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Abstract. From classical and quantum mechanics we abstract the concept of
a two-product algebra. One of its products is left unspecified; the other is
a Lie product and a derivation with respect to the first. From composition
of physical systems we abstract the concept of composition classes of such
two-product algebras, each class being a semigroup with a unit. We show that
the requirement of mutual consistency of the algebraic and the semigroup
structures completely determines both the composition classes and the two-
product algebras they consist of. The solutions are labelled by a single par-
ameter which in the physical case is proportional to the square of the quantum
of action.

I. Introduction

In both classical and quantum mechanics, the set of physical variables belonging
to a system with a given number of degrees of freedom is a linear space with two
algebraic products. The classical variables are real-valued functions on a phase
space, and the two products are the usual multiplication and the Poisson bracket
of such functions. The quantal variables are self-adjoint operators on a Hilbert
space, and the two products are 3[,], and (in)”'[,]_, where [,], and [,]_
denote the anticommutator and the commutator of such operators. Multiplica-
tion of classical functions is commutative and associative, while the anticom-
mutator of quantal operators is a commutative but not associative product. Both
the Poisson bracket and the commutator are Lie products. Further, in both
mechanics the two products are related by the same “distribution law”, i.e. the
derivation rule. For example, if f, g, h are classical variables and - and {, } denote
the two classical products, then {f,g-h}={f,g}-h+g-{f, h}.

From the examples provided by classical and quantum mechanics we abstract
the concept of a two-product algebra {57, 7, «}. In the definition of this structure,
the properties of the product t are left unspecified, while the product o is required
to be a Lie product and the operators fo, with fe#, are to be derivations with
respect to the product t.
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When two classical or two quantal systems interact, they form a single classical
or quantal system. The set of physical variables belonging to the composite
system is the tensor product of the component spaces of physical variables, and
the composite space carries a two-product structure which is induced by the
component two-product structures.

From the manner in which physical systems compose in classical and quantum
mechanics we abstract the concept of a composition class ¢ of two-product
algebras. The structure # is defined to be a semigroup with a unit.

Our purpose is to investigate the restrictions which the semigroup structure
of a composition class imposes on the algebraic structure of the two-product
objects that belong to the class [1].

In Section II we determine the composition classes of two-product algebras
and the corresponding composition laws for the products T and «. We show that
all composition classes are obtained from a family {¢,} whose members are
labelled by a parameter a which is defined modulo the squares in the field of
scalars, #. When # is the field R of real numbers and a>0, a is proportional
to the square of the quantum of action.

The composition class .#,, with a=0, is called classical, and the classes .#,
with a=+0, are called quantal. The class parameter a also occurs as an element
of structure of the individual two-product algebras in the class. In all algebras
in a class £, with a arbitrary, the product 7 is symmetric and denoted by o¢. In
the classical case, the substructure {#, ¢} of the two-product algebra {, o, o}
is a commutative associative algebra, whereas in the quantal case {#, 0} is a
special Jordan algebra.

All algebras {#,0,a} have an “associative envelope”, ie. a_single-product
associative algebra {#, }, such that f=0+ba, where b=]/—-a if a+0 and
b?>=0if a=0. When a=0, f8 is not a product in # itself but in a space # over
an extension of the field &#. In the quantal case (a>0), this extension is the field
F []/:-a] (=C for # =R), whereas in the classical case (a=0), the extension is
the ring & @ bZ.

In Appendix A we discuss briefly the composition of identical two-product
algebras. We show that the symmetric tensor powers of a two-product algebra
form a composition class, whereas the exterior powers do not. However, the
direct sum of a symmetric power and an antisymmetric power (of the same
degree) is a two-product algebra, and a composition class can be formed of such
algebras.

Finally, in Appendix B we show that the composition laws for the products
in a quantal algebra lead to a simple proof of a result similar to C.L. Mehta’s
theorem [2] on the relation between the classical and quantal Lie products.

II. Composition of Two-Product Algebras

A two-product algebra W= {A#, 7, a} is a linear space J# over a (commutative)
field #, equipped with two products, t, a: # ® # —#, which satisfy the identities:

fag=—gaf (1
(fog)oh+(gah)of + (hoaf )ag =0 )
folgth)=(fag)th+gt(foh)=0 €)

for all f, g, he #.
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If & is a topological linear space and the products 7, « are required to be
continuous, the relations (1), (2), (3) define a topological two-product algebra. In
this paper we consider only purely algebraic questions.

A composition class is a set ¢ of two-product algebras, equipped with a
product O: ¢ x #— ¢ with the following properties:

1) Ifml,mzef and QI12=QILOQ[2. then %2=%®%, (4)

i.e. the underlying linear space of the product algebra is the tensor product of the
underlying linear spaces of the component algebras.
2) Associativity:
(QIIOQIZ)OQ[3=Q[1 O(QIZOQ[3)- (5)
3) Existence of a unit.

The field &, considered as a two-product algebra {Z, 1, a}, where 7 is the
product in & and a=0, is a unit for the composition product:

FOU=U=UOF (6)

for all Ae ¢

With these conditions on the composition product O, a composition class ¢
of two-product algebras is a semigroup with a unit.

A two-product algebra {s#, 1, a} in which (fag)th=0 for all f, g, he # shall
be called trivial. We do not consider composition classes which consist exclusively
of trivial algebras.

Let A, and A, be a pair of non-trivial algebras belonging to a composition
class #. We shall determine the products t,,,%;, in the composite algebra
A ,=A, O, induced by the component products 1y, 0y, 7,5, &, and consistent
with the conditions (1)—(6).

For this purpose it is convenient to decompose the products 7 into a sym-
metric and an antisymmetric part, i.e. 1 =0+, fog=3(frg+gtf), frg=3frg—gtf).
With this decomposition, and in view of relation (1), all products, o, 7, o have
definite symmetry properties.

A general element of 5, is a linear combination of decomposable elements
f1® f,, where fi e, and f, € 54,, but since g, ,, n;,, and o, are linear mappings
it suffices to consider their effect on the decomposable elements themselves. For
typographical economy, tensor product symbols shall be omitted, i.e. f;® f, = f; f5-
Further, expressions of the form (fog), where i=1,2,... and g=o0, 7, o, are to be
interpreted as f0,9,€ ..

The most general antisymmetric algebraic product that can be formed from
the component products is

(f1/2)012(9192)
=m(fog):(fag); +n( fag)(fog), + p(fo9):(frg), + a( frg),(fog), . (72)
Similarly, omitting the obvious variables,
T, =CO(T, +dT, 6, +X0 0, + Yo 0, . (7b)
The most general symmetric product is of the form
01y =100+ S0 0y + UL T, + VT 0, + WI T, . (7¢)

In these expressions the coefficients m, n,...w are elements of the field ..
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The symmetric product ¢ occurs in all terms of the antisymmetric products
oy, and 7y, and hence it cannot vanish if the algebras are composable. In other
words, the producr t cannot be antisymmetric. An obvious solution for the
product 7 is a multiple of a.

The requirement that the field & be a unit for the composition product
imposes strong restrictions on the coefficients in the expressions (7). Relation (6),
together with the choice W, =% and f; =g, =1€Z in Equation (7a), yield m=1
and p=0. Similarly, U, =, f, =g, =1eF gives n=1, g=0. The same arguments
applied to the products = and ¢ yield c=d=r=1 and x=y=0.

Further restrictions are imposed on the remaining coefficients in expression
(7¢) by the requirement that the composition product be associative. Equation (5)
applied to the product o,5 in W;,3=U, O, OA; reads

0123 =%12)3=%1(23) -

Substitution of relations (7a) and (7¢) shows that the coefficients u, v, and w must
vanish. Hence, the composition laws reduce to

0612=O'1062+0610'2 (83)
T, =017, + 710, (8b)
0'12=O'10'2+SOC1062 . (80)

The associativity condition (5) applied to the product o, i.e. 6;;3=0(23
leaves the coefficient s arbitrary, while the condition 7, ;3)=17;,); yields s=0.
Hence, if s#0 the associativity condition for the composition product O does
not allow the algebraic product 7 in {5, 1,a}e# to have an antisymmetric part
which is different from the product o.

So far we have derived the conditions which are imposed on the composition
laws for the algebraic products a, 7, and ¢ by the assumption that a composition
class be a semigroup with a unit. We shall now investigate how these conditions
interact with the identities defining the individual algebras in a composition class
(the Jacobi identity and the derivation rule).

Using relation (8a) one sees that the generic term in the Jacobi identity (2) is

(11 f2)o12((9192)et12(h1 hy))
=(falgoh)),(fe(gah)), +(folgah))(falgah)),
+(folgoh),(fo(gah)), +(foulgah) (fo(gah)), . )
The Jacobi identity then reads
Y. {(fo(goh)(folgah), +(foulgah) (fo(gah),} =0.

cycl.

Addition of this identity to the one obtained by interchange of g, and h; yields
the relation

{LS 9. k11 + LS by 9113 (fodgoh), = {(gothaf ), + (ho(gof )1} [, fs g1, (10)
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where the symbol [,,] denotes the g-associator, i.e. [ f, g, h]=(fog)ok— fa(gah).
Relation (10) implies proportionality of the associator and the double a-product:

a;(fu(goh))=b;[h, £, g]; (11)

where i=1, 2 and the coefficients a;, b, which cannot both vanish, are defined up
to a proportionality factor. Substitution of relation (11) into relation (10) yields

a1b2 =b1a2 . (12)

One sees that b; =0 implies b,=0. Hence, if a composition class contains an

algebra with b=0, then all algebras in the composition class have b=0.
According to relation (11), b=0 implies that fo(geh)=0 for all algebras in the

composition class. Applied to relation (9), this conclusion yields the identity

(folgah),(fdgah)), +(folgah)(fo(goh)), =0.
By taking g, ="h, one gets

(fa(gah)); =0 or (fugag)),=0.

Substitution of g+h for g in the second equation gives (fu(goh)), =0. Hence, in
both cases the algebras are trivial. Consequently, all algebras in a composition
class with b=0 are trivial. Thus, we are not interested in this case.

If a composition class contains an algebra with b=0, then all U; in the com-
position class have b;=0, and since ; and b, are defined only up to a common
factor we can choose b;=1. Relation (12) then reads a, =a,, i.e. the constant a
is the same for all algebras in the composition class, and relation (11) becomes

(h. f, g1 =afulgoh) . (13)

Next, we consider the derivation condition (3) for the composite o and o
products:

(f1 f2)212{(9192)01 2(h 1 1)} = {(f1 f2)e12(9192) Y01 2(h 1 )
+(9192)01:{(f1 f)e12(hihy)}

Use of the composition laws (8a), (8c), and the Jacobi identity for the component
a-products yield the relation

(fog)ah),(fag)ah), +(go{foh)(go(foh),
—(folgah),(fodgah), +(fag)oh)(fog)oh),
+(go(fah))i(go(foh), — (folgah)y(fo(gah)),
+s{(fah)ag), (fag)ah), + (9o Yah)y(god fo),

+ (fag)ah), (foah)og), +(god fah)1(gof )oh), } =0.

Addition of this identity to the one obtained by interchange of f; and g,, and use
of the derivation rule for the component products give the relation

{Lf.g: h]+ g, /s 1+ godhaf ) + fa(hag)}, ((fog)oh),
= —((fog)ah) {Lf. h, g1+ sha(gaf)},
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which implies
ciha(gaf))i=d{L 1, h, g1+ sho(gaf)}; (14)

where ¢; and d; are scalars which do not both vanish. If both ¢; and d; are different
from zero, then substitution of the double a-product for the associator according
to relation (13) shows that ho(gaf) is proportional to he(gaf). Since these ex-
pressions have different symmetry properties they must both vanish, ie. the
algebra is trivial. The same result holds if d;=0. Consequently, if the algebra is
to be non-trivial, the coefficient ¢; must vanish, and this yields the identity

L/, b, g1+ s(hodgaf)); =0.
Comparison with relation (13) shows that
a=—S. (15)

While the results obtained previously from the semigroup structure of a com-
position class were restrictions on the class parameters in the composition laws
for the algebraic products, the result s= —a relates the semigroup product O to
the associativity properties of the algebraic product ¢ in the individual algebras
belonging to the composition class.

The closure of a composition class under the product O implies that the
association constant a of a composite algebra must be the same as that of the
component algebras. It is straightforward to verify that if the equation

LS, g, hl; = algohaf)),;

is true for i=1,2, and if o, and o;, are given by relations (8a), (8c), then this
equation is also true for i=12. Hence, the closure condition imposes no restric-
tions on the constant a.

It remains to investigate the restrictions imposed by the derivation condition
for the antisymmetric part 7 of the product 7. Since n+o is impossible in com-
position classes where s=0, it suffices to consider the case s=0, in which the
algebras {#, o} are associative. With this condition, the derivation rule (3) for
the product o, with respect to the product =,, reduces to

{folgnh)—(fog)nh}((fag)oh), + { folgnh)— gn( foh)},(go( fah),
+((fag)oh)i{ folgnh)—(fog)nh}, +(go( fuh)i { fo(gmh)— gn(foh)},=0.
Addition of this identity to the one obtained by interchange of g, and h, yields
b folgoh));= {gn(foh)+ hn(foh)};

where b; is a scalar. By taking the cyclic sum of both sides of this equation one
obtains a new equation in which the left side vanishes identically. Hence,

b fa(goh))i= —(fn(goh));

from which one concludes that 7 is proportional to « if goh is an arbitrary element
of . If necessary, this condition can be satisfied by adjunction of a unit to the
commutative associative algebra {#, ¢}.
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Thus, we have the result that the product 7 in an algebra {7, o} is of the
form T=0+ca, where ¢ is a scalar. Further, the easily verified identity

[f 9. h.=Lf. 9. hlo+c*[f. 9. h]. (16)

together with Equation (13) and the Jacobi identity (2) yield the association
relation

[f 9. hl.=(a+c*)[f g, h],. (17

Relation (17) shows that the product t satisfies the Jordan identity [ f2,¢,f1.=0
and the flexible law [ f, g, f].=0. Thus, in an algebra {+#, t, a}, the substructure
{#, ©} is a non-commutative Jordan algebra [3].

Substitution of =1 —ca into relations (8a) and (8c) and use of Equation (15)
yields the composition laws for the products o and © in algebras {1, a}:

Oyp =Ty0p+ 0Ty —2C00,, (18)
T=1,1,—(a+ )0, . (19)

Thus, the composition classes # are labelled by the parameters a and c. The
classes for which a=0 shall be called classical and the classes with a=0 shall be
called quantal. Since relation (13) is automatically satisfied for algebras {#, g, o}
in which both [f, g, h],=0 and [f, ¢, h],=0, such algebras belong to both the
classical and the quantal composition classes.

The system of identities (1), (2), (3), (17) defining an algebra {#, t, , ¢, a} with
parameters ¢ and a is invariant with respect to the group of transformations

H H
T T
T: (0| — | to
c t7lc
a t™2a

where t is a non-zero scalar. The orbits of this group are the isomorphism classes
of the composition classes _#. For algebras {#, o, a, 0, a} the orbits of the par-
ameter a are the sets % /sq %, where sq% denotes the squares in the field #. The
fixed point {0} corresponds to the classical algebras {#,c,a}, and the other
cosets of sq# correspond to the composition classes of quantal algebras. In the
case # =R, there are two quantal composition classes, ¢, and #_.

If {##, 0,2} is a quantal algebra with a parameter a such that —g is a square
in the field &, then relation (17) shows that the product =0+ ]/—_a oin A 18
associative. If —a is not a square, then £ is a product in the spacesf = # @ Vja%
[This is the case in quantum mechanics, where # =IR and a=(%/2)>.] Conse-
quently, any quantal algebra {#, o, o} has an associative envelope {J, i} or
{#, B}. With respect to B, the products ¢ and « are 6=1[, 1., a=(1/2)/—a)[,]-
or the restrictions of the anticommutator and the commutator to the space #.
It follows that in a quantal algebra {J#, g, o}, the substructure {#, ¢} is a special
Jordan algebra.
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If {#, 0, a} is a classical algebra and =0 +b o, relation (16) shows that f§ is
associative if b*=0. Thus, in order to obtain an associative envelope of a classical
algebra, a nilpotent element, b, must be adjoined to the field.

One sees that in the classical case (a=0) and in the quantal case with —a not
a square in & (to which quantum mechanics belong), obtaining the associative
envelope requires an extension of the field of scalars. However, while the quantal
case requires an extension of & to a new structure & [m], which is also a field,
the classical case requires an extension of % to a new structure F @bZ, with
b?>=0, which is a ring. Hence, the underlying set of a classical B-algebra is not
a linear space, but a module over the ring & @ bZ.

If # is the field R of real numbers, one can subsume the two cases by means
of the 2 x 2 real matrix

he 0 2 cosh? /2
“\=2sinh?w/2 0
which yields b?= — sinh?w-1, where I is the unit 2 x 2 matrix. For w=0, b*=0,

and for w0, a= sinh?w.

Appendix A

Identical Algebras

Let us consider a composition class # whose elements are generated by a single
algebra W= {H, o, a}:

J={FZUAOY,...}.
The underlying linear space of the algebras in # are tensor powers of # :

H'=HQHRD ... QK.

Since there exist two other tensor powers, the totally symmetric power

HO=HNAN . NAH

and the totally antisymmetric power
A= NN N,

it is natural to inquire whether they can be used as underlying linear spaces of
composable two-product algebras.

The answer is affirmative in the symmetric case, i.e. there exist composition
classes of the type

J={7Z A, .}

This is the standard composition of observables belonging to identical systems
in quantum mechanics and in statistical classical mechanics. The antisymmetric
powers are not closed under the algebraic products o, o, ie. if f, ge #"], then
fog and fog are not in #™ for n> 1. Hence, there is no composition class based
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on the antisymmetric powers. However, it is interesting to note that, for cach n,
the linear space

;%”{"’ = %(n) ® Al

with the composition-induced products o,a is a two-product algebra ™.
Composition in the class

J={7A A%, }
is then based on the product [] defined by the relation

%{n)D%{m}E%ﬂ(Hm)@%[Hm]_

We now outline the proofs of the above statements. A general element in #®
or #'™ is a sum of elements of the form

f=Crnf o fis

where summation over all indices i=1,...,n is understood, and where, as before,
juxtaposition of variables is to be understood as their tensor product. If fe #",
we have C'tin=git--in where ¢ is the completely antisymmetric symbol in
n variables. If fe A", Cit-+in=|git-n|,

The elements fog and fug are obtained most easily by computing ffg where
=0 +ba, with b>= —a in the quantal case, while in the classical case b is a
nilpotent, b*>=0. With g=D/*/ng, ...g, . one has

SBg= Gt D (£, Bg,) (189
which is a sum of n! terms of the form

H'”(ikjr)”'(ilmm~~(fikﬁgj,)v-~(fi;ﬁgjs)m

where single indices are now represented by pairs of indices.

In the symmetric case, #™, a transposition of two indices leaves the coef-
ficients C unchanged, while, in the antisymmetric case, #1", it multiplies them
by — 1. Thus, one can write

C”'ik"'il”'=CC“'il'“ik”'

where ¢= +1, and similarly for D-- and H--". One then obtains from the above
expressions the equation

cd=h

which proves the assertions.

Appendix B

Relation between Classical and Quantal Algebras

The parameter g, which is an element of structure in a classical or quantal algebra
{4, 0,0}, appears also in the composition law for the product ¢. Thus, the com-
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position laws (8a), (8c), may contain information regarding the relation between
classical and quantal algebras.

Relations (8a) and (8c) are reminiscent of the addition formulas for the sine
and cosine functions, and hence it might be instructive to express the operators o
and o as the cosine and the sine of an “angle” operator. Since the domain 5 ® #
of ¢ and « is different from their range #, they cannot themselves be expressed
as formal power series. However, a power series expansion can be made after
a suitable factorization of the “angle” operator. Specifically, let o, ¢’, P be three
linear operators such that the diagram

HQH—L—>HRQH
\jf

is commutative, i.e. o' =¢'oP. The maps ¢’ and « are products in J#, and since
the map P is a linear endomorphism, one can obtain new products y in # from P
and ¢ of the form y=¢'-F(P), where F(P) is a power series in the operator P.

The formal similarity between the composition laws and the trigonometric
addition theorems suggests writing the products ¢ and « in a quantal algebra
{#, 0,0} over the field of real numbers in the form

o:a’ocos(]/(;P)
a=a'=(1/)/a)sin(}/aP).

When the parameter aelR approaches zero, the operators ¢ and a approach the
products ¢'oI and ¢’-P=¢/, i.e. the “classical limit” of the quantal products is the
products ¢’, o, that were used to obtain the operator P.

We shall show that these heuristic considerations lead to a simple proof of
a result similar to that obtained by C. L. Mehta [2] concerning the relation
between the classical and quantal Lie products. Let {#, ¢', &'} be a classical two-
product algebra over the field R, with products ¢’, o which permit a factorization
o' =0'oP, as in the diagram. The operator P, being an endomorphism of the
linear space J# ® #, can be written as P=) Q*®Q,, where Q* and Q, are

A

linear operators on the space # and its dual space #°*, respectively, and where A
ranges over an index set .#. Assume that for each value of the index 4 the operators
0 and Q, are surjective. We shall show that under these conditions the structure

{#, ' >cos(]/aP),a-(1/)/a) sin(]/aP)} (20)

is a quantal algebra and is the only quantal algebra obtainable from the given
classical algebra {s#, o', '} by means of a power series expansion.
In terms of the decomposition of the operator P one has

folg=a'"P(f@g)=0" ; Q1) ®(Q49)= ; (Q41)0'(Q.49)-
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The derivation rule for o with respect to ¢’ assumes the form
2. (041)d'(Qulga’h) = ; {(@*/)0'(Qag)0' h—gd'(Q* [ (Q4h)}
A

or

; (Q*f)0'{Q Alg0'h) —(Q49)0'h— go'(Q )} =0.

Since the operator Q4 is assumed to be surjective for each index A4, ie. Q4f is
arbitrary, the expression in the curly bracket must vanish. Thus, for each 4, the
operator Q, is a derivation with respect to the product ¢':

Q490" h)=(Q49)0"h+g0'(Q4h) . 21

A similar result holds for each operator Q4.

For any quantal algebra {, g, «} there exists a unique associative product f
with respect to which 6=3[,], and a=(1/2 [/——a) [,]-. Hence, we can find the
quantal algebras obtainable from the given classical algebra {#, ¢, o'} by deter-
mining all power series in the operator P which give rise to an associative product

B=c'-F(P)=a'-Y C,P".

One sees that

P (f®9)=P(Q*/)®(Q49)=(Q** ) ®(Q59)

etc, where summation is understood and where Q8= Q4-Q%=Q%-Q4. We shall
simplify the notation by writing (Q"f)®(Q,9) instead of (04 /)R(Q,, .. 4,9)-
Hence P'(f®¢)=(Q"f)®(0Q,9), and

fBg= Z Q7)o" (Qu9) - (22)
From the derivation rule (21) and relation (22) one obtains

(hah= T C.C, ( )(Q'"” )6 (0 G) o (Ou)

1B~ ¥ C cb( )(Q”f)a’(Q“Qb-cg)a’(Qa+ch)-

Comparison of these expressions yields the following conditions on the indices:

m+n—r=>b, r=a, n=b—c, m=a+c

which have the solution a=r, b=m+n—r, c=m—r. Hence, the coefficients C,
satisfy the equations

Cmcn( ) CCm+n r(m+n_r>

m-—r
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whose solutions are C,=C/n! for arbitrary C. Thus, F(P)=exp(CP). For the
parameter a>0 and C=i]/a, one has the algebra (20). For a<0 and C= ]/(;, the
circular functions are replaced by hyperbolic functions. This completes the proof.
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