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Critical Point Dominance in One Dimension

C. M. Newman*
Department of Mathematics, The University of Arizona, Tucson, AZ 85721, USA

Abstract. The renormalized, dimensionless 4-point coupling constant of scalar
one dimensional field theories is maximized uniquely by the “critical point
theories” (obtainable as the scaling limit of ¢* models). The renormalized
coupling constant of certain scalar one dimensional lattice field theories is
maximized uniquely (for fixed correlation length) by the corresponding
spin-1/2 model.

1. Introduction

For a scalar, Buclidean field, ¢(x), xeR? with truncated Schwinger (Ursell)
functions U,(x,,...,x,), and physical mass m>0, one definition of the re-
normalized, dimensionless coupling constant g, which is particularly appropriate
for ¢* models (see [6]) is

g=m'B/A2, (1)
where
A=Llijlzo L—d(C£)2 U,(x,,x,)dx,dx, = j}RdUZ(O, x)dx, ()
B=I}im L™ | [=Uy(xq,X,, x5, x)]dx, dx,dx,dx,
wo(Cpe
=(IR£ . [=U40,y1, 2 3)1dy,dy,dy, 3)

and C, denotes the cube, ([— L/2, L/2])%, in IRY.

In [4], it was proven by using correlation inequalities, that in ¢* models, g has
an absolute upper bound (depending only on d) and in [3] it was argued that the
value of g for ¢* models should be dominated by its critical point value. The
resulting picture of critical point dominance and its relation with renormalization
group analysis is presented rather clearly in [11] (see especially Fig. 5 there) where
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the critical point value is denoted g,, the w standing for Wilson [12]. The
dependence of g,, on d and the possible existence of (non-superrenormalizable) ¢*
models with g>g, are among the main topics discussed in [11]. For numerical
results concerning g,(d), see [1, 2].

The primary purpose of the present paper is to show, under rather mild
assumptions that at least for d =1, there can be no field theories (whether or not of
¢* type) with g>g,, and moreover that g=g,, only for the (¢* scaling limit)
“critical point theories”. These results verify in a particularly strong way the
Glimm and Jaffe picture of critical point dominance for d=1.

The scaling limit theories, which have been extensively studied by Glimm and
Jaffe [5], have strictly positive physical mass , and are believed to be obtainable
by either of two (presumably equivalent — at least for low dimension [1]) limiting
procedures. These procedures automatically involve approaching the critical point
so that for the scaling limits, one expects to have g=g,,. In the first procedure one
lets 4 tend to oo in a A¢* model while varying the bare mass so that the physical
mass tends to 7 in the second procedure one lets the lattice spacing ¢ tend to 0 in
a spin-1/2 Ising model while varying the temperature so that the physical
correlation length has the finite limit, 1/m. Our critical point theories will be
parametrized by the physical mass m (replaced by m in Example 3 below) and a
field scaling variable (the K of Examples 2 and 3). In order to explicitly define these
one dimensional scaling limits, we first define what we will mean in this paper by
one dimensional field theories in general. We replace x by t or s since the one
dimensional variable is Euclidean time; we also write spec(T) [respectively
Dom (T)] for the spectrum (respectively domain) of an operator T and denote by
Q* the orthogonal complement of the subspace generated by €.

Definition 1. A one dimensional (continuum) field theory of physical mass m >0,
consists of a Hilbert space s, a self-adjoint operator H =0, and its related
semigroup P*=exp (—sH), a unit vector Qe s, and a self-adjoint operator @ such
that
(i) P'Q=Q,

(ii) sup {spec(QP'Q)}=e"™ where Q is the projection on Q* [ie, Q¥ =¥
-(Qa T)Q],

(iii) for n=0,1,2, ... and for any choice of non-negative s, ...,s,, the vector

Y(siy ..., S,) =P1®.. PdQ 4)

belongs to Dom (@), and
(iv) finite linear combinations of the ¥(si,...,s,)’s are dense in s#. The
Schwinger functions of the field theory are defined by

Sultys s t)=(Q,%0,t,,— 1, ,...t, =L, ), (5)
where 7 is any permutation of 1, ...,n such that - S
Example 1. Even ¢* models: Here # = L*(R, d¢), ¢ is multiplication by ¢, and
H=n(—d*/d$> +N¢*— K)*~E)

for >0 and real K. E= E(4, K) is chosen so that zero is the lowest eigenvalue of H
and n=#(4, K,m)>0 is chosen so that the next lowest eigenvalue is m.
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Definition 2. A one dimensional lattice field theory with lattice spacing ¢>0 and
physical correlation length ¢ consists of 5, Q, @ as above together with a self-
adjoint operator P satisfying 0<P <1 and its related discrete semigroup P" such
that (i)—(iv) are valid with m=e¢/£. The Schwinger functions S,(t,, ..., t,) are defined
for (¢, ...,t,)ecZ’ by

Sueiyy oo eiy)=(Q, (O, ip,—in,s oo in, —in,_,))> (6)

S

n

where 7 is any permutation such that i, <i

P

Example 2. Spin-1/2 Ising model (zero external field, + ]/E valued): Here #...C2,

1
o-yx|Tt O ™
0 —1
for some K >0, and
P
P=(ef +e7F) l[e“ﬁ o } (8)
with
B=arctanh (e~ ™)=arctanh (e %%). 9)

The scaling limit may be obtained from Example 2 by letting ¢e—0 and f— o0
with K fixed (thus approaching the one dimensional “critical point” at = 00) in
such a way that e exp (4)—1/m (or equivalently m/¢—im). The resulting continuum
field theory is our next example.

We note that the spin-1/2 Ising model is a simple two state Markov chain and
its scaling limit is just the related continuous time two state Markov jump process.

Example 3. Critical point theories: Here # =C?, & is as in (7), and (with m
replaced by m)
Hz% " _ﬂ.
—m m

(10)

A unitarily equivalent theory can be obtained from Example 1 by letting 21— oo
with K >0 fixed. To appreciate the equivalence, note that in Example 1, one can
use a standard procedure to replace L%(RR, d$) by L*(R, Q%(¢)d¢) which in the limit
A— o0 becomes

L*(R,[3(¢— |/ K)+6(¢+ ) K))/)=C?;
see [9] for a rigorous analysis.
We will always assume the symmetry S, =0, which can in any case be obtained
by replacing @ by @ — (2, Q). When S, =0, the Ursell functions appearing in (2)
and (3) are given by
Uy(x1,x5) =8,(x1, %), (11)
U y(3 1, X5, X3, X,) = S 4(X 1, X5, X3, X4) = S,(x 1, X5)S (x5, Xy)
- Sz(xp x3)Sz(x2, X4)—8,(x1,x4)8 (x5, x3) . (12)
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In Sect. 2 of this paper we treat critical point dominance for the continuum
case and in Sect. 3 we treat the lattice case. The results in the two sections are
analogous except that in the discrete case we find it technically necessary to make
the additional assumption that

St tyts,t)2S,(8,1,)S,(85,t,) forall ¢ =t,St,<t,; (13)

this is a special case of the GKS inequalities [7, 10] and is valid for many models
including lattice ¢* models [8]. The proofs of our results are elementary ; they are
related to the methods of [4] and are based on the observations that in both
Examples 2 and 3, the inequality (13) is an equality and S,(0, s) =K exp (— ms).

2. Continuum Theories

Theorem 1. Let g be the renormalized coupling constant defined by (1)~(3) and (11)—
(12), for a one dimensional field theory of physical mass m>0 as given in Definition {
above with S,(x)=(Q, PQ2)=0; then g<6 and g=6 if and only if the field theory is
unitarily equivalent to a critical point theory of Example 3 above (for some K>0).

Proof. We let R=QH ™ 'Q where Q is the projection on Q' and define for any
operator T, {T) =(PR, T(PL)). Then

A=2[5,(0,s)ds=2 | {exp(—sH)>ds=2(R), (14)
0 0
where we have used the fact that Q@Q = ®Q since (Q, #2)=0. Similarly, we have

B=4![ [ [[—U40,s,,5; +5,,5, +5,+5;)]ds,ds,ds; =B, — B, (15)
000

+8,(0,5, +5,+55)S,(0,5,)]ds ds,ds;, (16)
B,=41[ [ [[S40,5,,5;+55 58, +5,+53)—5,(0,5,)8,(0,5,)]ds ds,ds;. (17)
000
We first perform the s; and s, integrals and then the s, integral to obtain

B, =41 [ [(Re™">(Re™ 5+ (R%~ Ty (e ™y ]ds
0

0

=41 —;—S{<R2e"SH><Re_S”>} ds=4!{(R*»{(R), (18)
0

B,=4! Of [(R®e *HPRY — (R>(R)>]ds
0

=4 of (ROQe HQPR>ds =41{RORPR . (19)
(4]
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We thus have
(R*Y>{R)>—={(RPRDR>

g=06m R>? (20)
Now since H™'>0 on Q-+, we see that
(RORPR) =(Q[PRPQ], H 'Q[PRPQ]) =0 (21)
with equality if and only if Q[®RPQ]=0 or equivalently if
PRIN=KQ, (22)

with K =(Q, PROQ)=([PQ], H [#Q])>0. We define A to be the unit vector
A=(R'20Q)/|R'?PQ| =(R'2DQ)/{R)V?,

so that by (21) and the fact that mR =Q(H/m)"*Q <1, we have

(R*)
s6m =6(4,(mR)4) =6,
I=RS
with the final inequality an equality if and only if RA=(1/m)A or equivalently if
H(PQ)=m(PQ). (23)

We have thus shown that g <6 with equality if and only if both (22) and (23) are
valid. Letting K=mK and taking as basis vectors, (Q+®Q/K'?)/]/2, it is
immediate [using property (iv) of Definition 1] that (22) and (23) are valid if and
only if there is unitary equivalence with the model of Example 3. This completes
the proof.

3. Lattice Theories

The definition of g we will use for one dimensional lattice theories is

g=¢"1'-2tanh (g/2¢)- B/A?, (24)

where 4 and B are given as in (2)~(3) but with x; replaced by ¢;=¢i; and fdx
c

replaced by ¢ times the sum over all i such that eie C. Note that as ¢e—0 for fixed ¢,
¢~ 12tanh (¢/2¢) tends to 71 so that (24) is consistent with (1).

Our main result in the lattice case [under the additional assumption of (13)], is
that for fixed ¢ and ¢, g is maximized (uniquely) by the corresponding spin-1/2
model of Example 2. This is analogous to our continuum case result in that
Example 2 can be obtained as the infinite coupling constant limit of lattice ¢*
models. We note that the choice of factors in (24) implies that the g of Example 2,
[given by the right hand side of (25) below] is strictly bounded by its e—0 for fixed
¢ value of 6 which is of course the value attained in Example 3 ; we also note that in
Example 2, tanh (¢/2&) =exp (—2).
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Theorem 2. Let g be the renormalized coupling constant defined by (24) for a one
dimensional lattice field theory of lattice spacing ¢ >0 and physical correlation length
£e(0, 0) as given in Definition 2 above with S ,(ei) =(Q, ®Q)=0 and assume that (13)
is valid ; then

g <6—2tanh?(¢/2¢) (25)

with equality in (25) if and only if the field theory is unitarily equivalent to that of
Example 2 above for some K >0.

Proof. For fixed #, Q, ®, and P, the value of g as defined by (24) is independent of
¢; we may thus choose ¢=1 and recall that

exp (—m)=exp(—¢/¢)=sup {spec(QPQ)}.

The lattice version of Egs. (14) and (15) is complicated by the introduction of
boundary terms which vanish in the continuum case. The role played by

| P'dt=H"" in the proof of Theorem 1 is replaced here by
0

P2+ i Pi=(1+P)/2(1—P)

j=1
and we accordingly define R in this case as
R=0Q[(1+P)2(1—-P)]Q; (26)

note that

1 —-m
sup {spec (R)} = ﬁ

We again define {T) =(®Q, T($Q2)) and proceed to calculate 4 and B.

=[2tanh(1/28)]" 1. 27)

A= i S50, ) = ~§o o) CP7y={(1+P)/(1-P))=2(R}, (28)

j=—w
where
. 2, if j>0
Q(])*{l, it j=0,
B= Z Z Z v(i1aj2aj3)[_U4(0>j1aj1+j2aj1+j2+j3)]=B1‘B2,
Jj1=0 j2=0 j3=0
where
4, if no j,=0

2-31,if a single j,=0
V(ipjzaje,): 2.3, ifjl :j3=0 andj2>0
4,if j,>0and j,=j,=0 or if j,>0 and j, =j,=0

19 lfjl :j2 :j3=0a
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and where B, (respectively B,) is defined by a sum as in (29) but with —U
replaced by the integrand of (16) [respectively (17)]. We may rewrite (29) as

B= Z Z Z 6Q(j1)Q(js)[_U4(0aj17j1+j29j1+j2+j3)]
j1=0 j3z=0 j2=0

B i i (4+Q(il))9(j3);Q01)(4+QU3))

[ = Ua0.j1571571 +173)1(30)

Jj1=0 j3=0

with similar expressions for B, and B,. In the case of B,, we can sum over j, and j,
(as in (28)) to obtain

B, =B, —{(5+P)[(1—P)>{(1+P)[(1-- P)y —{(5+ P)(1+ P)/[(1— P)*> (1)
B, — (24 6R>(2R>—{(2+6R2RX(1>, (31)

where

i 6[CP(1+P)/(1=P)y? + (PI(1+P)*/(1— P)*>{P’}]

= Z [<(1=P)PI1+P)/[(1—P)*){(1+P)P'/(1~P))

+ <(1 +P)P/(1+ P)/(1—P)*){(1—P)P//(1~P)}]

6 Y 2LCPI(L+ P)(L— PP —P)

j=0
— (PP L+P)(1=P)*X{P" /(1 P))
=12{(1+P)/(1 = P)*>>{1/(1=P)>=12{2R(1+2R)/2>{(1 +2R)/2>,
so that
B, =24(R*){R> = 2{(R)<1}. (32)
Now, by (13) and the expression for B, analogous to the sum of (29), we see that
B, 20 with equality if and only if
8400,j15J1 +J5 +73)—5,(0,/,)8,(0,j3) =0
for all j,,j,.j;=0, (33)

but this is equivalent to
(PROQPPQDPEY =0 forall jy,jyjs 20,
which is equivalent to
QPPIPQ=0 forall j=O. (34)

Letting A=(RY?®Q)/|RY?®Q| and r=[2tanh(1/26)]" !, we see from (28) and
(32) that

g=r7'B /A?=6(A,(R/NA)—2r*) " HA R/ AH)S6-2r)" 1, (35)
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where the last inequality follows from (27) and is an equality if and only if RA=rA
or equivalently if

PoQ=e""PQ. (36)

We have thus derived (25) and seen that there is equality in (25) if and only if (34)
and (36) are both valid. But (34) and (36) are equivalent to (36) together with

P2Q=KQ for some K=>0. (37)

It is an elementary excercise, as in the proof of Theorem 1, to show that (36) and
(37) are valid if and only if there is unitary equivalence with the spin-1/2 model of
Example 2. This completes the proof.

Remark. One can obtain the exact expression for B,,
B,=24(RPRPRY —2{RPQP)> — 2{PQPR, (38)
which yields the exact expression for g,

g=r""C(RYH6[(R*>{R)—(RPRIRY]—(1/2) [(R){1) —(RPQD)
—{(PQPR>T}. (39)

It may be possible to utilize these expressions to obtain (25) without the ad hoc
assumption of (13); we have been unable to do so.
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