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A Possible Constructive Approach to ¢} III

Robert Schrader* **
Physics Department, Harvard University, Cambridge, Massachusetts 02138, USA

Abstract. We continue our investigation into a constructive approach for
@3 and prove under the hypotheses of our previous work that on a lattice and in
the single phase region the theory is uniquely determined by the intermediate
renormalization conditions. Then the Gaussian theory and the Ising model are
the two extremal cases for all @ theories.

In the first of two papers devoted to a constructive approach to ¢j in the single
phase region ([4, 5]) we presented an ansatz based on an implicit function problem
and suggested by multiplicative renormalization. The mapping is (within the
Euclidean approach on a fixed lattice) from the set of the three renormalization
constants to the set of the three (intermediate) normalization constants. We will
call this map the renormalization map. In Ref. [4] we made the assumption that
this C*-map is everywhere locally injective (i.e. of maximal rank). Using this
assumption and a certain assumption about the image at infinity (see below), we
will prove that this map is actually globally injective, i.e. one-to-one. Thus the
normalization constants uniquely determine the theory in the lattice approxima-
tion.

The strategy for the proof will be as follows: First we show that a certain
set which we showed, in Ref. [4], to be in the image is actually all of the image.
In particular the image is simply connected. This result also allows one to view
the Ising model as one extremal case of a ¢j theory on a lattice: It is the case
where @?=const. or equivalently where the bare coupling constant tends to
infinity. This conforms with conventional wisdom, see e.g. Ref. [1,2, 7]. Secondly
we show that the renormalization map is proper, thus making the set of renormali-
zation constants a covering space of the set of normalization constants. The
global injectivity then follows from a standard theorem in homotopy theory.

To fix the notation, we start by reviewing the results of Ref. [4].
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Let 7 be a discrete torus in d dimensions, i.e. a set of the form
T =L, x..xL,, (n=3).

For given a=(x, oy, &3) or 6=(J,, ,, 95) both in R* xIR* xR and related by
a C* diffeomorphism

oy =0y
O(2 =252
a3=25153_2d52 (1)

we define a probability measure on R!7! by

du({x;}jer)=N"" eXP{-OH YoxFto, Y xxitoas Y sz} [T dx;

jeo i,iN-N jeT jeT
=N“16:xp{——(31 Y (x3=85)%—6, Y (xi_xj)z}n dx; &
jeT i,jN-N jeT

Here N is a normalization constant, making the measure in question a probability
measure. N-N stands for nearest neighbors. Let <) denote the expectation
w.r.t. this measure. For fixed  and fixed lattice spacing a >0, the renormalization
map is then given bv

y=1:¥2,¥3)=T(@)=S(6)e(R")’

with
Y1=|9—|u132 Z <xixj>
i,jeg
=177t Y (i—j)Pxx) 3
i,jed
ya=—|7 " a* Y (xn X xg XD
i,j.k,l

Here (i —j)? is the (translation invariant) square distance on 7, |7 | is the number
of elements in J and {(A4,;...;4,> denotes the truncated expectation of the
random variables 4,,...,4,.

Since we use the untruncated expectation values in the definition of y; and y,,
we will automatically restrict ourselves to the single phase region. We have the
estimates

v, <a® max (i—j)’y,

i,jed

y3=2at|7 |yt

@

due to Griffiths first and second inequalities and the Lebowitz inequality (see e.g.
L61).
In Ref. [4] we considered the sets

My ={y=T()lo;—~0}
My ={y="T(@)loy >0, —a3>da, 20}
M 3= tl_ifg =T, =t}

M= }lj},} {y=T(@)o; =t},
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My was shown to take the form
yeMs=y >0, y,=|7| 'a? Y, (=),
i,jeT
O<ys<2ad|T|yd

and ./, was shown to take the form

VEM 4=

y1=|°7|_1a2')’ Z <0'i0'j>(J) (5)
i,jed

n=I7""a*y Y (i—j)* o))
ijed

Y3=—|5—|~Ia4+d?’2 Z <0'i;0j§0'k;0'z>(~])

igkled

for some y>0, J>0. Here ¢,= +1 are Ising model variables of an Ising model
on J with coupling strength J and expectations <-XJ). In Ref. [4] we made the
conjecture that .#, is a two-dimensional submanifold (with boundary), which
lies schlicht over .#, under the natural projection (yi, y,, ¥3)>(y1, y2,0). Using
this conjecture and the conjecture that the renormalization map T has maximal
rank everywhere, we proved that the open submanifold K C(R*)* defined to be

the open set with boundary K= [ ] . is in the image of T.

i=1

Using the same assumptions, we will prove
Lemma 1. K is the image of T;

K=ImT.
In particular Im T is simply connected.

Since 5 tends to infinity in the thermodynamic limit a¢|7 |- o0, a—0, and
since .#, describes a Gaussian theory, Lemma 1 allows one to say that the Ising
model and the Gaussian theory are the extremal cases of a ¢ theory on a lattice.

Similarly we will prove

Lemma 2. The map T from (R*)* xR onto K is proper, i.e. the preimage of any
compact set is compact. In particular T makes (R*)?> xR a covering space of K.

The following theorem is then an immediate consequence of these lemmas
and a standard theorem on homotopies of covering spaces (see e.g. [3], p. 251).

Theorem. Under the assumptions stated above, the map T defines a diffeomorphism
of R"¥?xRonK=ImT.

The remainder of this article is devoted to a proof of the two lemmas. We
start with a

Proof of Lemmal. Assume K is not the entire image of T. Hence there is y°eIm T
which is not in K. We shall show that this assumption leads to a contradiction.
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We may also assume that y°¢ 0K, for otherwise, by local injectivity, there will be
another y* in Im T close to y° with y* ¢ 9KUK. There are two possibilities:
D) y2>1717 e Y -’y
i,jed —
(i) y3> 75 where y, is such that ()9, 3, §i;)e.A,.
In case (i), let y* =(y7, 3, y%) be defined by

Ve =y%y5 =33
and

o _
Vo = sup
(»2.v3,y9elmT

Note that by (4) y3 < co. In case (i), let y*° =(y5, y5, ) be defined by

V=105 =y505= _ sup
(999 yL)elmT
Again by (4) y§ <oo. By construction, y*¢KUJdK and furthermore y*¢Im 7T,

since y*elm T would contradict the construction of y* and the local injectivity
of T Let o/ and &' be sequences in (IR*)? x R related by (1) such that the sequence

=T =S(6)

converges to y*. By passing to a subsequence if necessary we may assume both
sequences of and & converge to a® and 6 respectively. (We allow the values
o =07 =0 or oo, a3 =263 =0 or oo and «f, 65 =+ 00.) We will also assume
oy =oh+dob to be convergent to af (possibly equal to +o0). Now neither a”
nor 6 are in (R™)? since, otherwise, by continuity

y* = lim T()(= lim S(&')
= T(*)(=5("))

would be in the image of T (or S respectively), which is a contradiction. We now
show that this last property implies that either y' converges to a point on 0K or
tends to infinity, contradicting the fact that the (finite) limiting point y* is not
in 0K. We distinguish three different cases:

Case 1. o =07 =0.

We write u= p(e) as

du({x}jer) =N~ exp| —a ¥ xf— 22
jeg

explos+day) Y x3 ] dx;.

jeT jeT

2 Z (xi'_xj)z
i,JN-N (6)

If «3 is finite and — oo <a§ <0, then the y* converge to a point on .#, C K. If a3
is finite and «f’ = — oo, then the y' converge to 0. If «5 is finite and «g =0, then the
¥} tend to co. If a¥=+4o0 and af = — oo, then y'-0edK. If a¥=+oco and
— oo <af <0, then the ) converge to a point on .#, .4, C oK. Finally, if aF = oo
and 0 <« <o, then y) — oo, since the only effect of o}, —o0 is to concentrate the
measure on the set x;=x; (all i, j).
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Case 2. 0<af =07 <oo.

If af =0 and |o¥| < co, then )' converges to a point on .Z,. If 25 =0, and
a$ = —oc0 or + oo, then the ¥} go to 0 or co respectively. If 0 <aS’ < oo, then there
are only the possibilities ¥ = —oo or + oo and again the y} tend to 0 or +
respectively. Finally, let o3 = + co. We consider subcases depending on the value
of af. First we note that for fixed «; and «,, y, (and y,) is a monotonic function
of oy =05+ do, due to Griffiths second inequality (see e.g. [6]). Hence if |ag’| < o0,
the sequences y' converges to a point on .#;C K. If af = — oo, the ' converge
to Oe 0K and if « = + oo, then the y} (and y}) tend to co.

Case 3. af =07 = 0.

We work with the 6 parameters. We first assume that 65 and 6% are finite.
Then the y' converge to a point on ./Z, e oK. If 6% =co and 6% is finite, then the
y' converge to a point in .#,N.4#5C oK. Similarly, if 65 is finite and %= —o0
or + oo, then y}, =0 or + oo respectively. Finally, if 657 = + o0 and 65 = —c0 or
+ o0, then the )' tend to 0e 0K or the y} tend to oo respectively, since the only
effect of large &} is to localize the measure on the set x;=x; (all i, j).

By the preceding arguments this concludes the proof of Lemma 1, and we
turnto a

Proof of Lemma 2. Assume that T is not proper. Then there is a compact set K,
in K=ImT, such that T~ !(K,) is not compact in R" xIR* xR. By the Heine-
Borel theorem, there is a sequence of which does not converge in (R™)* xR but
for which y' = T\(o') is convergent to a point y in Im T’ By going to a subsequence,
we may assume that the o (i=1, 2, 3, 4) and the 8! (i=1, 2, 3) are convergent (allow-
ing for the values 0 or + o). We may now repeat the arguments used in the proof
of Lemma 1 to show that the y' converge either to a point in K or tend to infinity,
contradicting the fact that y*eIm T =K is the limit. Hence T is proper. In partic-
ular the preimage of a point is a finite set. The last claim of the lemma then follows
easily (see e.g. [3]) using the conjectured local injectivity.
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Note Added in Proof

1. Computer calculations carried out by D. Marcheson (N.Y.U) indicate that Conjecture 2 of
Ref. [4] is valid for d=1.

2. C(d) given in Appendix B of Ref. [4] is universal if and only if the two-scale-factor universality
hypothesis of D. Staufer, M. Ferer and M. Wortis [Phys. Rev. Letters 29, 345 (1975)] holds.

3. There are nontrivial ¢$ theories obtainable through lattice approximations [J. Feldman and
K. Osterwalder, Ann. Phys. 97, 80 (1976); J. Magnen and R. Seneor, to appear in Ann. Inst. H. Poinc.].
Hence if Conjectures 1 and 2 of Ref. [4] are valid, we must have C(d=3)>0. In particular this gives
the scaling law dv=24,—y for d=3 [R. Schrader, Phys. Rev. B 14, 172—173 (1976)].

4. Without using Conjecture 1 and 2 of Ref. [4] it may be shown directly that case (i) in the proof
of Lemma 1 may not occur (R. Schrader, New correlation inequalities for Ising Models and P(¢)
Theories, Berlin preprint).

S. .4 lies schlicht over ./, if the correlation length of the Ising model on 7 (defined by the second
moment of the spin-spin correlation) is strictly nonincreasing in J for all J.
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