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A Symplectic Structure on the Set of Einstein Metrics

A Canonical Formalism for General Relativity
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Institute of Mathematics, Polish Academy of Sciences, 00-950 Warsaw, Poland

Abstract. A symplectic structure i.e. a symplectic form I' on the set of all
solutions of the Einstein equations on a given 4-dimensional manifold is
defined. A degeneracy distribution of I is investigated and its connection with
an action of the diffeomorphism group is established. A multiphase formula-
tion of General Relativity is presented. A superphase space for General
Relativity is proposed.

1. Introduction

It is known that the Hamilton formulation of mechanics is an appropriate tool
for the quantization of classical systems. In the sixties this formulation was
elegantly presented in a general theory of symplectic manifolds cf. [1, 22]. A basic
concept in that approach is a 2n-dimensional manifold £,, — a phase space of a
dynamical system and a non-degenerate closed 2 form § on 2,,. The differential
form 7 defines a bilinear skewsymmetric form {-, -} on the vector space % of all
smooth functions on £,,. The form {., -} is called a Poisson bracket. It defines a
Lie algebra structure on the set &. Very often £,, is the cotangent bundle to an
n-dimensional manifold ¥ (a configuration space of a system). Then 7 is the
canonical differential 2-form on T*V and if (¢’) are local coordinates in ¥, (p;, ¢')
are local coordinates in #,,=T*V then

Y=Y dp;ndg (1.1)
i=1

and for f,, f,eF = C*(P,,)

n

{f1, [2}= ) (0f1/0p)(0f2/0q") —(0f/Op:)(Of1/0q) - (12)
i=1

In recent years was found a generalization of the notion of the symplectic

manifold which is useful in classical field theories [15—17, 237. This construction

is based on a geometric theory of the calculus of variations formulated by Dedecker
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[7] cf. also [16]. It turns out that for any variational problem with a fixed boundary
in a space-time M there exists a multisymplectic manifold (2, ) i.e. a manifold
2 with a closed 5-form 4 (5=dim M +1). Field equations of the theory have the
form:

(X_1H)e=0 (1.3)

where Q is a 4-dimensional submanifold of £, X is an arbitrary vector field on Q
tangent to 2 and | denotes the pull-back of the 4-form X _1% to the submanifold Q.
To see that (1.3) really generalizes the Hamilton equations of mechanics we
have to consider a homogeneous description of mechanics. Let £, be a 2n+1
dimensional submanifold of the cotangent bundle of ¥'xIR given by a constraint
equation H=H(pj, ¢',t), where ¢ is a coordinate in R and —H is a coordinate
conjugate to t. We have
Yom= Y. dp;Adq'—dH A dt . (1.1
i=1
If Q is a 1-dimensional submanifold of £, given by a parametrization
Q={(t, p(0), q'(t)):teR} then the equation (X_I7y,,,)|2=0 is equivalent to the
system of Hamilton equations:

dq'/dt=0H/op,,  dp,/dt=—0oH/éq' . (1.4)

Notion of a multiphase space was intoduced by Kijowski [17] who gave its
axiomatic definition. For Lagrangian theories a couple (%, }) can be constructed
by means of the Legendre transformation [16, 23]. In the paper [17] a Lie algebra
F 1o Of “local functionals” has been defined. These functionals are represented
by integrals of differential 3-forms on 3-dimensional Cauchy surfaces in 2.
Unfortunately for non-linear theories the algebra &, is too poor. It was proved
in [17] that for a non-linear scalar field A¢" n>2 the algebra & consists only of
the generators of the Poincaré group. Similar results concerning the algebra of
“local functionals” were almost simultaneously presented by Goldschmidt and
Sternberg [16]. The theory of multiphase spaces has been investigated later by
Gawedzki [15] who has found a partial solution of that problem considering only
physical quantities (functionals) localized on a given space-like surface in the
space-time M. However this approach does not enable to compute a Poisson
bracket of two physical quantities at “different instants of time”.

The essential progress in the canonical formalism was achieved recently by
Kijowski and the author in the paper [18]. In this paper has been found a natural
symplectic structure on the set of all solutions of the field equations for a given
field theory. A starting point in [18] is a given multiphase space (a multisymplectic
manifold) (2, 7). In the set J# of all solutions of the field equations (X_I7)Q=0
we define a pseudodifferential structure, i.e. a pseudodifferential structure in a
subset of all 4-dimensional submanifolds of 2. This structure, called the structure
of an “inductive differential manifold” is a generalization of the notion of an
infinite dimensional manifold. It enables to define in # standart notions of
differential geometry as: vector fields on #, differential forms, commutators
of vector fields, the exterior derivative ....
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In turns out that there exists on # a closed differential 2-form I" (naturally
defined by 4). Using the 2-form I we can define a Lie algebra of physical quantities.
In general the form I is degenerate i.e. there exists such a vector Ye T,(#) that
for every X e T(#)

(¥, X)=0. (L.5)

A degeneration of I' imposes restrictions on the definition of physical quantities:
a physical quantity F is such a smooth functional on # that there exists a vector
field ¥ on # such that for every vector field X on #

AFX)=-I(¥, )= -1X). 1.6)

For instance in electodynamics a degeneration of I is connected with an invariance
of the Makswell equations with respect to the gradient gauge: 4,—4,+ 6,0
and A, are not physical quantities but B and E are (cf. L18]).
A subspace W, C To(#) which contains all vectors ¥ sat1sfy1ng (1.5) is called

a gauge subspace and the corresponding distribution W is called the gauge
distribution of I'. It is involutive [18].

The gauge distribution enables us to eliminate physically irrelevant variables
of the theory. We can try to pass to the quotient space # such that T(#) = T(#)/W
and then we have on # a closed nondegenerate form I".

In the present paper we apply the general theory developed in [18] to the
General Relativity. In the Section 2 we construct a multiphase space (2, 7) such
that the Equation (1.3) is equivalent ti the system of Einstein equations:

I =39"(0.915+ 0,9vs— 0s9,) a
R,,— 19, R+2g,,=0 '

The Section 3 is devoted to a brief discussion of the Cauchy problem for General
Relativity. In the Section 4 we derive an effective formula for the form I'. If we
choose the ADMW coordinate system [3, 24] connected with a given space-like
surface ¢ in M we obtain a “diagonal” form of I' in terms of the infinitesimal
translations dg,;, 6n”, where g;; is a metric tensor of o and n¥/ is expressed by its
second fundamental form K;; by the formula

1=~/ (K py = 90K 575 (L8)
The diagonal form of I' enables to give the full discussion of a gauge distribution
of I'. In the Section 5 we prove that the gauge distribution Wis closely related with
an invariance of the Einstein equations with respect to an action of the diffeomor-
phism group of the space-time M (coordinate transformations). If we divide the
space of states # by the gauge equivalency relation, we obtain a superphase
space # for General Relativity. This construction of the superphase space
 justifies the proposition made by Fischer and Marsden in the paper [13],
where a similar object has been proposed as a superphase space for the Einstein
dynamics.

In this paper we present in a more general framework some results obtained earlier by Dirac [9],
Arnowitt-Deser-Misner [3], De Witt [8], and Fadeev [11]. It seems interesting to give a detailed
comparison of their results with ours. We hope to do it in another paper.
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2. A Multisympletic Structure of General Relativity

The purpose of this section is to construct a manifold 2 and a closed differential
S-form y on 2 such that y-singular 4 dimensional submanifolds of £ are in a one
to one correspondence with the set of Einstein metrics on a given 4-dimensional,
smooth manifold M. Let 7,:S2T*M—M be the bundle of symmetric, 2-covariant
nondegenerate tensors (metrics) on M with a negative determinant g=detg,,.
Let m, —trG*(S2T*M) be the Grassmannian bundle of r,-transversal planes
tangent to S2T*M [n,-transversality means that for ven,—tr G*(SLT*M),
m,0+0]. If (x*) are local coordinates in M, (x*,g,,) are local coordinates in
SZT*M then local coordinates in 7, —tr G*SZT*M) are (x*, g, V,z) Where
Yuva=Vyuz- They have the following transformation properties:

gu’v’ = (3xu/@xu’)(ax\'/0xv')guv (2 1)
Vv 20 = (X4 0x*) (0x"/ Ox*) (0% 1y H(O((OX"/0x*) (0x”/0x™ ) [0X* )0y~

For purposes of General Relativity it is more convenient to introduce the bundle
of Christoffel symbols Ch (bundle of the Riemannian connection) which is iso-
morphic (as a bundle over S2T*M) to the bundle 7, —tr G*(S;T*M). If local

coordinates in Ch are (x*, g,,, I’ ﬁv) with a coordinate transformation law:
I, =(0x"/0x")(0x"/0x™)(0x* [ox*) I, + (6°x°/ox* ox™) (0x” | 0x°) (2.2)
then an isomorphism between Ch and &, —tr G*(S2T*M) is given by the formulas:

Fﬁv = %gla(’))uav + yvdu - Vuva)

Tury T (2.3)
’))uvl:g,ucrrvl"—gvo'rul .
We define = Ch and
w=g"/—gdx° n...Ad[A ... ndX>
+ =g/ —gdx° A AdTE A A dXP
+ — ("% Ty — T8 T5) +224))) — gdx® A dx' Adx? Adx? (2.4)

(4 is a real constant).

Proposition 1. The Formula (2.4) defines a 4-form on 2.

Proof. We have to check that (2.4) is covariant with respect to the coordinate
transformations (2.1) and (2.2).
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Definition. y=dw.
y=(—(Tg" + Lag™) +3(I,9"0; + Ty ,9"464) + g*'Thp)
)V —gdl, Adx® Adx* Adx® Adx?
+(g™ 9" + 979”08 — g™ 9" 5] + g7 972k + g7 5} + 972" oY)
) —gdli AdxO A Adgp A AdXP

4
+(—%g" 9" 68+ 59" (g0} + 90/ — gdT i, AdAXO A .. AdgpA ... AdX?
Q
(= T4 )g* g% —3(T Iy, — 14,0 )99 — Ag™)
V= 9Adg,p ndx® Adxt Adx? Adx? (2.5)

Proposition 2. v is locally an exterior derivarive of a formy i.e.y=dyp locally where:
w=(g"g" It —3(g"g" I, + 90" %) — 39" 9T e+ 3997 %)
Y =gdx® A AdgA . ndx?

Q
+ —(g T, — T4 )+ 20/ —gdx® Adx" Adx? Adx> . (2.6)

The expression (2.6) is not covariant and therefore y is determined only locally
(in one coordinate chart). Formally (2.6) can be obtained by a general procedure
from a Lagrangian function % (cf. [23]). We know [2] that the formula

LG i) = (T4 g = T4, T5)g™ +22))/ g 27

locally gives a non-covariant lagrangian density for Einstein equations. Hence
(locally)

p= Y (0%L/0g,, )dx° A ... /\%/\ A dX3

[7=9%

A
—( Y (6$/8guv,,1)guv,,l—$)dx°/\ LoAdx3 (2.8)

usv

c.f. [23] the formula 4.27.

Let o:M—2 be a global section of the bundle n:#—M such that Q= (M)
is a 4-dimensional embedded submanifold of 2. Let X be a =m-vertical vector
field tangent to 2 and defined on Q (a vector field on Q). We say (cf. [17]) that Q
is y-singular if for every such X:

(X Iyie=0 (2.9)
In local coordinates we have

@)= {(x", g (), Ty (x")} (2.10)
X=Y 0,000+ Y Pio/or%, 2.11)

asp usv
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and the Equation (2.9) is equivalent to:

Fﬁv = %gla( avgucr + a,ugvo' - aaguv) ’ (2 1 2)
R, —%9,,R+1g,,=0 (2.13)
where

R,,=R] R=g¢g"R,,

pov?

r r (2.14)
Rﬁav= azrﬁv_ avrﬁa_i_rfarnv—rgvrua .

In this way we have a one to one correspondence between y-singular 4-di-
mensional submanifolds of 2 and solutions of the Einstein equations (2.12), (2.13).
This correspondence gives us a multisymplectic structure of General Relativity
cf. [17]. The Proposition 2 and the Formula (2.8) give a connection between the
multisymplectic description and the classical lagrangian formulation of General
Relativity. However this connection is not exactly the same as in lagrangian
theories (cf. [23]), the form v is not determined globally.

The couple (2,7) will be a starting point of our further considerations. y-
singular submanifolds of 2 form a prephase space (space of states in the terminolo-
gy of [18]) # for General Relativity. It turns out that the space # is too large.
In the sequel sections we show that 5# should be divided by an equivalency relation.

3. The Cauchy Problem and the ADMW Coordinates in General Relativity

In this section we discuss briefly the initial problem for the Einstein equations.
Main results in that direction have been obtained by Lichnerowicz [20], Choquet-
Bruhat [5], Choquet-Bruhat and Geroch [6], Fischer and Marsden [13, 14].
It turns out that an appropriate choice of coordinates in the space £ is very
important for a discussion of the problem. It has been shown by Arnowitt -Deser
-Misner and Wheeler [3, 24] that a 3+1 decomposition of geometrical objects
connected with a given space-like surface o in M provides an elegant description
of the Cauchy problem. A profound discussion of the ADMW coordinates has
been recently done by Fischer and Marsden [13]. We shall describe briefly those
coordinates.

Let (g,,) be a metric tensor on M having a signature (—, +, +, +). Let o be
a 3-dimensional surface in M which is space-like. We assume that there exists a
neighbourhood @ of ¢ in M and local coordinates (x°, x*, x?, x*) in ¢ having the
transformation properties:

xO=x"(x%x5;  x¥=x(x9; x%0,xH=0

(0x°/x%)(0, x5 =1 and o= {x:x°=0}. (3.1

Because ¢ is space-like the 3 x 3 tensor g;; is positively defined and has a positively
defined inverse tensor g%, It is easy to prove that g°° <0 and we can define:

N=()/=¢°)""'; N,=gou; N*'=g“N,. (32)
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It follows by (3.1) that N is a scalar function on ¢ and that N¥, N, are components
of a vector (covector) field on o. We call N a lapse function and N* a shift vector
(cf. [24]). We have formulas:

%k =N¥/N?;, goo=—N?+NN,; gP=FP"—N°NP/N*. (3.3)

[/—_g=N]/§, where g=detg,,, g=dety,;. (3.4
The second fundamental form of ¢ is defined by (cf. [19]):

K;j=—g,;Vn" (3.9)

where n*=(1, — NN ! is a unit normal vector to o. Let
Fk - nga(a gla+ a!g]a agu)
then
=Ik— N3
I'Yy=N?3"I}+ V,N*~N*N*I) —N*N~'ON

_ 3.6
F21=GPN/N+F;S (3.6)
Fgo = Nsl’gs +3,N/N
and
0o9i5= l—7iNj+ l_7jN,. + ZNZF?J. 37

09oo=2(—NOoN+N"V,N,)

where ¥, is the covariant derivative with respect to the affinity I'Y. By (3.5) and (3.6)
we have

K= —NTI% (3.9)
Let
I= —VG(K yy— G pK o TF" G (3.9)
then
= T T 310
I =(—9)7""(g,,9;77 — 39, trx), where tru=g,n" (3.11)

Now we shall express the Einstein equations in terms of g;;, 7/, Ny, N. It is known
[2] that the system of the Einstein equations

G,=R,,—39,,R+79,,=0 (3.12)
is equivalent to the system:

Ris=Agis » (3.13a)

Gy=0. (3.13b)

The Einstein tensor G, satisfies always the contracted Bianchi identities

v,Gi=0 (3.19)
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It follows by (3.14) that the system (3.13) is equivalent to the system:
Rys= 2955 » (3.152)
Gllo=0. (3.15b)

In local coordinates of the type (3.1) G does not depend on gy, o, g, 0o- Therefore
G on ¢ depends only on g;;, 7', N,, N and their spatial derivatives. In this way
the system (3.15) consists of 6 dynamical Equations (3.15a) and four conditions
(3.15b) on initial data.

In the ADMW coordinates the system (3.15) reads (cf. [3]):

G’/ == N/GRY —§IR) —2Ng P (mint) ~ trm-n)
+V/FPFIN ~Fi7F, N)+ 7, (N*n)

+ — V,Nin¥ — V,Nins —2AN}/ 33" , (3.16a)
Vni=0 ong, (3.16b)
R-2).—g Ym,m"—4(trn)*)=0 ono. (3.16b")

If we choose g;; and 7V on ¢ such that the Equations (3.16b) are satisfied, we can
look for a solution of (3.16a) with those initial values. However the Equations
(3.16a) do not contain time derivatives of N,, N and therefore N,, N have to be
chosen arbitrary not only on ¢ but also beyond it. If N, N are chosen in a neigh-
bourhood of ¢ in M then there exists a unique solution of (3.16a) satisfying the
Cauchy data g;;, 7/ on ¢. For details see [5, 6, 13, 14, 20].

4. A Symplectic Structure of the Set of Einstein Metrics

Let A be a real number (a cosmological constant). We consider the space of states
H (M, A) (or briefly ) i.e. an infinite dimensional space of all y-singular sections
of the bundle n:#— M. According to the results of the section 2 y-singular sub-
manifolds of 2 are in a one to one correspondence with the set of Einstein metrics
i.e. metrics fulfilling the Einstein equations

R, =2gu.

In this section we prove that the set J# (M, A) has a natural (pre)-symplectic
structure. At any point Qe # we define a vector space To(#) tangent to J# at Q
and a bilinear skewsymmetric map I': To(#) x To(#)—IR. Moreover we define
a notion of the exterior derivative of the differential 2-form I'. It turns out that
dI'=0. The definition of Ty(#) and I follows the paper [18], in which Kijowski
and the author have elaborated a general approach to any field theory with a
multisymplectic structure (£, y). We do not need a differentiable structure in the
set /. This set has a natural pseudodifferential structure of so called “inductive
differential manifold”. Axioms of that theory have been given in [18]. A detailed
discussion of them for General Relativity will be done in another paper. We recall
that according to [18] a vector X tangent to s at Q can be represented by a
n-vertical vector field X tangent to £ and defined on Q (a n-vertical vector field
on Q), which additionally satisfies some system of linear differential equations.
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If
X= Y 69,0/09,+ Y, I 0/l (4.1)

=34 U=V

then &g,,, 6T}, satisfy equations:

5Fﬁv = 5(%9/16( augvo' + avguo' - ao'guv))
= %gld( Vuégvo +V 5gua -V 5guv) = 0 (423)

R,y = Ag )= Z (R 4,/ 0p) G ap + Z (OR,, /0l 35)0I 55— 70g,,=0.  (4.2b)

A vector field X on Q satisfying (4.2) transforms infinitesimaly the solution Q of
the Einstein equations into a solution of the Einstein equations.

Let ¢ be a y-singular section of 7:2—M which corresponds to an Einstein
metric g,,. Let ¢ be a 3-dimensional space-like surface in M and ¢=¢(0). For any
two tangent vectors b'e 1,X 5 at Q=@(M) we define:

I(Xy, Xo)= [(X, A Xp) dy= X, X,y (4.3)

where vector fields X,, X, on Q represent the vectors X, X,.

Remarks. 1. 1If ¢ is properly chosen a submanifold c¢=¢(0)CQ is called an admis-
sible initial surface in £ (cf. [17]). We know (Sect. 3) that through such a sub-
manifold pass many solutions of the Einstein equations.

2. To provide a convergence of the integral in (4.3) we have to assume that
fields X, X, have compact supports on ¢. Of course, one can consider X, X,
having no compact supports on ¢ but impose some vanishing conditions at the
“spatial infinity”.

3. It has been proved in [18] that if c=¢(0) is an admissible initial surface
then the integral in (4.3) does not depend on a particular choice of a space-like
surface o in M.

Proposition 3. The form I’ is closed i.e. d'=0.

For a definition of the operator d and a proof of the proposition see [18].

We shall now express the formula (4.3) in local coordinates of the type (3.1)
which are determined by a lapse function N on ¢ and a shift covector N,ono
(cf. [3, 13, 24]). If o={x:x°=0} then submanifolds ¢,={x:x°=t}—e<t<e
are also spacelike (at least in a neighbourhood of a compact subset of g).
Therefore we can use the coordinates (N, N, g, 7, M,, M, T'{) (Where M,=
2,N,M ;= 9,N)) in a neighbourhood of a compact subset of c=¢(c)CZ. A con-
nectlon between the coordinates (g,,, I, “) and (N, N, g; i 7, M, M, Ij) is
given by the formulas (3.4), (3.6), (3.7), (3. 10) (3.11).

A m-vertical vector field X on Q representing a vector X tangent to # at Q
has in these coordinates a form:

X=6N0oJoN+N,3/oN+ Y. 8g,,0/09,,+ Y. om0/ on'i+ M ,0/oM,
i<j isj

+0M,,0/0M o+ Y. 8T 0/el; . 4.4)

k=<s
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with conditions [cf. (3.7)]:

oM, =0,0N, 5Mﬂk=0u5Nk, 4.5
5Fl{s:%g_ja(r7k5gsa + l_7sagka_ l_7aagks) (46)
aoégij= 5(1_7iNj + l_7jNi + (2N/l/§_(gipgjqnpq - %gij trm)) . 4.7)

The equations (4.5), (4.6), (4.7) form a set of kinematical conditions. We have also a
set of dynamical conditions obtained by a linearization of the Equations (3.16):

0o0m =5(— Nﬁ(ﬁu _ —in) _ QN/VQ_) (nfln‘” _% tr i)
+3(/FV'VN — GV V,N)+ V(N7

+8(— V,N'ni— V,Nin¥ = 2AN|/gg"), (4.82)
HVn)y=Von'i+6lin*=0 ono, (4.8b)
S(R—24—§ ‘(m,m"—1(rm)=0 ong. (4.8b")

Combining results of the Section 3 with the above formulas we conclude that a
vector X tangent to # at Q determines 12 quantities (57, dg;;) on c¢= (o) (or
equivalently on ¢C M), which satisfy the constraint Equations (4.8b) and 4 ar-
bitrary quantities 6N, 0N, given in a neighbourhood of ¢ in Q (or in a neighbour-
hood of ¢ in M). Conversely, if we have on c=¢(s) 12 quantities (5n%, 04;;)
fulfilling the Equations (4.8b) and 4 arbitrary quantities 0N, SN, given in a neigh-
bourhood of ¢ in Q, we have a uniquely determined vector field X on an open
subset of Q. We obtain its components solving Equations (4.7), (4.8a) with the
Conditions (4.5) and (4.6). Of course, a problem arises, whether X can be extended
on the whole Q such that (4.2) hold. This is the problem of finding of a global
solution of the linearized Einstein equations.

The following subspace of T,(#) plays an important role in our considerations:

Definition. ’f’(gsc)(%) is a linear subspace of Ty(#) consisting of these ¥e Ty(#)
that there exists a vector field Y on Q of the form (4.4) such that:

1. oN,6N,, 6M,, OM, are arbitrary on c,

2. 0M;=0,0N,0M 4 =00N,onc,

3. 6n'=0,3g;;=0onc. (4.9)
Remark. Let us notice that the Conditions (4.9) are consistent with (4.5) and (4.8b).

Proposition 4. For any X e Ty(#) and Ye 70“(9,0)(%) we have I'(X, ¥)=0.

Proof in the Section 7.

We see that the subspace 7, () belongs to a gauge distribution of the form I".
It is connected with the fact that the Einstein equations do not determine N, N, by
their initial values (cf. the Sec. 3). That in turn is related to an invariance of the
Einstein equations with respect to an action of the diffeomorphism group of the
space-time M.

The main result of this section is a “diagonal” expression for the 2-form I’
in the ADMW coordinate system:
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Theorem 1. Let X, X, Ty(#) be represented by vector fields X, X, of the form
(4.4) then:

(X, X,)= [ (67°3g,,— 6n0g, )dx" A dx* ndx> (4.10)

Proof in the Section 7.

The Theorem 1 shows that entities 7* are in some sense conjugate to the
spatial components of a metric tensor g,,. However we must remember that
n® and g, are not independent, they fulfil constraint equations (3.16b). These
four equations are an essential feature of the theory. In the next section we show
that they determine a gauge distribution of the form I' i.e. such a maximal linear
subspace W,C Ty(#) that for every Ye W, and X e T(#), I'(Y, X)=0.

The Proposition 4 is a first step in that direction.

5. The Gauge Distribution and an Action of the Diffeomorphism Group

It is known [1,22] that the symplectic 2-form §= Y dp;Adg' in mechanics is
i=1

non-degenerate and provides an isomorphism between the tangent and the
cotangent space of the phase space 2,,. This isomorphism plays an essential role
in the definition of physical quantities as functions on 2,,. It has been shown in
[18] that in general the 2-form I' is degenerate. In the present section we investi-
gate the gauge distribution of I'. As we can expect the gauge distribution of I' is
closely related to an invariance of the Einstein equations with respect to an action
of the diffeomorphism group of the space time M. In the language of the classical
physics that diffeomorphism group action is called “a change of coordinates”.

Definition. The gauge distribution
Wo={Ye T(#): (Y, X)=0 forevery Xe To(H)} (5.1

Definition. 71},(%) is a subspace of Ty(#) consisting of all vectors ¥ which are
represented by a vector field Y on Q such that SN =0, 6N, =0 on Q and 67", dyg;;
are arbitrary on c¢ fulfilling only (4.8b).

Remark. The definition of 71“9(%) does not depend on a choice of an admissible
initial surface ¢ CQ (for such c that 7(c)= {xe M:x° =const}).

The constraint Equations (4.8b) do not contain entities 6N, ON, and therefore
each X e T,(#) can be uniquely decomposed into X, e T, o) and X, € T(Q o),

ie.
To(H#)= T,;(éf)@ 70"(9,6)(9{’ ) (a direct sum). (5.2
The decomposition (5.2') together with the proposition 4 allow to consider only

vectors belonging to the subspace T, o).

For a given space-like surface 6 C M (or equivalently for an admissible initial
surface ¢cCQ) we define C,=C*(denS*T(c)®S*T*(0)), i.e. a vector space con-
sisting of pairs (67", dg;;) where 6 is a symmetric 2-contravariant tensor density
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on ¢ and dg;; is a symmetric 2-covariant tensor on ¢. We know that a vector X
tangent to s at Q determines an element %e C, and every element (67, 5g, )eC,
which fulfils (4.8b) represents a vector X e T, o).

For any Qe # we define a scalar product on C,:

g(a,Q)((éﬂij> ?gij)a (énij> égij))
=@ " 6n"g,,9,407" + 1/ G0G,,7 7T g g)dx" A dx® A dx? (5.3)

and an operator J:C,—»C,

JOnY, 89,)=(1/309,,3"T%, — (@)~ 20179, - (5.4)

It is easy to see that J*>= —id.
The scalar product g, o defines a scalar product g, ) in To(H#)

5(6,9)(X1> X2)= g(a,!))(xl, X,) (5.5
For X, X,e Ty(#) we have by (4.10), (5.3), and (5.4)
— 9, a(J X, Xy)= X, X,= t 9o, (X1, JX,). (5.6)

Remark. The definition of g, 5 and J depend on a choice of ¢ C M. For a given
Qe [ie. if (n7, g,)) satisfy (3.16b)] we have a differential operator generated by
the constraint Equations (4.8b):

C,2X->AXe C*(T(0)®R).
If X=(0n", dg;,) then:
AX=(g~"*(V,onti 4 6T *), SR+ 3~ H(R—22)5G— §~ *8(n**m— 3(trm)?)) (5.7)
where
Vont = 0,6m + Il om’®
5rk =37V, 1094+ V5gja l_7a5gij)
SR = —R"5g,,+ ViV*sg ;. — V*V,89;,9"
6G=3g"*dg jk -

The vector space C*(T(c)®R) consists of pairs U=(u’, ), where v’ is a vector
field on ¢ and y is a scalar function on ¢. It has a natural scalar product:

G100 ). (8. )= [ (it [T+ [/ G)dx" A dx? (59)

(5.8)

where u; =g u".
By means of the scalar products (5.3) and (5.9) we define the adjoint operator
A*: C*(T(o)®R)—~C,

9o A*U, X) =91, 0(U, AX) ;  UeC*(T(c)®R), XeC, . (5.10)
Integrating (5.10) by parts we have:
A*(uj’ X) = (5nij’ 5gij) >
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where:
onil= —L(Vu/ + l_7jui)]/5— 2 -1 trmg)y
8= —QY/q) " (o Vus+ 70 Pty — Ve ju®)
+-29 1(”is§Sk7Tkj—% trom,; )y + ‘—7i‘_7jX—gijl_7kl_7kX‘RuX
+g(R—=22)y. (5.11)

Remark. The definition of the operators A, A* depends on a choice of a state
Qe and on a choice of a space-like surface o C M.

Proposition 5. im JA* Cker A.

The proof in the Section 7.
The Proposition 5 allows us to construct vector fields on €2, which represent

elements of 71“9(92’). Indeed, every Xeim JA* generates such a field.

Definition. I/f/(Q,c) C 71}2(.%” ) consists of such vectors Ye 71"9(%”) which are represented
by vector fields on @ generated by imJA* (5.12)

Proposition 6. W(Q,C)C Wo.

Proof. This proposition follows immediately from (5.6) and the orthogonality of
ker A and im A*.

Definition. Wo= Vf/(Q,C)GB 70"(9,6) (a direct sum) (5.13)

Remark. WQ does not depend on a choice of ¢C Q(s C M). Combining the Propo-
sitions 4 and 6 we have:

Proposition 7. WQC Wq.

We cannot assert that WQ: W, because we do not know whether ker A@im A*
is equal to the whole space C,. It is certainly true when ¢ is compact.

Proposition 8. If 0 CM is compact then for every Qe # ( for which o is space-like)
C?(denS?T(0)®S*T*(0))=ker A@im A* (an orthogonal sum). (5.14)

The proof of the proposition is based on the theory of differential operators
with injective symbols ([21, 4]) and is given in the Section 7. It seems that (5.14)
can be also proved in a non-compact space, but we have to impose appropriate
boundary conditions.

Corollary 1. If (5.14) is fulfilled then:
ker A =(ker Anker AJ)®imJA* (an orthogonal sum). (5.15)
For the proof see the Section 7.

Corollary 2. Wy,=W,,.
To(H)=F oW, (a direct sum) (5.16)

where F, is a subspace of 71"9(%) generated by elements belonging to ker Anker AJ.
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The subspace F,C To(#) determines degrees of freedom for the gravitational
field (cf. the Sec. 6).

We shall explain now a connection between the gauge distribution W and an
action of the diffeomorphism group of the manifold M in the space . Let Diff(M)
be the diffeomorphism group of M. This group acts on the right on the set of all
Riemannian metrics on M with a signature (—, +, +, +)

Diff(M) x S;TM>(¢, g)—>R,g=¢*geS;T*M . (5.17)

The action (5.17) can be naturally extended on the bundle £ and the multisymplec-
tic form 7, defined by (2.5) is invariant with respect to this action. Therefore we can
define an action of Diff(M) in the space J#:

Diff(M) x # 3(p, Q)— R (Q)=p*Qe # . (5.18)

[In local coordinates if R, (g)=4g,, then R, (¢*g)=A(¢*g),,.] It is known [10]
that the Lie algebra of the group Diff(M) can be identified with the Lie algebra of
smooth vector fields on M (with the commutator as a Lie bracket). Therefore the
action (5.18) generates an action in Lie algebras:

C(TM)3v—dR,(Qe To(H#), (5.19)

where dRid(Q) is the derivative of (5.18) with respect to ¢ at the point
(id, Q)e Diff (M) x .

It turns out, that the image of the map (5.19) is equal to the subspace W,
defined by (5.13).

Proposition 9. imdR,,(Q)= fog.
For a proof see the Section 7.

If the manifold M has compact spatial sections i.e. if admissible initial surfaces
in & are compact then combining results of the Propositions 8 and 9 we have:

Theorem 2. For a manifold M with compact spatial sections
imdR,,(Q)=W,.
In this case the gauge distribution of I' is fully determined by the action (5.18).

6. Degrees of Freedom and a Superphase Space for General Relativity

The space # introduced in previous sections is too large for a description of the
dynamics in General Relativity. The action (5.18) devides # into equivalency
classes. At first we shall discuss this problem locally in terms of the tangent
bundle T(s#). A complete discussion is possible if admissible initial surfaces in &
are compact. Then using Corollary 2 of Proposition 8 we conclude that only the
subspace F, is of a real interest. Therefore for a given admissible initial surface
¢CQ we can assign 12 quantities (67", dg,;), where dn”/ is a 2-contravariant tensor
density on g=m(c) and Jg;; is a 2-covariant tensor field on . These quantities
fulfil 8 linear differential equations: 4 constraint Equations (4.8b) and 4 equations
obtained from (4.8b) by the transformation:

om )/ GG7 G5,

_ (6.1)
8gi=> —(9) ™2 g pig0m™ .
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In this sense we say that there are 4 independent degrees of freedom for the
gravitational field.

Let us discuss briefly a global problem. We consider a 3-dimensional compact
submanifold ¢ of M and a subset S7; ,, T*M of Einstein metrics on M for which ¢
is space-like. We assume also that ¢ determines correctly the Cauchy problem
ie. for any ge S5, T*M the natural lift of ¢ to 2 is an admissible initial surface.
If O is a sufficiently small neighbourhood of identity in Diff(M) (in a suitable
topology) we have an action:

O xSk, T*M3(¢, g)>R,g=0*ge Sk ,T*M . 6.2)

One can divide S, ,)T*M by the action (6.2) to obtain a superphase space for
General Relativity. If we describe g, in terms of g,;, 7% on ¢ (on ¢) and N, Ny on
M (on Q) then we do not know whether the action (6.2) allows to change N, N, in
an arbitrary way. We know only that it is so in the infinitesimal case (Prop. 9).
Therefore it is better to define a superphase space axiomatically.

Let the Cauchy data Cd be a subset of denS*T(c)®S2 T*(s) consisting of
pairs (7", g;) which fulfil constraint Equations (3.16b). We define an action of
O C Diff(M):

0 x denS*T(6)®S3 T*(0) D0 x Cd>(¢, 7, g)— R (7, g)
=((¢™")ym @*g)C Cd. (6.3)

[1t follows from geometrical considerations that the couple (¢ ~').7m, @*g)
fulfils also (3.16b).]
A superphase space can be defined as a quotient space of Cd by the action (6.3).
Recently a similar object was proposed by Fischer and Marsden [13] as a
possible choice of a superphase space for Einstein dynamics. Despite of a com-
plicated structure of such an object (cf. [12, 13]) it is interesting to investigate a
possibility of a formulation of dynamics in that space.

7. Proofs

A detailed analysis of the non-covariant Formula (2.6) shows that the transforma-
tion:

E=(I5—TE)N'IN* =57 + NN NN~ +Ig,N "))/ =g

E=((I%—TI%) (= N"2g") +2I5G"N"IN?))/ g (D
together with (3.2), (3.3), (3.4), (3.10), (3.11) give
p=_EIN ndx* ndx?® ndx?+ EKN A dxt Adx? Adx?
+(—3H(EN 4 EENS) —LENG +7%)dg,, A dxt A dx? A dx3
+ (terms containing dx°) (7.2)

where
E=)/GN?ON"; &=—N"?|/Gg"(a,N~T}N). (73)
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The formal (non-covariant) expression (7.2) gives a covariant formula
y=dp=dé ndN Andx' Adx? Adx3+dEF AN A dx* Adx? Adx3
+(—(EdN*+ N*d&s) —H(NdE + EAN)F* — SENAG* + dn™)
Adgys Adxt Adx* A dx? +(terms containing dx°) (7.4

Proof of the Proposition 4. We shall prove the Proposition 4 in two steps. At first,
we prove:

Lemma 1. For ¥y, Y,eT,q o(#), (¥}, ¥,)=0. (7.5)

Proof. Let Y;, Y, be vector fields on of the type (4.4) fulfilling conditions (4.9).
Then using (4.5), (4.6), (4.7), and (7.4) we obtain:

(Y, %)= (Y, A Vo) dy={ (du, —du,) (7.6)
where , ¢
pi= Y (=1 YN"2)/GgmSNINydx" A . n .. Adx
r=1
3 (7.7)
po=Y, (=1 UN"2)/GF"ININJdx" A . .. Adx>

~
il
—-

are 2-forms on the manifold ¢(o).
Using the boundary conditions for fields Y;, Y, we obtain (7.5)

Let 71}2(%” ) be defined by (5.2). We have the following:
Lemma 2. If ¥, T, (#), Vo€ To(#) then I'(¥,, ¥,)=0. (7.8)

Proof. Let Y, Y, be vector fields on Q representing Y, Y,. Using (4.9), (5.2), (4.5),
(4.6), (7.3) and (7.4) we have:

I(Yy, V)= (Y, A Y;) dy={ (dn, —dns) (7.9)
where , ‘ ¢
=Y (=1 N "2)/GFN G ONIg)dx" A ... .. Adx?
. (7.10)
na= Y. (=1 H@N) " /33"578g, 0N Jdx" A ... n .. Adx?
r=1

are 2-forms on (o).
Using the boundary conditions we have (7.8) o
By (52') we can split every XeTy(#) into a sum X=X,+X, where

X 1670’(9,0)(%), X,e 71}2(%). Therefore the Proposition 4 follows from Lemmas1
and 2.

Proof of the Theorem 1. 1t follows from (5.2') and the proposition 4 that we

have to prove (4.10) only for X, X, e To(#). Using (4.5), (4.6), (7.3), and (7.4) we
obtain

I(X,, X,)=[0n98g,—5n''8g,)dx" ndx> ndx®+ [ (dv; —dv,) (7.11)
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where

3
v = Zl (—1y* 1((N'°/2N)V&gsrgff§gij§gsk)dxl INRVNNNS
" (7.12)

3
V=) (—1)’*1((N"/2N]/§'g’"g‘”§g,~j§gsk)dx1 AA Adx?

r=1
are 2-forms on ¢(o). The theorem 1 follows from the boundary conditions for fields
X1 s Xz.
Proof of the Proposition 5. This propositions is a consequence of direct computa-
tions. .
If we put (5.11) into (5.4) we obtain:

JA*, 7)= (07", 8g,)),
where
ontl = —3(n Vi + n TVt — V(n'iuc)
+ = Q)9 (rg g —4 trmtlyy +/ GV Vi — GIVV )
+1/§(— R+ G (R~ 24)y)

89, =5V + V) +2/)/7) (myy— 5 trmgi ) - (7.13)
Using the formulas (3.16b) and
VRI—1PR
PPy — VT, = Ry
(V.V,— Viipu* :Rfijus (7.14)
(-I-7l_]_ l_7jl_7i)uk: _iu“s

we obtain
AJA*w, 1)=0. (7.15)
Proof of the Proposition 8. We define two differential operators
A, :C*(den S*T(6)® S?> T*(c))— C*(T(0))
A,:C*(den S*T(c)®S*T*(c))— C*(0)
Ay(67Y, 8g,) =g~ 2 (V,on'i+ 8Tim*), (7.16)
A, (677, 5g;)=0R~+g§~ H(R—22)6G — g~ ' 8(n*my— 5(tr m)?) . (7.17)

The operator A4, is a first order differential operator and A4, is a second order
differential operator [cf. (5.8)]. We have also A=A4,@®A4,. Corresponding adjoint
operators defined by means of the scalar products (5.3), (5.9) are:

A%: C*(T(0))~ C*(den S2T(0) DS T*(0))
A%: C*(g)— C*(den S2 T(0)DS> T*(0))
A (W)= (= 3Vl + Tu)/ G, — (2)/3) (s Vo 7 Vot — V(e u)) (7.16')
A3()=((—2An" —trng )y, —(2/7) (”isgSknkj —tr ;)
+ V=9 ViVr— R+ g, R=22)5). (7.17)
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It is easy to check that the operators A%, A% have injective symbols (for definition
of the symbol see [217). Therefore we have the orthogonal decompositions

C*(denS*T(c)®S>T*(o))=ker A, ®im A%, (7.182)

C*(denS*T(c)®S> T*(c))=ker A, ®im A% . (7.18b)
Formulas (7.18) are proved in [4] for any differential operator with the injective

symbol on a compact manifold.
We are going to prove that

C*(den S*T(c)@S*>T*(0))=(ker A;nker A,)D(im AF +im A%) (7.19)

(im A% +1m A% is not a direct sum).

Let Xe C®(denS?T(s)® S*T*(c)) be orthogonal to (kerd,nkerd,)®
(imA%¥+im A%) then X is orthogonal to kerA4,, kerA4,, imA¥, imA% and by
virtue of (7.18) X=0. Therefore (kerA;nker 4,)P(imAF +im A%) is dense in

C*(denS*T(c)@S*T*(c)). It remains to prove that im A% +im A% is the closed
subspace. We do not discuss that problem here. It will be done elsewhere’.

Proof of Corollary 1. We have from Proposition 5

(ker Anker AJ)@imJA*Cker 4. (7.20)
Let Xeker A. We have decomposition of —JX
—JX=y 4+, (7.21)
where y, eker 4, y,eim A*. Thus
X=Jy;+Jy, (7.22)

But Jy,eimJA* CkerA and therefore Jy, eker A. Moreover J(Jy,)= —y, eker 4.

Proof of Corollary 2. The first statement follows from (5.14), Proposition 5 and
(5.6). The other is the consequence of decomposition (5.2').

Proof of Proposition 9

Lemma 3. Let in local coordinates Q=(x* g,,(x"), I (x") and v=uv"0/ox".
Then dR;y(Qv=X, where X is represented by a vector field X on Q:

X= 3 (V. +V,0)0/09,,+ Y, (V,V,0*+RS,,0°) 0/, . (7.23)

U=y 7=

Proof. If t—¢, is a one parameter family of diffeomorphisms, such that ¢,=id
and do,/dt=v, then an infinitesimal change of guv(xl) is given by the Killing
formula [25]

A9,y =109, =1L, g, =tV v, +V,0,). (7.24)
An infinitesimal change of I’ fw is given by the formula

Atrftv= térft.v = t%gla(vuégva + Vvégurx - Vaaguv) . (7‘25)

! See Note added in proof
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If we put (7.24) into (7.25) we obtain
o, =V, V" + Rl 7. (7.26)

Thus (7.23) is proved.

To prove the Proposition 9 we have to express (7.23) in the ADMW coordi-
nates. We are interested only in values of X on an admissible initial surface ¢ CQ,
which is the lift to 2 of a 3-dimensional space-like surface ¢ C M. We decompose
the vector field v on into the tangent and the normal components. We obtain

v =pn*+(0,0%), where n*=(N"1!, —N°/N)
is a unit normal vector to o. Then

B=Nv°  of=0v*+1ON*

0=p/N, v*=o*—(B/N)N*.

o form components of a vector field tangent to ¢ and B is a scalar function on o.
If we put (7.27) into (7.24) we obtain:

0gi;= (l_7i°‘j + l_7j°‘i) + (2/]/5) (m;— %gij trm)p (7.28a)

where o;=g,0°=g,;0°+g;00° .
According to (3.10)

ol =8()/— 9T 9, d"57 — 3’57 T'5,)) (7.29)
Using (7.24), (7.25) and the equation (3.16a) we obtain:
onti= — (Vo + b V! — T (na))
+)/GVVB—GIVV,p—RIB+GHR—2))p)
+ =N/ P (A" g — L trnmii) . (7.28b)
In a similar way we can obtain:
0N, =890, =gis00%° + 02V, N, + N, V,of + VNB— NV,
+QBN/G) N (my— L gy trm) (7.30a)
SN =0, —N*V,p+ V,.No* . (7.30b)

The terms ¢,,0,0°, 0pff in (7.30a), (7.30b) show that oN,, N can be obtained
arbitrary in a neighbourhood of ¢CQ. We must choose an appropriate vector
field v on M. On the other hand (én¥, dg;;) on ¢ are determmed by (7.28b)
and (7.28a). Comparing these formulas with the definition of WQ we see that
im ded( )= WQ

(7.27)
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Note Added in Proof

(i) Proposition 8 can be proved directly considering the properties of the operator A4*. It turns out
that this operator is elliptic in the generalized sense of Douglis-Nirenberg (cf. Agmon, S., Douglis, A.,
Nirenberg, L.: Comm. Pure Appl. Math. 17, 35—92 (1964); Hérmander, L.: Linear partial differential
operators, Chapter X. Berlin-Géttingen-Heidelberg: Springer 1963; Palais,R.: Seminar on the
Atiyah-Singer index theorem, Chapter IV. Princeton 1965). Therefore the decomposition (5.14)
follows directly by the arguments given in [4]. The complete, non-trivial proof of the ellipticity of 4A4*
will be published in the author’s paper: On geometric structure of the set of solutions of Einstein
equations (to appear in Dissertationes Mathematicae 1977).

(i) Recently Moncrief in J. Math. Phys. 16, 1556—1560 (1975) gave the decomposition (5.15).
However, it seems to us that his proof based strictly on the results of [4] is uncomplete by arguments
presented above.

(iii) The generalization of the results of the present paper for the Einstein equations with presence
of electromagnetic field will appear in Rept. Math. Phys. The first results concerning the case of a
non-symmetric connection (the Einstein-Cartan theory) will be published soon in Bull. Poll. Acad. Sci.





