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Abstract. A new and simpler construction of the family of rational solutions of
the Korteweg-deVries equation is given. This construction is related to a
factorization of the Sturm-Liouville operators into first order operators and a
new deformation problem for the latter. In the final section the spectral
representation for the corresponding complex potentials is discussed.

1.
In [1] special classes of solutions of the Korteweg-deVries equation
(1.1)

ut = luux-%uxxx=X2u

were studied, in particular all those u = u(x, t) which are rational functions of x for
each value of ί. It turns out that these solutions are rational functions of ί as well
and of very special structure. In this paper we give a new construction of these
solutions with emphasis on their algebraic properties.
To describe the family of rational solutions of (1.1), one does well to introduce
the sequence of associated Korteweg-deVries equations
ut=Xk(u),
fc=l,2,...,
(1.2)
which are related by

γ_A^
k

~dx du
to the sequence of conserved quantities
Hk=$Pk(u,u',...)dx
associated with (1.1). These Xk can be recursively defined by
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as was shown originally by Lenard, see [3]. For the notation used here we refer to
[6,1].
The above nonlinear differential operators commute, and so do the flows e(ί^fc)
generated by them. We ask for the manifold M of rational functions vanishing at x
= oo invariant under all the flows e(t^^. It is one of the results of [1] that M
decomposes into denumerably many manifolds Md of dimensions d for d= 1,2,...
and, moreover, each Md constitutes an orbit of the single function

d(d + ΐ)
u=- 2
x
under the flows e(^t^Kk) (see [1], Section 3, Theorem 2).
In this paper we want to give a representation of Md in terms of a class of
polynomials Θd = θd(τί,τ2, ...,τ d ) depending on d variables. These polynomials will
be defined in Section 2 and they allow the representation of all ueMd in the form
ud(x)=-2[ — \ logθ^+x,!,,...,!,)
(1.3)
\dx)
and this representation is one to one, so that τ 1 ,τ 2 , ...,τ d can be viewed as global
coordinates on Md. TheX fc give rise to vector fields Γk on Md which are expressible
in terms of the τ j? and in Section 5 we will determine these Γk. It turns out that
the τ 2 , ...,τ d can be subjected to a group of birational transformations
QJ being polynomials, without changing the above representation. Moreover, the
parameters τ* can be introduced so that

i.e. that
oτ

k
In other words the τ^ can be identified with the t- variable tk of Xk. This picture was
developed already in [1] but here this representation is made more explicit
through (1.3) and the construction of the polynomials θk. The representation (1.3)
is an analogue to that of Its and Matveev [4] for the case of solutions of (1.1)
having a fixed period in x and for which the corresponding Hill's equation has
only finitely many simple eigenvalues. It is conceivable that (1.3) could be obtained
by a limit process from the formula [4], but we did not succeed in this way 1 .
Similarly one may expect that (1.3) could be obtained as the limit of the N-soliton
potential (see [8]). This is indeed the case as was shown by Ablowitz and Satsuma
[17], who also considered other differential equations. The underlying idea to
study rational solutions of partial differential equations and the corresponding
motion of the poles was pursued by Calogero and the brothers Choodnovsky for a
large variety of equations (see [18,20]).
1
H. P. McKean, via personal communication, informed us of his success in carrying out this
approach
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We mention that the solutions of the type (1.3) for the case d = 2 were
considered by Moses [9,16].
The construction of the θk as well as the proof of the above statements are
based on a transformation of differential operators L = — D2 + u into each other
which is certainly not new (see [2, 11, 12, 21]) and the so-called Miura
transformation [7] for which we give a natural derivation. This derivation is based
on the factorization

where u = υ' + v2. This factorization will play a crucial role in the following
derivation and we will attempt to tie it to isospectral deformations. Similarly as in
Lax's work [5], where one considers deformations of operators L in the
equivalence class of operators of the form U ~ 1LU for unitary (7, here we consider
deformations of operators A in the equivalence class of operators U\AU2, where
U19 U2 are two unitary operators. If we apply these ideas to formal differential
operators we are led to the modified Korteweg-deVries equation which by u = v'
+ v2 is transformed into (1.1). This follows from the fact that any deformation of A
of this kind gives rise to an isospectral deformation of L. The ideas are explained in
Section 3.
On the other hand \{L — A*A one gets a second differential operator L = AA*
= — D2 + ύ by exchanging the role of A and A*. Moreover, L is also isospectrally
deformed under the above deformation. This gives rise to a Backlund transformation of u = v' + v2 into ύ = ~ v' + v2 leaving the X invariant. Applying this
transformation repeatedly we construct the sequence ud of (1.3). This transformation has also been employed in the construction of JV-soliton solutions [11, 12].
In Section 4 we show that the ud so obtained actually represent the manifold Md.
The above transformation u-*u can be used to introduce a new eigenvalue into
a differential operator without changing the rest of the spectrum (see [12]). We are
dealing with the special case where the eigenvalue λ = 0 is repeatedly introduced
into the simple operator L= — D2. Thus the resulting operators turn out to be
reflectionless with continuous spectrum [0, oo) and a multiple eigenvalue at λ = 0.
For this interpretation one has to allow the potential ud to be complex so that the
operator is no longer selfadjoint. In Section 5 we study the spectral properties of
these operators which are quite simple as all eigenfunction representations are
given explicitly in terms of elementary functions.
In [1] the functions udeMd were described in terms of their poles x l 5 x 2 , ...,x w ,
n = ^(d(d+l)9 which have to satisfy the conditions
Σ(**-*/Γ 3 = = ( )

7=1
j*fc

for

fc=l,2,...,n.

In contrast, here we give preference to the functions

=0
(*-*,)
j=ι

(1-4)

4

M. Adler and J. Moser

which are constructed in Section 2. As a consequence of their properties their roots
satisfy (1.4) and all solutions of (1.4) can be so obtained. Thus the τ l 5 . . . , τd can be
viewed as uniformizing variables for the algebraic variety (1.4).
This paper is an extended and edited version of the MRC-report [19] where
most of the results were presented.
The second author wishes to express his thanks for the hospitality of the University of Wisconsin.
We are grateful to C. Conley at whose seminar these results were presented and to H. McKean for
discussions on this subject. We also are indebted to P. Deift for pointing out the relevance of the
factorization of second order operators.

2. Construction of the Polynomials Θk

a) A Recursion Formula
In this section we construct a sequence of polynomials 0 Λ (τ l 5 ...,τ f c ) for fc = 0, 1, ...
ofk variables, which will be considered as polynomials of one variable x = τ l 5 the
others figuring as parameters. As such they have the degree nk = ^k(k + 1). They are
defined recursively by
Θ0 = l,0 1 =x = τ 1

(2.1)

and the differential equation

0* 2 2

(2.2)

which leaves an integration constant available. We fix this constant by the normalization that the coefficient of x""" 1 in Θk+1 is equal to τ f c + 1 . This defines the
polynomials uniquely and at each recursive step one picks up a new integration
constant τ.
For the first few polynomials one finds

θ 4 -x 1 0 + 15τ 2 x 7 + 7τ 3 x 5 - 35τ 2 τ 3 x 2 + 175φ— |τf + τ 4 x 3 +τ 4 τ 2 .
However, it is by no means obvious that the above differential equations can be
solved within the class of polynomials. That this is the case will be shown below. In
fact we will derive explicit formulae for these polynomials in terms of Wronskian
determinants. For the Wronskian of two functions A, B we use the notation

b) Factorization
These polynomials are intimately related to potentials ud of the differential
2
operators —D + ud obtained by repeated applications of the so-called Crum
2

Prime or D stands for d/dx
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transformation3. In fact, in this way we will obtain an explicit representation of
these polynomials.
To describe the Crum transformation we consider a second order differential
operator
=-D2 + u',D = ^-

L

(2.3)

dJC

and ask for a factorization L — λl = A*A where λ is a constant and
(2.4)

A = D-υ,A*=-D-v

are first order operators, which are formally adjoint to each other. The following
construction is entirely algebraic and all operators are considered as formal
differential operators without any boundary condition. For any differential
operator P of arbitrary finite order, having possibly complex valued coefficients we
define P* as that operator for which

(P*f)

β-f(Pg)~Q(f,9)

for arbitrary C°°-functions, with some polynomial Q in /, g and finitely many
derivatives. For example, for P = A we have
(A*f) g-fAg^-~(f

g).

To construct the most general such factorization we take φ Φ 0 as a solution of
the eigenvalue equation
(L-λ)φ = Q
and set
A = φDφ-\A*=-φ~:LDφ.

(2.5)
(2.6)

Then one verifies

A*A = L-λ.

(2.7)

Indeed A*A is a second order differential operator, which is formally selfadjoint
having — D2 as leading term. Hence A* A is of the form — D2 + q. From the form of
A it is evident that A*Aφ = Q, i.e. (-D2 + q)φ = 0, hence by (2.3), (2.5),

q = — = u-λ.
Φ
This verifies (2.7) which can of course also be done by direct calculation.
Thus every solution φ of (2.5) gives rise to such a factorization. Of course, φ
and cφ give rise to the same factorization while two linearly independent solutions
φ 1? φ2 of (2.5) give actually different factorizations (2.7). Thus for every λ we obtain
3
It may be more appropriate to refer to Burchenall and Chaundy [21] who studied such an operation already in 1923 and called it transference (see §3 of [21]). The construction of so called Lax-pairs
can be found also in this paper in §6, and are called semicommutative operators. Although theirs is
an entirely different motivation from the more recent developments it anticipates a remarkable number
of results, in particular, the connection with hyperelliptic functions
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a one-parameter family of factorizations. These are the most general factorizations
of the form (2.7).
The Crum transformation consists in mapping an operator L = λI + A*A into
the operator
(2.8)

L = λI + AA*

by just exchanging the role of A and A*. The operator L is also of second order
and of the form
L=-D2+ύ.

(2.9)

One readily finds that
Φ)

(2.10)

.

By the form ofL~λ = AA* and A*=-φ~1Dφ it is clear that
(2.11)

(L-λ)φ-*=0;

moreover, if one repeats the process and applies the Crum transformation to L — λ
with φ~l in place of φ one is led back to L — λ.
Such a pair of operators
L-λ = A*A,

L-λ=AA*

have—with appropriate boundary conditions—very similar spectra—and this fact
makes the operation essential for isospectral deformations. Indeed,

implies

as is easily seen, and therefore A maps eigenfunctions of L into those of L, or into
zero. For example, for μ = λ,ψ = φwe have Aφ = Q. This transformation is used to
insert or remove one eigenvalue without changing the rest of the spectrum (see
[12]).
With this motivation in mind we proceed to construct all potentials uk which
can be obtained from u0 = 0 by applying the above transformation fc times with the
special choice 1 = 0. It is clear that we obtain functions uk(x, τ l 5 . . ., τk) depending on
fc parameters. We show that the uk are closely related to the solutions θk of the
recursion formula (2.2). Here we still assume the existence of these polynomials θk
their construction will be given in c) of this section.
Lemma 1. Ifθk(x + τί,τ2, ...,τ k ) are solutions o/(2.1) and (2.2) then the most general
potential uk obtained by k applications of the Crum transformation to w 0 =0 with
λ = Q is of the form
u= -2(\ogθγ ,

/c=0,l,2,....

(2.12)
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Moreover, the eigenf unctions φ = φk at the kth step are given by
Φk=θj,

Lkφk = (-D2 + uk)φk = 0.

(2.13)

Proof. For k = 0 the definition Θ0 = l gives w 0 =0 and — D 2 φ 0 = Ogives φ0 =
We can assume a φ 0 or even a = 1, since φ0 = b gives nothing new, and thus φ0 =
In the following we will suppress the translation by τi and set τ 1 =0. Thus φ0

x = θ 1 /0 0
Now we proceed by induction and assume Θθ9θίy ...,θ fc have been found and
are defined via (2.12), (2.13). In order to apply the Crum transformation to Lk with
λ = Q we need a solution φ of Lkφ = Q. From the above Equation (2.11) we see that
(Φk-i)'1 is such a solution; however, the Crum transformation applied with this
function leads back to Lk__ l and gives nothing new. Therefore, we pick a solution φ
— φk oϊLkφ — 0 which is linearly independent of (φk_ x )~ 1, i.e. one whose Wronskian
with (φk_1)~1 is a non vanishing constant. We normalize φk by setting
Setting φk = θk+i/θk this relation agrees with the recursion formula (2.2).
It remains to verify uk+ί = — 2(logθ fc+1 )" to complete the induction. By (2.10)
we have

or uk+1 = — 2(logθkφkyf= — 2(logθk+1)" by (2.13), which completes the proof of
Lemma 1.
We record some identities which follow from the above : Since — φk + ukφk = 0
we find

This can also be written as the identity

which can also be derived from (2.1) and (2.2) directly. This relation is of second
order but has the advantage of relating θk, θk+ΐ and not only θk_ί,θk,θk+ί.
Finally, we remark, if we set Ak = D — vk we have
»* = $.

(2.15)

8

M. Adler and J. Moser

Then we obtain

W

(2 16)

k + l = - ϋ k +ϋk

Indeed, by (2.15) and (2.13)
vk

vk-^-uk

and

by (2.14).
c) Explicit Representation of the θk
The factorization of Lk gives rise to the formulae
Lt = ^Mt = Λ-ι^-ι for k=l,2,...

(2.17)

and
*Ά-ι=Λ-ιV-ι

(2.18)

relating Lk, Lk_1. In order to get a direct relation between Lk and L0= — D2 we
introduce the operator

of order k. Then (2.18) yields
(2.19)

LkTk = TkL0
and (2.17) leads to the factorizations of (L0)fc, (Lk)k:

It is interesting—and this was discovered by Crum [2]— that the operator Tk
can be expressed in terms of Wronskians : We define the Wronskian of k functions
as

For abbreviation we also set

with another smooth function χ. Then one has Jacobi's identity
for

k=l,2,....

(2.20)

This is readily verified. The left-hand side is a linear differential operator of order
fc+ 1 in χ which clearly vanishes for χ = ψlyιp2,...,ψk as well as for χ = ψk+1. Thus, if
we assume that the ιp l 5 φ 2 ,...,φ k + 1 are linearly independent, the left-hand side
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must be a multiple of Wk+l(χ). Comparing the highest coefficient one obtains
(2.20).
We apply the above definitions to a system \p satisfying ψ0— 0, ιp1 — x and
ψ'j=Ψj-ι>

7 = 1,2,. ..,k.

(2.21)

Then one verifies, for χ = 1 and setting W0 = 1 that
(-l)*Wί-ι

for

fc=l,2,....

(2.22)

To prove this we write

and since ιp1 =x the last expression reduces by (2.21) to

^(iM-i)*Mv4^
proving (2.22).
Thus setting χ= 1 in (2.20) and using (2.22) we find
[Wk+^Wk_,-\ = W2k

for

fc=l,2,...

(2.23)

and
^0 = l , ^ = V l .
Thus with ψ1 =x we see that θk and Wk differ only by a multiplicative factor:
0* = ^

(2.24)

which one determines to be
k

7=1
But this factor is unessential for the following. The choice ψ1=x and (2.21) leads to
2j-l

J-2

W~~L)

i= 0

χ

2i

χ

'

(2.25)

V*l)

Equivalently one can define the ψj by the generating function
00

7=1

/

J

00

\ί = 2

where ρ 2 ,ρ 3 ,... are arbitrary parameters.
With this choice of τ/; 1 ,φ 2 ,... the Wronskians Wk are polynomials of x
= ρ l 5 ρ 2 , " ,Qk with rational coefficients. It remains to compare these parameters
ρ2, ...,ρ fe with the τ 2 , ...,τ f c in θk. For this purpose we have to take account of the
normalization of the θk. If θk+1 is a solution of (2.2), so is θk+1+cθk_1. The
normalization of the θk+1 can be expressed by
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M. Adler and J. Moser

where θk+1 =θk+1\τk+ι=o. A similar formula holds for Wk+ί and Wk+1
= wk+ι\ρk+ί=0 since Ψk+ι=Ψk + ι+Qk+ι we have by (2.22),

Comparing the last two equations and (2.24) we conclude
τ

_μ/c + ι /

k+l —

Pfc-1

V

or
Tt = a r f k ,

a ) £ =l 2 3 2 .5 2 ...(2fc-3) 2 (2/c-l)(-l) k - 1 .

We summarize:
Lemma 2. The θ /c (τ 1 ,τ 2 , ...,τ k ) are polynomials of the k variables with rational
coefficients. Moreover, they have the homogeneity property
Θk(λτ1,λ3τ2,...,λ2k-1τk) = λn«θk(τί,τ2,...,τk)
i.e. if we assign τ^ the weight 2j—l then θk are "isobaric" of degree nk = k(k+l)/2.
It suffices to prove the additional remark.
If we replace x, τp θk by x* = Λx, τj = λ2j~lτp θ* = λ"kθk one verifies that (2.1),
(2.2) and the normalization condition are preserved, hence by uniqueness θ%
= θk(τ*). This proves the statement.
d) Parametrization
Remark 1. The parameters τ 2 ,τ 3 , ... were introduced by a rather arbitrary
normalization condition. One can free oneself from this arbitrariness by replacing
the τ by
τ

* =f l j τ j+ S f / τ 2» τ 3» τ j-ι)'
where g^ are polynomials with rational coefficients and α/ΦO is a rational number.
Moreover, we require that g^ be isobaric of degree j which amounts to requiring
that the transformation τ^τj commutes with τ / ->/l 2 j ~ 1 τ / . In fact, the above
birational transformations form a group and we will reserve the freedom to pick
an appropriate such transformation (see Section 4).
In the following we need another property of these polynomials.
Lemma 3. For fixed d^.1 let

Then the σ are ίsobaήc polynomials in τ 1 ? ...,τ d of degree j. Moreover
σ2j_l=ajτj + q(τ2,...,τj_1)

for

j=l,2,...9d9

where oc; φO and q is a polynomial, isobaric of degree 2j— 1.
Corollary. This lemma implies that the above relation can be solved for τ 1 ? τ 2 , ...,τ d
and τ 1 ? ...,τ d expressed as isobaric polynomials with a nonvanishing linear term, of
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σ 1 ? σ 3 ,σ 5 , ...,σ 2 d _ 1 . Hence τ 1 ,τ 2 ,...,τ d are in birational, isobarίc equivalence with
σ 1 ,σ 3 ,...,σ 2 d _ 1 .
Proof. It is obvious from the above proposition that the σj are isobaric
polynomials in τ 2 , ...,τ d and we just have to verify that α; φO. Of course, α^α^d)
depends on d, and we simply compute it.
Clearly α7 is the coefficient of τ7 x"~ 2 j + 1 in Θ = θd and therefore we have
Λ

vΩ — n

-v-M — 2 j + 1

ttjX

f~
lor

r

_
TJ_
— r\u, ...,τ,_ d — nu

while
θ = xn

for τ 1 =0,...,τ d = 0.

Hence if we differentiate (2.2) with respect to τp djdτj denoted by a dot, d/dx by a
prime, we find
For τ 1 = τ 2 = ... = τd = 0 this gives

or since nd+1— nd_1—2d+ί
(d -j + IJa/d + 1) + (d + j)a/d - 1) = (2d + l)a/<ί) .
This recursion formula for α/d). together with α^ίi) = 1 for d =j (by normalization)
and oij(d) = 0 for d >j, determines α^d) uniquely. In fact one finds explicitly

°

for

^1'2'-'^

which proves the lemma.
This lemma has the following consequence: The polynomials (9 d (x-fτ l 5
τ 2 , ...,τ d ) are uniquely determined by the choise of the τ l s ...,τ d . Indeed, if
for all x then the coefficients σ^τ) = σ^τ) agree, which implies by the above lemma
that τk = τk. This remark implies that the representation (1.3) of ueMd is one to
one.
Remark 2. For τ 2 = τ 3 = . . . = τ d _ 2 = 0 one can easily compute θd explicitly and find
for rf^3
l)τ d _^^

zα

j

This formula contains as special cases those of [1], Propositions 2 and 3, Section 5.
e) Representation Tk
We conclude this section with an explicit representation of Tk due to Crum [2].
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Lemma 4. The mapping

can be represented in the form
far

k=l,2,....

VV

k

Proof. This formula clearly holds for k = 1 and we verify it by induction. It suffices
to check

Indeed, with Ak = φkDφΐl;
^

φk=Wk+ί/Wk,
wk(χ)\

Using (2.20) the right-hand side becomes

as we wanted to show.
3. A Deformation Problem for First Order Differential Operators
In [5] Lax related the Korteweg-deVries equation— as well as its higher
analogues —to the isospectral deformation of the operator
L=-D2 + u,

(3.1)

where u = u(x) is a C°°-function. We will describe an analogue problem for the first
order operator
(3.2)

A = D-υ

with v = v(x).
For motivation of the following we consider at first a bounded linear operator
A in a Hubert space and call A equivalent to A0 if there exist two unitary operators
U19U2 such that
UϊlAU2=A0.

(3.3)

Clearly the invariants of this equivalence relation are the spectral invariants of
A* A and of AA*.
We ask for deformations A(t) of A0 = A(ty which remain in the same
equivalence class. Assuming that U1 = U1(t\ U2 = U2(t) are defined through
differential equations
Uj-BjUj;

17/0) = / ;

j = l,2
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with skew Hermitian BJ9 we obtain by differentiation of (3.3)

or

A = B1A-AB2.

(3.4)

We apply this consideration to A = D — v9 v = v(x,t) and choose

as skew Hermitian operator. We now consider (3.4) as a formal relation for
differential operators. The left-hand side of (3.4) is a multiplication operator,
namely multiplication by — vt and bί9 b2 have to be so determined that in B^A
— AB2 the coefficients of D4, D3, D2, D vanish. The first two coefficients vanish
automatically while the other two are
+ 3t/ + 2(b 1 -& 2 )
-3v" + b'1-3b'2-2(b1-b2)v.
Setting these expressions equal to zero yields two linear equations for bl9 b2 with
the solution

with an arbitrary integration constant c. This constant reflects the trivial solution
of (3.4) with Bj = 2cD, vt = 2cvx. Therefore we set c = 0 and obtain from (3.4) a
partial differential equation for v which is computed to be
ι>t = it>w-ft>V.

(3-5)

This is the so-called modified Korteweg-deVries equation which was used by
Miura [7] in his derivation of the conservation laws for the KdV equation. For
this purpose he showed that the function

u = υ2 + v'

(3.6)

satisfies
w t = iw'"-fww',

(3.7)

if v is a solution of (3.5). This remarkable fact has a natural explanation in the
following observation:
If u = v' + v2 then the operator (3.1) can be factored as

L = A*A,
where
A*=-D-v

(3.8)
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is the formal adjoint of A. Moreover, the deformation equation (3.4) gives rise to a
deformation equation for L
L = A*A + A*A=-A*B1A + B2A*A + A*BίA-A*AB2 = [B2,L]:>

(3.9)

here we used that B* = — B , B = Bj(v). This is precisely the deformation problem
L = [£, L] B = B(u) = D3 + (b(u)D + Db(u))

(3. 10)

studied by Lax [5], which leads to (3.7) and B2(v) = B(v' ' + v2\ provided the
arbitrary constant is normalized appropriately. This shows then that any solutions
v of (3.5) give rise to a solution u of (3.7) via (3.6). This appears as a consequence of
the factorization (3.8).
If instead we consider the operator
L = AA*=-D + u
with ύ= —v' + υ2, then clearly we find analogously to (3.9)

and B ί ( v ) = B(ύ) = B( — v' + v2), where B(u) again denotes the third order operator
obtained by Lax. Moreover, u— —v'-\-v2 is automatically a solution of (3.7). The
duality map u-+u which takes solutions of (3.7) again into solutions of the same
equation, a so-called Backlund transformation, is here related to the deformation
of two products AA*, A* A, i.e. to exchanging A and A*.
These considerations can be generalized to the higher Korteweg-deVries
operators X j by considering real skew Hermitian operators J315 B2 of degree 2j — 1.
This leads for each j= 1,2, ... to two skew symmetric differential operators

s=l
2

2

1

J

2

1

(u) = D ^- + J] (ft^D^+D *- ^),

(3.10)

5=1

where fc1>s, b2> s are polynomials of t;,z/, ... and such that BVA — AB2 is a
multiplication operator. One can make B15 B2 unique by requiring jB 1? B2 to be
isobaric of weight 2j—ί where D and v are assigned the weight 1, hence v(s) = Dsv
the weight 5+1. The proof of uniqueness can easily be given by comparing
coefficients of Dα in (3.4) and will be omitted.
We will show now that these operators B19 B2 are closely related to the
operator occurring in the Lax formalism. We recall (see, e.g. [5,6]) that for each j
— 1,2, ... there exists a unique skew symmetric differential operator
B = B(u) = D2j-1 +JΣ (βsD2s-l+D2s~lβs]

(3.11)

s=l

with βs being polynomials of u, u', ... such that [£, L] = BL — LB is a multiplication
operator and B is isobaric of weight 2j—l,iΐu is assigned the weight 2 and D the
weight 1. The relation of J31? B2 of (3.10) to the operator B is expressed by:
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Theorem 1. The unique ίsobaric differential operators Bv B2for which B1A — AB2 is
a multiplication operator are given by

Proof. For a given v we set A = D — v

and construct the isobaric differential operators B = B(u\ B = B(ύ) of the form
(3.11) for which [£, L], [£, L] are multiplication operators. We define B^v)
2
2
= B(-v' + v ) = B(u\ B2(v) = B(v' + v ) = B(u) and note that B^ B2 are clearly
isobaric. Next we verify that Q = BίA-AB2isa multiplication operator. For this
purpose we show first that the operators
A*Q + Q*A=X(u)
(3.12)

QA*+AQ*=X(u)

are both multiplication operators. Indeed, since Bf = —Bt for ΐ = l,2 we have
A*Q + Q*A = A*(B^A - AB2) 4- (A*B* - B*A*)A = [J82, A* A] = [B2, L]
which by construction is a multiplication operator. Similarly
QA* + AQ* = [£1? AA*~] = [£, L] .
From the above two relations (3.12) we conclude that

is actually a multiplication operator. Otherwise, we would have r^l,
Computing the highest order terms in (3.12) we find

Hence, if r ^ 1 we must have r even. For even r we compute the terms of next order
as
= {(r+l)q'l-2(υq1+q2)}Dr + ...
and for r^2 we conclude that the coefficients of Dr must vanish, hence q^ =0, i.e.
#! is independent of x. On the other hand, Q is isobaric of weight 2j— 1 -f 1 =2j, i.e.
q1 is of weight 2j — ί>0, hence ^j =0. The last equation implies that q2=:® also.
consequently that r = 0, i.e. Q is a multiplication operator. By the uniqueness
of Bi9 B2 the theorem is proven.
For fixed j we introduce the multiplication operators
[B(w), L] =*/«),

-(B^uM -^B2(w))= yχ»)
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and accordingly arrive from L = [£,L], A~B1A — AB2 at the differential
equations

5-W

t-w
The first is the family of higher order Korteweg-deVries equations while the Yj(v)
are generalizations of the modified Korteweg-deVries equation.
As a consequence of Theorem 1 we note that the transformations u = υ' + υ2, ύ
= —v' + v2 take one equation into the other, i.e. we have the transformation
formulae

Clearly, by its derivation Xp Yj are isobaric of weight 2/+1, 2j respectively.
Finally, we need that
(3.14)

Yj(-v)=-Yj(v)
is odd. This follows at once from the fact that the adjoint of
Q(v} = B1A-AB2=-Yj(v)

on one hand, as a multiplication operator, agrees with β, on the other hand is
Q*(v) = A*B* - B*A* = - A*B! + B2A* ,
and since A*(v)= —D — v= —A( — v\ and B1(v) = B2( — v) by Theorem 1, we
conclude that

Hence Q(v)=-Q(-v), proving (3.14).
Finally we conclude from (3.13): Since theX 7 commute, i.e. XjKk=X]^j also
the YJ commute.
The above facts are —at least for j = 2 —not new but we wanted to derive them
in generality to show the natural implication of the factorization process and also
wished to make the following proof selfcontained.
We mention in passing that the Xj(u) and the Yj(v) can be defined recursively.
According to Lenard (see [3]) the X. satisfy
Xj+ί(u) = (uD + Du~^D3)Zj

where

cjKj = DZj

defines Zp where the c are constants. With Xl(u) = u' this recursion formula can be
used to define the Xj(u) and they turn out to be the same as defined above if the
constants CjΦO are chosen appropriately. This follows from the formulae in [6].
Formally, the recursion formula can be written as
Xj+ί=CjRXj

where

R = u + DuD~l -±D2 .

(3.15)
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It is easy to derive an analogous recursion formula for the Yj(v) if one uses
(3.13). One finds
y^i/,

Yj+i=CjSYj9

(3.16)

where

-

.

This expression S was determined so that the identity
(2υ + D)S(υ) = R(v' + v2}(2v + D)
holds, which makes evident that (3.15) goes into (3.16) under the transformation u
= v' + v2. The recursion formula (3.16) is due to Olver [10]. Incidentally, one can
use the evenness of S to derive (3.14) inductively.
In the following we will not need this recursion formula, however, and work
with Theorem 1, (3.13) and (3.14).
4. The Invariant Manifold Md
In this section we show that the potentials
ud=-2D2(logθd)

(4.0)

constructed with the polynomials θd of Section 2 define the manifold Md of the
introduction. We recall that Md was defined as the orbit of expj ^tjX λ through
_,

.

.

the element u — d(d + l)x which is a connected d-dimensional manifold. Since for
τ =τ
ι 2= ...=τ d = 0 we have θd = xnd, ud = 2ndx~2 it will suffice to show that the ddimensional family of functions (4.0) also are left invariant under the flows
expQΓfyAΓj). This is the content of the following theorem.
Theorem 2. There is a unique choice of rational functions ykj(τ2> •-> τj) and differential
operators

j=ι

j

such that for d = 0, 1, 2, . . .
**(«,.) = f>d

(4.1)

and
YM = Γkvd

where

vd = %±±-% .
^d+l

U

d

(Since ud, vd depend only on finitely many variables the sum breaks off.)
In other words, if the τ satisfy

dτ

(4.2)
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then M = w d (x-hτ l 5 τ 2 , ...,τ d ) solves the equation

Proof. We proceed by induction on d. For d = 0 we have UQ = 0 and therefore^ffc(ι/0)
= 0. Assume next that ykj = γkj(τ2, •••,?/) for 7=1,2, ...,d have been determined
f
such that (4.1) holds. Then we conclude from (3.13) and ud = v d + υj with
(2vd + D)Yk(vd) =Xk(ud) = />d - (2υd
or

Since ψ = φd 2 is a solution of (2ϋd + D)ψ = 0 we conclude that
W-/>d = cφ;2

(4.3)

with c being a rational function of τ 2 ? ...,τ d+1. On the other hand vd depends on
τd+\ ana in
*>-= j Σ
^,
g d ^^+r
j
d+l
d+l
M+1 /^=^
d +TM+1
Oτ

Oτ

(4.4)

Oτ

1

the coefficient yktd +ί can be uniquely determined so that c = ΰ, if Γ ^ is replaced
by Γk in (4.3). Indeed, vd = φ'd/φd = θ'd+1/θd+1-θd/θd where 0d is independent of
τ = τd+ 1 while Jθd +l/dτ = θd^i. Hence, by (2.2)

and the coefficient of y M + 1 in (4.4) is — (2d+ l)φ d " 2 ; thus we have from (4.3)
φ2d{Yk(vd)-Γkvd} = (2d + ί)yktd+1+c.
1

Thus, if we set yk d+1 = — (2d+l)~ c we obtain

as claimed in (4.2). This determines y M + i =y M + ι(τ2, ... 5 τ d + ^ uniquely.
Using that 7fc( — 1;)= — Yk(v) we conclude from (3.13)

= (2υd-D)Yk(υd}
= (2vd-D)Γkυd
= rk(Vd-vfd} =rkud+i
which completes the induction and the proof.
Lemma 5. The ykj = ykj(τ) are polynomials o/τ 2 , τ 3 , . . . with rational coefficients. If we
assign τm the weight 2m— 1 the yk are isobaric of weight 2(j—k). In particular, they
depend on τl with /^[/ — k]^j— 1 only. Moreover, ykk is a nonvanishing constant.
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Proof. First we express the differential equation ut=Xk(u) via u=— 2(log$)" in
terms of

with n = nd. This expresses the differential equation in terms of the σ; which finally
are transferred to the τ j via the corollary of Lemma 3 of Section 2.
From
k

'

"

δu

we conclude that

2 ou

,

an integration constant being eliminated by the isobaric property. The right-hand
side depends on u, u\ ..., and we observe that by (4.0)

with Pm being a polynomial in 0,0',.... Since δHk/δu is isobaric of degree 2k we
find that
2 δu

9 9

...

is a polynomial in 0, 0', . . . . Thus the differential equation takes the form

In this equation we compare coefficients of x. The term of highest power in x
containing σ7 is
(2k-2)nχn-jχn-l(n_(n_j^άj==χ2kn-j-ljάj

χ

i.e. comparing the coefficients of x2^"^1 we find
i°j= Σ ^m + ^ >
m<j

where α 1 ,α 2 , ...,0,- are polynomials in the σ. Thus we find

with polynomials i^.. Finally using the corollary of Lemma 3 we express these
differential equations in terms of τ l 5 τ 2 , ... in the form

One readily checks the homogeneity of the γkj to be given by
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by using an argument like in the proof of Lemma 2, and observing the isobaric
property oΐXk. In particular, y fcj = 0 for j<k and ykk is a constant.
To evaluate this constant we use the fact that
u

d = ^ϊ~

for

τ 2 = τ 3 = ...=τ d = 0

and for d = k
Y u7 , _,,
V-(2Λ+1)
k k~ckx

Λ

with a rational constant c k Φθ as one computes from (3.15). Thus we have for τ 2

as y k j = 0 for j < fe. Hence ykk Φ 0 as was claimed.
Thus the differential equations induced by Xk are given by Γfe, or equivalently
by

with isobaric polynomials y k j . Obviously the equations can be solved recursively as
polynomials in t. In fact, more is true: There exists an isobaric birational
transformation τ-^* such that for all fe^l we have

i.e. the above differential equation reduces to
Γ

kτ* = δkj

and τjf can be interpreted as the time variable for the flow Xk. This is a simple
consequence of the fact that the Xk— and hence the Γk —commute. We recall that
the τk were introduced by an artificial normalization and these parameters are
actually defined only up to the group of birational transformations which
2j
1
commute with τ -*λ ~ τj. Now we make the unique choice of the parameters so
that they are adapted to the KdV flows.
Theorem 3. There exists a unique birational
τ

a τ

τ

τ

* = j j + 9j( 2> 3>

transformation

τ

> j-ι)

with Q being isobaric polynomials
(λ^2, 15τ3, . . ., λ^- V

9j

with rational coefficients

t

) = λ2'-lgfa, . . ., v ,)

and a rational number a} =1= 0 such that
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Corollary. Ifu = ud(τl9τ29...9τd) is expressed in terms of τ* as u = u*(τf, ..., τj) then
the function

is a solution of du/dτ* =Xku.
Proof. We proceed by induction as follows : Changing the notation of the τj also
4
we assume that for some fe^l we have

up to terms <5Tm for m>k, which will be suppressed. For k — 1 this is trivially the
case and for k> 1 we will construct a transformation
τk

gffcτ2,...5τk_1)

(45)

such that

up to terms 3Tf* with m>k. This is obviously sufficient for the proof, if we also
verify that the gk and ak have the required properties.
To carry out this induction step it is convenient to break up (4.5) into k steps
and effectively make a second induction. First we achieve by τ% = akτk that Γk
= ykkakdτ* = dτ* by setting ak = ykk1, a rational number. Assume now that we already
achieved
y k =0

for

s<j<k.

Then for s <j < k, using the commuting of the Xk, hence Γfc, we compute

0— rj rs — r J~
r —fa.^sk°τkA
U

L

1

s

hence ysk depends on τ 2 ,τ 3 , ...,τ s only. Therefore we construct a transformation
=

so that
Γj = dτj

for

and

4

We abbreviate d/dτ by dτ
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while Γm, l^m^s— 1, maintains its inductively assumed form. Thus, if we
determine the polynomial g such that
5τ.

'*-"

then we have effectively replaced ysk by 0. The choice of g is unique if we require it
to be isobaric. After finitely many steps we achieve

up to terms <9Tm with m>k. This completes the induction argument. The isobaric
character of the g. follows readily from that of the γkj. This completes the proof of
Theorem 3.
As mentioned in the introduction the family of rational functions ud =
— 2(logθd)" defines an embedding of the manifold Md of [1] and the τ l 5 τ 2 , ...,τ d
can be viewed as parameters on this manifold. Therefore the roots x l 5 x 2 , ...,xπ,
n = ndoίθd:

i.e. the poles of
n

d=2 Σ (x-x/Γ 2

u

7=1

satisfy, by the derivations in [1], the algebraic Equations (1.4). This fact could also
be verified directly.
5. A Nonselfadjoint Eigenvalue Problem
The potential
u d =-2(logθ d )"
decay like cx~2 at oo but may have a real singularity, at a zero of Θ d (x,τ l 5 ...,τ d ).
We will show
Lemma 6. For real values o/τ l 5 ...,τ d the polynomials θd, d^.1 possess a real root.
We postpone the proof. We can avoid such singularities by admitting complex
values of τ l 5 τ 2 ,..., τd and choosing them so that no zero of θd(x, τ) lies on the real
x-axis, which is obviously possible. With such a complex potential we consider the
operator
Ld=-D2 + ud

(5.1)
2

in a dense domain in L (— oo, -h oo). Clearly this operator which depends on the
parameters τ 1 ? ...,τ d is not selfadjoint and this gives rise to some anomalies to be
described below. For studies of the inverse problem for such nonselfadjoint
differential operators we refer to the work of Marcenko [13]. The main properties
we wish to point out are that the potentials ud are all reflectionless and have a
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multiple eigenvalue at λ = 0 for (Ld)d. This is reflected in a higher order pole of the
resolvent at λ = Q.
We begin with describing the solutions of the eigenvalue equation
Ldφ=-s2φ;

(5.2)

thus fc = z~ 1s would be the usual wave number. Using Lemma 4 and (2.19) we see
that

together with φ(x, — s) are solutions of (5.2). Here e~sxψ(x,s) is a rational function
of s and x, in fact a polynomial of degree d in s as is clear from the last expression.
Its asymptotic behavior for x-> oo is the same as for τl = . . . = τd = 0 as follows from
the representation
and Aj = D-Vj = D + 0(l/x). Hence
1

) for

|x|-+oo sφO.

(5.3)

Hence, for SΦO the functions ψ+ =φ(x,s), φ_ =φ(x, — s) are linearly independent
solutions of (5.2) and their Wronskian is the same as that of sdesx, ( — s)de~sx:

[y+,v-l=(-iY2s2d+1.

(5.4)
2

For T! = ... =τ d = 0 the potential reduces to ud = d(d+ l)x~ and the functions
, s) are proportional to the Bessel function
ψ(x, ik) = a~kxHd+

(kx)

1/2

a = ( - l)dikd .

It is well known that the Bessel functions for half integer subscripts are elementary
2
functions. The potentials ud share this property with d(d+l)x~ .
The lost function is given by
/(x, k) - (ik) ~ dιp(x, ίk) - eikx

for

x -» oo .
ikx

This function is a rational multiple of e , hence the reflection coefficient vanishes.
Moreover, ψ(x, k) is an entire function of fc, but /(x, fc) has a pole of order d at the
origin since, by (2.22), (2.24)

To get the solutions for 5 = 0 we consider the Taylor expansion

with
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Since (L -f s )ιp = 0 for L = Ldwe conclude that
j^O

Q,

and LΦ 0 =LΦ 1 =0.

(5.6)

It turns out that the functions Φ2i are linearly independent since they have the
asymptotic behavior
φ

c

2i

d

2i~ i,dX ~

for

*-^°o

(5.7)

and C f d Φ O . However, Φ 1 ? Φ 3 , ...,Φ2d-ι
Φ0, Φ2, ..., Φ 2 d-2 I*1 f act ' we nave tne identities

are

linearly

dependent

on

fc-2

Φ 2 k -ι + Σ 0fc-iΦ2ί = °

for

i=0

2^/c^d

(5.8)

and Φ 1 =0. Here ρ 2 ,ρ 3 , ...,ρ d are the parameters entering the definition Wd
through (2.25). Indeed, since

vanishes for χ = ψk we conclude from (2.25) and (5.5) immediately the validity of
(5.8). Thus—by (5.6)—the equation
Lάφ = 0

has as solutions φ = Φ0,Φ2, ...,Φ 2 d _ 2 and, by (5.7),
Φ 2 ί eL 2 (-oo, +00)

for Q£2i^d-l.

This remark can be used to prove Lemma 6 : Assume that θd has no real root. If
d ^ 3 then the null space of Ld in L2( — oo, + oo) is at least 2 dimensional while that of
L is at most one-dimensional, since we are in the limit-point case. Therefore, for real
τ, when the operator L has a selfadjoint extension, this is impossible if ud has no
singularity. Hence θd must have a real zero for d^.3. For d=ί,2 this is evident which
proves Lemma 6.
Thus the existence of generalized eigenfunctions of L for λ = 0 given by (5.6) are
a reflection of the nonselfadjoint character of L since ud is complex.
For completeness we describe a basis for the solutions of ZA/> = 0, since
Φ 0 ,Φ 2 , ...,Φ 2 d -2 provide only half of such a basis. For this purpose we use the
formula (2.25) to also define \p. for j>d setting ρj = 0 for j>d. Then we have

and hence by (2.19) with T=Td
for fc = 1,2, ...,d. Hence φ = Tιpk+d, fc= 1, ...,d are solutions of Ldφ = 0. This proves
Lemma 7. The nwM space o/ Ld is spanned by
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and
One can. of course, not expect the usual orthogonality relations as in the
selfadjoint case. For example one has for all d^ 1 for the eigenfunction Φ0eL2 the
identity

More generally, we show
Lemma 8. For i+j<d, z'j^O one has
+ 00

J Φ2iΦ2Jdx = 0
— oo

and for 2j < d — 1
+ 00

J Φ2jψ(x, ik)dx = 0

(k real).

— oo

Proof. By (5.5) one finds by integration by parts
k

,2i

(20!

where ^ is a rational function of x Since T*T=LdQ = ( — D2)d and j<d the
first term on the right-hand side vanishes. From (5.7) we conclude that R(x)
= 0(x2l'+2 J ~ 2 d + 1 HO for |x|->oo, hence

The second relation uses the same argument.
We discuss briefly the spectral representation and the Green's function which
can all be explicitly given. We simply present the relevant formulae:
2
If Imfc>0 and λ = k then the equation
(Ld — λ)φ — heL2( — oo, +00)
has the solution
+ 00

φ(x)= J

G(x,y,k)h(y)dy,

— oo

where the Green's function is given by
2
-2ikΓ2d+-r-

ψ-(
-2ik

2d+

for

•j- for

*>y
x<y.
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Here we write φ + (x), ψ-(x) as abbreviations for ιp(x,ifc), t/>(x, — ifc) and use that
φ+ -*0 for x-> -f oo, and φ_-»0 for x-> — oo. Thus fe2d+1G(x, y,fe) is a polynomial
in fc, and at fe = 0 the Green's function has a pole of order 2d 4-1 in fe.
We turn to the spectral representation of a complex valued function /z(x).
Theorem4. // J (\x\d + l)\h(x)\dx < oo and heC'(-oo, +00) then
— oo
+ 00

+00

a+(k)= J h(x)ψ + (x)dx

a_(k)= J

— oo

h(x)ψ_(x)dk

— oo

/or fe ^ 0 implies
ι oo

{ }reg denotes the regular part at k = 0 of the function in the parentheses.
Remark. It is necessary to take the regular part of the integrand to ensure
convergence of the integrand. One could also interpret this integral as the "part
fini" in the sense of Hadamard or as regularization of a singular integral as is
standard in the theory of distributions [14]. In our case it means that one
subtracts from a+ψ_+a_ιp+ the first 2d terms of the Taylor expansion
2d-ί

d-l

v=0

α=0

Σ Pvfe v = Σ P2^

since our function is even. In the present case it is easy to calculate p2a using the
Taylor expansion of ψ(x, s) = ^sjΦj. One finds
+ CO

ί>2«= I

P2Ά(x,y)h(y)dy

— oo

j=o
In the case that α+(fe), α_(fe) vanishes of order 2d at the origin the above result
follows in part from the Fourier transform. For this formal argument we assume
^ eC co + mp so that τ *^ eC com P Applying the Fourier theorem to T*/z we have: If
+00

+00

a(k)= j (T*h)eikxdx= J
— CO

hιp(xjk)dx,

—GO

then the Fourier theorem gives

where α + (fc) = α(fe), a_(k) = a(-k) for fc^O. Using the identity Ld0 = T*T we find
2deikX =Ld^eikX =T*^(χ? fa}

k

and the above identity takes the form
T*U-~]k-2d(a+y_+a_ip+)

Polynomials Connected with the Korteweg-deVries Equation

27

provided that α + ,α_ vanishes of order 2d at the origin. Next we observe that the
null space of T* is spanned by Φ2j (/ = 0, 1, ...9d— 1). Indeed this null space has
dimension d as T* is a differential operator of order d and since Ld0 = T*T we have

Therefore we can write the last relation as

It remains to show that the c{ vanish.
For this purpose we proceed differently. We first assume that /ίeC*omp.
We apply the Cauchy integral formula to the function
1

(5.10)

},

— oo

where Q is an odd polynomial in k" 1 satisfying β = O(|fc|~ 3 ) at oo and which will
be chosen presently. Since w(x,fc) is analytic in Im/c>0 we have
f w(x,k)kdk = Q

cδ

for any closed curve Cδ in the upper half plane. We choose Cδ as a semicircle
centered at iδ; δ>Q together with the diameter. One verifies from the asymptotic
properties of ψ+ , ip _ and using integration by parts that
as

/c

|fc|->oo,

and this holds independently of the choice of (λ Therefore the integral taken over
the upper semicircle tends to
kdk

as the radius tends to infinity. Therefore we have
+ oo + iδ

nih(x) =

J

oo + iδ

w(x,k)kdk=

- oo + iδ

j

(w(x, k) - w(x, - k))kdk.

(5.11)

0 + iδ

Next we let δ tend to zero. It is here that we have to take account of the
singularity of G(x,y, k) at fc = 0. The contribution to the integrand of (5.11) is
k f (G(x, y, k) - G(x, y, - k))hdy
— oo
-j

2ίk

/

X

\

-Qo

Γ

+00

OO

x

+c

,_ ί

X

OO

N
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In order to avoid the singularity at the origin we take the regular part of this
d-l

expression. For this purpose we denote by p(k) = £ P2Λk2a tne first terms in the
α=0

Taylor expansion of the parentheses [ ] so that the regular part of the above
expression is equal to
k f (G(x, y, k) - G(x, y, - k))h(y)dy + ^k~ 2dp(k) .
^l

-00

Thus if we set

this is indeed an odd polynomial in k 1 satisfying Q = 0(\k\ 3) and the last
expression agrees with fc(w(x, k) — w(x, — k)). This expression is regular at k = 0 with
this choice of Q and for δ->0 Equation (5.11) becomes
+ 00

+00

11
reg

which proves (5.9) under the assumption hεC'comp.
For the proof of the full statement one needs standard estimates for the
integrand in (5.9) which we forego. But we wish to point out that for

we have by Lemma 8 a+(k) = 0 = a_(k). Thus these h can clearly not be represented
in the form (5.9). This is due to the fact that Φ2j decays at best like x~d and
therefore violates the assumption of Theorem 4.
Corollary to Theorem 4. // h, h are two functions satisfying the assumption of
Theorem 4 and ifά+(k) are analogously defined as a±(k) then one has the "Parseval
equation"
+ 00

Λ

00
2d

J h(x)h(x)dx = — f {k- (a+ά_+a_ά+)}ΐegdk.

-oo

2π

(5.12)

0

This follows easily by exchanging order of integration from Theorem 4.
The above relations (5.9), (5.12) are simple generalizations of the Fourier
transform and the Parseval relation into which they go over for d = 0. To get the
analogue of the real form of the Fourier transform we set

c(x, k) = T cos

fcx

s(x, k) = T sin kx

so that

ψ _ — c — is .
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Accordingly we set
+00

4- oo

α(fc)= J h(x)c(x,k)dx,

β(k)= J

— oo

h(x)s(x,k)dx

— oo

and obtain from (5.9)
I

oo

h(x) = -${k-2d(ac + βs)}regdk
π o
and for two functions h, h
+ 00

1 00

j hhdx = - f {fc-M(αδ + ^)}rβgdk.
π

-oo

0

Thus with respect to this basis the spectral density matrix is

,

1 fdk

0\

which is to be taken in the regularized sense [14].
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