp (‘//J/’}) -1
RIZ*FOXH| ()X (ij)eX
exp (— 2¢;¢) 1 exp (—3m*y?)
i€(Z*U(0+ AN X¥) i€d 4+ A (E*U X%
[T 2@+ 9exp(=00y) 1 e ™dy, (3.4b)
ieAn (E*uX¥) ieX*uX*
and

| 1+(@)exp(— P(g) —v(p — &)*)dop, ieA
giAm=< % © (3.4¢)
exp(—¢&%e) | exp(—30m® + 207 —2e,éy,)dy,, i€d, A

The properties of the g,(4, m) for small 4 are essential in proving convergence of our
contour-cluster expansion (3.4a). We will briefly summarize the results, the proofs
can be found in the appendix.
Completing the square we can easily evaluate the integral for ied A :
gi(A,m) = \/—2;(1112 +2v) " M2 exp (Ge;mi(m? + 2v) AT Hexp (— Ee,).
(3.4d)
For ieA we get

lg:(A,m)| =132, m)| ~ | | exp(— P(@) —v(p — &)*)do
0
~ 22 (m? — 2y) 112 (3.4¢)

uniformly in any sector |arg 4| = n/2 — 6 for |4| — 0. This gives us g,(4, m) £ 0 for |4]
small and |arg| < n/2 — 9.

We can now map our expansion onto a “polymer system.” Let I' = (2 U X),
where I is called connected if any two points in 2* U X * can be connected by a path
in XU X. Thus I' can be decomposed into connected components and we notice that

a) the sum (3.4a) runs over all admissible (i.e. pairwise disconnected) families of
connected I,

b) Z, 5 x (A, m) factorizes over the connected components of I' = (X, X). The
connected components of I' are called polymers p, and I' =(p,,...,P,r)-

Let

G2, X) = (= D-Dlexp (= EOGANT*| + 2] = |2 AT ) Zy 5 x(A,m)

-1
( [1 g,-(/l,m)) , (3.52)

ie(Z*u X*)
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-1
Mom) Zm= ¥ FonleX)

ied I'=(z,X)

Z,(Am= (

= Y [1%.0) (3.5b)

I'=(p1,..., par)i=1

In the next chapter we will prove the basic estimate which controls the “Boltzmann
factors” ¢, ,, (p) for polymers p.

4. Estimates for ¢, ,, (p,)

For I' =(2, X), define |I'| = |2*U X*| and |p| accordingly. We will prove

Lemma 1. Let I'=(X, X) as in Sect. 3. For every 6 >0 there exist ¢>0 and

k>0, such that for m large and L€ {2||argl| < n/2 — 9, |A| < &} we have the following
estimate

|§ ;. m(D)] < exp(— k|I]).

The proof is closely related to the methods for proving convergence of the cluster
expansion in Glimm-Jaffe-Spencer [5] and Constantinescu—Stroter [3] and uses
Holder’s inequality to separate the terms coming from the contour expansion from
those resulting from the Mayer trick.

Let (ij) be a bond. We have

1
exp(;)— 1= f Wl exp (bl )do;.
0
Setting d; =|{jeX*,|i—j|=1}|, du= [] do; and p=(Z,X), p* =Z*U X*, we

()X
obtain from (3.4b)

ZA,E,X(’Lm)=j j {n 'p?' n eXp(_wi‘pj) n exp(aijl//ilpj)

0 gl Liexx (ij)es (ij)eX

I1 exp(—2¢¢y) [I exp(—3m*y})

i€X*U(0+ AnX*) i€d + Anp*
I1 x+(l//i+é)exp(—Q(!//i))HGXP(~V¢?)dl//,}da~ (4.1)
iednp* iep*

We will now find an upper bound for Z,, 5 (4, m) by scaling i with ﬂ and replacing
Aby A =|A|(cos )™, where 6 = arg A.

Note that
lpi - l//i _ xr
X+(~ﬁ+f)'§(0059) UZX«L(’ﬁ* f)

where we have put &’ = m(81') '/%. We find after some lengthy but straight-forward

calculations, involving a rescaling with A'~1/2

|Z 4 5 x(A,m)| S cos @122t 7 (0, m). 4.2)
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where

ANY

a,3,x(4 j { H V2 H exp(— ;) n explo ;)
0 R

ieX* (ij)er (ij)e X

11 exp(—2c&'y) [ exp(—3im*yi)

i€X*0(0+ AN X*) i€d + Anp*

[T 2w+ é’)exp<— (z'w? +m /207 + %w))}

teA n p*
[T exp(— vy?)dy,da.
iep*
We see that the quality of the estimate depends on the sector which we study.
We will now apply Holder’s inequality to (4.2) with respect to the measures
exp(— vif)dy;,do

|Z 45 x(7sm)|* < (cos 0) 2171~ Frex:

T 1T e

0 gt UieX* (ij)eX

[T %+ &) exp(=24¢f —2m /24" y7)

T exp (= mm? +vHdy, doc} § 1T exp(—2yiy))

iep* R'P* (e

o dL e dedyy [Texp(= (= £ Dy (43
€X*U(0+ AnX*) iep*

We have chosen 1€(0, 1) and m? large, such that both (1 — ) m? and y m? are greater
than v.

We can now estimate the factors separately. We will first treat the second
integral in (4.3) which comprises the phase boundary terms.

a) Phase Boundary Terms
This integral can be majorized by

(ﬂl/z((l _ n)m2+ v)— 1/’2)|X*\(E*u6+A)|

j exp (—4c, & — (1 —nmym*+ Wiy,

e(X*n0 4 ANZ* — 0

I TT exp@?+ ¥ [ exp(—4evy) exp (— (1 —nm® + vy)dy,;.

R I1ZT (())eX ieX*
The second and third factor can be estimated by completing the square so that we
can majorize the integral by
7[1/2ip"|((1 — ’1)'"2 + ) T2 —ym? — y) 121
[T exp @& (1 —nym*—v)™") [T exp@cf&((1—mm>+v)™)

ieX* Aie(X*n0 4+ A) (4 4)
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In the final estimate of ¢, ,, (2,X) the exponential divergencies are outweighed by
exp (— EX(v|A| +|Z| —|Z°])) which also comes from (3.2a).

b) Pure Phase Regions

We will now study the first integral in (4.3) comprising terms which result from the
Mayer trick. Using 2a,;y,0/; < Y7 +} we bound this factor by

) {leil“l IT 2200+ &) exp(— 20y —2m /22 y?)

RIP* { jeXx* ie Anp*

T exp(=m? +v)y?) [ exp(— (ym? —V)l//f)} [T ay.

ie ¥\ X* je X* iep*

The integral over R!”! factorizes into one-dimensional integrals and we get the
following cases:

1) i€d, AnX*:

T i exp(— (m? —2)dg = nm® —v) %I+ 1), (45a)

— o0

2) i€d, A (ZF\X*):
Oj? exp( — (qgm* + VY 2)dy, = n'2(nm? + v) =112, (4.5b)

3) ie(Z*\X*)NA:

J 22 E)exp(= 200 = 2m /207p3 — (® + ),
= [ {ep(=20(9* — &P (1 =1+ 95 (p— )~ log . (9))
cexp (= (v+em?)(@ — £')) }do.

If ¢ and #n are chosen such that 1 —#n+e&<+ we can apply a lemma by
Constantinescu and Stroter [3] which gives us 4'(¢p? — £'2)? — (1 — n + &)(m?/2) x
(¢ — &Y% —logy+(p) = 0. We can majorize our integral by

72y + em?)” 12, (4.5¢)
4) ieX*nA:

In this case we must choose &# such that 1—y + ¢+ v/m? <, we can then
apply the above lemma and obtain an upper bound

(em?)~4712r(d; +1)2). (4.5d)

1.)—4.) is basically a very simple way of estimating covariances by Gaussian
integrals.
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¢) Final Estimates

Lumping together all the terms from (4.4) and (4.5) and using the properties of the
g,(4, m) we obtain the final estimate for ¢, (X, X). The main factor of convergence
coming from the phase boundary or contour expansion is exp(— 2&%(v|A4| +
|Z] —[2¢])) or exp(—2&'* Y b,). From the cluster expansion we derive convergence

ieX*
factors
(0m*») "2t 4. §>0,for every ie X

which cancel the divergence from the g,(4, m). We have asymptotically for A —»0ina
sector with opening angle less than =

|§1,m(Z, X7 < {exp( =282 % b)) [] exp(de?&?((1 = mm? —v)™1)

iel* ieX*

[T exp@ci&((t—mm*+v)"") ] exp(—eizmz(m2+2v)"li"l)}

ie(X*nd 4+ A) i€d 4 A (ZFUX¥)

{((1 = 4 9) TR g ) T[] =)

€0+ AN X*

H (V,m2+v)_“2 H (BmZ)—d|—1/2(v+8m2)—1/2lAn(E*\X*)(
i€d 4+ A (Z¥\X*) ieX*na

(m2+2V)+‘Z’*uX*]}{n'(l/ZHZ*UX*] n F(di+%)n(l/z)u*\x*l2_‘A,\(E*Ux*)|

ie X*
2~(1/2)|6+An(2*ux*)] COSQ-—ZlZ*uX*[ —Z‘d,}. (46)
This yields
1$.m(Z, X S exp(— k| Z* U X*)). (4.7)

where k = k(m, 4, 0) > 0 for m? large enough. This concludes the proof of Lemma 2.

5. The Algebraic Formalism. Proof of Theorem 1

We will now briefly summarize the algebraic formalism which we need for the proof
of Theorem 1, for details see Gallavotti et al. [4] and Bricmont et al. [1] for the
pressure and Seiler [ 8], Constantinescu, Ki6ckner [ 2] for the correlation functions.

a) The Pressure

Recall that a polymer is defined as a connected component of YUX and
let # be the set of all such polymers in any A = 7. The elements of # are
called p,,p,,.... Let # be the set of multiindices (multiplicity functions) on 2. For
peF we define

0 if P(p) > 1 for some P
[T o) [T+ g p)),

i=1 i<j

(5.1)



504 K. Kloéckner and B. Stroter

where $(p,.) is defined by (3.5a). Calling p,,...,p, the elements of P (or supp P) for
which P(p) =1 we can define a compatibility function g by

(5.2)

(p.p') = 0 if p,p’ are disconnected
GPPI=Y _{ otherwise.

This allows us to rewrite (3.5b), which is really the sum of our admissible partitions,
as

ZG,m= Y o¢(P). (5.3)
Pca

Note that P(p) = 0 if p& A. The ¢(P) can be interpreted as the coefficients of a formal
power series X,¢(P) X", where X" =1, X"

In (5.3) we have set X, = 1 for all p. The ¢(P) can be interpreted as Boltzmann
factors and the corresponding Ursell functions can be found by the formalism
described by Gallavotti et al. [4].

We define ¢ (P) as the coefficients of the formal power series log(2,¢(P)X?).
Explicitly

o (_ 1) n
THGED e | PI) (54

where the sum X' runs over all P,...,P,e#, such that P,#0 and ) P,= P, the
i=1
addition being defined pointwise. Thus we have (formally at least)

Z ,(A,m) -—-exp( Y ¢T(P)>. (5.5)
PcA
This expression is justified by Lemma 2. Gallavotti et al. [4] and Bricmont et al. [5]
showed that for polymer systems with exponential decay of the Boltzmann factors a
bound of the following type exists independent of A: for any ieZ*

Y |7 (P)] < 0. (5.6)

iep*
Now we can easily deduce our result for the pressure. Using Lemma 2, (5.6) and the
properties of the g,(4, m) we have for any sector {A||argi| < n/2 — 9, |A| <&} with ¢
small enough and m large:

log Z (,m) =Y logg(A,m) + Y, ¢"(P). (5.7)
ied pPcA

It is evident that || ! log Z ,(4, m) is uniformly bounded on any compact subset of
the above sector. Applying Vitali’s theorem analyticity of the pressure in the infinite
volume limit follows.

b) The Correlation Functions

We will now briefly sketch the method for obtaining analyticity of the correlation
functions. We introduce modified partition functions following a method of E. Seiler
[8]. For details see Constantinescu and Klockner [2]. Let A be a multiindex on Z*

with A(p) =[] . For BeC let A(B)(p) =1+ BA(p).

iesupp 4
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Let

Zyapom)= | A(ﬁ)((ﬁ)eXP( Y %%)Hdui((p), (5.8a)

R4l Ji -jl=1 1€4

where

g{A,m)~ " exp (—vo® — P(@))do,ie A

_ (5.8b
dilp) = . )
gi(A,m)~ " exp ( —vo? —5lo— é)2> do,icd A
We then have
d
@log Z s a4 m)|ﬂ=o = A (). (5.9

We can now proceed with the contour cluster expansion as in Sect. 3. With the
notations of Sect. 3 we have

Z g apflm) = Z[( — D-Olexp (= E(v[A|+ 2] = |2)

z

-2 {(1+ﬁ(—1)‘4“ZJ“S“‘°‘°"’A(1//+5))ﬂx+(¢,~+é) [T exp (=)

X cX¢ il ied (ij)eX
: n (exp ('%WJ) —1)exp ( - Z 2céy; — Z Q('ﬁz))
(ijeX i€eX*ud+ A ieA
op(—dnt ¥y zw)} [Tgm) *dw,-]. (5.10)
ied+ A ied ied
Instead of (5.10) we will study
ZA,A(B)(’L m)=AP) o IZA,Aw)(’I’ m), (5.11a)
where
CABo= [ AP []dule). (5.11b)
R4l ieA

Let us call p a polymer, if it is either a connected component of ¥ U X not intersecting
supp 4 or the (disjoint) union of all connected components intersecting supp 4. Thus
a compatibility function can be defined for such polymers by

{O if the supports are disjoint and not both p and p’ intersect supp A4
galp:p) =

— 1 otherwise.
The integrals in (5.10) factor over such polymers. Let us define

(p) = 1if p*nsupp A # &
e = 0 otherwise,
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and

N*_{p* if p* N supp 4=
P p*uUsupp A if p*nsupp 4 # .

We can then rewrite (5.11a) in the same way as (5.3)
Z, a4 m) Z ¢ 4p)(P)- (5.12)

where P is a multiindex and P < A means p < A for all p with P(p) = 1. We have the
Boltzmann factors

$A(ﬂ)(p) it P=(p)

¢A(ﬁ>(P)= n
H G4 [T +940p:0)) (5.13a)

= i<j

where
G apy(p)=(— DA-OFlexp (— (| Anp*| + |2 p*| — |2 p*|))
CAB ™ | (14 B(—Dla-@oswedl gy + )@ [Ty, +8)

RIP*I iednp*

[T exp(—vw,) [1 (expWw)—1

(ij)exnp (ij)eXnp

eXP(_ Z 2c,8y; — Z Q(ll’;)>

ie(Z*U0+ A)n p* ied np*

exp(—%mz ) w%)ngiu,mrldwi. (5.13b)

i€l + A p* ieA np* ie p*

We can now apply our algebraic formalism and obtain
log ZA,A(B)(A’ m) = Z ‘b/Ta(m(P) (5.14)

with q’)A(m(P) defined as in (5.2). Taking into account (5.4) we notice that differen-
tiating with respect to f§ reduces to differentiating ¢ a)P), where supp AN, # (F.
Let ¢ ,p) be defined by (5.13b) with A(f) and (1 + (— 1) suwe4! (A(¢ +9)
replaced by A and (1 — )"~ @1l 4y 4 &) respectively and let { A, be defined in
a similar fashion.

Then

P =0~ e (5.19)

Note that
(A =<+ T

suppAnP+ J dﬂ
Pca

¢A(,,)(p) . (5.16)

As we can bound (5.15) exponentially in the fashion of Sect. 4, we can employ the
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same reasoning as for the pressure, obtaining an estimate analogous to (5.6). For
details see Constantinescu and Klockner [2]. Vitali’s theorem gives us the desired
result and the theorem is proved.

Appendix

In this appendix we will prove (3.4e). Here g,(4,m) does not depend on i for i€ A,
therefore we will drop the subscript. In the following we will set |arg | < n/2 — 6.
We have

dm) = [ exp(—plg) = =)o~ | 1_(p)exp(~plo) g — &P ).
(A1

The first part of the right-hand side will be called (4, m). The second part can be
further decomposed. After scaling ¢ we obtain

o

| x-(@)exp(—plo) — g — &)*)dep = A7/

— 0

e ol o oo o
el A5 oo ) e

The second integral can easily be bounded by [A]| 12 A/1/2 ¢~ 1Av0m/8)  yhere
A=ReA ) tP=|ilcos 0!, O=arg L
For the first integral note that

.X-(%)‘ < Y21 —a) Y2 cos 07 12e @49 for ¢ > 0 and ae[0, 1),

cf. Constantinescu, Stroter [3] or Glimm, Jaffe, Spencer [5].
This allows us to bound this integral by

2] )1 (Y _m Y e d
A"~ 121 — ) | exp bt 5 +vl @ NG +ag Q.
0

m*\? m\* «
<<p2 - —) + v<q> - ——) +~¢@* = const m*>0, so that this can again be
8 \/g 2
bounded by cosf ! exp(— const(m?/A)(m ™ 1/2/2)(1 — )" 20~ /2,
Thus we see that the second part of the right-hand side of (A1) decays exponentially
fast for 4 -0 (or & — o0).
Let us now consider §(4,m). We have

g(A,m)= { exp(— plp) —v(p — &)*)do + | exp(— p(p) — (e + &)*)do.
0 0

The second integral decays exponentially for 4 — 0. This is immediately clear from
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the above reasoning. It remains to study the asymptotic properties of

g(A,m) = g exp (— plp) —v(p — &)*)dep.

Scaling ¢ as above we obtain
. P 1
G(A,m) = A" 1?2 | exp < —If(cp)>d<p.
0

Here f () = (% — (m?/8))* 4+ v(¢p — (m/\/g))2 attains a minimum 0 at ¢, = m/\/g
withf"(¢,) # 0. We now apply the complex Laplace method (see Olver [ 7], p. 125ff)
and we get

G m) ~2./m(m* — 2v)" 12 4 0<%>

uniformly in any sector |argd| <im — 645 > 0.

It was not possible to construct a path of steepest descent for an integral with
larg 2| = m/2 and rotated contours. This seems to be another indication that Borel
summability cannot be obtained.
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