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Abstract. The P(¢p), interaction with the periodic boundary conditions is
considered. It is shown that the energy-momentum spectrum lies in the forward
light cone. As a consequence, this result implies that the P(¢), theory in the
infinite volume with the periodic boundary conditions is Lorentz invariant.

1. Introduction

In the present paper we prove the spectral condition for models with the P(¢p),
interaction with the periodic boundary conditions.

The paper [1] by Glimm and Jaffe was devoted to the investigation of the
energy-momentum spectrum. Their arguments were based on the uniqueness of the
vacuum for the Lorentz rotated Hamiltonian H,(f) (= f,H, + fP)) and on the fact
that the uniqueness of the vacuum and the translation invariance of the
Hamiltonian imply the translation invariance of the vacuum, that is, the vacuum
has the zero momentum.

Unfortunately, the semigroup of operators exp(—tH(f)) does not preserve the
positivity even for the free Hamiltonian and so the uniqueness proof which is based
on the positivity preservation and the hypercontractivity does not work.

In our proof we do not prove the uniqueness of the vacuum, instead of this we
use, following Seiler and Simon [2], the Osterwalder-Schrader positivity in the
spatial direction to show that the vacuum subspace of H(f) contains the vector
with the zero momentum. Thus, our arguments may be represented by the following
diagram.

OS positivity
in the spatial direction
for Hy y(B), Py
Hy+ce)z(1-¢)IB| -
Vacuum overlap for Hy(f)
[Hv(ﬁ):Pv]—O - 4 - 3 N U
HyzP}
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For the P(¢p), theory the spectral condition in a periodic box V implies the
spectrum condition and the Lorentz invariance of the P(¢p), theory in the infinite
volume with periodic boundary conditions [3-5]. In addition, following Glimm
and Jaffe [ 1], we state the uniform bounds on the vacuum expectation values of the
certain products of derivatives of field operators.

The same results may be obtained for the theory with exponential type
interaction [6] and for the Y, interaction [7].

2. The Osterwalder-Schrader Positivity in the Spatial Direction

Let H, ,, be the free Hamiltonian and P, be the momentum operator with the
periodic boundary conditions in a box of volume V. The operator H,, ,, commutes
strongly with Py.. Let Hy ,(8)=p,H, y + Py, where 3 —p*=1, f,>0.

For further use we need the Osterwalder-Schrader positivity in the spatial
direction for the theory with the operator H,, ,(f) as the Hamiltonian and P, as the
momentum.

Let (2, ) be the operator algebra generated by the algebra .#(.# ) and by the
polynomials of the time zero fields ¢y (h)= [ dxqp, (x)h(x), h(x)e CZ ([ —V/2,V/2])
(h(x)e CZ ([0, V/2])). Here .#(4 ) is the von Neumann algebra generated by the
spectral projection of the time zero fields ¢, (h), heCF([—V/2,V/2])
(he CF ([0, V/2])). In addition, let 2, ., be the operator algebra generated by the
bounded operators exp(ip,(h)), where h is real and h(x)e C3 ([0, V/2]).

We define U as a free commutative and associative algebra over the complex
field, which is generated by the set of 2-tuples (¢, F), teR, Fe 2, see [8]. Here R is the
set of reals.

LetA,, A, ., be the subalgebras of A the generating sets of which are R x 2,
and Rx 2, .., respectively.

Let ae U, then g may be written in the form

a=Y o [1 ;. F;) @.1)

keA Jredi

for some finite sets 4 and 4,.
We set

Sa)= ¥ (QO,V, TI1 ﬁjk(tjk)go,v). 22)

Jredi

Here T is the operation of the antichronological ordering over the (time) variables ¢
and ﬁ(t) = ¢~ tHo,v(B) [otHo, v(B)

Since exp(—1tH, ,(B))f € D(¢y(h)") and 2Q,, ,,C D(¢(h)")for >0 and for each
vector f'e %, (=the Fock Hilbert space for the box of volume V) and for each n and
he C3([—V/2,V/2]), so the expression for S(a) is well defined.

Since £ is a commutative and associative algebra, so S(a) is a linear functional
on 2.
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This proves the following lemma:
Lemma 2.1. The formula (2.2) defines the linear functional on the algebra .

Let us define on the algebra U the involution @. If a is given by (2.1), then
O@= ) of [] t;,9F%87 1)

keAd JreAx
where * denotes the complex (hermitian) conjugate and 9 is the unitary operator of
the space reflection, 9¢,(x)3~* =@, (—x), in the Fock space Z,.
©(-) is an antilinear operator on the algebra 2L

Theorem 2.2. S(@(a)b) is an hermitian positive bilinear form on W ., antilinear in the
first argument.

Proof of Theorem 2.2. The bilinearity of the S(©(a)b) follows from the linearity of the
S(-), antilinearity of the @(-) and from the fact that 2 is an algebra.

To prove the hermiticity and the positivity, we first demonstrate that two-point
function (2.3) satisfies the Osterwalder-Schrader positivity condition in the spatial
direction.

The (anti-time-ordered) two-point function is defined by

Qv (PV(X1)‘3—(I2 ~#) Ho, V(ﬂ)(PV(xz)-Qo, y) for t =t,

ey~ .23
(Qo,w(Pv(xz)e (t1 IZ)HO’V(ﬂ)(PV(Xl)Qo,V) for t,>t, (2.3)

Guplty, x5t %x,)= {

Let
(Q, p(x,)e~ 27 HoBp(x Q) for ¢, =t,,

Gt X131 x2) ={<90,<p<x2)e-<“—'2>H°<ﬁ’<p(x1>szo) for &,>1,,

where ¢(x), Hy(f), 2, are the free field, the free Lorentz rotated Hamiltonian and
the free vacuum, respectively, in the full Fock space &, that is, in the Fock space for
the free boundary conditions.

The functions Gy, G, are translation invariant. We have

[ee]
Gpplty =ty x;—x,)= ) Gylt;—1p,x, —x,+nV) (2.4)
n=-o
and the series converges in the sense of distributions.
We note that
Gty —ts, X1 —X,) = Wy(iBolt; —t,l,1B(t; — ;) + X, —X,)

where W,(t,x) is the two-point Wightman function for the free scalar field. The
Hall-Wightman Theorem [9] (or the explicit form of W,) implies that the two-point
function W, is invariant under the complex Lorentz group. We use the complex
Lorentz rotation? (¢, x)—(ix, it) to obtain

Wa(iBoltl, iBt +x) = Wy(ix — Bt, Boltl) = Walix— Bz, fot) -

1 We note that the original proof used the boost with the velocity — 8, '. We are indebted to A. Jaffe
for pointing out referee’s suggestion to use the compleb Lorents invariance
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Let f; ,eCZ(R x [0, V/2]), 3(f(t,x))= f(t, —x). Using the above equality and
the relation
[nV —x, —x,|=|nV/— x|+ [nV/2—X,|
for 0= x,, x, < V/2, we obtain that the n-th term of the sum (2.4) is the scalar product
<Gp(t1 — 13, X =X, +0V), 3f{) 2D =(91,92) 5
where g, , are the vectors in the Fock space #,
g;= [dtdx f(t,x) -exp(—|nV/2—x|H,+iBtH ) o(B,1)2, .

Thus, the two-point function G, and, as the consequence, G, satisfies the
Osterwalder-Schrader positivity in the spatial direction.

0, g]) We

form a Hilbert space %, by dividing out by the vectors of norm 0 and completing.
Let %, be the symmetric Fock space over %;;.

Now we shall prove the hermiticity and the positivity of the bilinear form
S(O(a)b).

First of all we assert that it is sufficient to prove the theorem for a,b,e 2, ;.

Indeed, * algebra of bounded operators 2, ., is strongly dense in the von
Neumann algebra .# . The Kaplansky density theorem [10, p. 46] implies that
each Fe ./, can be approximated strongly by F(m)eZ, ., in such a way that

F(m)— F and |[F(m)| < ||F|.

Now a positive semidefinite bilinear form is defined on C§ (IRX

Moreover, on {2Q, ,}u{exp(—1H, ,(B)ZFy, >0}

(= im)'(exp iy (h)/m) = 1) —=— @, (h)"

for real he Cy ({O, gD

If now a, be A, and

a= ) o [] (t;0 Fj)

keA Jredk
then let
ap= ) o [] (&, F;m),
ked  jeedr

where F; (m) are defined in the following way. F; €2, and so

ij= ;G(la.]k)P(la.]kL

where G(I,j,)e ./, and P(l,j,) are the polynomials of the fields ¢, (h), he CJ ([0, gD
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Using Kaplansky’s density theorem we replace each G(l,j,) by G(l,j,, m) with
16 ji M = 1GALjII, Gl ji. meP, .o and

G(l,jka m)—St-') G(la.]k)
and we replace each ¢, (h) in the polynomials by

{ — im(exp (i, (Reh)/m) — 1) + m(exp (ip, (Imh)/m) — 1)} .

We define b,, in the same way.
Now the operator equality

A,..A—B,..B,=(A,—B))A,...A,+ ...+ A,...A,_(4,— B,)

and simple arguments imply that

S(O(a,)b,) = SO@H) .

Hence it is sufficient to prove the theorem for a,be ., .
Now let a,be U, .. We shall show that

5(@(a)b)=(N(a), N(b))z

where N is a normal ordering, i.e., N:2, ,— % is the linear mapping from the
subalgebra A, _, into Z.
If aeA, ., then

a=Y o [] (tjkﬁ Y. r)exp(iq)yhjk,,)>

keA JreAk reR(jx)

for some finite sets 4, 4,, and R(j,).
We define

N@=Y o T {( [T oG r(ik))> exp(— % [ dxdx"drdr”

keA r(-)eZx |\ jkedr

{ B, Pralw1906, =) G0 = =)

JreAx

( 2. hjk,ruk)(x")‘s(tjk"m))

JreAx

.Exp(i ¥y (hjk,,(jk)®5[jk)>}

Jredr

where §,=9(- — t) is the translated §-function and £, is the set of all functions from

4, to ) A(j,) with the following properties, if r(-)e %,, then r(j,)€ A(j,)-
Jredrk
And we denote by Exp(if) a coherent vector in the space &,

EXD(/)=18 @) 0 fx1, 1)@, S0, 1) @, . @, 5,1

Now it is easy to see that N(-) is a linear mapping from A, _, into F ;.
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Let us calculate (N(a), N(b))5, for a,be, .
(N(@), NO)go= ). .

keA leB r(-)eRi s(*)eS1

{ ot I et 0y
: ( I1 BGi 5(]1))) exp(j dx'dx"dt'dt"

( Sy (— X8 —t'))

ixed k

GﬂV(t/ — t//’ xl — xll ( Z th s(‘”)(xll)é(t . t/l)))

JieBy

exp (— % [ dx'dx"drde’

) < Z hik,r(ik)(x,)é(tik_ f))

ixeAy

Gyt —1t", x' — ( Y R (X0, —t”)))

1€B;

- exp (_ Y axdxdrde ( T by, o (X)6(t, — t’))

JjieB1

. Gﬁy(t/__ t”, x/ //) ( Z h,, s(n)(x”)é(tj, _ t//))}

JieBy

=X X

keA leB r(-)eRx s(-)e¥:

{oc:fﬁ,( Il a(ik,r(ik»*)

ixeAr
( 1 86 so,))) exp (— L axasarar
JieB;
( Z Biy v —X)3(t, — 1)

+ Z th S(Jz)(x )5(t11 /)> GBV(t, —t', x' — xﬂ)

JieB,

ixeAs

+ Y By (6(, — t”)))}

JieBy

. (_ Y i = X0, — 1)

We take into account that
Gy (t, x)* =Gy (t, —x).
Now we shall calculate S(®(a)b).
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Since
(Texp(ipy(h)t,) ... exp(ip, (h,)(t,)>
—exp (— S [ dxdx’h(x) Gyt~ 1, x’—x”)hj(x”))
i<j
-exp ( - % Z J dx'dx"h,(x')G 5, (0, X' — x")h j(x”)> ,

SO

S@@b)=> 3 ¥

keA leB r()eZx s(")e#1

{a;ﬁﬂl( I1 ot 600 IT A6 s6)

ixedx JjieB1

-exp (— % [ dx'dx"dt dt” (— Y By (—X)O(t, — 1)

ixeAx

+ z hll S(Jz)(x )5(t )) Gyy(t' =1, x'—x")

JieB;

(- > v (— X", — ")
+ Z h;, sn(x")0(t;, —t”)))}
JieB;

Here we use the fact that Gy, (t, x) =Gy (—t, —x) and transform the sum

»-5(z+x)- ;j-%g

i<j (x<1 i>j

Hence,
S(@(a)b)=(N(a), N(b)) 5., -

Since ( , )z, is the scalar product in the Hilbert space #; and N is a linear
operator, it follows that Theorem 2.2 is proved.

3. Vacuum Overlap and the Energy-Momentum Spectrum

In the connection with Theorem 2.2 we shall define Jost states [2]. Since Hj ,, = P,
the vector valued distribution ¢y (x,)... ¢, (x,)Q,  is the boundary value of a
vector-valued function (i.., Jost state), analytic in the region Im z,, Im(z, — z,), ...,
Im(z,—z,_,)eV,, where V, is the forward light cone. By cyclicity of the vacuum,
the set of linear combinations of Jost states is clearly dense in &% ,,. We call a Jost
state B Euclidean iff each z; is z;=(x;+iBt;, if,t;) with x;, t; real, B, =(1+p%)'?
and, moreover, the t/s are non-coincident.

We call a vector a 8 “good” Jost state if it is an integral over space variables x of
B Euclidean Jost states with a function

[T ), feCoC-V/2 V/2)

and t,t, —t,,t,—t,...,t,—t,_, are all positive.
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We say the state is supported in (a, b) x (¢, d) if supp f;C(a, b) and c<t,<d.

Lemma 3.1. Fix a, b, ¢, d with —V/2<a<b<V/2,0<c<d. The linear combination
of B good Jost states with support in (a, b) x (c, d) are dense in Fock space F .

Proof. The proofis the same as the one of Lemma 5.2 [2]. Suppose, 7 is orthogonal
to all f good Jost states with the support property. By taking the smearing functions
to delta functions, # is orthogonal to all § Euclidean Jost states with the support
property. By analyticity, it is then orthogonal to all Jost states and hence is zero. The
lemma is proved.

Now let H; , be the interaction Hamiltonian of the P(¢p), theory with the
periodic boundary conditions in the box of volume V. Let

E, =infspectrum(H, , +H, ),

H,=H,,+H;,—E,.

The operator (3.1) is essentially self-adjoint on the domain
9=9(H, y)nD(H, ) [11]. The operator H, commutes strongly with P,,.

With the help of spectral theorem we introduce the following self-adjoint
operator

Hv(ﬁ)=j (Bolo +ﬁ)-1)dE(/1) .
Here dE(A) is the common spectral measure of operators H; and P, and
Bo=(8*+ 1)~

Lemma 3.2. The operator H,(f) is bounded below, has a discrete spectrum and

HV(ﬁ)=ﬁOHV+ﬁPV'

Proof of Lemma 3.2. Since H), is essentially self-adjoint on & and eH,, ,, + H,  is
bounded below for ¢>0, so

Hy+c(@)2(1—~9H, » 2 (1 )Py
for sufficiently large positive c(s).

Then the spectral theorem and the commutativity of H,, and P, imply that

(Hy +c(e)* 2 (1—¢)* PZ.

Thus, the operator f | 1,dE(4) is bounded relatively to the operator f,H,, with
the relative bound smaller than (83 —1)*285 (1 —¢)~! <1 for sufficiently small .
Then, by the Rellich theorem [12, p. 2877,

HV(B)=ﬁ0HV+:BPV .
Moreover,
Hy(B)+Pocle)Z(1 =)o — (B3 —1)''*)H,

so the discreteness of the spectrum of H,, ,, and the Rellich theorem [13, p. 386] lead
to the discreteness of the spectrum of the Lorentz rotated Hamiltonian H(f).
Lemma 3.2 is proved.

3.1)

Theorem 3.3. The Fock vacuum Q,, ,, overlaps the vacuum for Hy ().
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Proof of Theorem 3.3. The idea of the proofis the same as in the proof of Theorem
5.3 in [2]. We apply the Osterwalder-Schrader positivity in the spatial direction to
the expression

(1, exp(—tHy (B))n)

for the appropriate #.
For this purpose, we shall approximate exp(— tH(f)) by some expression and
then we shall use Theorem 2.2.

Let
W,.= [ dxH,,(x)
{0,¥/21
W_= | dxH;,(x)
[-v/2,0]
then
H =W, +W_
and W,eL, for some p>2 [11].
Let
w, for |W,.|=n
w _ + +
+() {n for |W.|>n

then W, (n)e# ,. Since W, eL,, so W+(n)T;-> W, in any L, norm with g<p

(Lemma 3.5 [2]). Let W_(n)=exp(—iV/2P, )W (n)exp(iV/2P,) and W(n)=W(n)
+ W_(n).

Since ||exp(—tW(n))||, is bounded uniformly in n for each ¢, so the Corollary
2.14 [11, p. 133] implies that

Bo(Ho,y + W(n)+ Py 2 —c(f)

uniformly in #n.
Since W(n)»W in any L, norm with g<p and p>2, so on the domain
FNn9(H, ), where F is the set of vectors with finite number of particles,

Bo(Ho,y+ W(n)—Ey)+BPy —— B H, + P, .

Since the domain Fn%(H, ) is a core for f,H, [11, Theorem 4.2d], and
hence, for f H, + Py, so the corollary and the theorem [12, pp. 429, 502] imply
that

exp(—t(Bo(H o,y + W(n)— Ey )+ BPy)——> exp(— UBoHy + BPy)).

Since W(n) are bounded functions, so

exp(—t(Bo(Ho,y +W(n)+BPy))

= .S;;Eg)l (exp ( — % HO,V(B)) exp ( - t%’ W(n)))m .
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Let now 7 be a linear combination of f good Jost states supported in the domain
(t,x)=[1,2] x[V/8, V/4]. Then

(n, (exp( - %H o,v(ﬂ)) exp( - t’%" W(n)»m n)
=S<ﬁ kli (tk/m, exp( tBo W.( n)>) (tk/m exp (— tho w_ (n))) ) (3.2)

where we have used the same notation for # as the element of the Fock space %, and
as the element of the algebra 2.
Here the operations (-),, (-) are given by the following expressions:

a,= Z ® H (tik+t’Fik)

keAd ixed
a=7y of [] (—t,,F¥
keA iredi

and where a is given by (2.1).
Thus, we have

(3.2)=S (@ (@(ﬁm) k]i (tk/Fn, exp ( tBo w. (n))>)
. kli (tk/m, exp (— t'%o W+("))>)

and Theorem 2.2 implies that this expression is bounded by

S(@ (@(1111, Im] (tk/m exp( BO w. (n))))

m

e(m,) I1 (tk/m eXP | W (M)))M

k=1

S( ( EI (tk/m exp( 510 W+(n)>))
11 (rk/m, exp ( Loy, (n))))m

k=1

= (11’, (exp<— %HO,V(/})) exp< By W(n))) )1/2
. (QO,V (exp(—- ;—; Ho,V(B)) exp ( - ti_o W(n)>)"‘ QO,V)I/Z

where #' is some state supported in the domain [1,2] x[—V/4, —V/8]U[V/8,
V/4]} and ' does not depend on n, m.
Then, taking m— 0o, n— o0 we obtain
(1, exp(—tHy (B)n) < (', exp(—tH, (B)n)"/?
(9, exp(— tHV(ﬁ))'QO,V)l/Z .
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This inequality, Lemma 3.1 and Lemma 5.1 [2] prove Theorem 2.3.
In other words, the vacuum subspace of H,(f) has a vector with a zero
momentum.

Theorem 3.4. The joint spectrum of H,, and Py, is contained in the forward light cone.
That is,

infspectrum H,(8)=0, n(f)=n(f=0).
Here n(f) denotes the projection onto the vacuum subspace of H(p).

Proof of Theorem 3.4. By Lemma 5.1 [2] and by the inequality (3.2)

inf spectrum H,(f)= — lim % In(Q, , exp(—tH, ()2, 1)
t— 00

1
=—lim n In(Q, ,, exp(—tHy)8, ,)=0.
t— o0
Hence,
H,($)20.

The commutativity of H, and P, implies the commutativity of n(f) and P,,.
Thus,

t Pyn(f) = c(B)Hy (B)n()=0

hence
Hyn(f)=0, Hy(B)n(f=0)=0
and so
n(f)=n(f=0).
Furthermore, the commutativity of H, and P, implies that
Hy— o *p*Py 20
~ and so, by limits as f— oo,
H}—-P:=0.
This completes the proof of the theorem.

Corollary 3.5. For the P(¢p), theory in a periodic box we have
1
a) 0<Hy +my (/) +5 /13
- _ 1
b) 0SH, + By fPy £ (my(f) = Bo ' BV () + 3 1113

c) For ueC*(Hy)
B (F)ul + | H Vo ()l <11 By + D7 ]
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The Schwartz space norms | -|; are independent of the box cutoff V and they are
independent of the polynomial P and mass m, which define H,,.

d) ThereisaSchwartz space norm|-|, defined on & (R*"), such that for fe & (IR*")
we have

S, 0@y, @,,(x1,11) .. @, (%, 1,02y )dxdd S|,

where each @, is a my, or a Vo, and |-|, is independent of P, m, V.

Here Vo, (f)= —[ @, (x)Vf(x)dx, m,(f)=[ n,(x)f(x)dx, and 7, (x) is the con-
jugate time zero field and f(x) is a smooth function on V with periodic boundary
condition.

Proof. These statements can be proved in the same way as given in the paper [1] by
Glimm and Jaffe.

Corollary 3.6. The P(@), theory with the periodic boundary conditions in the infinite
volume satisfies the spectral condition and is Lorentz invariant. Furthermore, the
corresponding estimates of Corollary 3.5 are valid.

Proof. Proof of the spectral condition and of the estimates for the infinite volume is
given in [3] and the proof of Lorentz invariance is given in [4, 5].
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