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The Absence of Even Bound States for λ(φ4)2*
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Abstract. We use correlation inequalities for λ(φ4)2 to exclude even bound states of
energy less than 2m.

Let H denote the Hamiltonian for the λφ4 quantum field model. We
define m to be mass of H. The purpose of this note is to show that for
λ < λ (critical) H restricted to the even subspace has no spectrum in the
interval (0, 2m). Thus we exclude even bound states of energy less than
2m. In [1] this result was established for λ sufficiently small. Feldman [2]
obtained our results assuming G4n < 0, where G4n is the 4nth truncated
Green's function. These inequalities on G4n are only known to hold for
n = l .

Our proof is an immediate consequence of correlation inequalities
due to Lebowitz [3] and the spin 1/2 approximation of Simon and Grif-
fiths [4]. Our methods are similar to those of Feldman.

Following [3] consider a spin 1/2 pair ferromagnetic interaction
and two duplicate spin variables denoted by st and σ f. Let

q. = σ f + S; tt = σt - st

and let

QA = Πβi IA= ΓUi
ίeA ieA

Then from [3] we have

where <.> denotes the product expectation.
Similarly let Φ and Φ' denote duplicate Euclidean fields for λφ4

and for Xt = (Xί? X?) e R2 set

QXί = Φ(Xi) + Φ'(Xl) TXi = Φ(Xί) - Φ'
and

QA= Π Qxt TB= Π TXl.
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From the spin 1/2 approximation and multilinearity it follows that

When X? ̂  Z2° . . . ̂  X°n and A = {Xt}, let

To establish the absence of even bound states it suffices to show that
for each n

OZ<ΨΛe-tSΨΛ>-<ΨA>
2ZCΛe-2'*t. (2)

Here Ω is the vacuum of H and φ denotes the time zero field. The above
inequality implies that the bound state (of energy less than 2m) is ortho-
gonal to the even subspace.

We now turn to the proof of the estimate. Let

A = {X, ... X2n} , B = {X[+t, ...X2n

where t = (0, ί).
Observe that since there is a gap in the product theory the Feynman-

Kac formula shows that

<QATBy-<QAy<TBy
decays exponentially as £-»oo. We determine the rate of decay by in-
duction on n. For n=i (2) follows as in [1]. Now suppose (2) holds
for j g n - 1 . Let R(t) be defined by

<QATBy-<QAy<TBy
= 2{<ΨAe-tHΨAy-(ΨAy

2}-R(t).

Note that R(t) also vanishes exponentially. From (1) we have

R(t) is a sum of products of expectations obtained from expanding
<(L TBy - (QAy <Tβ> into fields. The terms corresponding to <β^> <Tβ>
are constant in time and do not require further analysis. The terms cor-
responding to (QA TBy have the form

<Φχ 1 Φj ϊ l ><Φ^ 1 Φ^ 1 >
where

and either A1 or B1 is a proper subset of A or B. Now if Aλ has an odd
number of elements then so has B1 because otherwise the term vanishes.
Hence both factors contain fields localized in both A and B = A + t. It
follows from the eveness of the theory and the definition of m that each
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factor decays like Θ(e~tm). If A1 has an even number of elements then
so has BI or again the expectation vanishes. By the induction hypothesis
and the Schwartz inequality we can write

Note that the products <ΦX l> <ΦBl> are constant in t. Consequently we
have

R(t) = Const. + Θ(e~2mt).

Since R(t) goes to zero for large t the constant vanishes and the estimate
is complete.
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