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Abstract. We prove that the micro-local holonomic structure controls the local
monodromy structure of functions involved. This result plays an essential role
in investigating “hierarchical principle” in perturbation theory.

§ 1. Introduction

At the occasion of Kyoto symposium (Mn®) in 1975, Sato [15] emphasized the
importance of holonomic systems of micro-differential equations' in investigat-
ing the S-matrix and related functions. At least in the case of Feynman integrals this
point of view (i.e. the use of over-determined system of linear differential equations)
was also emphasized by Regge [12] as early as 1967.

In this approach, the first thing to do is to establish the fact that the S-matrix
and/or Feynman integrals satisfy some holonomic systems of (micro-)differential
equations. Partial results were given for Feynman integrals by Barucchi and
Ponzaro [1] and Sato [15] and for the S-matrix by Kawai and Stapp [, 6]. In this
direction a decisive result has recently been given for arbitrary Feynman integrals
by Kashiwara and Kawai [3,4].

Having this situation in mind, we show in this article how the holonomic
structure controls the local sheet structure of Feynman integrals. More precisely, we
show in Theorem 2 that our main result (Theorem 1) applied to Feynman integrals
entails that the local monodromy structure of the Feynman integral associated with
a Feynman diagram D controls that of the Feynman integral associated with the
“daughter” diagram D’ of D under moderate conditions. Thus our results find an
intimate connection with the celebrated “hierarchical principle” proposed by
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1 In Sato et al. [16], a holonomic system is called a maximally overdetermined system and a micro-
differential equation (operator, resp.) is called a pseudo-differential equation (operator, resp.). Here we
change our terminology according to the suggestion of Prof. Sato. We also use the terminology
“holonomicity of a function” to indicate the holonomic character of the function, i.e., the fact that the
function satisfies a holonomic system of (micro-)differential equations.



122 M. Kashiwara and T.Kawai

Cambridge group (see e.g. Landshoff et al. [7]). In our formulation, “hierarchy”
should be assigned through the existence of a micro-differential operator Q
discovered by the authors. (See p. 22 of Sato [15]. Note that Regge [12] has also
conjectured the existence of an operator essentially the same as Q.) This will be one of
the most important steps when we try to achieve the charming program of Regge for
the systematic study of Feynman integrals. See Pham [9], Regge [12, 13], Speer and
Westwater [ 18], Ponzano et al. [ 10, 117, Regge et al. [ 14], and references cited there
for related topics.

§ 2. Micro-local Holonomic Character and Local Monodromy Structure

We begin our discussions by showing some lemmas on the analytic properties of
microfunction solutions of a holonomic system of micro-differential equations. In
applying our main theorem to the investigation of Feynman integrals, we can
bypass the use of these lemmas by using our basic result (Kashiwara and Kawai
[3,4]) on the existence of a holonomic system of linear differential equations that
a Feynman integrals should satisfy. However, in order to embody the fascinating
idea of Sato [15], i.e. the micro-local study of Feynman integrals and the S-matrix,
these lemmas (especially Lemma 3) are crucial in the sense that purely micro-local
information can control the behavior of the solutions involved in complex domain.

Before stating our results, we prepare some notations.

Let M be a real analytic manifold and let X be its complexification. Let x¥ be a

point in ]}/ —1S8*M. We will choose a local coordinate system (z, x4, ..., X,) so that

x§=(0,0; |/ —1dtco). We denote by F the projection from X to €" defined by
(t, x)—>x. Accordingly a point in P*X will be denoted by (z,x; 7, &) and a point in

|/ —18*M will be denoted by (t,x; |/~ 1(z, &)).

Let y be a closed loop in X — Y for a hypersurface Y in X and f(t, x) be a multi-
valued analytic function defined on X —Y (ie. holomorphic on the universal
covering space X —Y of X —Y). Then we denote by T, f the function obtained by
analytically continuing f{(t, x) along y starting from a point on a specified sheet.

In order to simplify our notations, we shall use the following conventional
notations in the sequel.

(1) The point (¢, x)=(0,0) is denoted by 0.

(2) The projection from P*X (]/le*M, resp.) to X (M, resp.) is denoted by 7.
(3) For a topological space Z,Z denotes its universal covering space.

(4) B(e)={xeC";|x|<e}.

(5) B(xg,e)={xeC";|x—x,|<e} for x,eC"

(6) D()={teC;[t|]<d}.

() Dlty,8)={teC;|t—to| <5} for t,eC.
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Lemmal. Let V be a Lagrangian variety of P*X. Assume that

8) VnArn~1(0)={dtoo}

holds. Then, for any positive integer ¢, there exists a neighborhood U of 0 such that
9 {t,x)eU;|t|>ex]} X —n(V).

Proof. If the conclusion were false, we could find ¢ >0 and a real analytic curve (t(4),
x(A)p<1<1 in Y which satisfies the following conditions:

(10) (AN zelx(A),

(11)  (#0), x(0))=0.

Since 7|, : V— Y is a finite surjective map, we can lift up this curve on V. We denote
the corresponding point on ¥V C P*X by (t(1), (1) ; p(1)). Here p is by definition — &/,
the inhomogeneous coordinate in a neighborhood of dtco in P*X. Note that
condition (8) implies that p(0)=0. Since V is Lagrangian, the canonical 1-form w
=dt—{p,dx) restricted to V is zero by the definition. Therefore

(12)  de()/dp=<p(w), dx(p)/dp>

holds along the curve (t(u), x(1); p(1))o <, <1 C V- On the other hand, conditions (10)
and (11) imply that

(13) [£(0)z&lx' ().

Since p(p) is analytic in u and p(0)=0, this contradicts (12).
This completes the proof of Lemma 1.

In the situation discussed by Lemma 1, we may assume that V is closed in the
inverse image by n of a small neighborhood U=D(d,)x B(e,) of 0 and that
VArn~Y(U)-U is a finite map. Then

(14) Y=n(V)nU is a closed hypersurface of U=D(d,)x B(g,).
Choosing ¢, sufficiently small, we may further assume
(15) F~'(B(eg))nY—B(e,) is a finite map.

Now define H as the image of the points of Y where Y— B(g,) is not locally
isomorphic. Then

F~YB(ey)—H)N(U — Y)>B(¢,)— H
is locally topologically trivial. Further we may choose J, and ¢, so that
(16) ey<d,
and

(17)  {(t,x)eD(6,) x Bleo); lt| > x|} CX —Y

hold.
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Then we have the following
Lemma 2. Assume that conditions (14)—(17) are fulfilled. Then for any x in B(g,)— H,
the canonical map
(18) 7y (F~1(x)n(D(d,) x Bleg) — Y))=m,(D(3,) % Bleo) — Y)
is surjective for sufficiently small g,

Proof. First recall the following well-known exact sequence due to Hurewicz-
Steenrod :

(19)  7,(D(S,) x Beo) = YINF~*(x)) 57, (D(6) x Bleo)— Y —F ' (H)) L, (B(eo)
—H).
Since F~!(H)is of real codimension 2 in X, the map k from 7,(D(J,) x B(e,) — Y

—FY(H)) to n,(D(J,) x B(gy)— Y) is surjective.
We shall now show that

I=kei: 2, (D(5o) X Bleo)— Y)NF 1 (x))>7,(D(8,) x Bleo) — ¥)

is surjective. For this purpose, it suffices to show that for any y in n, (B(¢,) — H) we
can find y'en,(D(d,)x B(sg)— Y—F~'(H)) so that j(y")=y and k(y")=1 hold,
because k is surjective. By conditions (16) and (17), we may define y’ by {teC, ¢t
=to} Xy with 8> |ty| >¢,. It is clear that ¢ is trivial in 7, ({(t, X)e D(,) x B(g,); |t|
>|x|}), and hence also trivial in 7, (D(d,) x B(gy) — Y).

After these preparations, we obtain the following
Lemma 3. Let f(t, x) be a hyperfunction on M which satisfies following conditions :

(20) S.S. far 1(0)={]/—1ldtoo}.

(21) sp(f(t, x))* satisfies a holonomic system M=&E/ ¢ of micro-differential
equations.

(22) The characteristic variety V of M satisfies condition (8).

Let f(t, x) be a holomorphic function whose boundary value o( f)? is f. (Existence

of f is guaranteed by condition (20).) Then f (t, x) can be analytically continued so that
it is multi-valued analytic on U — Y= U —n(V) for sufficiently small neighborhood U
of 0.
Proof. First note that condition (20) implies that f(z, x) is holomorphic in {(t,
x)eD(6,) x B(e,); Imt>|Imx|} for sufficiently small 6, &, >0. Let P(t, x, D,, D,) (j
=1,...,N) be micro-differential operators which generates the ideal ¢. By
Weierstrass type theorem for micro-differential operators (Sato et al. [16], Chapter
I1,§2.2), we may assume without loss of generality that P; is a differential operator in
D,. We may further assume that order P;<—1. Then we can find a linear
differential operator A,(t, t', x, D,) in D, with holomorphic coefficients in (z, t', x)
near the orgin such that

(23) sp (cx (f A(t,t,x,D,) (%) dt/)) =P,(t,x,D, D,) sp(e(f))

2 As for the definition of «(f) and sp(f), we refer to §1.5 of Sato et al. [16], Chapter I
3 & denotes the sheaf of micro-differential operators of finite order
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holds for sufficiently small ¢ (see Kashiwara and Kawai [2], §3). Hence we may
assume that 4;(t, ', x, D,) is defined for (¢, ¢, x)e D(8,) x D(S,) x B(e,), ce D(e,) with
t

Imc>0 and that | A;(t, ', x, D)) f(¢, x) dt' is defined and holomorphic if (z,

x)eD(6,) x B(g,) for 6,> 6, >0. Furthermore we may assume that ¢, and J,, satisfy
conditions (14)—-(17) so that Lemma 2 is applicable. We shall take ¢, such that 0 <e,
<ey, 0;.

We now embark on the proof of the extensibility of f(t, x). Fix a point x,, in B(g, )
—H and define W=B(x,,0)CB(¢;)—H for sufficiently small ¢>0. Note that
YAD(5,) x B(e;)nF~(x) is given by {a,(x),...,a,,(x)} by holomorphic function
a;(x) in xe W. We next define G=D(0,; xo, 0) by D(0,)—{teC; |t—a;(x,)| =0, j
=1,...,m} for asufficiently small ¢ and denote its universal covering space by G. We
denote by @ the projection from G to G. .

We shall prove that f (¢, x) can be analytically continued all over G x W. First
define Q as a maximal connected subset of G that satisfies the following property.
(24)  f(t, x) is analytically continued all over Q x W,

We want to show Q=G. For this purpose we define an auxiliary set ' as
follows:

t
(25) Qisasetof point pin Qsuch that [ A,(t, ¢, x, D,) f(wy ' (), x)dt' (j=1,...,N)
to

is holomorphicifte D(d,) and xe W. Here U is an open neighborhood of p such that
U—-w (U)is isomorphic and we denote by @y, the restriction of wto U, and t, =@ (p).

Now we shall show Q' = Q. We first show Q' % 0. By choosing ¢'e D(6,) with Im¢’
>31,jA t,t',x,D )f(t x) dt'is holomorphicif(t, x)e D(6,) x B(e,), because 4(t, t',
x,D,) and f(t x) are holomorphic when teD(d,), xeB(e;)and t' eD( o) Imt' >¢,.
ThereforejA (t,t,x, D) f(t,x)dt = jA (t,t,x,D,) f(t,x)dt — jAj(t,t/,x,Dx)

f(t, x) dr 1s holomorphic for (t, x)eD( 1) X B(e,). This implies that Q0.
Secondly we shall show that Q' is open. Let p be a point in Q’ Take p’ in U

sufficiently close to p. Then j At 1, x, D) f((@y ' (), x)dt' = f A1, x,D,)

o(p) w(p)
t 7
f@gt(t), x)dt' + | A,(t, v, x, D,) f(wy ' (¢'), x) dt’ is clearly holomorphic for (z,

1,
x)eD(d,)x W. Thergfore Q' is open.
Lastly we shall show that Q' is closed in Q. Let p, be in Q'nQ. Choose p,eQ’
t

sufficiently close to p, and define ¢, by w(p,). Since p, e, j At t,x,D,)

Sfl@y*(t),x)dt’ is holomorphic for (t,x)eD(5,)x W. Further, jA(t t',x,D,)

f(@g (t)), x)dt’ is holomorphic for (t, x)e D(5,) x W, because p,e Q and because the
coeffments of Ays are holomorphlc in (t,t,x)eD(6,)x D( 1)><B(81) There-

forefAj(tt x, D)) f (wy 1(t)), x)dt' = jA(tt x, D) f(wy 1(t),x dt+jA,(tt x,D,)
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f(@g '(t'), x)dt’ is holomorphic for (¢, x)e D(5,) x W. This complete the proof of the
claim that Q="

Now we shall show that Q = G. Again, it is clear that Q + @ and Q is open. Hence
it suffices to show that Q is closed. Let p, be a point in 0Q. Choose a point p,
sufficiently close to p, so that it belongs to U chosen in (25). Define ¢; by @w(p;) (j=0,
1). We may assume that

(26) @(U)>D(ty,x),
@7 to—tyl<x,
and

(28) |t;|<d,—x

hold for some x >0. Define O, by {(t, x); [t —t,1*/c+|x—x,|* <(0® —|x; —x,|*)/2}
for

(29) x,e W=B(x,, 0) and 0<c<2x?/(0>—|x,—x,[%).

Clearly O, ,, CD(t;, x) X B(xy,¢) and O, . CO,, . for0<c; <c,. We next define a
real hypersurface S, ,, by the boundary of O, , . Itis clear that for any xe B(x,, ¢) we
can find some ¢ <x?/(*> —|x,—x,|?) so that (t,, x)eS, . Therefore it suffices to
show that

(30) f(wy'(t),x) is holomorphic in O, ,
implies
(31) f(wy (1), x) is holomorphic in O, .

On the other hand, the property (30) guarantees that it defines a well-defined
microfunction gon S, . asits boundary value. Further P;(t, x, D,) ptis given by the

t
boundary value of f A;(t, ', x, D)) f~ (@g '(t'), x) dt’ as long as any complex

51
hyperplane {(¢, x); {x,{) =a} isnot tangent to S, . (Theorem 3.6 of Kashiwara and
Kawai [2]). Note that S, is tangent to {(¢, x),; {x, {) =a} ifand only if t=¢,. This
fact guarantees us that we do not need to worry about such a point because

t
f(@g (1), x) is holomorphic in a neighborhood of {t,} x W. Since | 4 it x,D,)

ty

f (@y *(t'), x) dt’ is holomorphic for (¢, x)e D(J,) x B(x,, 0) due to the way of
choosing p,, it is holomorphic in a neighborhood of O, ., for any (c, x,) that satisfies
(29). In fact condition (28) guarantees that D(t,,x)CD(d,). Therefore (31) follows
from the invertibility of elliptic micro-differential operators if S, is not
characteristic with respect to 9. This assertion of non-characteristicness is obvious,
because S, x, is disjoint from n(V)=Y. Therefore Q is closed. Thus we have verified
that Q=G.

Let @, be a projection from D(5,)x B(e;)— Y to D(d,) x B(¢;)— Y. Then, for
Xo€B(e;)— H,w; ' F~1(x,) is a universal covering of D(6,)— {a; (X;), ..., @,,(x,)} by
Lemma 2 and hence the union of the images of G x W is a neighborhood of
@] ' F~1(x,). Since this holds for any x,, f can be prolonged to a holomorphic
function defined on @ '(D(6,) x B(e;)— Y—F ™' (H)).
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So far we have discussed the extensibility of f outside H. We finally show that H
has nothing to do with us.

Let ¢(t, x) be a defining function of the hypersurface Y. Note that Y is a
hypersurface because V is of purely dimension » and V—7Y is a finite map.

We consider the map (¢, x', y)—(t, x) by solving the equations

t=t
{xj=x;.+(p(t, x) @(t, x) v (¢ denotes a complex conjugate of ¢)

and consider a hyperfunction
S, X y)=1(tx).

Then, f'(¢, x, y)is a hyperfunction on (¢, X', y)-space and its singularity spectrum is
contained in |/ —1dt'co over t'=x"=)'=0. Moreover, f’'(t,x’,y) satisfies the
holonomic system of the micro-differential equations with characteristic variety V.
Hence we can apply the previous argument to f'(¢, X', y). Note also that the image
Y of V'is

{(t,x,y); (t,x)e Y} ={(t',x, y):({,x)e Y}.

because ¢(t,x)=0 on Y.

Let X' — Y (X — Y, resp.) be the universal covering space of {(t', x', y); [t'| <9, |x/|
<eg, |yl <e, (¥, x)¢Y} ({(, x) It} <, |x] <e, (¢, x)¢_Y} resp.) and let @' (@w”, resp.) be the
projection from X' —Y (X — ¥, resp) to (', x', y)-space ((t, x)-space, resp.). Then we
have a canonical map y: X' — Y—X — Y, Y.

The previous argument shows that f (t,x,y)=f(t, x)is analytically continued
to a function defined on @”~*({(¢, X, y); X'¢H}). We shall show that f (¢, x) can be
prolonged all over X —Y. For any point p in X —Y— o Y(YNnF Y(H) (Y is a
complex conjugate of Y), we can find p’ in X’ = Y such that yp(p')=p and @' (p') is
outside {(t', x', y); x'e H}. In fact, for any (t, x) outside YU Y, we can find (¢, X', y) over
(¢, x) with x'¢H for a suitable sufficiently small y, because ¢(t, x) qZ(t, x)=+0.
Therefore £ (t, x) can be prolonged to a function on X — Y—w~ (YA F~ }(H)). Since

-t (Yr\F 1(H))is of complex codimension 2, itis a is a removable singularity of f,and
hence f can be analytically continued all over X—Y QED.

Now we state our main result.

Theorem 1. Let F (t, x) and F , (¢, x) be microfunctions defined in a neighborhood of (0;
]/jdtoo). Assume that F;(j=1,2) satisfies a holonomic system M;=&/ ¢ ,(j=1,2,
resp.) of micro-differential equations defined in a neighborhood of (0; dtoo) whose
characteristic variety V,(j=1,2, resp.) satisfies condition (8) in Lemma 1. Assume
further that there exists a micro-differential oprator Q(t, x, D,, D,) defined in a

neighborhood of (0, |/ —1dtco) which satisfies
(32) Q( x, D, D,) Fy(t, x)=F,(t, x).

Then there exists a multi-valued analytic function F ,(t, x) (F 1(t, x), resp.) defined
outside Y=mn(V,) whose boundary value attains F, (t, x) (F, (t, x), resp.), and they enjoy
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the following property for a sufficiently small neighborhood w of the origin

N
(33) If aT, 151 (t, x) (a,€ C) is holomorphic in w for closed loops y,in w —Y, then
=1

N

> aT, F,(t, x) is also holomorphic in .

=1

Proof. First note that the existence of F, and F, follows from Proposition 1.5.4 of
Sato et al. [16], Chapter I combined with Lemma 3.

Condition (8) asserts that we can find generators P;(t, x, D,, D,) (j=1,..., j,) of ¥
so that the common zero of their principal symbols intersects =~ (0) only at {dtco}.
Therefore, by making use of Spéth-type division theorem for micro-differential
operators (Theorem 2.2.1 of Sato et al. [16], Chapter II), we can rewrite Q(t, x, D,,
D) in the form

Jo
Y. R,(t,x,D)D%+ ) Tt x,D,D,) Pt x,D,D,)
3Ey
for micro-differential operators R, and T;. Since P;(j=1,...,j,) annihilates F, (¢, x),
we may assume from the first that Q has the form ) R, (t, x, D,) D%, and hence it
has the following form: lal

(34) 0Q(t,x,D,D,)=0,(tx,D,,D,)+Q,,(t,x,D,, D,)
:Qd(tsant’Dx)+ Z Qa(t’ant)Diﬁ

e =m
aj=0

m
0

[1\Y%]

where Q,(t, x, D,, D,) is a linear differential operator and Q,(¢, x, D,) is a micro-
differential operator of order less than zero which does not contain D,.

Before discussing the procedure of analytic continuation, we note that Lemma 2
claims that y,(I=1, .., N) can be chosen so that it defines an element in
7, (F~1(x)n(w—Y)) for sufficiently small @ with x¢ H (see Lemma 2 for the
definition of H). y N

It is clear that ). 4T, Q,F is holomorphic, if Y a,Tylﬁ 1 is holomorphic.

=1 N =1

Hence it suffices to show that ) aT, 0,.F, is holomorphic. Since Q,(t, x, D,) is a
=1

micro-differential operator of order less than zero, we can find holomorphic
function g, (¢, ', x) defined near (¢, t', x)=(0, 0, 0) so that Q,(t, x, D,) D% F(t, x) is
equal to a boundary value of holomorphic function defined by

t
(35) [q,(tt,x)DiF (t',x)dr

at (0, ]/ —1dtoo) for sufficiently small ¢ with Imc¢>0. (Kashiwara and Kawai [2],
t
§3.) Note that | g,(t, ', x) DZF, (t', x) dt’ is also a multi-valued function on X — ¥, and
hence the singularity spectrum at (¢, x) = (0, 0) of this boundary value is contained in
t

|/ —ldtco. Therefore, F,(t, x)— Y g, x) D:F, (', x) dt' is holomorphic in a
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neighborhood of (¢, x)=(0, 0), because its boundary value has no singularity
spectrum.
Making use of this concrete expression of Q, (¢, x, D,) DL F, (t, x), we shall show
that
N t
(36) F(t,x)= Y aT, Y | q, t,x) DiF, (¢, x)dl
=1 a ¢

t

N
- Y ay [ q,tt,x)DIT, F\(t',x)dt
1=1 a c
is holomorphic in a neighborhood of the origin.

If this is the case, then the proof will be complete. In fact, the first term is equal to
N N t
Y. 4T, F, modulo holomorphic functionand ) a, Y 4.t t,x) DLT, Fy (¢, x)dt
1=1 =1 a ¢
is holomorphic in a neighborhood of the origin, because
N

Z alTy,ﬁ1(t,a X)
=1
is holomorphic in a neighborhood of the origin by the assumption.
t
Now we shall calculate F(t, x). First T, [ q,(t,t',x) DLF (¢, x) dt' is an integral of
q,(t, t, x) fo L (', x) dt' along the path in Figure 1a. There y,(¢) signifies the point
t

over ¢ on the sheet relevalent to y,. Secondly | g,(t, ¢, x) D% Tylﬁ (', x) dt’ is an

Imt’ A
0 Ret”
(a)
Imt” A
_______ —--a
et ——
P PPl ~o N
7/ ~ - - Y
"/// \\\\ \:x:iz’b ey (X) \\\\\\
-~
W (x) ><,< ~~fee N\
W\ a, LTSS — e —‘(U \\I
NS -’ ~d A\
o~ e~ )’ﬂ ) dc
am(x) - )’z(C)
0 Ret’
(b)

Fig. 1
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integral of g, (¢, ¢, x) Diﬁ (¢, x) dt’ along the path from y,(c) to y,(¢). Therefore, as
seen in Figure 1b

t t
Tvz j q,(t,t',x)DLF (¢, x)— f q,(t,t',x) D% Tyl F,(t,x)dt

7 (1)

j q,(t,t,x) D F, (¢, x)dt’

7 () -
— | q,(t,t',x)DIF (¢, x)dr
7,(c)
is an integral of g,(¢, ¢, x) D‘j‘cﬁl(t’, x) dt’ along the path from t'=c¢ to t'=7,(c).
Therefore, F(t, x) is analytic as long as this contour is not trapped between the
singularities of the integrand, i.e., as long as x¢H. This means that F (¢, x) is analytic
except possibly at xe H.
On the other hand,

t
o(t,x)= Z j q,(t,t,x)DLF (t',x)dt' — F,(t,x)
N

isa holomorphlc function defined near the origin as seen before. Therefore )" ,T,

N =1
Z jqa t,t, x) D“ (t, x) dt’ — (Z z) o(t, x) should satisfy i, hence it must be
I1=1
analytlc outside n(V}). Since ¢ is holomorphic in a neighborhood of the origin, and
that the second term in (36) is holomorphic, F(t, x) must be holomorphic in a
neighborhood of the origin.
This completes the proof of the theorem.

§3. An Application to Feynman Integrals

In this section we show how the results in §2 can be applied to analyze the
“hierarchy” of Feynman integrals. In order to avoid technical difficulties related to
renormalization procedure, we restrict our investigation to the simplest case in this
paper.

In this section we use the same notations as in Nakanishi [8], Speer [17],
Kashiwara and Kawai [3, 4], and Kawai and Stapp [5, 6] and do not repeat their
definitions.

In the sequel we exclusively consider Feynman integral F,(p) associated with a
Feynman diagram D which is external in the sense that at least one external line is
attached to each vertex j of D. Then we may assume without lose of generality that
exactly one external line is coming into each vertex, since we discuss off-shell
amplitudes in this article.

We also assume that all the relevalent particles are massive and spinless.

We first consider generalized Feynman integral F(p; A) formally defined below
(Speer [17])

II:Z

(pj+ Wit l]k) .

=1

(7) Fyps2= =5 [T d%*,.
* G 2—m+ioyt 7!
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We denote generahzed Feynman amplitude by f,(p; 1), thatis, f,(p; 4) is defined
on M= {peIR“” Z p;= } and satisfies Fp(p; A)= 54(2 pj)po,A). A com-

j=1
plexification X of M is defined by {pe(l:‘”‘ Z p;=

It is known (Kashiwara and Kawai [4]) that F(p, 4) can be considered as an
integral over (P(IR*))¥, and that it satisfies a holonomic system of linear differential
equatlons for generic A. Furthermore, the characteristic variety of M, is contained
in the extended Landau variety Z(D) defined below (Kashiwara and Kawai [4],
Theorem 2).

P(D)={(p,u)e T*C*"); there exist a sequence of scalars ¢ and o™ (I
=1,...,N) and four-vectors p{", ul™ (j=1, ...,n) and k{™ (I=1, ..., N) which satisfy
the following relation (38)}

psm)__,pj j=1,...,

U —u; j=1..,n
N

p§m)_|_ Y [j:0km =0 j=1..,n
=1

(38) (Z [i:l]uﬁ"“wﬁ'")"gm))/ =0 I=1,...N

=1

“§m>(k§m)2_ mf)—>0 I=1,....N

™ is bounded I=1,..,N

Ak is bounded I=1,...,N

(cf™, cf™k{™)-+0 [=1,...N.

Denote by ,EjP(D)Oo the subvariety of Z(D) defined by the same equations as (38)
with the additional condition

(39) ™ —0 for some I.

Note that & (D),, corresponds to the so-called (mixed) second-type singularities.
Note also that the Equation (38) reduces to the following Equation (40)
[((ordinary)Landau(-Nakanishi)equations] if (p, u)e Z(D)— Z(D).,. Here we have
used the externality condition on the diagram D.

N
(40) 3’(D)={(P,“)€P*(¢4”);P,—+ > k=0 (=1,..,n),
=1
Y [:lu+ok=0 (I=1,..,N),
j=1
a(kf—mf)=0 (I=1,..,N) and o, +0 for some lo}.

For the sake of simplicity of notations, we define Z,(D) by {(p, u)e PX(C*"); p;
N n

+ 3 G0k=0 G=1,m) ¥ [:0uy+ ok =0 (=1, N), o=} =0, &g
= j=1

—mf=0and o, +0 (I=2, N)}.
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N
We similarly define £ (D) by {(p, u)e P*(C*"); p;+ Y [:0k=0(j=1,...,n),
=1

Y [:lu;+ok, =0 (I=1, ..., N), K} —m?=0 and ;40 (I=1, ...,N)}.
j=1

We denote by D’ the diagram obtained by contracting out exactly one internal
line of D, say the first internal line. The Feynman integral F.(p; 1) is given by

N N N
I1 64(pj+ Y [i:l]k,)54<pj++pjf+ YU Ok+ Y [i‘:l]k,) N
j’[j:l]=0 1=2 1=2 1=2 nd4kl-

=2

N
[1 (e —mi +i0)*
=2
Here j* denotes the (unique) number that satisfies [j*:1]= + 1.

N
We define £ (D) as follows: £ (D)= {(p, u)e P¥(@C*"); p;t+ Y [j:11k,=0 for
1=2

N N
with [j:1]1=0, p;++p;-+ Y, [ :0k+ Y [~ :0k=0, k¥ —m}=0 and o,+0
=2 =2
(1=2,...,N), Y [:lQu;+ok,=0(I=1,...,N), oy =0}.
j=1
Using these notations our theorem is stated as follows:
Theorem 2. Let p,e R*" belong to (& (D)% o(D")). Assume further that there exists
a complex neighborhood w, of p, which satisfies the following :

(41) 7 Ywy)nZ(D), = {(p, u); pEwy, Y. p;=0 and u;=a for some ae(E4}.
ji=1

(42) If (p, u) belongs to n~ (w,)NZ (D), then corresponding (o, k) should satisfy (40).

(43) n(Z,(D))nw, has the form S, US, with non-singular hypersurface S, and S, in
X which touch mutually tangentially along S;NS,, which is non-singular and
codimension 1 in S, and S,.

_ Then there exist a neighborhood w of p, and a multi-valued analytic function fD(p)
( fo(p), resp.) defined on wnX — (L (D)) (wNX — (&L ((D")), resp.) whose boundary
value attains the Feynman amplitude f;(p) ( fp(p), resp.), and they enjoy the following
property :

If Yy alTvlfD(p)(a,e(E) is holomorphic in wnX for closed loops v, in
=1

m

onX —n(Z (D)), then ). a,TylfD,(p) is also holomorphic in wnX.

=1
Proof. It suffices to show that conditions required in Theorem 1 are fulfilled in this
case.

In view of conditions (41) and (42), Theorem 2.1.1 of Sato et al. [16] entails that
S.S.fp(p; 4) is confined to L(D)n |/ —18*M in n~ '(w,). Note that £(D) naturally
defines a subvariety of P*X under the usual convention that (p,u)=(p’, ) if and
only if p=p" and u;—uj=a (j=1, ...,n) for some aeC*.
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Furthermore, taking account of the +i0 character of the propagator, one can
easily verify that S.S. f;(p, A) is really contained in the positive-o« Landau(-Nakanishi)
variety, ie., S.S/p(p,A)C{(p, |/ —1u)e |/ —18*M; p;+ i [:k=0 (j=1,...,n),
i U:0uj+ok,=0 (I=1,...,N), oy(kf —m})=0 (I=1, ...1,7\;), #; 20} (cf. Sato et al.
ﬁé], Chapter 1, §2). Moreover Fp(p, ) considered as a microfunction depends

holomorphically on AeC" in n~'(w,) by condition (41). Therefore Fy(p;1,...,1)
is well-defined as a microfunction and is equal to

n N

I 54(p,.+ Y [i:l]k,) .
Fpp)= [ = [T d*k,.
[T (k2 —m2+i0) '~

l

Hence f(p; 1, ...,1)=fp(p). Then one of our results on the relationship between
Fp(p) and Fp(p) claims that there exists a micro-differential operator Q(p, D,)
defined in a neighborhood of (p,, uy)e £ o(D)NZ ((D’) such that

Q(p,D,) f(p)= fp(p)

holds there (see Sato [15], p.22).

Furthermore in a neighborhood of (p,,uy)e Z(D)NZ (D) f,(p) satisfies a
holonomic system of micro-differential equations whose characteristic variety is
confined to £ (D). This fact follows from conditions (41) and (42) combined with
Theorem 2 of Kashiwara and Kawai [4]. One can also verify this results under
conditions (41) and (42) by the immediate application of Theorems 3.5.3 and 3.5.5
to fp(p) (cf. Sato [15])%.

Thus we find that all the conditions required by Theorem 1 are fulfilled in our
case, if we choose a local coordinate system (¢, x) on M in a neighborhood of p, so
that S, has the form {t=0} and that S.SfD(p)mn‘1(0)={]/_—_Idtoo}. Condition
(43) guarantees that such a choice of a local coordinate system is possible. Note that
Z,(D)nn~ Hw,)is a conormal set of S, US, under condition (43). Therefore we find
the required relationship between f(p) and f,(p). Q.E.D.

Remark 1. Though we have restricted ourselves to the case where exactly one simple
internal line is contracted out, we can equally deal with the case where multiple lines
are contracted out. However, since the proof of the existence of micro-differential
operator Q(p, D,) in this case requires a detailed argument on renormalization, we
will discuss this case in a separate paper.

Remark 2. Theorems 1 and 2 might be regarded as a micro-local version of the
celebrated “hierarchical principle” in perturbation theory (see Landshoff et al. [7]).
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4 This is because there is no “u=0 point” for off-shell amplitude except possibly where the points at
infinity with respect to k are relevalent, if D is supposed to be external. See Kawai and Stapp [5, 6] for
this point
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