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Abstract. Two-dimensional lattice model is considered. The connected Lie group G acts on a
configuration space. The Gibbs potential assumed to be invariant under this action. We prove, that
under general assumption on the potential, each Gibbs random field with this potential is also G-
invariant.

Introduction

There exist numerous examples of breakdown of discrete symmetry in spin
models of statistical physics. Among them we can enumerate the Ising model
[1,2], the anisotropic Heisenberg model [3] etc. In all these examples there
is an action of a disconnected group on a configuration space, and the Gibbs
potential remains invariant. However, the Gibbs random fields with this potential
turn out to be non-invariant under this action.

The goal of the present paper is to show that if the group G is a compact
connected Lie group and the field is two-dimensional, the situation is quite
opposite. Namely, under some general assumptions, G-invariance of the potential
implies G-invariance of each Gibbs random field with this potential.

1. Main Result

Let Z* be a two-dimensional lattice with points = (k,, k,), where k; are
integers. Let G be a compact connected Lie group, which acts (on the left) on a
space X. In other words, there is a mapping n:G x X — X with the property
(g2 m(gy, X)) =7(g2gy, x), where g,,9, € G, x€ X,

Let pt be a G-invariant o-finite measure on X, defined on a G-invariant g-algebra
Ay of subsets of X. Let us fix a structure of Riemannian manifold and a two-side
invariant Riemannian metric on G. Let %, be g-algebra of Borel subsets of G.
The action of G on X is assumed to be measurable, i.e. the mapping 7:G x X - X
is measurable. (In the space G x X the g-algebra %; x %y is considered.)

Let A SZ? be any subset. Configuration on 4 is an arbitrary function x ,: 4— X ;
it is determined by its values x,=(x,;t € A), x,€ X. Denote X the set of all
configurations on A. If JC A, then x; =(x,; t € J) means restriction x,|,. On the
set of all configurations on 4 a measure u, is naturally introduced as a product
of |4] measures u. (Here and further on |A| denotes the cardinality of A4.) p, is
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defined on the o-algebra %y. — the product of |4| o-algebras #y. On the set of all
configurations X the group G acts in a natural way, by:
(gx)i=9gx; ted, x,eX*, geG. (1.1)

A potential U is a system of functions {U,; A CZ?, |A| < oo}, where every function
U,=U,(x,), x,€ X* is defined on X*. Let the following conditions on potential
be satisfied.
A. Invariance. For any A CZ?, |A| < oo
Uggx)=Uylxy): geG, x,eX”.

B. Differentiability. Let ACZ?, |A|=2, t,,t,€ A, t,+t, and x, € X*. Let us
consider a certain subset of configurations arising from x, under the following
action of the group G x G on X*:

91X, L=1y;
(g1, 92)5 x4 =1992%, (=133
X, EST

Then on the group G x G we can define the function

VA,zl,tz,xA(gngz): UL(g1,92)%x4] -

On the group G x G we have a two-side invariant Riemannian metric. Let wy, w,
be any pair of left-invariant unit vector fields on G x G. There should exist and be
uniformly restricted second derivatives

Wy [WZ(VA,tl,tz,xA(gl’gz))]éL (1.2)

for any finite 4, any x, € X and any ¢, t,.

If we introduce the system of local coordinates y,, ..., y,, on G x G in such a
way that the vector fields d/0y, were left invariant and of unit length, our condition
(1.2) can be rewritten in a more familiar manner

0 0
5};‘,:‘63171/‘1’!"’2”““()}1’""yz”)§L [4’ 5]
C. Finiteness. There exist a number d,, { <d, < oo such that

Uux)=0, (1.3)

when d(A4)>d,, where d(A) is the diameter of 4.
D. Convergence and Measurability. Let A CZ* be finite and J € A. The function
U,(x,) is assumed to be #ya-measurable and the integral

j exp { — U, (xy, x40} w,(dx;)
bed
converge for any A, JC A and x,,, € X"/
Notes. It follows from conditions A and B that the potential U is continuous
on any orbit of G action on X. Hence, if the action is transitive, the condition D
follows from the remaining ones.
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Let JCZ? be a finite subset, J be its complement. A configuration x; e X’
will be called a boundary condition for volume J. Define the energy of the con-
figuration x, € X’ under the boundary condition x; by

Ulglxp= Y Uslxd),

AANTF0

where for any 4, the restrictions of x , satisfy the following equalities:

Xalans =Xslanss  Xalani=X7lan7

The conditional Gibbs density in the volume J with boundary conditions xj and
potential U is defined by

exp{—U(x,|x7)}
[ exp{—U(x,Ixp} u,(dx))

xJ

P(x;|x5) =

The existence of the integral in the above formula is consequence of conditions
C and D on the potential.

In the configuration space X%, let us introduce the g-algebra 2, generated
by the cylindrical sets of the form Z(B,teJ)={(x,teZ*) e X" ; x,e B, teJ}
where J CZ? is finite, and B, € %y, for any t € J. By “state” of the system we mean a
probability measure 2 on the space (X%, ). For any I CZ?2, let us denote by 2,
the o-algebra, generated by Z(B,, t € J), where J C I is finite.

A Gibbs state [6—8] with potential U, is defined as a state such that for any
finite JCZ?* and any B, %y, t€J, the conditional probability of the event
9 (B,, t € J) with respect to g-algebra ; is the function of y,. € X%* of the form

P{D(B,te)Usy= | Plx;lys) u,ldx,), (1.4)
H Bt

teJ

where yy= yz.|5 It follows from this definition the existence of mutual densities
(or correlation functions in terms of statistical physics) P(x,;) which satisfy the
following condition:

P(ZB,te))= | Px,) pldx,). (1.5)
HBt

teJ

E.g., we can choose them according to the formula:

P(x))= i Plx;|y) 2(dyg2) . (1.6)

The main result of this paper is the following

Theorem. If the potential U satisfies assumptions A — D, then every Gibbs
state 2 with this potential is a G-invariant measure on (X%, ) with respect to the
natural action (1.1) of G on X%

This theorem should be interpreted as the illustration of an opinion, spread
among physicists, that no breakdown of continuous symmetry occurs in two-
dimensional systems. The assumption about the two-dimensional nature of the
lattice is of great importance, which corresponds to common physical ideas,
stating that the breakdown of continuous symmetry is possible for three-dimen-
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sional lattices. The assumption about the existence of second derivatives of the
potential, is also essential. [t’s natural to expect, that without this assumption,
our theorem is not true. (See discussions in paragraph 6 of this article.) On the
other hand, the supposition about the finiteness of the potential is introduced to
simplify the proofs. It seems possible to extend our method on potentials, which
decrease rapidly enough at infinity.

Our conditions include a model in which X =IR? is the three dimensional
euclidean space, G =S0(3) is the group of proper rotations, y is a G-invariant
measure on R* with finite support;

UA(XA):{O-Mx,, X ior A={t,t'}t—t|=1;
or other A4.

Here, (, ) denote a usual scalar product. In particular, if the measure u is concen-
trated on the sphere S? CIR?, our model reduces to the classical Heisenberg model.
This allows us to generalize, to some extent, the results by Mermin [9] about the
absence of spontaneous magnetisation in two-dimensional Heisenberg model.
It is necessary to compare our results with results by Fisher, Jasnow [10], and
Garrison et al. [11], having the same physical interpretation, but expressed in
other terms and obtained by different methods, based on the Bogolubov inequality.
On the other hand, the method of our article is based on a local limit theorem of
probability theory for non-identicaly distributed random variables. As a matter
of fact, this method presents mathematical interpretation of traditional physical
intuition (see for example Fisher [12].

2. Main Lemma

To prove the main theorem, it is important to consider at first the case, when
our group G is a circle S* with standard smooth structure.

Let V,, n=1,2,... be a square V,={t=(k,, k,)eZ?*; —n=<k,, k,<n}. For
any I, JCI and any boundary condition xj let us consider mutual densities

Py ((xs]x5) = ij\J P(xTxz) up g (dxpg) s (2.1)
x;=(x;, xp,). Let mg be the Haar measure on S* (mg(S*) = 1).
If a group H acts on the left on a space Y, denote H ( o) t
of the point y, € Y, and, for any function f :H(y,)—R", fH(,
on H, defined by f#(h, y,)=f (hy,).
Let x, € X"* and S'(x,,)CX"* be an orbit of x;, under S'-action on X"*
(see 1.1). Let’s consider P, , as a function on this orbit.

he orbit (under H)
o) is the function

Lemma 1. For any ¢>0 and k=0 there exist a constant ¢, such that for any
nzk, any boundary condition xyp—e€ X", any x,,_and any g, €S" we have

j|PI§:<,V,,(b17XVkIX7;)_PE;‘(,V"(QObI’kalxﬁ)lrnS(dbl)
Sl
§ck(logn)‘%”j Pg;,v,.(bnvaxV‘,,) mg(db,).
Sl
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It 1s easy to derive our theorem from this lemma (when G = S'). We have from
(1.6), (2.1), and (1.4), that

“PSl(bls ka)_ PSl(gobp Xvk)|ms(db1)
Sl
= f [j IPg,t bl’kaIyV) PE;:,Vn(gObl,kalyV_")I’nS(dbl)] P(dy42)
Xz*
L (2.3)
¢, (logn)™ Ve f [ j Pfgk b1aka|J’v ) P (dy4:)] mg(db,)
Xz?

<c,(logn)” Hze j PSl(bvak) mg(db;).
Sl

lIA

The conditions 4 and B imply, that the function P5'(b,,x,,) is continuous
on S!, hence from (2.3) follows

P (b1, xy,) = P (go by xy,) (2.4)

This means, that P(gx,,)=P(xy,), x,, € X", ge G. If JCZ? is finite, then there
exist k, such that J C V. Let J(B,, t € J) be a cylindrical set. Let B!= B, whent € J,
Bl= X when te V,\J, then Z(B,,t € J)=%(B,, t € V,) hence the theorem follows
from (2.4) and (1.5).

3. Change of Variables

Let d = d, be fixed, where d, was introduced in condition C on the potential.
Let s be any integer. The layer with number j is, by definition, the set

v, j=1
F=V,\Vy_pd  j=2....s
Va j=s+1.
The cardinality a; of F; is
a;=(Q2jd+ 172 —Q(—1)d+ 1> <8jd?j=2,....s. (3.1)
Let T*=S"x --- x §' be an s-dimensional torus with fixed decomposition in

a product of s c1rcles S'. We can define an action of this torus on the space of all
configurations on V,, by the following formula:

bxy ,=(bxXp,byXp,, ..., byXp) (3.2)
where
b=(b,,....b)eT*; b,eS*;

Xy, =(Xp, ... xp) € XV,

Let the contribution of the finite set A to the energy of the configuration bx_,
under the boundary condition x3— be nonzero. Then we have from condition C
on the potential, that d(4) <d, hence two possibilities arise:

a) For some j A CF;; then the contribution of 4 to energy of the configuration
(3.2) is determined by x,, because of the S'-invariance of the potential.

b) Forsomej ACF;UF,,, and AnF;= 0, AnF;,, # @. Then the contribution
of A to the energy of the conflguratlon (3.2) is determmed by xp, xp,,, and

+1
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(b; b7l e S' (where b,,,; = 1€eS* by definition). So, we can rewrite the energy
of bx,_, under the boundary condition xy— in the following way

U(be,dlxm): U[(bla seey bs) (pr ceey XFS) Ixm]

N

=Y Y Uulbyxg)l4]

j=1 ACF,

N
+ Z Z UA[(bijjs bj+1ij+1)|A]
j=1 AnF,*0
Ar\F“.l#:(a

= Z Uj(xp)+ Z R;(b; J+1XF, Xp,0)

where U; and R; denote internal sums in the first and second summand cor-
respondingly. Let us change the coordinites b on T* into a new one h=(h,, ..., hy)
according to the formula

h;=b;b;.Y j=1,...,5s—1
hy=b;.
It’s easy to see, that
82
oh?

R (hj, xp, Xg,, )= €1 (3.4)

where ¢, =c,(d, L). Indeed, every summand of Rs (hj, xp , xp,,,) has the form
Ui Lh;, XFJIAF\FJ xFJ+1|AnF ..J- But 8/5h2 U,il[hp Xplanr, XFJ+IIAAFJ+,] 1S a sum
of less than |4|* <d* summands, each of them bounded by L according to the
condition B on the potential. According to (3.1) the sum R; contains less than ¢,
summands, where ¢, < co depends only on d, hence the inequality follows.

Let’s consider a set 9t of variables (b, xy_,|xp—), where b=(b,,...,b)e T*,
Xy, =(Xp,, ..., xp) € XV*¢ and xp— is fixed. We'll define a probability distribution
on N by the Gibbs density:

p(b7 szlem)=p((b1, ceey b5)7 (xF17 ceey sz)lxm)

_ exp{—UT(by, xp,, ..., by, Xp | x77)}
| ( [ exp{=U"(by, xp,, ... bg xp |x7)} uysd(dxysd))mT(db)

Ts \XVsa

(We suppose here, that m;(T%)=1.) Let’s put in (2.2) k=d, n=sd, then V,=F;,
V, = V,,. Dividing both sides in the inequality (2.2) by the integral in the right-hand
side, we get the following inequality:

[1p®11xp, x7m) = p(Go by X5, X )Ims(dby) < ¢ (logsd) ™2™ (3.5)
St

where the conditional density p(b, [xy , x7—;) is computed in 9. It’s more convenient
to study conditional density p(b,[xp,, ..., Xp, Xy;). The connection between
them is well-known:

p(bl Ipr Xm)

= [pby|Xp,s ooy Xp o X9 P(Xp s s Xp | X s Xp) My, v p o (AXp, - AXE)

(3.6)
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We have
exp{— U™ (b, Xy, | X73)}
blx , - - sd sd
N C O )
(3.7)
=p(hlxy,, xv; H p(h; IXF, XF,H)
where
ex R (hj, xp , x5 ., ,
pithy|xp, Xg,, ) = pi- (] AR (3.8)

feXp{ Rj (h,, X, X, )} ms(dhy)

The last equalities follow from (3.3) and because the fact that the Jacobian of
b—h is equal to 1. We have from (3.7) that the elements h are independent, and
it is easy to see, that h,...h;=(b;b5 ") (byb3").. (bs b (b)=h,eS'. The
probability density of this product is a function on S*:

p(b, |szd’ xV_sd) = [pl('lela XF2)°P2(’ | X, XF3)° e

o py(] Xp,s Xpy+ D1y,
where - means convolution on S?, i.e

(95 ° q5) (x)= j ‘11(J’)512(Xy_1)ms(dy)— Z q1%q2(x+71); (3.9)

rel

in the last equality we consider real-valued functions, obtained by identification
of S* and a segment [0, 1].

4. Proof of the Main Result

It remains to prove the following

Lemma 2. For any ¢ >0 and d = d, there is a constant ¢ >0, such that for any
sz 1, any xp_, and any xy—

sd’

[ 1p(byIxy, » xpm) — tlms(dby) < c(logs)™ /277 (4.1)
Sl
Proof. Let v;€ S* be such, that

RS

; (), XFj XFJH)={£iSI}R (h, XF xFJH)

Then
G):SH
_a‘}?(h XF,axF,H)Ih 0, =0.

We'll use the same notation Rfl for the corresponding real-valued function on
[0, 1]. Using Taylor’s formula in the Lagrange form and the estimation (3.4) we
have

RS (b, xp,, xp,, ) S R (v, xp,, XFJ+1)+ LT 0’
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Then we have

§ exp{ _R§1 {h, Xpp XF,, )} mg(dh) = exp { -Rfl (Ujs Xpp XF;, 1)}
Sl

1
X ‘[exp{—%cljlym Uj!Z} dyg%” exp{_st'l(vja XFja xF,+1)}j_ 12
0
where ¢; = c5(d, L). From (3.8) we have that
Pj(hj!ij,xF,+,)§C3jl/2; J=1,...,s. (4.2)

Let us consider the convolution

P*(1Xy g Xvg) = Py (X, Xp,) % Py X Xp, ) 5

where the right-hand side real-valued functions are obtained by identification
of S* with [0, 1]. For estimation of this convolution we make use of a local limit
theorem of Statulevicius [13] for non identically distributed random variables.

Let

1
E(XFJ7 xF,“): fypj(ﬂxﬂ, XFJH) dy.
0

Then, from (4.2) it follows the existence of a constant ¢, = ¢, (d, L), such that the
conditional variance of h; (as of real-valued random variable) is

1
D(xp, xp,, )= j(y — E(xp, xp . ,))2 I’j(J’|xF,7 Xp,,)dyZcaj” t.
0

[Tt is easy to see, that among the distributions, satisfying (4.2), the distribution
;jif*  0=yse'yn'?

1.-1/2

p(y):{() y>c3j

has the smallest variance.]

But the sum ;™! diverges, so we can apply the local limit theorem of [13]
to the sequence h;. This theorem guarantees us, that our density p* is near to the
Gaussian density. We'll get precise estimations after substitution of the formula
(4.2) of this work into the formulas (3.1), (3.2) of [13]. Then for

N

E(XFJv XFJH)’ Ds: Z D(ija xFJ+1)7

Jj=1

VP

]
—_

E. =

s
J

and for some ¢s = c5(d, L) we have

+ o

J Ip*0lxy, xp) — @D~ P exp{ = (2D) "' (v — E)*}Hdy S cs(logs)™ 27+

By definition of the convolution on S* [see formula (3.9)] we have

PClxy, o xpm) = 3 p*( +rlxy, , Xr) -
rel
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Finally, there exists ¢ = const, such that for any D > 1

|2 [2nDy) 2 exp{—(2D) y—r+E)}]1—tISce(D) 12,
reZ
Hence, Lemma 2 follows.
Lemma 1 is equivalent to the inequality (3.5), which follows immediately from

(4.1) and (3.6).

5. Proof in the General Case

The proof in the general case is based on well known results on Lie groups
[4,5]. Every compact connected Lie group G is a complete Riemanian manifold.
So we can join every element of G with 1 € G by geodesical curve. The minimal
algebraic subgroup of G, which contain this curve, can be closed or not. In the
first case this subgroup is isomorphic to S?, in the second — to R'. But the group
R! is commutative, so its closure in G is also a (compact) commutative Lie sub-
group of G. But every compact commutative Lie group is a torus, hence every
element of G belongs to some torus T*C G. Next, every element of T* is a product
of no more than k elements, each of them belonging to some compact one-dimen-
sional subgroup. Hence, every element of a compact connected Lie group of
dimension n can be represented as a product of no more than n elements of several
compact one-dimensional subgroups of G.

So, it is enough to verify our theorem for every compact one-dimensional
subgroup. But conditions 4 — D on the potential U and the measure u can be
restricted to every compact one-dimensional subgroup. We must only verify
that the restriction of every function of class * according to some smooth structure
on G on every compact one-dimensional subgroup of G, remains again in the
class 2 according to standard smooth structure on S'. The proof of this fact is
in [4].

6. Discussion

The following example explains the importance of our assumptions about
the existence of second derivatives of the potential and two-dimensionality of
lattice. Suppose X =G =S"', d=d, =1, and the potential U ={U,} is

o0; s, t belong to the same layer, x, + x,;
Ug.y(xe x,)=10;s,t belong to the same layer x, = x,;
flx,—x); |s—t|=1,s,t belong to neighbouring layers,
where f is any function, and finally, U , =0 for any other A. In this model all the

spins of the same layer take the same value, and the differences y;=x;- x;!, are
independent. y; has a probability distribution with density

exp{—f(y) o} (6.1)

PO = T ep = v oy} wldy)

X
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where ¢@;~4j is the number of neighbouring points in neighbouring layers.
If f(y) is continuous, f(|yl) < f(0) for any |y| and f(Iy]) — f(0) ~ —k|y* for |y[—0,
where o >0, k>0, then we have from (6.1) the variance D(y;) is of order j~ "
when j— co. Hence the sum ZD(y;) diverges for o =2 and converges for « <?2.
Hence, by the above mentioned limit theorems, under any boundary condition
X, the distribution of b, tends to the uniform distribution when s— co and o = 2,
and does not tend to it, when o < 2. In v-dimensional case ¢; is of order j*~ ', and
the same arguments give that the distribution of b, tends to the uniform one, when
a=2(v—1) and does not tend to it, if «<2(v—1). So, when v=3, we’ll have a
uniform distribution for b, only if in the minimum of the potential the second
and third derivatives are zeroes.

In this model we have less fluctuations, than in the case of translation-invariant
potential. So, if there is no break-down of continuous symmetry in this model,
then the same situation is in general case. Our main idea was to reduce the general
case by introducing some conditions to a situation, similar to the model of this
section. It is clear, that we cannot reverse our arguments. Indeed, it is possible to
deduce from [14] that in translation-invariant case the Gibbs state is unique and
there is no break-down of continuous symmetry for any ¢, if the temperature is
high enough. It seems, that there is break-down of symmetry, when o <2(v — 1)
and the temperature is low enough, but still we have no proof.
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