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Abstract. We prove that for arbitrary simple gauge groups, the non-Abelian
Yang—Mills-Higgs Equations on R? in the Prasad—Sommerfield limit have
at least a countably infinite set of distinct solutions. These solutions may be
interpreted physically as configurations of widely spaced, non-interacting
fundamental monopoles. The solutions are generically not spherically sym-
metric.

1. Introduction

There is an interest in smooth, classical solutions to non-Abelian, Yang—Mills—
Higgs equations on Euclidean R3. The finite action solutions are solitions in a
4-dimensional, Minkowski space theory with spontaneous symmetry breaking;
they are known as magnetic monopoles [1]. Until recently, the only solutions
resulted from imposing a spherically symmetric ansatz of one form or another
[2, 3, 4]. In this paper, we show that if the gauge group is compact, simply connect-
ed and simple (with the Higgs scalars in the adjoint representation) and the Prasad—
Sommerfield [5] limit of vanishing scalar field self-interaction is taken, there is
at least a countably infinite set of distinct solutions. These solutions are generical-
ly, not spherically symmetric. They may be interpreted as configurations consisting
of arbitrary numbers of the spherically symmetric monopoles previously
mentioned.

In a recent paper (see Chap. IV, [6], the author established sufficient conditions
for existence of finite action solutions to the Yang—Mills—Higgs equations in the
Prasad—Sommerfield limit. These criteria were applied (in [6.IV]) in the case
where the gauge group is SU(2) to produce an existence proof for multimonopoles
in this SU(2) case. In this paper we apply the criteria of [6.IV] to the general case
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where the gauge group is an arbitrary simple, simply connected, compact Lie
group. This paper may be considered as a sequel to [6.IV].

The paper is arranged as follows: Sect. 2 begins by establishing notation and
reviewing the properties of the Prasad—Sommerfield limit. The section concludes
with the statement of Theorems I and II, which give the existence of multimonopole
solutions. The proofs of Theorems I and II are contained in Sect. 3, 4 and 5. In
particular Sect. 3 contains a restatement of the necessary results from [6.IV] and
a theorem which details sufficient conditions under which two exact solutions can
be used to find a third distinct solution. Sections 6—8 are concerned with asymptotic
decay estimates, cf. Theorem V.

2. The First-Order Equations

Let % be a simple, simply connected, compact Lie group and let ¢ denote its Lie
algebra. Chose a positive definite, ad-invariant inner product on ¢ and denote
the associated by-linear form by (no ) for #, o€g. That is, () is a normalized
trace. Let E = R® x g~ be the vector bundle associated with the principal 4-bundle
R3 x ¢ via the adjoint representation. Because E is flat, the space of smooth
connections in E is identical to the space of smooth sections of T* ® ¢; i.e., the
space of smooth Lie algebra valued 1-forms. We are concerned with critical points
of the action functional

a(A’q;):%f(QA/\*QA—i—DA(DA*DACD>, @1
R3
where
Q,=dA+ AN A,
D,®=d®+[A,&],
for (4, #)eC®(R3; T*® 9)® C*(R?; »). In particular, critical points of «(-)
which satisfy the auxiliary asymptotic condition
lim (®®(x)) — 1 (uniformly) (2.2)
| x| =00

In Eq. (2.1), Q, is the curvature of the connection 4 and D ,® is the covariant
derivative of the section @.
The variational equations of z(-)are

#D ,#Q, +[®,D,®] =0,
D D ,®=0. (2.3)
As in the case where g = s4(2), the set of (4, D)eC™(R3; T* ® 4) ® C*(R?; )
which satisfy added asymptotic conditions decomposes into disjoint subsets

labelled by homotopy classes of maps of S into quotient manifolds formed from
%[7]. Let % denote a point on the unit sphere S2. Let

@ (X) = lim P(tx)

t— o0

denote a map from the sphere 2 at infinity in R® into ¢. Furthermore, let &
p P P4 0
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denote the asymptotic value of @ on the positive x, axis, ®(p) = &(1,0,0). Then
define the Lie subgroup ¢ as

S =1{ge% g7 D(p)g = P(p)}. (2.4)

Proposition 2.1 (Theorem 11.3.1 of [6]). Let A be a continuous connection on
P =R? x % and PaC" section of R® x g. Assume that

lim sup (1—|®|)=0 (2.52)
R-ow |x|=R
and that for some 6 > 0,
|x|'*°|D,®| < const. (2.5b)

Then

(a) There exists a gauge such that ®(X) is a continuous map from S into 4.

(b) The configuration (A, ®) defines a homotopy class [ (4, ®) ]Il (%] 7).

(¢) Theclass[(A, ®)] isinvariant under C' gauge transformations.

(d) Suppose (a, ¢) are respectively a C° g-valued 1-form and a C' section of
R® x ¢ which satisfy

lim sup |@|= lim sup |x||a|=0. (2.5¢)
R—w |x|=R R- o |x|=R
Then
[A+a ®+¢)]=[(4, D] O

The class [(4, @) ] can be completely specified by £/ — r </ =rank ¥ integers
{n,ja=1 [8]-

These integers in turn are completely determined by surface integrals. [8]

For the cases encountered in this paper, it is convenient to compute the integers
{n }’Z" differently. Goddard, Nuyts and Olive show that if in addition to (2.5 a, b)
one has for some § > 0,

lim 4z |x|**Q, (x)=d|x[,3(x/]xl),

|x|— o0

lim |x|'*°|DB| = (2.6)

|x| =00

and

lim [B(/|x]), #(x)] =0,

|x{= 00

then the integers {n_} may be computed from the value of f(x/|x|) at(1, 0, 0). Let

B(P) = (1,0, 0). (2.7)
The element f(P)€ ¢ is constrained by
exp (B(P))=1. (2.8)

The constraint (2.8) allows the class [ (4, ®) ] to be characterized in the following
way: Choose a maximal torus [9] T <% with generators (T, =®(P),
T,,....,T,)= T, where £ = rank 4. Let A denote the root system of 4. Two situa-
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tions can arise. The first occurs when {d-T®(P)> # 0 for all deA. In this case,
FI=xT.

We define the positive roots A4, < A by the condition de A iff (d- T®(P)) > 0.
The positive roots A, uniquely deflne the simple roots {f*, ..., 5’} = 4, . Denote
by A* the dual lattlce to A. There is a basis {**}/_, of A* such that (*f°, [37’) = §%;
a,b={1,...,/} where(,)is the natural pairing between Aand A*,

Because [ B(P), (P) ] = 0,and ¢ is a maximal torus,

B(P)=YbT =bT. (2.9)
Condition (2.8) can be restated as the requirement that be A* and
3
b=4n Y n*f*; neZ. (2.10)
a=1

The set of integers {n,}’_, is gauge invariant and completely specifies the class
[(4, ®)]e,©].7).

The second possibility is that the generator T, = ®(P) is orthogonal to some of
the roots d. In this case the group ¢ is homotopic to the direct product of a torus
T’ and a semi-simple Lie subgroup ¥’ = ¢. Denote by ; the Lie algebra of #
and 7. the complexification of ;. The algebra ;. is generated by T, = ®(P),

T,,...T,,E; ,....,E; ,where T}, ..., T, are as in the previous cas¢ and Eal, .
are elgenvectors in yc correspondmg to the p roots {d,,...,d }eA orthogonal
to @(P). The generators {T,,...,T,_,} generate the torus A positive root

system, A4, = A is chosen by requmng (a-TP(P)> 20 for deA, . The simple
roots of A are denoted {f', ..., ", f/~"*1, ..., '} where <B T(P)> >0
for a= 1,...,/—r and (f* T(P)) =O for a=/7¢ —r+ 1,...,¢. There exists an
element ge¥ such that g~ B(P)g is of the form (2.9). The element g is not unique,
the ambiguity in G is expressed in the fact that the vector b defined by (2.9) must
still satisfy (2.10) but only the set of integers {n }’_" are gauge invariant. This
set of integers completely specifies the class [ (4, @) |eI1,(%/ #)(see [8].)

A gross classification of the solutions to (2.3) which satisfy (2.2) and (2.4) is
given by specifying the set of integers {n, i;'l in the decomposition (2.10). The
principal result of this paper is that there are infinitely many distinct solutions
for any choice of ®(P) and non-negative set of integers {n, }?_" satisfying

£—r
Y, n,>0.
a=1
We define a set #'(h, {n,}’_") indexed by a unit vector h€ ¢ and a set of integers
{n,}?_" in the following way:

Definition. #(h, {n,}’_%)={(4, )eC*(R*; T*R 2) D C*(R*; 4)
which satisfy:

(a) a(4, ) < 0.

(b) Equations (2.5a, b) with &(p) = A.

(c) With ¢ = {ge%|g™ ' ®(p)g = D(p)},the class [ (4, D) ]eI1,(¥/ #)is comple-
tely specified by the integers {n,}?_" ; this as discussed above.} O
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If the two vectors 4 and /' are conjugate, that is 4 =g~ '4'g for some ge¥%,
then

Hh, {n, 2 ) =g AW, {n,}. g

Instead of finding solutions to Eq. (2.3) directly, we shall prove the existence
of solutions to the first-order equations

+Q =D ,®. (2.11a)

Any solution to (2.11a) is a solution to (2.3). However, if (4, ¢) is a solution to
(2.11a) and in some Jf(h {n ), there is a constraint on the possible values of
the integers {n,}’

£—r

S n,(*F*Thy=0. (2.11b)

a=1

Because the action is invariant under the transformation @ - — @, every solu-

tion to (2.11a) generates two distinct solutions to (2.3). If (4, ®)e# (h, {n,}’ "
then (4, — @) is gauge equivalent to an alement in #(h, { —n,}’_"). This may be
seen most easily by noting that the simple roots defined by — 4 are — 1 times the
simple roots defined by 4.

Theorem 1. For every choice of #(h,{n,}._") such that the set {n }’_% is non-
trivial and non-negative there exists at least a countably infinite set of distinct,
gauge inequivalent solutions to (2.11a)in #(h, {n,}°_"). ]

In Theorem II, we will be more specific about the structure of the solutions
given by Theorem 1. Before stating Theorem II, we review certain facts about the
the O(3) symmetric solutions to Eq. (2.11),[3,10,11].

The group of rotations, O(3), acts on R* in the usual way. An action of O(3)
on the @-vector bundle (R* x T* ® ¢) ® (R* ® ¢) can be defined by giving a lifting
of the action of O(3) to the principal bundle R® x ¥ which commutes with the
natural projection p:R3 x ¥ — R3. Such a lifting is uniquely defined by a homo-
morphism L :94(2) — 4 [4].

The lie algebra s«(2) has a realization by the differential operators

; 0
£ = —akajg- (2.12)
on C*(R3?). Let L, = L(¥,). We assume that the homomorphism L :5(2) - ¢
is not trivial. A configuration (4, ?)e C*(R*; T*® )@ C*(R?; 4) is said to be
0(3) symmetric iff
(L,+Z )(@)=0 (2.13a)

(L; + Z)(4; dx)) =g, A.dx’. (2.13b)

ij k k
Given the homomorphism L, 4 decomposes into a direct sum of irreducible repre-

sentations of s«(2). We denote the integer representations (@, ..., @,); each has
dimension (27 + l)J?= y-Each @, is composed of matrices

\/i{’m—_— ——fj’ —fj-f-l,.,f

J
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With
[Lsa Vf;:] = - lmv,ija
3
2L IL,, Y11= —¢,¢;+ )Yy, (2.14)
a=1

Denote by ({Y,(X)}? __,)%_, the standard spherical harmonics; where X/ = x/|x|.
The most general solution [3] to (2.13a) is
la

O, 0,0)=Y o) Y Y(dx) Y. (2.15)

a=1 m=—"~{y

Using the residual gauge freedom in the ansatz (2.13), the most general solution
[3] to (2.13b) may be written down in the following way: Definefora =1, ... ,t,

faz
PO, 0= Y Y&V (2.16)

m=—{y

The generic form of the O(3) symmetric connection as defined by Lis:
1/ ¢ . o
A= ;( Y (@, &™[L,,PJ%" +a,,[L,P,])— Ll.)s”"ﬁ’dx" (2.17)
a=1

where (a, ,, a,,),_ , are functions of r only.

Given a homomorphism L :9«(2) = ¢ and a set #(h, {na}f; _"), the complete
set (4, ®)e# (h;{n,}. ") of the form (2.15-2.17) which satisfies equation (2.11)
has not been catalogued. Such a catalogue is not the purpose of this paper.

Given a homomorphism L and set #(h, {n, i;’l), define a new set

CL,h{n %)= {(A, @)eA# (h, {n,}’_") such that

1) (4, ®)is defined by (2.15-2.17) and the homomorphism L.
2) (A, @) satisfies (2.11) withn, 2 0
‘—r
(@=1,...,/—r)and ), n,>0. (2.18)
a=1

3) There exist constants 0 < C,, (4, @) < co and m(4, ®) > 0 such that

Y (|ag,* +ay, [P < Co(4, ) exp (— m(4, (P)|x|).}

a=1

We remark that if L :92(2) > ¢ and h define a set C(L, h,{n,}/_") then necessarily
[L,,h]=0.

In the Appendix we express Eq. (2.11) in terms of the variables (¢,, a,,, a,,), -,
defined by (2.15) and (2.17). We prove in the Appendix the following:

Proposition 2.2. If (A4, ®)eb(L, h,{n,}; ") then there exist constants
0=C,(A4,P)<0,(n=0,1,...,00)such that
d'a,,

o (50 +[3))

<C, (4, D)exp (—m(4, )| x|).

n 2
da,,

dr"
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b) Along the positive z axis, with|z| > 1,
L t
9(z,0,0) = P(P) + 73 + ) Xa(z)Yg“
=1

t dn
(x
a=1

W‘X“(r)

and

(2.19)

2\1/2
) <C,(4, D) exp (—2m(4, §)|x|).

We note that since (4, ®)e%(L, h, {n,}/_") must be smooth, ¢(0) = 0.

The content of Theorem II is that given certain sets {(4,, @,)€G(L?,h,
{n®@}7-7)}E | there exists a solution (4, ®) to (2.9) which may be interpreted as
a configuration of widely spaced, non-interacting, spherically symmetric mono-
poles given by (4,, ?)~ ,.

Theorem IL Given a finite set A={(4;, ®)eb(L, h {n"}2"} such
that [LY, 9] =0,i,j=1,...,K, there exists a constant o > d, = 0 such that the
following is true: For any set of K points {x , ..., X} satisfying

|x,—x;|zd>d,, i#j=1,....,K

there is a solution (A, @) to (2.11) with

(4, di)e#(h; { i nfj’}/—n ) (2.20)
i=1

a=1
*) Further, there exist constants o, § >0 which are independent of d such that
with R(d) = a/nd and &(d) = Bd~1/? the following is true:
In each open ball
Bra (%) = {xeR?||x — x,| <R(@)},
there exists a smooth gauge transformation
9 Bra(x) = ¥
such that
IA(X) - gi_ ! Ai(x - xi)gi - gi—ldgiP
+|D(x) — g,  D,(x — x,)g,|* < &(d) O
(2.21)
In a recent paper, [12], Weinberg introduced the notion of “fundamental”
solutions to (2.11a, b). These are solutions to the first order equations obtained
from embeddings of the SU (2) Prasad—Sommerfield solution defined by the simple

roots. Specifically let 4 be an # dimensional unit vector in 4 satisfying { - Th) # 0,
a=1,...,¢ for all simple roots [f". Define

L = - T(F By
L =3B+ E_p) (B f)~ 12

p= %(E;a — E_p) (B p12. (2.22)
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The elements {L'}>_, €4 generate an s« (2) subalgebra and define a homo-
morphism L@ : dw(Z)—’y Given h, there are ¢ fundamental solutions, one for
each simple root. They are given by

@ Ly X
P (X) /1(“) coth l(a)lxl - lx—| |—x—|Lk
—(h—<B*ThYLY)

A(“)(x) = — Jﬂ__ — i gijkx_k dx[@
sinh A, x| |x]| x| i (2.23)

where
=B Th).
If the little group ¢ is the maximal torus, the dimension of the space of moduli
to a solution (4, ®)eA (h, {n,}’ ") of (2.11a,b) was calculated by Weinberg.

He found that if /' of the integers n, = 0 and # — /" of the n, > 0, the dimensions
of the space of moduli is 4) n, — ¢ + ¢'. This is consistent with the physical inter-

pretation of a solution (4, ?Ib)ejf (h, {n,}’_") as a configuration of n, monopoles
of the form (2.23). This is partially verified by the following corollary to Theorem IT:

Corollary 2.3. Let h be a unit vector in g orthogonal to 0 <r </ simple roots and
positive inner product with the £ — r remaining simple roots, e.g., {<ﬁ" Th > 0}

and {{f*Thy=0}’_,_,.,. For every set of { — r non-negative integers {n,}’
£—r

there exists at least a3 ), n, dimensional sublattice of distinct solutions to (2.11 a, b)
a=1

in #(h, {n, ("’) In fact, there exists a number d(h) < co such that for every set
£—r

of N = z n, points {x(l“), ,x@ f; 1€ €R3 satisfying

ng
a=1

| %@ = x| =z d>d,(h)withi+jifa=b
andie{l,...,n,}
jell,n ), (224)
there is a smooth solution (4, ®)eA (b, {n,}7_") to (2.11).

Furthermore, the configuration (A, ) satzsf es statement *) of Theorem I1 if one
substitutes x® for x; and (A, ) for (A,, ®,) in (2.21). O

Proof of the Corollary. The Corollary follows directly from Theorem II as, for
a,bef{l, ...,/ —r}, each

(A9, D) e B(L, h, {n, = 6,,}{=") and [L?, L¥] = 0.

We note that the Corollary implies Theorem L.
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3. Proof of Theorem II: Analytic Theorems

Let (4,, ®,)eA (b, {n, ¢_") be a fixed configuration. We write an arbitrary
(4, P)eA (h, {n,}._7)as

(A, P)=(4, + a, P, + ). 3.1
If (4, @) is a solution to (2.11a, b) then (a, ¢) satisfies
¢*D,a,— D, +[®,,a,]
=—(xQ, —D, D), — s"f"ajak +[a;, 9],
where a = a,dx’ and
D;=V,;+[A4,,°] (3.2)

In order for (3.2) to be an elliptic first-order system, we use the gauge freedom to
also require that (a, ¢) satisfy the background gauge condition

D,a,+[®,,$]=0. (3.3)

To treat Egs. (3.2, 3.3) as a single elliptic system for (a, ¢), we follow [6] in defining
a g-valued quaternion

V=0¢+1,a, (3.4)

3
K Jijk k> j=1°
with {o,}7_, the Pauli matrices.

We define a first-order elliptic operator

where t,7, = — 0, — &,,7,, Tf = — 7;and [, ] = 0. For example, {7, =0}

2 =—1,D;+[®,,]. (3.9
The contents of equations (3.2) and (3.3) are
DYy =Gy~ nY, (3.6)
where we define
Go=1,G;= —1,(xQ, —D, ®),, (3.7a)

and for u, vE42 ® Q,
unv=37{—[u,v,]—[v,u,]+ 8ijk(ujvk + Ujuk)}’
hence,
YAy =—1fa, ]+ 1%, (3.7b)

Theorem III (Theorem IV.2.1 of [6]) describes sufficient conditions on (4, @)
for (3.6) to have solutions.

Before stating Theorem III, we introduce the Hilbert space H(4,, ®,). If
u=u,+7;u;is a g-valued quaternion, we define u* = u, — 7;u;. An inner product
on the vector space of g-valued quaternions is defined by

{a,b))=<a*b). (3.8)

The trace in (3.8) is now over the 4 and quaternionic indices. Let C3 (R*; 2 ® Q)
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be the space of smooth, compactly supported sections of the vector bundle
R3 x (® Q). Define the Hilbert space H(A,,®,) to be the completion
of CZ(R?; # ® Q) in the norm

lul2 = J{<<Du, Dud> + L[ @, ul, [ Do, ul>>}. (3.9)
RB

It is important to keep in mind that the Hilbert space is different for different
choices of (4,, P,). As in [6. IV] we will denote the standard L} norms by |- | ..

[14]

Theorem IIL. (Theorem IV.2.10f [6]). Let (A,, ®,)e #(h;, {n,}2_"). There exists
&y > O which is independent of (A, ®,,) such that if

A+ 2, “Lw)z( ” G, ”Lz + ” G, ”L(,,s) =e<g, (3.10)

then there exists a solution yeH(A,, ®,) to (3.6). Furthermore, Y is C* and there
exists ¢ < oo and independent of (A, D) such that

W, Scel+ [ @],)72
W]l < ce(l+ [ @, )" O @11

Theorem III above states that (4, ®) = (4, + a, P, + ¢) is a smooth finite action
configuration satisfying (see Corollary IV.2.2 of [6])

«Q,=D,®. (3.12)
Also proved in [6.IV] is the pointwise estimate

Theorem IV. (Theorem IV.2.30f[6].). Let (A, @) satisfy the conditions of Theorem
II1. Suppose that 9§ G eL,. Then there is a constant c,, independent of (A,, ®,)
such that

Wl se,l125 Gollo, + 1, + (g, @) + [ 15 15+ wI2)]-
O (.13

In order to prove Theorem II, we will need an estimate on the pointwise decay
of | (x)| for large | x|. Such an estimate is given by

Theorem V. Let (4,, ®,) and y be as in Theorem IV. There exists a constant &,
independent of (A, , @), such that if (| Y | + [ ¥ |} )* <¢, and in addition if

1) |x||Goland |x[|D ,, Gy |EL, (R?),
2) [xP(|Q4, 7 1D 4, @ )12 L, (R),
then
a) lim |x||y(x)| = O (uniformly in |x|). (3.14a)

|x]— 00
if one assumes further that
3) |x]2][<1>0,G0]|and|x|2][¢0,DAo Go]leLz(Rs)
4) lxlzl(DAo)kDAo|ELoo([R3)’






