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Abstract. This paper contains a few simple remarks on a paper by S.Schlieder
and E.Seiler. For the special class of local fields treated by these authors we
arrive at the same necessary condition for the existence of the Wilson-Zimmer-
mann expansion (considered both as an operator expansion and as an ex-
pansion in bilinear forms) of the product of n real scalar fields under the
assumption that the singularities occurring as x;—x;,;; j=1,2,...,n—1,
do not influence each other as long as these limits are simultaneously taken.

1. Introduction

In this paper the connection between the Wilson-Zimmermann expansion of
the product of n local fields and some properties of the m-point distribution will
be discussed. This discussion is restricted to the special class of Wightman fields
discussed by E.Seiler and S.Schlieder [1] (see also Ref. [2]).

If the Wilson-Zimmermann expansion exists then the singularities arising in
the 2n-point distributions for the set {x;—x;,; j=n+1, n+2,...,2n—1} must
control the singularities of the m-point distribution (m>2n) for the set {x;—x;,;
j=kk+1,.. k+n—2; with k<m—n+1}. In this paper simple generalizations
of one or two lemmas and of the theorem in Ref. [1] will be given. Let us start by
considering the Wilson-Zimmermann expansion of the product of n real scalar

fields. If £'=(&},...,&,_4) and x=%2x,~ where & =(x;,; —x;)/20,
i=1

j=12,...,n—1,and g >0, the Wilson-Zimmermann asymptotic expansion can be
written [3, 4] in the following manner

(P, A(x+00y)... A(x +oa,) P)

k
= Zl J10) (@, Ci(x,£) W)+ Ry 1(P, ¥ x,.£) (L.1)

J

*  This paper is part of a thesis presented to the University of Manitoba in partial fulfillment of the
degree of Doctor of Philosophy.
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where
lim (fos1(0) ™" Ry 1(®. 75 %,£) =0

lim f +1(0)

m = 0

and @, Ye #, the Hilbert space of the theory. In Equation (1)

il

) zé'——"z (n—D)é..

Tnis
Setting y;=o«;, i=1,2,...,n, an equivalent form of this expression is
A+ ) A(x + x2) ... AKX + 1)

k
= ) Sl1seeor K BiX) + Ry (X5 %1 - 2) - (1.2)
i=1

The fields under consideration are assumed to satisfy the Garding-Wightman
axioms [5, 6].

The following is the major assumption of this paper. When the Wilson-
Zimmermann expansion exists as an operator product [see conditions (A) below]
the singularities occurring in the vacuum expectation values, i.e. in the Wightman
distributions

(Q, A(x ) A(x3). .. A(X) Q) =W (X1, 5 Xpn)
= WErsor &y it oons Eganmzr oor Eme ) (1.3)

for (¢;, & 15 .5 &jn—2)—0, where {;=x;,; —Xx;, do not influence one another
provided that the limits are simultaneously taken. As a consequence of this
assumption and the essential independence of the singularities of
Woll1sEasoois &) Tor (€5, &4 15 -5 & n—2)—0, jSm—n+1, it can be concluded
that the singularities arising in the 2n-point distribution, as a consequence of
taking the limits (¢, 415 ..., &2, 1)—0, must control the singularities of the
m-point distribution (m>2n) for (j,...,¢;4,-2)—0, jSm—n+1, and that the
singularities in Equation (2) are already contained in the singularities of
VVZn(él’ tees on—l) for (én+15 T éZn—l)_)O‘

The notations to be used will now be stated. These are the same as in Refs. [1],
[5], and [6]. With Q being the invariant cyclic vacuum, the subspace, D, the
Garding domain, of the Hilbert Space # is given by

= {cl')eéf: b= i @,, where @,= [ A(x,)... A(x,) 2f(x)dx n<oo}. (1.4)
k=0
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In Equation (4) f,€ % (IR*¥), the space of rapidly decreasing test functions over R**.

{,zeC*; x, y, &, neR*
£=Co b= 8=00 s Mm-1); £=C&1s s Eny)
EGin-2=C0 s Gots Gants s Cn)  jEm—n+1
VE={n:n*>0,1,20}
TE={({: {=t+in, neV*}
==, o), mEVE, i=1,2,...,m—1}
TpE ==, lunr), (=640, nieVEi=1,2,...,m—1}.

We shall also be employing the subspaces D, of D given by
D,= {cbe}i’: =) P, ngl}
k=0

where the vector-valued distribution @, is given in Equation (4). 5] denotes the
closure of D, and P, is the corresponding projection operator

lim= lim
el0 -0+

I -1 1s the extended tube.
S,.— 1 is the symmetric group of m— 1 elements.
For neS,,_ , the permuted forward-backward tube is given by

g.mi—nl = {‘éeq:A(m_l): Cneg—mi—l '

The vector-valued holomorphic function @,(z,...,2,), the Fourier-Laplace
transform of the vector-valued distribution A(p,)...A(p,) <2, is given by

J

B2, ..., 2,)= jexpi( y pjzj>/f(p1).../f(p,,)§2dpl...dp,,. (1.5)
=1

2. Necessary Conditions for the Existence of the Wilson-Zimmermann Expansion

It will be shown that a necessary condition for the existence of the Wilson-Zimmer-
mann expansion is that the singularities occurring for &;, &;iq,..., & p_ 20
simultaneously (jSm—n+1) in

Wm(ély 52) LR éj: '-~9€j+n—29 ceey ém—l)

have their counterparts in

Warl&isoos Sonm1) for &oii,&uinsns Eapm1—0.
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(A) The Wilson-Zimmermann expansion is assumed to be valid in the following
form

Ax+ 5 ) AXx+x,) ... AX +x,)

k

=) {15 s X BfX) 4 Ry 1 (5 24 - 20) (2.1)

j=1
and satisfies

. 1 -1

lim ———— A+ ). AXx+1)— Y, s x)Bj(x)| =B(x). (2.2

X1 xnd0 S 1 ) j=1

In Equations (2.1) and (2.2), since only n—1 of the y, ...y, are independent, we can
also write the equations with n replaced by n—1. In these equations the limits
are assumed to be taken simultaneously and in a fixed direction of each of the
xS, i=1,2,...,n—1. If we denote the left hand side of Equation (2.2) by
Cx;x1---Xu-1) then for fig;e S(R*), g;— 9 (the Dirac distribution) the following
is assumed to hold

lim (2, J(Ci63 21+ 1u-1) = Bi0) S ()9 (09 12)--90n- 1)
dxdy,...dy,-,¥)=0 (2.3)

with ®e # and YeD. Moreover, B,(x) is assumed to be relatively local to A(y)
in the weak sense [1].

The necessary condition for the existence of the Wilson-Zimmermann ex-
pansion will now be established.

Lemma 1. If the Wilson-Zimmermann expansion exists and satisfies the conditions
collected under (A), then to each term sy, ...x,-1)B(x) corresponds a singularity
of the 2n-point distribution W,,(&,, &5, ..., &5, 1) characterised by s{&, 4 1...&5,-1)
Jor &, 1, ..., & 1 =0 simultaneously.

The proof is by contradiction and is analogous to the n=2 case [1].

Let us now consider the case in which the Wilson-Zimmermann expansion
is assumed to exist as a sum of bilinear terms [17.

(B) This means that Equations (2.1) and (2.2) are valid but that instead of
Equation (2.3) we have

lim (@, J(CLX5 21 = )= BUX) L) G(01) - g1 Hn— 1)
dxdyy...dy,-,¥P)=0 (2.4)

for @, ¥eD.

The lemma corresponding to Lemma 2, Section2 of Ref. [1] will now be
stated. Since the proof of this lemma is completely analogous to that of Ref. [1],
it will not be repeated. Henceforth it is assumed that

(A(xy)... A(x,)Q, B(g) A(yy)... A(yy) Q)&V(IR‘“’”L k))/

where S (R*"*RY is the space of tempered distributions over R*"*¥, the dual
of P(R40+0)
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Lemma 2. If the Wilson-Zimmermann expansion exists and satisfies (B), then the
2n-point distribution W, (&, ..., &,—1) has a part which for &, &y &1,
Entts CnraseensCope 1—»0 simultaneouly becomes as singular as |sfx, .. s A=
ie. |C10¢; 1 tum1)RIZ=0as g1 g 1 0.

3. Connection between the Singularities of the 2n- and m-Point Distributions
in Special Cases

The theorem generalising the theorem in Ref. [1] can be formulated as follows:

Theorem 1. Suppose the function r({, 1, ..., {2, 1) exists and satisfies the following
properties
a) "(Cys 15 Cuv s o5 Lany) s holomorphic in 7,7 ;.

b) r(Cn+1"">C2n—1)_r( Cn+1a"' ~Con-1)-

¢) "lurts--r Lon_y) is invariant under the homogeneous Lorentz group.

d) WZn(Cl’ CZ: tees Cn+ 15 00> CZn—- l)r(CrHr JERRRS] (Zn-— 1) has a (locally unique) ana-
Iytic continuation into ({1,(5 .., () (Custs--vs (on_1)€ UR(0). Here Ug(0) is the
bounded open polydisc CIR*"~1 centered at 0, ie. Ug(0)={(Eps1>- > Can_1):
IE<R, j=n+1,...,2n—1, R=(R, 4y, ..., Ry, _)}. It is independent of ({;, ..., ,).

e) There exzsts an integer N>0 such that for every compact subset KCV™,
£eUg,ny/ WGK n+1=<j<2n—1 r satisfies the inequality

PE+ip=Cn?)™  (0<y?=1)

where Cyg is a constant depending upon K.

Then W, ()l Civns s ljan—2) jEm—n+1, (where (n+1,...,2n—1) is
relabelled as (j, j+1, ..., j+n—2)), m>2n, has a (locally unique) analytic continua-
tion to the points ({;, (ivys oo $jun-2)=0, & j4n-2ETm—n-

As in the n=2 case, the proof of Theorem 1 can be carried out in three steps
each of which is formulated as a lemma (Lemmas 3-5). The proofs of these lemmas
are similar to the n=2 case and hence only Lemma 3 will be proved.

Lemma 3. Under the assumptions of Theorem 1, for every Ye# the function
VY, 0,(z, 2+, 248+ ooy z+ G+ o+ )P - 82 1) has a (locally
unique) analytic continuation to the points ze 7 *, ({,, ..., {,— )€ Ur(0) where in
this case R=(R4, ..., R,_,).

Proof. We shall be using the edge of the wedge theorem. For fixed zeZ * and
Ye A let us start by constructing the two functions

Fl,z__‘(ql’ ¢n(Z,Z+C1,Z+C1 +C29 ...,Z+€1+...+C,‘_1))V(C1, '~-:Cn—1) (31)
FZ,Z:(IP> ¢n(2+cl+"'+gn—1’ ""Z+C1 +C292+C192))r(é,17 "'ﬁCn—l)- (32)

Now F, , is holomorphic when ({;,...,{,-1)€Z,"; F, . is holomorphic when
&y Cp)ETW "y, 24+ +...+(,_ €7 T If we can show that F, (£+i0)=
F,, Z(é—iO) as elements of Z(Uy) (the space of distributions over Ug) where
£=(,, ..., ¢, ), then by the edge of the wedge theorem there exists a function F,
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which is holomorphic in the sets {({y,...,(u—1):Cise0r Cum)ETHT 1),
{&isoos G ) (=8 ey =G )ET 240+ 481 €T ) and (C:(eUg)}
coinciding with F, , and F, , respectively in their domains of definition.

For any function ge 2(Uyg), the space of test functions with compact support
in Ug(0), for ne¥", and for {({;,...,Cn—1): (s> s Cuo)ET 1y 2+ + .o+
{—1€T ), we define

@,= s‘pn(zaz+€1+i”ll»--->Z+f1+i’71‘|‘---+5n—1+i’7n—1)

(€ +in)g(£)dé (3.3)
D_,=[Dz+& +ing +. &y Filly s 2+ E +iny, 2)
1€ —in)glé)dé (3.4)
Po= | Shm B (3.5)
15 sn=-1)eVi-1
d_= s-lim o_,. (3.6)
(=11 eer =T — 110

M1 tn-1)€Va-1

These limits have been shown to exist in Appendix 2 of Ref. [1] on account of
assumption (e) (of Theorem 1) which is a sufficient condition for the existence
of these limits as distributions. All we have to do is to verify that

|| Fy A& +i0)g&)dé— [ F, (£ —i0)g(&)dé| <0 (3.7)

for this will imply the equality we are after. But the left hand side of Equation (3.7)
equals

(¥, ®,. -0 )= |¥] [P, —D_|

by Schwartz inequality.
Showing that ||@, —®_||>=0 follows the same procedure as in the n=2
case. It then follows that

Fi &+i0)=F, (£—i0) £eUg(O).

The conclusion of the lemma follows from the edge of the wedge theorem and the
generalised Hartogs’ theorem. [

Lemma 4. Under the assumption of Theorem 1

Wm(Cl! ce Cm—l)r(Cm—n-Fla gm—n+2> Tt Cm—l)

has a (locally unique) analytic continuation to the points ({1, ..., (€T m—n>
(Cm_n+13 ooy Cn-1)=0.

Let us note that in Lemma 5 below, the elements said to belong to 7, ; in
the definition of 7, correspond to the permutation (z;, 2, ..., Zj_ 1, Zjsn—1 Zj>
Zijsts s Zjan—2sZjbns o Zm) OF (215 205 oy Zypm g5 Zp).
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Lemma 5. Let F({,, ..., {,—) be holomorphic in F =7, 0T,"" where

jtn—2 jtn—2
9—M+—n1={‘éeaj“(m—l):(Cl""’cj—Za Z ék3 - Z Ck’st Cj+1’“~’Cj+n—3’
k=j—1 k=j

Cion—1FCn-20Cioms oo Cm—x)eymtl}a

and in the points ((j,{irys ..y Cjan-2)=0, jSm—n+1, £, 1,-2€9CT,,
(% open and not empty). Assume that the boundary values F((,,...,(;-,

&i+i0, .82 +00, (i pm s oo {—y) exist as distributions in the variables
(s ...s&j4n—2) depending holomorphically on & v,-€7,—,. Then F has a
(locally unique) analytic continuation to the points ((;, {15 ... {jrn-2)€V,0),

L j+n-2€E Ty, where V(0) is some real neighborhood of 0 in C*"~ .

Once the theorem has been proved, we can in analogy with Ref. [1] conclude
by obvious modifications of Lemmas 1 and 2, Section 4 of Ref. [1], that the con-
dition said to be necessary for the existence of the Wilson-Zimmermann expansion
is indeed sufficient not only when this expansion is in terms of bilinear forms but
also when it is an operator expansion in a modified sense.
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