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1
Abstract. We study Schrodinger operators of the form H = — 741 + Ex-Azx

+ V(x) on R? where A2 is a strictly positive symmetric d x d matrix and V(x)
is a continuous real function which is the Fourier transform of a bounded
measure. If 4, are the eigenvalues of H we show that the theta function

0 =7y exp( — %tin> is explicitly expressible in terms of infinite dimensional

oscillatory integrals (Feynman path integrals) over the Hilbert space of closed
trajectories. We use these explicit expressions to give the asymptotic behaviour
of () for small h in terms of classical periodic orbits, thus obtaining a trace
formula for the Schrodinger operators. This then yields an asymptotic expansion
of the spectrum of H in terms of the periodic orbits of the corresponding classical
mechanical system. These results extend to the physical case the recent work on
Poisson and trace formulae for compact manifolds.

1. Introduction

The study of the relations of quantum mechanics and classical mechanics goes
back to the very origin of quantum physics, i.e. to the years where the “old quantum
theory” of Bohr, Einstein, Sommerfeld was developed and was to lead to what is
now understood as quantum mechanics (Heisenberg, Schrodinger 1925-1926).
We have discussed before [2], by means of our definition of Feynman path integrals
[3] the way in which the solutions of the quantum equations of motion are
connected to classical motions in the precise sense of asymptotic expansion in
powers of Planck’s constant.

In the present paper we are concerned with the relation of the eigenvalue
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spectrum of the quantum mechanical energy operator with the orbits of the
corresponding classical system. The simplest relations of this type were at the very
basis of the “quantization rules” of Bohr and Sommerfeld, see e.g. [31]. For history
and extensive references to other work on topics connected with the present paper
see [5]. We shall discuss the general problem in the present paper using our method
of stationary phase for oscillatory integrals in infinitely many dimensions [1], a
mathematical version thus of the original ideas associated with Feynman path

integrals. We get asymptotic expansions in powers of h for the theta function
2

i h
0(r) =) exp ( — %t/l,,) associated with the Schrodinger operator H = — 711

+%(x,A2x)d + V(x), A* being a symmetric strictly positive matrix in R xeR9, A
the Laplacian in R V(x) a bounded continuous potential on R’ 4, being the
eigenvalues of H. The expansion is obtained by expressing 6(¢) in terms of oscillatory
integrals over a Hilbert space of paths and using then our method of stationary
phase for such integrals. We obtain in this way an asymptotic expansion in powers
of h in terms of the periodic orbits of the corresponding classical mechanical
anharmonic oscillator. This representation is a natural extension of the Poisson
formula for the classical theta function. From it we deduce a trace formula for
other associated functions, e.g. the {-function {(s) = %
Let us now describe shortly the structure of the paper. In Sect. 2 we give a
representation of the Green’s function for the time dependent Schrodinger
equation in terms of the oscillatory integrals on infinite dimensional spaces studied
in [1]. In Sect. 3 we derive from this the trace formula for the theta function 6(¢)
associated with the Schrodinger operator H. We show that 6(¢) is a generalized
function expressed by an oscillatory integral over a Hilbert space of closed paths,
starting at time 0 and ending at time ¢ at the same place. In Sect. 4 we derive an
asymptotic expression for small h for the 6-function, by using the trace formula
and the theory of asymptotic expansion of oscillatory integrals we developed in
[1]. In fact we get that 6(¢) is given asymptotically for small & as a sum over
contributions coming from closed orbits of the corresponding classical system.
In Sect. 5 we give corresponding asymptotic formulae for small 4 in terms of
classical closed orbits for different quantities associated with the quantum mechani-

1
cal Schrodinger operator. In particular we give formulae for g(#ﬁ), where g has

1
support around Elﬁ, A" being the n™ eigenvalue of H and we obtain the proof of the

Bohr—Sommerfeld quantization formula. The above formulae are of the type of
the Poisson formula for the theta function associated with the torus. We also
define the {-function associated with the Schrodinger operator and we get an
asymptotic expression for it for small & in terms of classical closed orbits. These
results give in particular a natural extension of those obtained in the literature
for compact manifolds (see e.g. [9,13,14,17,18,20,21,24,28,30]) to the case of
Schrodinger operators in R, Our results have been announced in [6], [7].
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Note added. After completion of this work we received a preprint by Chazarain
[12] which contains related results obtained by completely different methods.

2. The Green’s Function Expressed by Normalized Integrals

Let us first recall the definition of a normalized integral with respect to a given
bounded quadratic form, a particular case of the ones defined in [3] (Sect. 4, esp.
59-64) and [1]. Let # be a real separable Hilbert space and let B be an everywhere
defined bounded symmetric operator on .#. Assume B! is also a bounded
symmetric operator on . Let F(#) be the space of functions f on H which are
Fourier transforms of complex measures on J#, i.e.

0= ] €0y a)
#
with (,) the scalar product in # and p, a bounded complex measure on #, with
finite total variation |u, | = | dlu,/(z). The mapping f—p; is one-to-one and

H
continuous, F(#') being given the norm | f'{|, = || 4, || F(#)is a Banach function
algebra, whose elements are going to be the integrable functions with respect to
the following integral I(f). For fe&(#) define

I(f)= f exp(;(% Bv))f Gdy=§ exr>< - %(fx, B~ loc)>duf(oc)-

The symbol on the left hand side is defined by the right hand side, which exists
as an integral on . The complex-valued functional f — I(f) is shown to be linear,

(f15)

continuous, normalized (I(1) = 1) on the Banach algebra §(#), in fact |I

n

< [T IIf;lo, and is an extension to the infinite dimensional case of
j=1

Jexp (;@, By) )f(v)dv = (2m)~#*|Det B!

. i
'eXp< —iysign B) | exp <§(v, Bv))f () dy,
Rd

where [Det B| is the absolute value of the determinant of the matrix B in R and
sign B is the signature of the matrix B (i.c. the difference of the number of positive
and negative eigenvalues of B). We also recall the behaviour under translations
of the normalized integral expressed by

| exp (%(v +a, B(y + oc)))f (y +oydy = | exp (é(v, By))f(vM%
H H

For other properties of the normalized integrals I(f), in particular a Fubini theorem
about iterated integrations, see [3], [4], [1].

We shall now use this normalized integral to express quantities associated with
anharmonic oscillators on R%. Consider the system (anharmonic oscillator on R?)
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given by the classical action
t t
S =3[ 7*(0)de — 3 [ y(1)- A*(x)dt ~ 5 V(y(v)ds, (2.1)
0 0

where 47 is a strictly positive symmetric operator on R? and y,-y, =(y,,7,), is the
scalar product in R?, and assume that Ve F(R% and real. Consider the operator
h? I,

H=—7A+2xAx+V() (2.2)
in LA(RY), with xeR? where h is Planck’s constant divided by 2r. H is essentially
self-adjoint on the domain CP(R?) and its spectrum ¢(H) is contained in [inf V,
+o0) and, by a theorem of Friedrichs, it is discrete. Let peF(R?)L*(RY) and
consider exp(— itH/h). For peD(H) we have that ¥(t, x) = exp(— itH /h) p(x) solves
the Schrédinger equation

ih% P(t,x) = HP(t,x)

with initial condition (0, x) = ¢(x).
It was proved in [1] Sect. 5 Theorem 5.1 that for all values of ¢ such that cos At
is nonsingular one has

exp< - étH)(p(x) = P(t,x) = [cos At| 1% | exp <%(y, By)) o)y, (23)
Ho
with

st

S ) =exp G(ﬂ, Bﬁ))exp ( — Vo + B(f))dr>fp(v(0) O @4

0
and

|cos At] ™12 = |Det cos At] ™ V2exp ( i%sign (cos At)).

Here #, is the real separable Hilbert space of absolutely continuous functions y

from [0,] into R?, such that (1) =0, with finite kinetic energy 3 [ y*(t)dr and
0

t

norm given by |y|? = [(t)dt. B is the bounded symmetric operator defined
0
everywhere on #, given by

(v, By) =+ f [72(1) — y(1) A*y(x)] dx.
In this case B~ ! is bounded symmetric on # . f(t) is the path such that 5 + A% =0,

Bt) =x,f0) =0, ie. Po)= z:fl: We observe (8, Bf)= ——x tg At Ax.




Trace Formula for Schrédinger Operators 53

Thus we see that exp( - hitH )go is expressed through an oscillatory integral of

the type we considered in [1]. In particular we can apply to it the expansion

theory developed in Sect. 4 of [1]. We remark that (2.3) can be written in an
obviously symbolic notation

(exn( =gt Jo Joo =teos an* T exo 150 Joondr. 29

) =x h

In this paper we are basically interested in discussing the relation between the
spectrum o(H) of H and the classical paths, i.e. solutions of the equations of motion
of the classical system with classical agtion (2.1). To do this it is convenient to
consider the Green’s function K(z, x, y) for the Cauchy problem. We have

<exr>( - %ZH >¢>(X) = | K(t,x,y)p(y)dy. (2.6)

Rd
We shall now express K(t, x, y) as a normalized integral. We have the following

Theorem 2.1. The Green’s function K(t,x,y) for the Schrodinger equation

2

d 1
iha Yt,x)= — P-;—A Y(t, x) + i(x, A%X), (1, x) + V(x)P(t, x)

with VeFZ(RY) and A? a symmetric strictly positive matrix in R? is given b
i} y y g y
i

K(t, x,y) = K(t, x, y) f exp( 3 (s Bv))

Ho,0
exp( =11 Vo) + o)+ o Jar

where

1/2 l

(2r/h) =2 exp <i%a(5in At)>exp <2h

i A i
o {ra ) ol o)

is the corresponding Green’s function for the harmonic oscillator and

Det

Kolt, x,y) = sin At

(x, Acotg Atx)d>

cos At

o= cos At

x and OC(X, y) = ’1(y~x/c05/11)

with (1) = [cos At — (cotg Atsin At1)]z.

Proof of Theorem 2.1. We first observe that we have the direct splitting #, =
H .o+ A 4 where direct is with respect to the quadratic form (y, By),i.e. any ye #,
can be written in the form y = j +n with je #, ; and (1, Bj) =0, n,eH,. Here
1, is the path

1, = Cos Aty — (cotg Atsin At)y.
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Equivalently n, = B~ ‘yy, with y, e #, o, where #, , is the orthogonal complement
of #,, in H#, with respect to the scalar product in . In this situation we can
use the Fubini theorem about iteration of normalized integrals (Prop. 4.5 in [3])
and we get

j exp(%(y,Bw)f(y)dy = exp( S0+ 0, B0+ ny»)f@ )y,

Ho H0,00Ka

Rjd exp <2h(y, Acotg Aty)d>
: ﬂj exp G@ B?))f(? i m)tﬁ)dy, 2.7

where we observed that ', =~ R? by the natural mapping ny .
Introducing now (2.4) for f we can rewrite the right hand side of (2.7) in the form

exp( (x tgAtAx)d>5 exp( (y, Acotg Aty), ) j exp(2(,,B«,7))

#o,0

"€Xp < - %g V(i) +ny(0) + ﬁ(f))d1>(<ﬂ(?)(0) +n,(0) + p(0))dp)dy.

(2.8)
We now observe that we have
7(0 0 0)= 29
7(0) +1,(0) + B(0) ‘s Ar (2.9)
and setting z=y + o:At we can rewrite (2.8) in the form

i i A i A
cxp < B ﬂ(x’ tgAtAx)d> CXP( - E(x’ sin At Z>d> exp <ﬂ<x’ cos At sin At x>d>
. fexp( (z, Acotg Atz) )( j exp<;(w}, Bﬂ)
Rd H0,0

'exP< - %g V(j(z) + ’7(z~x/cosAt) ) + B(z) dr)qo(z dV) (2.10)

Hence we see that (2.7) multiplied by |cos At| /2, i.e. (2.3), is equal to
| K(t,x,2)p(2)dz, (2.11)
Rd
with
K(t,x,2) = K,(t,x,2) | exp (%(?,B?))

#0,0

oxp ( VO ey ()5 ﬁ(r))dﬂ-')d?, 212
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where
K, (t,x,z) =ex L(x Acotg Atx), |ex i A
olbr % 2} =EXPY 3 BA P =3\ Csin Al ),
! 12 dj2
) o ~d
exp<2] (z, Acotg Atz), >’Det T (2n)
. .
-exp<zza(sm At)). (2.13)
1/2 P
The factor Det P (Zn)“‘"zexp<iza(sinAt)> is actually due to the fact

that the normahzed integral over R has been expressed in (2.11) by a Lebesgue
integral over RY, by

=~ |det(4cotg At)|*/? n
DiL = 2 exp| i— a(smAt) [Rgd

Note that K, is the Green’s function for the Schrddinger equation (2.2) with V' =0,
i.e. for the harmonic oscillator in d-dimensions. From (2.3), (2.4), (2.7)-(2.13), we

see that K(t, x, z) is the kernel of the unitary operator exp<——;;tH> in IX(R", dx).
This proves the theorem. O

Remark. In terms of the symbolic notation used in (2.5) we can write the formula
for the Green’s function in Theorem 2.1 in the form

K= T ew((500 )i .14

yy=x
y(0)=y
where
t

=53] 7*()dr =3[ (y°4%y),dt — [ V(3(r))dr. (2.15)
) o )

3. The Trace Formula

As remarked in the preceding section the spectrum of H as given by (2.2) is discrete.
Let us call 4,, n=0,1,2,..., the eigenvalues of H. Here we take h = 1. We have
do=Info(H)= —5trA —infV(x) and 1, <4, <4, <...,4,7c0. We will now give
a meaning to the formal expression

= Y i, (3.1)
n=0

Although e~ is not of trace class we shall see that these expressions are well
defined in the sense of generalized functions, and are expressed by oscillatory
integrals.

We first observe that the distributional kernel of e ~*H is given by

e "M(x,y) =K, x,y) = Z e M f () f),



56 S. Albeverio, Ph. Blanchard, and R. Hgegh-Krohn

where {f,} is a basis of normalized eigenfunctions in L*R‘dx), f, being the
eigenfunction of H corresponding to the eigenvalue A,. On the other hand we have
seen in Theorem 2.1 that K(t,x,y) is expressible by normalized integrals. Intro-
ducing this, which we write for shortness as in (2.14), into (3.1), we get the
distributional equality

e Mx, ) =Y Re = ] &0y, (3.2)
k s
On the other hand
(fk’e—itl-lfk) — e—itiy<’ (33)
since the f, are normalized eigenfunctions of H, where (,) is the scalar product in
[*(R? dx). But by the definition of e ~"#(x, y), the left hand side of (3.3) is equal to

g SO [ e ™x, ) fydy)dx = (e M, [ @ fi)- (3.4)
d Rd

Integrating the bounded continuous function (3.3) against an integrable ¢ with
Fourier transform ¢ continuous with compact support we have, using (3.4)

@A) = | e de= [ o) | filx) | e”™(x,y)fi(y)dy)dt
R R Rd R4

= Di <", f, @ fi>dt, (3.5)
hence
;@(ikh é@(t)<e"’”,2ﬂ®fk>dt (3.6)
k

Using the completeness of the { f,} we get then

Y et)=1{ go(t)( [ e (x, x)dx)dt. (3.7)
k ® R

Note that the left hand side is finite by the assumptions on ¢, hence | e™""(x, x)dx
R4

is a well defined generalized function of t. On the other hand from (3.2) we see
that this distribution can be written also in the form

[ es0dy, (3.8)

() =x
7(0)=x

where (3.8) is by (2.14) and Theorem 2.1 expressible by a normalized integral over
the Hilbert space J#, , of closed paths.

From (3.7), (3.8) and Theorem 2.1 and the fact that ¢ is the Fourier transform
of ¢, we have thus the equality in the sense of generalized functions in ¢

Ze—mk: je""”(x,x)dx= j( j eiS“V’dy>dx
k ®RA

Rd \ y(t)=x
0)=x
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= | Koltx, x)[ j exp(éw, By))gx(y)dy]dx, (39)

R4 Ho,0

where g.(y) =exp| — ii [V(y(r) + alx)(z) + B(t)]dz> and a(x)(t) = ax, x)(r). This

0
will now be taken as the definition of Tre ™" = §(t) and we shall call 0(¢) the theta
function for the Schrédinger operator H.

Remark 1. In the integral (3.9) the normalized integral over .#, , exists as a
continuous function of ¢t and x and it is only after integration over x that the
formula has to be interpreted in the generalized sense.

Let us formulate the above result as

Theorem 3.1. Let H= —%A4+L(x, A*x), + V(x), with A* a symmetric strictly
positive d x d matrix and Ve §F(R?). Let 4, be the eigenvalues of H. Then in the sense
of generalized functions in t we have

O(t)y=Tre =3 e ith = < I eisf(y’d)))dX,
k R4\ y(1)=x
7(0)=x

where the path integral is defined by

~ . T i
[ eS0dy=Kytx.x) | exp <§(y, By))gx(v)dv,

where S(y) is the action along y, # , , is the Hilbert space of paths of finite kinetic
energy beginning and ending at the origin,

((2n)d/2)"exp<i<x, .A (cosAt—l)x) >
sin At P

~exp<i%a(sin At)>,

1/2

K(t, x, x) = |det

sin At

guy) = exp [if V((r) + alx)(7) + ﬂ(f))df],
0

where

. X
= At — cotg Atsin A - — .
o x)(t) = [cos At — cotg Atsin r](x cosAt>

Remark. In the case where H is the Laplacian on a torus RY/I'", then 6(t) is the
analytic continuation to 7= it of the classical theta function 6(tr)= ), e ™

meZn
4. The Asymptotic Expansions in Terms of Periodic Orbits

We shall now derive asymptotic expressions for small /1 of the quantities entering
the trace formula of the preceding sections, where 4 is the parameter (in the physical
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world Planck’s constant divided by 2z) which appears in Schrodinger’s equation
as follows

0 h?
lhé; (P(t? X) = [ - 7A + —li(xa Azx)d + V(X):l (P(t’ X), (4'1)
where (,), is the scalar product in R%.

We start by considering the trace formula given by Theorem 3.1, which in the
present case reads

Tr exp -itH = f exp . Siy) |dy )dx, 4.2)
h Rd y(((t))= e

the path integral being defined by

i exp(%&(w))dy=K"(r,x,x)=K’z,<z,x,x> J exp(2w,3y>> o)y (43)

Y =x #0,0

(0)=x
1 112 i A
— x, —— At —1
T det exp<h<x,sinAt(cos t )x)d>

~exp<i—Z—a(sin At)),

where

Ki(t, x,x) =

sin At

s =exp( = V00 -+ate)0)+ po)e |
0

and we recall that

(7, By) ——I [7%(2) — (y(x), A*y(1)) ] dx.

Note that now #, , is equipped with the scalar product given by the norm
1 t

Eﬁz(r)dr. The operator B is clearly bounded and is invertible with bounded
0

inverse provided the equation j + 4%y = 0, 7(t) = y(0) = 0 has no nontrivial solution,
which is the case if ¢ is not a multiple of the periods n/A; of the corresponding
classical harmonic oscillator, where the A; are the eigenvalues of A. In this case
the integral over # , is of the type of those considered in Sect. 4 of [1], since B~
is bounded. We now proceed as in Sect. 4 of [1] and will prove that the integral
(4.3) can be evaluated asymptotically for h —0, reducing the situation to the one
of an oscillatory integral with one stationary point followed by a finite dimensional
one.

We now take an integer n and split any path ye#, ; into y =y, +7,, where

. . . k—1 't
YEA 60,1 =1,2,7, is such that J,(t) + A*,(r)=0 in all intervals —;—t,k;)

t
k=1,2,...,n with y2<k—>=y<k£> for all k=0,...,n. Note that then y,(0)=
n n
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y,(t) =0, and y; =y —y,, hence y,(kt) =0, k=0,...,n Hence the space of all y,
when y varies in #, , is (n — 1) d-dimensional. Moreover note that (y,,By,) =0,

. t t R . .
since on each interval [(k— 1)~,k*j|k= 1,...,n,y, is a solution of § + A% =0
non

in the inner points and the limit of its derivative at the endpoints exist and y,
vanish at both endpoints. Hence y =y, +y, is a direct splitting of #, , with
respect to the quadratic form (p, By), which together with the fact that the quadratic
form B is nondegenerate on .#, = B~ ' #, allows us to use by Proposition 4.5 in
[3] the Fubini theorem for normalized integrals and split the integral over
in (4.3) into the iterated integral first over #, and then over #,, where #, is
the (n — 1) d-dimensional Hilbert space of the paths of above form y, (and #, is
the Hilbert space of paths y, of the above form).
We will now proceed to examine the integral over #, ,. We have

f em(%(%Bv))gi(v)dy: YGXPG(VZ,BYZ))( ] exp(%(y1,3v1)>
#0,0 H2 H

1

l

-exp( . iV (7, (®) + 7, () + ax) () + B(r))dr) dy1>dy2. (4.4)

Using now that V is the Fourier transform of the measure yx, on R we have that
(4.4) is equal to

T eXp<%(V2» BV2)>< f cXp <%(V1’BV1)>GXP<_%W(%,stx))d%>d?2a 4.5)
A 2

with

d

W72 %) = g [g expi(o,7,4(t) + 7,(1) + ax)(z) + f(1))Jdp,(0)dr.  (4.6)

Introducing now the function y.(s) = G(s, t), with G(s, ) the Green’s function for
2

— - with Dirichlet boundary conditions at 1 =0 and 7 =1, i.e. G(s,7) = s(t = 1)
t

for s <1, we have

(0,7:1(0) +72(0)g = (6707, +7,), 4.7)
where we recall that (,) denotes the scalar product in #, hence in H oo From
(4.7) we can express W as the Fourier transform on H oo of the measure

t
dnlp) = [ 07, p)e' 7 V(o) de (48)

From (4.6) we can trivially estimate the total variation of u,, on # by the total
variation of u, on R? by

o | =ty |l (4.9)
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To apply Theorem 4.3 of [1] we need moreover to show that the quantity

[ exp(21B Y Ap: il (o1, p2)s (4.10)

#o,0

where p,,p, are the components of (p,,p,)e#,, according to the splitting
Hoo=H @A, described above, is bounded by A%, for some A >0 such that
[y < A% We recall that |-| is the norm in #, hence in H .o as well. For this
bound it is sufficient that

[ exp(/21B 1A, dlpyl(p1s ps) < 22
Hg,0
Now from (4.8) we have

t

dluw(plﬁ pZ) = j j (5 pl’ p2)ei(a‘yr,a(x))ei(avr,ﬂ)duV(O.) dr
0 R4

1)

j e ,0 )et(rrv »a(x)+B)
R4

Il
Ot— ~

(2)

d,,0(p,)e ™7 P dy (5)d, 4.11)

where 7", 69!?) are the components of ¢y, in #, respectively .#,, according to
the above decomposition.

But the measure exp(y/2||B~ || Alp.)uw(p,, p,) is equal to

exp(y/2[B™ [ Mgy )8, m(p, el 5D 05, e 2D
n k(t/'l)

=2 [ exp((/21B [ 2o D8, 0(p1)3,,0(py)ei 7 ) (4.12)

k=1 (k- 1)(t/n) R4

O ) ~

Rd

(2)

ellovea(x) + B)d“ (O') dt.
But

oy P = (0,091, = f ps)dsloli < f [H0s) dslolf < \/(x — k(t/n)) oyl o],
k(t/n) k(t/n)
(4.13)

for all te[(k—1)(t/n),k(t/n)] k=0,1,...,n, where we used (oy"),cp"))=
(0,071(1)), Now the total variation of (4.12) is bounded by

n k(t/n)
J expy/2[ B Aoy )dluyl(o)dr (4.14)

k=1 (k— 1)(t/n) R

From (4.13) we have then that (4.14) is bounded by

sup exp(y/2( B~ Aloly? \/%lavi”l”z)dluvl(a)

k=1 n Rd tel(k — 1)(t/n) k(t/n)]

é exp \/2HB l/\[ IGId dlpy (o), (4.15)

n
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t—1)\? t
where we mmlwﬂéwm=MWﬂm=<172>|%§%;m.u we
assume now that V is such that
| etld|py | (0) < + o0 (4.16)
Rd

for some & > 0, we see that for any fixed ¢ we can choose n and A > 0, n sufficiently
big, such that (4.15) is bounded by 12. On the other hand by (4.9) we have
luw | < A%, whenever A% >t|u,| (and |u,| is finite, independent of 1 by
(4.16)).

We have thus verified all basic conditions required for the results in Sect. 4 of
[1]. Those results give then the general asymptotic representation of the oscillatory
integral over ', , as h—0, as a sum of terms which represent contributions from
each stationary point of the phase

f{ 74(0) = (), A1)y = V(1) + Ax)(1) + B(2)) } dr.

Note that this phase &(y) depends on x, through the second term. Now the
stationary points of the phase @(y) are the solutions of d®(y) = 0. This is equivalent
with

By =dW(y +a(x)+ ), with W(y+ax)+ )= j V(y(z) + a(x)(t) + B(z))dr. (4.17)

But (4.17) is equivalent with Newton’s equation of motion
@)+ A%(0) = = VV(i(x)) (4.18)
for a particle in the total potential £(z, 42z), + V(z) and with boundary conditions
7:(0) =9%(t) = x. We shall say that such a solution ' of (4.18) is nondegenerate
if D(')=1— B 'd*W(}.) is nondegenerate, where 7' =3\ —oa(x)— f. We shall
call a solution 7. a closed orbit if it has finite energy. We can now formulate the
following

Lemma 4.1. Let VeF(RY) be such that
[ et#led| | (@) < + o0
Rd

for some & > 0. Then we have for the diagonal part K*t, x, x) of the Green’s function
for the Schrodinger equation the following asymptotic behaviour as h —0

K"(t, x, %) = iew( wﬂw
e

exp( ;.0 Joun( -
"23 DG M2 2nih) 2
(1 + hO(1)),

-1/2

det IDet (1 — B~ d*W(i))l,

D t I/ZZ_
DG T
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where the sum is over all closed orbits which solve the equation of motion

@) + A% = = VV (i),

with 9 (t) =y (0)=x and 7. =7 —oa(x)—pB. We assume that all orbits are
nondegenerate. m(y.) is the number of negative eigenvalues of B —d*W(}'). O(1) is
bounded uniformly in h.

Proof. We have already verified that the condition on V allows us to apply the
results of Sect. 4 in [1] (in particular Th. 4.1) to the oscillatory integral (4.3) for
K"(t,x,x). This then yields, under the assumption of nondegeneracy, that the
integral over J#, , in (4.3) possesses an asymptotic expression in s, whose leading
term is the one given in the lemma. O

Remark 1. In the case where the nondegeneracy condition is not satisfied, i.e. there
are some closed orbits for which 0 is an eigenvalue of the operator D(y')=
-1/2

Det - (1 — B~ 'd*W(j}")), then the asymptotic expression for K(t,x,x)

sin At
as h—0 is of the type

K't,x,x) = Zexp< r(Vx) G(h3yY), (4.19)

where the sum is again over the closed orbits and the function G(h;y’) behaves
as h—0 in a way which is uniquely determined by the type of singularity of the
critical point of the phase, i.e. of the operator D(y.). This is discussed in Sect. 5
of [1].

Remark 2. Under the assumption on V of Lemma 4.1 the potential V is analytic
and one can show that the set of degenerate critical points is discrete (see [27]).
Moreover under the nondegeneracy assumption the set of closed orbits 7%, is finite
(see [27]).

Remark 3. Actually the results in Sect. 4 of [1] also give information about the
higher order corrections to the leading term for K*(t, x, x) given in Lemma 4.1, in
the case of nondegeneracy, in form of an asymptotic series in powers of h for O(1).

To compute the quantity |D(y!)| appearing in Lemma 4.1, we consider following
Truman [32] the Wiener integral

E<exp < j (w(z), T(t)w(t)),dz )), (4.20)
0

where 2T(t) = A? + d*W(j(z)) and = y — a(x) — B,y being any of the closed orbits
7!, the expectation being with respect to the conditional Wiener measure for paths
w in R? starting at t =0 in x =0 and ending at T =¢ in x =0. We assume first
T(x) = 0, which is e.g. satisfied for ¢ sufficiently small. Let ', (7) be the j" component
of y(z) in R* and

5 i(T)
Do = TI;’

It follows from a well known result of Cameron and Martin that (4.20) is equal to

t=0
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6?'< -1/2 1
Det( | == —_— 4.21
<<6p>) e @20
Y5 , 0750
where by —*. we understand the evaluation of —=L= at 1=t

Po.k OPok
Comparing with the expression for the leading term of K'(z, x, x), we then get

0y
()

OPok
By using a decomposition of the interval [0, ¢] in small subintervals together with

the Fubini theorem on iterated integrations one deduces that (4.22) holds also for
arbitrary t. Using the above computation we see moreover that the index m(y’)

1/2

DG = (4.22)

. e . . 0Y.;
in Lemma 4.1 coincides with the number of negative eigenvalues of <<ay"”>>.
Pok

Hence m(y") is identified with Maslov’s index for the closed orbit y|. This is
independent of the point x on the orbit (for concepts of Maslov’s theory see e.g.
[19], [25], [26], [33]). We formulate this result in the following

Lemma 4.2. With the .same assumptions and notations as the Lemma 4.1 we have

exp (i&(wl))ew ( - %Cm(“/’x))

K"t x,x) =) PORNVEE (1 4+ hO(1)),
I Det((«ﬂ)) (2mih)*?
P x
o o . _0 D
wherey, j=1,..., d is the j' component of the closed orbit y' and p, , = —
T =0
is the k'™ component of the initial momentum on the orbit y', k=1,...,d. m(y) is

the Maslov index of the closed orbit 7', and depends only on y', but not on the initial
point x on y'.

Remark 4. If there are no closed orbits going through x the sum above is
understood in the sense that the leading term vanishes.

Remark 5. From this Lemma 4.2 we see that the condition of nondegeneracy of
the closed orbit in Lemma 4.1 and in the corresponding remarks is actually the

. . 0y'. ;
condition that the matrix <<5m>> be nondegenerate.

Pok
In the expression for K*(t, x, x) in Lemma 4.2 the closed orbit y starting and
ending at x enters. Let us call two closed orbits y!. and y” equivalent if they
coincide as subsets of R%. We shall denote by y the equivalence class (called again
a closed orbit) with a representative 7. Let ¢ be a CP(RY) function. Then from

Lemma 4.2 ;
— '\I
exp( hs,(/x)) ox)dx

o 172 (/2
()i
5Po,k

where 4" is the set of all closed orbits y (with representative y%) of period t.

| K"t x, x)p(x)dx =Y | FhO2FIO(1),  (4.23)

R4 €t R4
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We shall now discuss the integral on the right hand side of (4.23) in the limit
h— 0 applying the method of stationary phase. The stationary points of the phase
are given by d.S,(y) =0. But

.S, =d. | O 70)s — 3040, A4 (0)), — V(i(x) ] de
0
(

= (7.(0), d,y. (D), |5 = b () — p,(0), (4.24)

with p, () =7'(r) where we have performed a partial integration and used that
y'(7) is a closed orbit. We remark that p,(0) is the initial momentum we denoted
before simply by p,. From (4.24) we see that the stationary points are those for
which p_(t) = p,(0), hence the orbits which contribute to the leading term as h—0
are not only closed but periodic. We call orbits, i.e. solutions of (4.18), for z€(0,t)
periodic orbits (of period ¢, starting at x), if () =7.(0). Let ' be the set of all such
periodic orbits.

We shall now derive the expressions for the leading term of (4.23) as h— 0 by
method of stationary phase in finite dimensions. We consider a point x on a
periodic orbit y'. In a neighbourhood U, of x we introduce transversal (x;) and
a longitudinal (x,) coordinates, with respect to the periodic orbit. Let ' be a
closed orbit starting and ending at O respectively ¢ in x. Consider S,(7".). We have
d.S,(7%) = pi(t) — p(0), where p'(t)=7.(7), since }' solves the classical equation
of motion with 7 (z) =7(0) = x (by the same computation as in (4.24)). We have

t
de, o S = xL(px (t) — puM0)) = iﬁi ‘(t)ﬂ , where p*(1) is the longitudinal
: =1F
component of p'(r) and this is zero for ', =", using the classical equation of
motion aiﬁ;(rﬂt:t = —VV(x)— A%x =§I5§(T)|T:o and the fact that for a periodic
T T
orbit one has j.(t)=7.(0). Furthermore dexLS( Y =d, (piMt) — pH0)) =0 for
¥ =9 Finally d___ S} =d. (;7(t) — p;7(0)), where p;7(z) is the transversal
component of p'(z). Thus

A, S, )5 =(g 8) with a=d, (0470 - p,"(0),  (425)
where d,_ (pt7(t) — pt7(0)) is the value at 7' =9 of d . S,). In particular
d..S(y") is independent of x,. We remark that the nonvanishing term in (4.25) is
of the form R(t) — 1, where R(z) is the part of the Poincaré map for the classical
Hamiltonian flow relative to the transverse momenta.

We shall now apply the method of stationary phase to (4.23), splitting the
integration over dx in an integration over dx, first and then over dx,. By a partition
of the unit we see that we can always suppose that ¢ has support in U,, the
remainder giving only a contribution vanishing faster than any power of h as h — 0.
In this way we obtain, using (4.22):

exp( ,@x))exp(-ig—m@;)) o)
]

t 1/2 2mih d/2 X
(T
Pox
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i /.
. (ESI(V’J)GXP( - i—z—m(v;)>
= ;f (2mih)* |A(V§c)]1/2[D());)lllz(Znih)d/z (4.26)

~exp< - %nﬁ(y;))mxu 0)dx, {1 +hO(1)},

where A(y,) = Detd, (p(t) — pX(0)), computed for ye#".

Here m is the number of negative eigenvalues of the (d — 1) x (d — 1) matrix
d, (p1(t) — pi(0)). But on the other hand S/(y%) and m(y.) are independent of x,,
for ye#', and we write them simply as S,(y) respectively m(y). Taking this into
account we get that the asymptotic evaluation for h—0 of (4.23) is

exp(,i&(y))

jK"(t,x, X)p(x)dx = ; Wexp( — i—gm’(y))A(p(y){l + hO(1)},
4.27)

where A (y) is a number depending on the periodic orbit y and on ¢:

A, ) = [1A0II 2 IDGI T 2 e(x,, 0)dx, (4.28)

and m'(y) = m(y) + m(y).

We say that a periodic orbit ye#?' has primitive period ¢ if there does not exist
any positive integer n such that t/n is a period of y. If a periodic orbit y of period
t does not have primitive period ¢ then there exists an n and a primitive periodic
orbit y/” of period t/n such that y is y*/” run n times. Let 2" be the family of all
primitive periodic orbits of period t/n. We can then split the sum over 2" in (4.27)
as ) ) . Let for ye#*,y"" be the primitive periodic orbit such that y is y"" run

n timés. Then S =n S,0") and m(y) =nm@""), i(y) = nm(y"""), thus m'(y) =
nm'(y™), and the formula (4.27) can be rewritten in the form

o CXp <%n5,,,,(v‘/ ") .
‘[Kh([, X, x)(p(x)dx = Zl Z —W exp( — iinm/(,yt/n)>
n= P

A (M {1 4+ hO(1)}. 4.29)

We now remark that the potential V' being smooth by our assumptions, the
Hamiltonian function $(c)* + 3(y(z), A%(7)), + V(y(7)) associated with a classical
orbit y(r) is constant in time. In particular for y a periodic orbit of period ¢ it is
equal to E?, where E? is one of the possible energies corresponding to the prescribed
period t.

We now suppose that |E}| < C, for all ye#*, for some C, independent of y.
Then [j(z)| < C}, [y(x)| < C} for all 1€[0,r] and some C}, C? independent of ye 2.
Taking ¢ = ¢y ; in (4.29) equal 1 on the sphere in R? of radius R > C} and center
at 0, and satisfying 0 < ¢ <1 and moreover ¢ =0 outside the sphere of radius
R + 6,6 >0, with center at 0, we have (4.29) with Ap(y"") replaced by



66 S. Albeverio, Ph. Blanchard, and R. Hgegh-Krohn

AR = J1AGDI 2 DG dx. (4.30)
Y
For ¢ outside a discrete set (where K%(t, x,x) is singular) we can for given ¢>0
find a 5(¢) such that | K™t,x, X)pp J(x)dx <e, hence

[x[2R

| K"t x,x)dx — K"'(t, x, x)pg s(x)dx| < &.

[x| <R

Hence for the t such that [K"(t, x,x)dx exists as a limit of | K'(t,x,x)dx for
|x] <R

R — o0 we can for given ¢ > 0 choose R(¢) and J(¢) such that

|| K"(t,5,5)dx — [K"(t,5,5)pg s(x)dx| <e. Thus [K"(t,x,x)dx is given by the right

hand side of (4.29) with Aq,(y’/") replaced by (4.30). We summarize these results in

the following

Theorem 4.3. Let VeF(R?) such that | e d|u,|(o) < o for some >0 and let all
R

periodic orbits of period t be nondegenerate. Then for any peCJ(R?)

i
w exp <Ensr/n('yt/n)>
th(t, X, X)p(x)dx = ,,; g W
'A(p(y”"){l + hO(l)},

with 7" the family of all primitive periodic orbits of period t/n, and m'(y""") a Maslov
index for y'". This holds also for ¢ =1 for all t such that 0,(1) = [K"(t,s, s)dx exists,
with A (y'"") then given by

AR = [1AGII 2 IDOYI 2 dx.
7

exp< — i%nm’(y”"))

The quantity A4,(y) involves D(y}), which is given by (4.22). It is known from
classical mechanics that

“%»: (M )ﬁl ihj=1,...,d
6Px,j(0) 6xi(t)axj(()) J=1,...,4.

Let us now consider the Hamiltonian system (g(t), p(tr)) with the single energy
integral E. Let S_ be the Hamilton—Jacobi function S _(y, 7 ; x, 0). Then one has

as.,

E=0
ot +

=t

when ¢ = (x, y, E) is the time for a classical path going from x to y. Let W be the
Legendre transform of S,, i.e.

Wy =S, +tE.
It is then easy to show that
*s - (aPwN\T! nd OE W, |*W
o~ \ 0E? dy;  0y,0E| OE*
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So one gets

%S, O*Wp O*W, |o*W,
ox,0y;  0y,0E0x,0E| 0E*’

where we used the Hamilton equations. Assume now that to given periods ¢’ in
a neighbourhood of the given period t there exist periodic orbits with energy E’

d
5;;5 :é’ we obtain the

’

such that is well defined. Observing that

t
dE’' =t
following representation

<< 0, __d_t((@t ot
apx,.(O)))‘ dE EJ))

Furthermore we have, introducing x,, x, as variables:

‘102 0
ot ot 70
Ao )= 0%t
0x; 0x; 0
0X 10X
. 0%t o ,
The matrix D, = o is independent of x;,. Then the quantity
T T

12
ID(y\)|"'/* entering A(y) in (4.28) is equal to ldi%‘ [7(0)|/|D|'/?, where |D4|

is the determinant of D,. Moreover, along y, dx, = ['(0)|dz, hence

e S o), 0)d
0

IDetd,, (p(t) = pO)*

Now because of the above interpretation of d, (p,(t) — p,(0)) we have from classical
mechanics that its determinant has the form

B 1
D12

dE

o @.31)

A7)

d—1
Det(d,,(pt) = p(0))) = [] (4cos? i), (4.32)
k=1
where the §, are numbers, the stability angles (see [16]). Thus
1 dE 1/2(d—1 t
A0 = [T 4cos?ift] =2 [ p(y(1), 0)dx. (4.33)
IDII dt k=1 0
Define
¢ dE|12]d-1 . -1/2
Aly) = D dr kD1 4cos? ift (4.34)

(so that A(y) is 4,(y) for ¢ = 1).
We have then the formulae of Theorem 4.3 with A¢p(y"") and A(y"/") given by (4.33)
respectively (4.34).

Finally we examine the case d =1. In this case there are no transversal
coordinates, hence the right hand side of (4.32) as well as D, are to be taken equal
to 1.
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Thus in this case

dE 1/2t/n
AL = 0| T o0, 0
and
t dE('})t/") 1/2
t/n —_
A" Jnl di

We summarize these results in the following

Theorem 4.4. Let V be as in Theorem 4.3. Then in the case where the energy is
the only integral for the Hamiltonian system and to given periods t' in a neighborhood

’
— is

/
dE’|, _,

of the given time t there exist periodic orbits with energy E' such that

well defined, then for any peCZ(RY):

o eXp (;:‘nst/n(yt/n)> 1
th(t, X, X)p(x)dx = Z Z exp< _ i—nm’(y””))C

; lg,, (znih)l/Z 2 t/n
t/my | 1/2 t/n
Y ton 01+ o),

and

(2mih)2

1/2

i
. exp <EnS,/n(“/'/")> i
Bh(t Z Z exp( - i“z_nml('))t/n)>ct/n
"= 7
d

t ( t/n)

(1 +hO(1)),

Jnlodt

d—1 —-1/2
with Cy, =Dy ~Y?| [T 4cos?ip,t/n

k=1

In the case d =1 we have C,, = 1.

Remark. Theorem 4.3 and 4.4 give asymptotic (as h—0) formulae for the theta
function in terms of classical periodic orbits and correspond thus to the known
trace or Poisson formulae in the case of elliptic operators on compact manifolds.
In the case of the Laplacian on the torus T= RYT, I a discrete subgroup, the

t

homogenity of the action S(y) =3 | y*(t)dr, gives an exact (the classical Poisson

4]
formula for the Jacobi theta function) instead of an asymptotic formula. Some
information on the structure of classical periodic orbits can be extracted from [8].

5. The Eigenvalue Spectrum and the §-Function

In Sect. 3 we defined the 6-function for the Schrodinger operator H as the
generalized function
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0,(t)=Tr exp( - étH) =) exp( - éwln(h)>, (5.1)

where A,(h) are the eigenvalues of the Schr('jdinger operator H. We have

[Zé( 3 Al >](t), (5.2)

. 1
where % means the Fourier transform and ) 5(/1 — Ei,,(h)) is the spectral
distribution. Since in our case the potential V' is bounded and continuous we have
1 . .
that N (l;'l"(h) < A | has polynomial growth in A, where N(x < f§) is the number of

eigenvalues o of H which are less or equal to 8, so that 8, is a tempered distribution.

It is now interesting to study the singularities of the theta function 6,(r). Let
us take a function g such that [6,(t)g(¢)d¢ is defined in the sense of generalized
functions. We first observe that if the Fourier transform §(4) of ¢(¢) exists and has

1 . . .
support around E/ln(h), where 1,(h) is an eigenvalue of H, such that supp § contains

1
no point ﬁln,,(h), n' + n, then we have

1
g‘( ) [0,(0g(t)dt = <{g,06,>. (5.3)

In the following we find it more convenient to consider functions g of the form
g,(t)= exp(%it)f(t), where f(t) is a real function in ¥(R,) such that <{g,,0,>
exists and f(t) =0 for ¢ < 0. The method of Sect. 4 gives an asymptotic expansion
for 0,(t) as h— 0. In particular we have
04(1) = 07() + H*0,(1), (54)
where the leading term 02(t) has been given in Theorem 4.3 respectively 4.4.
Observing that O(1) is slowly increasing in ¢, as follows easily from our

asymptotic expansions (see for the higher order terms the theorem in Sect. 4 of
[1]) we have

95 00> = <9, 01> + HO(1). (5.5)
Now the expression for 0)(¢) given by Theorem 4.3 and Theorem 4.4 is

0 exp(;l t/n( t/")> .
02(t) = > ZWexp< - iznm’(yt/n)>A(yt/n) (5.6)

n=1
= Z Z éh(yt/")'
n=1 yt/n

We now want to apply to {g,(t),0,(;')> the method of stationary phase with
respect to the t-integration. We assume that g, has compact support. Let 2!, be
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the family of periodic orbits y/" of period t and primitive period t/n. Let

.= \J 2P, We suppose that 2, consists of families of periodic orbits
lESuppg}l

,tesuppg,) such that the following properties hold:

t/n

(o
a) S,,(y"" is C* in ¢ for all ¢ in the inner Int(suppg,) of suppg,,
(5.7)
62
b) t””( y'") # 0 for all telnt(suppg,).
0

Now the stationary points of the phase of the integral {(g,(t), é,,(y‘/")> are the
solutions #(4) of the equation

naS;’"( M+ 2=0 (5.8)

for given 1eR. It is well known from analytical mechanics that for a classical orbit
7 and action S, the relation between time t and energy E is given by

6S

(5.9)

E is thus the energy associated with the classical orbit  and the action function
S/9) (in the time interval [0,7]). From (5.8) and (5.9) we see that the parameter 4
plays the role of energy parameter for the orbit /" of primitive period t/n run in
time ¢/n, i.e. with 1 =1t/n,7 =" we have that (5.8) is equal (5.9), with A=E. Le.
the values of A for which there are indeed classical periodic orbits can be interpreted
as energy values.

The method of stationary phase gives now under the above assumptions, with

A=Eand (y"", tesuppgp e ? s,

5 eXp < t(E)/n(V )) ;
<o) = 3. J) L iy e )

, T | AC )
eXp< — inzrmy® ))W +h'20(1), (5.10)

where the sum is over all values of «(E) in supp g, such that (5.9) is satisfied for
the periodic orbit y"®/ of period #(E) and primitive period #(E)/n. We make as
before the convention that the sum is zero if the set of such ¢(E) is void. The quantity
m is defined by

I/;l(yr(E’/") = m(,yt(E)/n) + O'(y'(EJ/"), (51 1)

2 . S
where o(y"P/" =0 if Q—g(y” ™) >0 and o(y!®PM)=2if O—Z(y””) <0.
ot t=1(E) dt t=1(E)

The quantity |4(y"*®/)] is defined by

az

A t(E)/n
A e =17

t/n( r/n)

t=t(E)
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We note that if /(E) is a solution of (5.9) for given E then also kt(E) is a solution,
for all k =1,2,.... Moreover the orbit of period ki(E) has primitive period #(E)/n
iff the orbit of period #(E) has primitive period t(E)/n. Consider now

<gE(t), ) éh(y”")>. (5.13)

By the fact that the set of n such that t/n is a primitive period for some tesupp g
is finite, we have that (5.13) equals

v

Z<gg 100,(y"")). (5.14)

Inserting now (5.10) into (5.4) we have a double sum ) ) . This sum is over
n t(E)
all periods t(E)esupp g, corresponding to (5.9) and such that #E)/n is for some n
a primitive period and #(E)/nesupp g;.
Hence ) ) =3 Y (setting first #(E)=nt,(E) and letting then ¢(E) and n
n HE) n to(E)
vary) where ) is the sum over all primitive periods t,(E)esuppg, and Y is

to(E) n
the sum over all such neN such that nt(E)esupp g, so that the sum on the right

hand side can be interpreted as the sum over all periodic orbits with energy E,
run » times, provided nty(E)esupp g, t,(E) being the primitive period for the orbit
in question.

Introducing this into (5.14) and using (5.14), (5.10) we get

< 9,(0). Y é,,<y'/"*>> =Yy f(nro(E»( (2rih) 4~ 2 exp (;lins,aw)(vw»

n to(E)

i F (o)
»exp(%nEtdE))exp( l}’l;m( tdE)))wiEZ(E—)NZT(I +hOo(1)). (5.15)

Let now W be the Legendre transform of the action functional S, along a classical
orbit in a time ¢ interval t, i.e.

W, =S, + Ex. (5.16)
Introducing (5.16) into (5.15) with t = ¢,(E), we get
) exp (%nW (y‘O‘E’)>
<gE(t)’ZGh i > 2 2 f(nto(E)) T omi
n n to(E)
exp( — inrigrony |29 o 5.17
Xp( — (™) W( + hO(1)). (5.17)
di(E)|'?

We can now compute |4(y¥)|/? to be equal to n'/? 1E
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Hence from (5.17) and (5.6), (5.7) we get, observing that the sum in (5.7) is over

9[
exp (;;n WE(V'O(E’)> i
— : \ e i tolE)
<gE$ 8h> %r(zEjf(n[()(E)} (27'Clh)(d~ 1)/2 xp< lnzm(y ))
1/2
2 M a1 noqy, (5.18)

where the sum ) is over the class I'(E) consisting of all pairs (t4(E),y*®) such
I'(E)
that y"® is a periodic orbit of primitive period t,(E) and energy E. The sum over

n is restricted to those n such that nt,(E)esupp g;.
Hence we have prove the following

Theorem 5.1. Let V be as in Theorems 4.4 or 4.5. Let E be a positive number and
let g,(t) =exp (%Et)f(t) with fe & (R.) and supp f compact. Suppose supp fis such

that one can find some family (7', tesupp f) of periodic orbits y* of primitive period
t, where t ranges over supp f. Suppose S(y") is C* in t and nondegenerate in the inner
of supp f. Then

exp (%nWE(ym))
(2nih)d= DIz

Gl =) 2 fWUE))
n (E)
A1+ hO(1)),

exp ( — in%rh(y"”))t(E)

where the sum Y % is over all triples (n,t(E),y'(E)) such that y"® is a periodic
n I'(E)
orbit of primitive period t(E) and energy E, and n is any integer such that nt(E)esupp f.

Here W (y'®) is Hamilton’s principal function, i.e. the Legendre transform of the
classical action along y'®-i(y'®) is a Maslov index associated with the orbit y'®),
and is given by (5.11). The quantity A(y"P) is equal to 1 if d= I and equal to

. U o2
A1) = DAL kUl cos?iB(y"P)H(E)

—1/2

if d>1.1If f is such that there exists no periodic orbit of primitive period some
tesupp f, then {gg,0,> = o(h) as h—0.

Remark. The assumption about the existence of a family of periodic orbits is e.g.
satisfied, under our assumptions on the potential V, if supp f* contains one of the
2
point Tn’ where A2 are the eigenvalues of the matrix A% See [10], p. 169. The
assumptlions about the dependence on t of §,(y*) can be made more explicit, using
the analyticity of V. E.g. for d = 1 the values of ¢ such that the above family exists
form an open set and the set of points where S,(y) does not satisfy the assumptions
is discrete.
We remark that
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1 0 d—1 1
A=tz 3 oS (me ernam )
mdi:=0 "=

We assume now that f is such that f(nt(E)) = f(t(E)) for all integer n such that
nt(E)esupp f. Then the formula of Theorem 5.1 simplifies to

drih) " W@-1)2
Canby =" TS B fuE >zexp<—n[ Wiy ®) = Sy ®)h D
ID| I®
d—1
) exp . (mk +§>ﬁk(v“E’)nt(E)(1 + hO(1)), (5.19)
m=...=mg-1=0 k=1

where the sum Z is over all n such that nt(E)esupp f. Let now N (¢(E)) be the

largest integer n such that nt(E)esupp f. Then (5.19) reads
—1

d
dmih)" T -
e G LTI

1/2
'DTI / I'E) my=.

N f(t(E))

G, 0> =

a-1=0 -y

"exp Gn[WE(y“E’) =m(y(E))h — i ( 1)
~ﬁk(v'(E))t(E)h] >(1 +hO(1).

Effectuating this sum we then get

(2mih) @12

d—1 o
=—|5—T,T— Y HE)f((E) > Y
TI I'(E)

G0,
k=1 m =0

| |- exp<%(N f(z(E))[ W, — gmhb
1 —exp (%[WE —gm’h:|
‘exp (h[W — —m h])(l + hO(1)),
d._

. 2 47! 1
with m’z;i Y (mk+§>ﬂkt(E)+n~1(y“E’). The quantity on the left hand
k=1

side can also be written, using (5.1) in the form

<exp<%Et>f(z), Gh(t)> = Z jexp( — %t(/l,,(h) - E))f(t)dts Tr(f(H — E)),
(5.20)

for any fe#(R.), where f(1) = [exp ( - %m) f(t)ydt. Tr(f(H — E)) is by definition

the middle term in (5.20) whenever it exists.
We can then formulate the above results in the following
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Theorem 5.2. Under the same assumption as in Theorem 5.1 and with [ such that
f(nt(E)) = f(t(E)) for all periods t(E) to the energy E and all integers n such that
nt(E)esupp f, then

<€XP <iEt>f(t), 9h(t)> =Tr J(H — E) = 2nih) "~ YD~ 3 f((E))U(E)

T(E)

> iexp([ W) - gm’wm)h])

k=1m.=0

' [ 1 —exp <£[WE(V"E’) - %m(y"“)h D]H 1

( I —exp (ﬁN .fr<E)[ Wil ®) %m/(ym)hbu +h(O(1)),

where [ is the Fourier transform of f, Wi(y'®) is Hamilton’s principal function, i.e.
the Legendre transform of the classical action along the classical orbit y"E) of period
H(E). m' is the sum of an Arnold—Maslov index m associated with y"®' and the
expression

d-

2
~ih Z my + DB U(E),

involving the stability angles B, of the Poincaré mapping. The sum ) is over
T(E)

all periodic orbits of period t(E).

We also note that Theorem 5.1 yields the following, taking f such that its
Fourier transform has support containing only a finite number of points of the
spectrum of H:

Theorem 5.3. Under the assumption of Theorem 5.2 and assuming moreover that
to a given energy E there is only one classical orbit, we have that the eigenvalues of
H are given asymptotically as h— 0 by the values of the energy E satisfying the
extended Bohr—Sommerfeld quantization conditions

1 12 41
Wi = bplg, E)dq = $p(q, t)dq + E(E) = 2nh<n +amt i Y (m+ %)ﬂkt(E))
k=1

Remark. For a derivation of relative formulae for the corresponding JWKB
quantities, see [117, [157, [16], [22], [23], [29].
Remark. We can also consider the generalized function
1 [ee]
—=——[*710,(ir)dt.
Z F () o | i)

n n®

Since 4, = 0(n) as n— co we have that {(s) is defined as an analytic function for
Res > d.
For the one-dimensional harmonic oscillator

1
{s) =5 = Dixls)
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1 .
with {(, the Riemann {-function CR(s)zzn—s. In the general case { is the

{-function for the Schrédinger operator H in as much as it has the same relation
to the O-function for the Schrodinger operator as the classical Riemann (-function
has with the classical theta function, namely { is the Mellin transform of the analytic
continuation to imaginary ¢ of the theta function 6. It also coincides with the
so-called Minakshisundaram—Plejel function, in the case of manifolds.

From the above results about the theta function 6(t) and its asymptotic
behaviour as h—0, one can derive asymptotic expressions for the {-function in
terms of classical periodic orbits.
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