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Abstract. We study the uniqueness of the association of a classical statistical mechani-
cal state and its sequence of modified correlation measures by studying a cyclic repre-
sentation of the canonically associated Borchers algebra of the system. We show that
semi-analyticity of the cyclic vector for a particular family of symmetric operators is
sufficient for uniqueness while analyticity of the cyclic vector permits us to recover the
state from the modified correlation measures.

§ 1. Introduction

The problem of the unique specification of a state of a classical
statistical mechanical system by an infinite sequence of correlation
functions has been studied, in the past, within two widely differing
mathematical frameworks. The first is the algebraic approach as typified
by the work of Ruelle Ref. [1], and the second is the measure theoretic
approach due to Lenard Ref. [2]. In this paper the two approaches are
combined.

From the outset we assume the structure, notation, and results of
Ref. [2]. Thus the state of a system is represented by a probability measure
on the space of locally finite configurations, X, constructed from the
one particle space, (E, %), where £ is a ring of subsets of E. We study
not correlation functions but correlation measures, the n'* correlation
measure, 9,,, being a measure on (E", X[#"]) where X[ £"] is the o-algebra
generated by £#".

We construct a “Borchers algebra” from this framework and obtain
a representation of it. This is done by introducing “modified correlation
measures” which define a “state” on the algebra, ie. a positive linear
functional, and then applying the Gelfand-Naimark-Segel construction.
The representation so obtained is cyclic and the operators commute
on a dense invariant subspace.

We show that semi-analyticity of the cyclic vector for the operator
representatives of the Borchers algebra is sufficient to guarantee
uniqueness of the probability measure defining the correlation measures.
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Additionally, by strengthening the condition on the cyclic vector to
analyticity we obtain essential self-adjointness of certain symmetric
elements of the operator algebra and then an expression for the probability
measure in terms of the spectral measures of the self-adjoint closures
of these operators.

§ 2. Modified Correlation Measures

We assume we have at our disposal a set E and a ring of subsets of
E, #. From this we construct the measurable space

(X, Z[€))

where X is the space of locally finite configurations introduced by
Lenard and X[({] is the o-algebra generated by the ring of sets € which
is generated by the cylinder sets.

Let u be a state on X, i.e. a probability measure on

(X, 2[€)),

then the sequence of correlation measures is defined by

Qn(H)z jNHd.u ’ HE 2['9‘?"] ’
X

where, for é € X, £ =(xy, X,, ...) an enumeration of &,

Ny(€)=the number of ordered n-tuples of distinct integers, (i, ..., i,),
satisfying (x;,, ..., x; )€ H .

We define the modified correlation measures, §,n=1,2,..., in an
analogous fashion. For He Z[#"], and ¢e X, with &=(x, x;,...), let
NH(5)= the number of ways one can choose ordered n-tuples of integers

(i15 i2’ ooy ln)

X )eH .

such that
(x5 -
Note that the word “distinct” is missing from this definition.
Fact. Ny is a measurable function. The proof of this is identical
to the proof of the measurability of Ny given in Ref. [2].
We define

8,(H):= | Nydu.
X

The motivation for the definition of N;; and ¢, is contained in Appendix 1.
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§ 3. Construction of the Hilbert Space

Definition. Let § be a family of subsets of a set F. A simple function

2
€= Z akXMk’ MkCF

k=1
is said to be based on § if

MeF, k=1,2..7.
¢n={A1A2...A”:Ai€e@}.

We denote by €, the linear space of simple functions defined on E"
and based on €,. Finally, let & be the vector space direct sum of the S, :

G= + G,.

n=0

Let

We adopt the usual convention that
60 = C .
& is the linear space of sequences

((Pn)so= 0
€S,

with

and ¢, =0 for all but a finite number of neZ,. The special case
©=(0,0,...,%4,..4,,0,...)

we denote by 0
Ar... A

We make & into an algebra with involution in the usual way.
Multiplication is defined by

K
(W), (X1, ..., X,) = Z Or(X1s ey X) WX 15 05 X,)
k=0

and involution by

(@*)u (X155 Xp) 1= Pp(Xs X -1, o0y X1)
It is not difficult to show that
®:GxC-S
(@R =y*®o¢*;

the other linear operations and properties of involution being obvious
we indeed have an algebra with involution, the Borchers algebra for the
system.

and
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We now define a positive linear functional on & by means of the

sequence of measures i
(Q n);.lo =1-
Foro=(¢)0€@

0@):=po+ Y | ¢,db,.

n=1E"»

We note that this is always a finite sum. For convenience we shall write
@)=Y | ¢.do,.
n=0 E"

We now use the fact that (§,);-; are modified correlation measures

associated with
(X, 2Z[€], u)

to obtain another expression for g(¢).
First:

0(Pa,.. 4)= Ef Xas... 4,40,

and

[For n=0, A, = @o° xx-]
Then, since everything in sight is linear,

0(p)= ){ fpdp . 3.1)

Proposition 3.1. § is a positive linear functional on S.
Proof. Linearity is obvious. To show
0(e*®¢p)20
we use formula (3.1) to show, in general,
do*®@y)= ,§ Noflydit -

Then i o
0(0*®¢)= [,I?duz0. O
X
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We now apply the Gelfand-Naimark-Segal construction to the
algebra & with the positive linear functional §. In this way we obtain

i) a Hilbert space, #, in which € is mapped onto a dense linear
manifold, &, and

ii) a representation of S as an algebra of operators defined on &
which is invariant for each operator.

We introduce the following notation:

For pe &, ¥, is its image in & and A, is its representative as an
operator. Denoting the unit element in & by

e=(1,0,0,...)
we let
Q=Y,.
By the G.N.S. construction £ is a cyclic vector for the representation and
and A,Y,=%,s, (3.2
0(9)=(4,2,9). (3.3)

Proposition 3.2. Let Ae . Then A, is a positive [ hence symmetric ]
operator.

Proof. Forpe S
(Aqu ¥y lPlp) = (A‘PAA(PQ’ Awg)
=(A%4,,4,92,9)
=(A,A4,,4,2, Q)
[since Z C domain of (4,)* and (4,)*|y = Ay]-
Thus
(A«JA ¥, lP«)) = (A¢*®¢A ®¢Q’ Q)
=0(0*®p,®9)
= [ 17yl Nydp 2 0.
X O
Proposition 3.3. Let ¢,pe@. Then A, and A, commute on %.
Proof. Fix ¢’ € & and consider for arbitrary v' e S (4,4, %, ¥,)

and (4,4,%,,¥,). Performing the usual manipulations shows that

each expression can be written as
jdﬂf/]tp’*?]w;}wﬁqo’ .
X
Thus for Y€ 9
(4 ¥Y,,¥).

The denseness of & and the Riesz representation theorem complete
the proof. O

4,7

oty Lo

P)=(4,4

@
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Thus we see that our patently non-commutative algebra has a
representation as an algebra of operators which commute on a common
invariant dense domain. This fact arises simply because all commutators
in & are in the kernel of §.

§ 4. Semi-Analyticity of £2 and Uniqueness of the State

First we recall that a vector, ¥, in a Hilbert space is semi-analytic
for a densely defined operator, A, in b if
i) Ye Dom(4A")n=1,2,... and
ii) the power series
2 ||A"Y
SRLai
n=o (2n)!
has a non-zero radius of convergence.

In this section we show that semi-analyticity of Q for the symmetric

operators

A AeR

(2

is sufficient to ensure uniqueness of the measure x4 on (X, X[€]) which
defined the sequence of modified correlation measures

(@)= 1 -

This is done by showing that the semi-analyticity condition on Q implies
a convergence condition [C.C.] on the modified correlation measures
which is sufficient to ensure uniqueness.
For convenience we state the convergence condition we will arrive at.
C.C.: The power series

oo} A An
5 {
n=0 (21’1)'
has a non-zero radius of convergence for any A e %. For convenience
we drop the subscript n from §, adopting the convention that for
AeRH(A")=0,(A").
Proposition 4.1. Let Q be semi-analytic for
A, VAeR

then the sequence (,)y-, satisfies C.C.
Proof. Since Q is semi-analytic for 4, , the series

5 4.0

n=0 (2”)’
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has a non-zero radius of convergence. Note that
45,017 = (45,2, 4;,9)
= (455 Q. Q) =6(p,2n)
= j Xa2nd02p
=0(A%").
Since the “square-root” is a concave function we apply Jensen’s
inequality to obtain

o(A" = deug[ jﬁi"du]ééw"ﬁ.
X X

ie. i
oA = 45,9 . O

We now show that C.C. implies the uniqueness of p associated with
@i=1-

Proposition 4.2. A necessary and sufficient condition for the power
series o

0 ma my 1 e
LA A S G,

m

to have a non-zero radius of convergence for arbitrary
Ay, ..o A4,), A, eR, and r,

is that the power series

has a non-zero radius of convergence for any A€ A.

Proof. Necessity is obvious.

We prove sufficiency for r =2, the generalization to arbitrary reZ .,
will then be clear.

Since we are dealing with series with positive coefficients we need
only consider

Y o)

my,mz

where ¢4, t,>0.
For m; + m, =m we have

R A 42 Sl A D) o /4T A2
2my)! (2m,)! @2my)!  Qmy)! = 2m)!

[0/t + )/l

2m)!

g g
= (AT A
Bl G~ % S G T G
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We also note that
U  A7a5c(a,0u4,)"
mit+ma=m
and, hence, that
Y AT AT oA 0 A"

mitma=m

Let A,uA,=A€R. Then, by assumption,

m
PR
has a non-zero radius of convergence. Call it R . Clearly if f <3|/R A
and f< 3|/ R4 the original series converges.
Thus C.C. implies the convergence, in some region about the orlgm,
of the power series

S oAy Am)

Zml Zmr

¥

@my)! Cm)!

Now, for A, ..., 4, pairwise disjoint,

oA ... APy = jﬁ/‘f"“n/ﬁ"’dﬂ:y (NAl)MI (NA,)M' du
X X
= Z (nl)ml ter (nr)mr ﬂ(Cfll,’,’n/:r .

Plugging this formula into the preceding one and [assuming (z, ..., z,)
is in the region of absolute convergence] interchanging summations we
obtain

oAy (nlzl)m1 (nrzr)mr
DT X HC) G !

= Y u(CirovAycosh)/nyz, ... cosh)/n,z,.
Ry, ..., Ny

Proposition 4.3. Let the series

Y. @, .ncosh)/n,z,...cosh]/n,z,

Hi,...,Np

be convergent in the region in €’
IZil <R i= 1, ...,T

and suppose the series

Z Ianl...nrl COShl/”E ...cosh I/ l’l,,[r

Bi,..., Ny
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converges for

t,e[0,R) i=1,...r.
If

Y a,,. . ,coshl/n z; ...cosh)/nz=0
ni,...,Np

in this region, then
Ay, =0V, ...,n)el] .

Proof. We first show that it is sufficient to prove the theorem for
one complex variable. To this end we assume the theorem holds for
r=1 and suppose

Y ay,. ,coshl/nyz, ... cosh)/n,z,
Ni,... Ny

is identically zero for |z;| < R. Fix zy, ..., z,_, in this region and consider
the series in z,:

Y b, cosh]/n,z,
where "

b,:= Y a,. ,cosh)/nz, ...cosh)/n,_ z,_;.

Ni,e.oyly—1

Because of absolute convergence we can perform the sums in an arbitrary
manner. Hence

Y. b, cosh)/n,z,

ny

is identically zero for |z,| < R. Moreover
Y. |b,,| cosh]/n,t,

is convergent for ¢, € [0, R). This follows from

|bnr| é Z |an1...nr| COShl/ nllzll COShl/ nr—l'Zr—ll
n

1seeasBp—1
where we have used the fact that

|coshz| < cosh(Re z) < cosh|z|.

Since we have assumed the statement is true for » =1 we have

b, =0 all n,.
That is:

Y, @, ncosh)/n;z, ...cosh)/n,_,z,_,=0VneZ, .

Hi...hp—1

This clearly holds for all |z <R i=1,...,r—1. We continue arguing
in the same way to obtain a,,  , =0(ny,...,n)eZ}.
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We now proceed to prove the proposition for a single complex
variable. It is convenient to change variables to

{=-i)/z

and consider the function defined for |{| < [/E by

g(©)= 3 a,coshn*i{= Y a,cosn*(.
n=0 n=0

Then g¢({) is identically zero for |{| < l/ﬁ and ) |a,| ]costh converges
n=0

for all t e R since

0
Y la,l<o0.
n=0

[Thig follows from the fact that cosh]/;t =1.]
Since lcos]/n{| < cosh()/nITm)
io a, cos]/ﬁC
converges absolutely in the strip in the complex { plane

[Tm{ <}/R.

Moreover it is easy to see that it converges uniformly on compact sets
in this region. Hence g({) is defined as an analytic function in the strip
|Tm{| <]/R and coincides with the analytic function “Zero” in the region
|{|<]/R. Thus, by the uniqueness of the analytic continuation of an
analytic function, g({) =0 for all { with [ITm(] <]/1_{.

Consider g({) on the real axis,

gt)=Y a,cos)/nt=0 all teR.
n=0

we see that

Since

00

Z |an‘ <

n=0
the series for g(f) converges uniformly on R. Hence g(¢) is an almost
periodic function with “spectral points” (]/r/z),‘j‘;o. Such functions have
unique Fourier like expansions of the type above. Since g is the Zero
function the coefficients of its expansion must vanish. Hence

a,=0YneN. O

Proposition 4.4. Let the sequence of measures (3,)-, satisfy C.C.
Then u is uniquely associated with (9,)- ;.
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Proof. Suppose there are two measures u, and u, associated with
(8,) 1. Then we have the equality of the two series

Y w(CayoA) cosh]/nyzy ... cosh i=1,2

for any cylinder set
C n 1v . nr

lziil <R

and

[R of course depends on the pairwise disjoint sets A, ..., 4,].
C.C. clearly implies the convergence of

Z u,(C ,,,,, mrycosh)/nyty ... coshl/n,t,, i=1,2

in this region. Hence in subtracting the two series we can subtract term
by term. Letting

Ay, =H1 (C ,Uz(cfll

Z a,,lm,,rcoshl/nlzl...cosh n,z,=0

Niy.eeoyhy

we have

while clearly

Y lan,.. nlcosh)/nyt, ...cosh]/nt,<co for t;€[0,R).

Hiy.. 0y

We now simply apply proposition (4.3) to conclude that the coefficients
vanish identically. Thus u, =u, on the cylinder sets and hence on

2[€]. a

~ § 5. The Relationship between p and A

In this section we strengthen our assumption on £ to analyticity
for every operator
A, ,AER.

A’

This allows us to establish essential self-adjointness of these operators
on & and obtain an expression for x on the cylinder sets in terms of the
associated spectral measures.

The basic tools which will be used in obtaining these results are
theorems concerning the classical moment problems. These and the
relevant definitions can be found in Appendix 2.

Our first task is to establish further properties of the 4,,. To this
end we recall certain types of vectors in a Hilbert space.

Definitions. Let A be an operator in a Hilbert space h and ¥ el
for which A"¥ is defined for every n.
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i) ¥ is analytic for A if the power series
4] ,
n=0 n!

has a non-zero radius of convergence.
i) ¥ is Stieltjes for 4 if

© _L
5 4] =0,

We state the well known result:

Proposition 5.1. ¥ analytic for A=Y semi-analytic for A=Y
Stieltjes for A.

We now make the assumption that Q is an analytic vector for
A, ,AER.

PA°

Proposition 5.2. Q analytic for A,, implies ¥,e P is semi-analytic
for 4,

Proof. Since ¥, is a finite linear combination of vectors of the form
¥,4,..4 the triangle inequality shows that it suffices to prove the
proposition for vectors of this form. Recall

14 =4 Q

PAy...A, QA ... A,

We have
“Afl’A Pa, Q” = (A¢.1®' "@@AA(VA‘“.A,.@?AI4.,A,Q’ Q)ér
h—ﬂf———/

2ntimes

((Q’A)Zn ®(@4,.. A))%
=0(A%"(Ay ... A
"'[ij”NAL..Aer“]%'

Since N2" and N 4:...42 are elements of Z,(X, X[€], u) we may apply
Cauchy-Schwarz to obtain

II

. 145,40, Q1< 1Nl NG
Letting ’
X ReXiRO+0 - (e X N2
we write d X
I3 = |ax) | ik
to obtain Xa #a)
: E R
I3 = gt S0 | | RS’ = o )

|
- M(XA)%

AZ"Q”
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Thus o
[45. 4., . 2| = const. [ 455.2].
Since Q is analytic the series
5 lazal
n=0 (271)'
has a non-zero radius of convergence and hence so does the series
d ”A‘PA PAy... A, ‘Q”
2 et H

Proposition (3.2), (5.2) and a theorem due to Masson and McClary
immediately yield

Proposition 5.3. 4, , A€, is essentially self-adjoint on 9.

Proof. The theorem due to Masson and McClary (Ref. [3]) states:
Let A be a symmetric operator which is bounded below and has a
domain which contains a dense set of Stieltjes vectors. Then A is es-
sentially self-adjoint.

Since semi-analytic vectors are Stieltjes vectors, & is dense in #,
and A, , is positive on & the result is a direct application of Masson-
McClary. O

From this point on we let 4,, denote the self-adjoint closure of the
operator originally defined on &

Proposition 5.4. The spectrum of A, , is a subset of the positive integers.

Proof. Since spec(4,,,) CR we only need to show that if 1R and
A¢Z . the operator

Ay,

is bounded away from zero. This implies it has a bounded inverse and
hence
A ¢ spec(A

4’/1) ‘
For ¢ € & consider

”(Aqm —4) lI/q)HZ = ((A«JA - ’1)2 Tw’ qu)
=[(Ng=D? I |* dpe.
X
Since N, is a non-negative integer valued function and we have assumed
/. is not a positive integer there exists k >0 such that
(Ny& -2’2k VEeX.
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Thus 2t 1
I(4,, =D B, |> = & [ I, du
X

ie.
(4= 2) ¥, Z K[| %, |
for every ¥, € 9. Since A, , is essentially self-adjoint on & this inequality
extends to every ¥ e Dom(4,,), showing that 4,, — A has a bounded
inverse. O
We state without proof the following easy result.

Lemma. Let A be a positive operator defined on a Hilbert space by. Let
¥ el be a Stieltjes vector for A. Let S, =(A*WY,¥)k=1,2,.... Then

© 1
Z Sk2k=w.
k=1

Theorem 5.5. Let ) be a Hilbert space and A and B two positive
unbounded symmetric operators defined on a common, dense, invariant
domain, 9, of vectors in ) which are Stieltjes for both A and B. Suppose
that A and B commute on 9. Then the spectral measures associated with A
and B commute.

Proof. By the Massen-McClary Theorem A and B are essentially
self-adjoint on &. Hence they are each associated with a spectral measure.
We denote by E and F the spectral measures associated with A and B
respectively. We shall show that if M and N are Borel sets in R such that
E(M)=+0 and F(N)=+0 then for ¥ e 9

(E(M)F(N) ¥, ¥)=(F(N)E(M) ¥, ¥). (5.1)

This is obviously necessary and sufficient to show that E(M) commutes
with F(N). (5.1) is obviously equivalent to

(E(M) ¥,F(N)¥)=(F(N) ¥, E(M) 7).
For ¥ € 9 with |¥| =1 let g} be the measure on RR defined by
o (1)=(E() ¥, ¥).

We consider %,(c%). Since & is invariant under 4 ¥ € C*(A). Let

Sy = | Mdo¥ = (4%, P).
0

Then (S,);> o is a sequence of real numbers with S, = 1. By the preceeding
lemma this sequence satisfies

0 _1
Y 1S =00
k=1
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Thus by Theorem (A.2—A), Proposition (A.2—1), and Theorem (A.2—B)
the polynomials are dense in %,(c%).

Let y,, be the characteristic function of M. Then y,, € %,(c%). Let
(P, be a sequence of polynomials which converges to y,, in %Z,(c%).
Since y,, is real valued the polynomials can be chosen to be real. We have

lim [|P, —xul* do¥ =0.

That is
lim [[(P,(4) - E(M)) ¥] =0.

Thus P,(4) ¥ converges strongly to E(M)Y¥. By similar arguments
concerning %,(c%) we obtain a sequence of polynomials (Q,)%,
satisfying Q,(B) ¥ converges strongly to F(N) ¥. Thus

(EQ) ¥, F(N) ¥)= lim lim (P,(4) ¥, Qu(B) ¥)
= lim lim (Q.(B) P,(4) ¥, ¥)
= lim lim (P,(4) 0u(B) ¥. ¥)
= lim lim (0u(B) ¥, P,(4) ¥)
=(F(N)¥,E(M) ¥). O

We are now in a position to obtain the desired expression for u
on the cylinder sets.
Let & be any function defined on the real line and consider

FoN,, AeR

[33%1)

where “°” denotes composition:

(o N (&)= FN,©)
Clearly & N, is a function defined on X and

5N du= 3 uCIFE.

Let Z,(u, A) denote the Hilbert space of sequences of complex numbers
(0t o satisfying

> WC) [l <0 .
m=0

FoNye L5 (X, Z[C], p)

(F)n-0€5(u, 4).

Let 6% denote the measure defined by the cyclic vector 2 and the
spectral measure associated with 4, ,.

Thus
if and only if
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Proposition 5.6. The polynomials are dense in £,(c%), A€ A.

Proof. By assumption Q is analytic for A,,Ae%. Hence by
Proposition (5.1) it is Stieltjes. We now argue exactly as in the proof
of Theorem (5.5). O

Proposition 5.7. %, (c%) is isomorphic to a subspace of £,(u, A).

Proof. By the previous proposition it suffices to show that the
polynomials are mapped isometrically into Z,(u, A) since an isometric
mapping of a dense linear manifold of one Hilbert space into another
clearly extends to a mapping of the whole Hilbert space into the other.

Consider

[ Arde = (4} ,9Q,9Q)

=(4, .Q,Q)

QA"

Let 7 be an arbitrary polynomial in %, (¢%2). The above equality obviously
generalizes to

Jin(R dof= 3 Cllmtm).

This formula explicitly exhibits both the mapping of %,(¢%) into
¢, (u, A) and its isometric nature. O

For meZ, let p,:=(E (m)Q,Q). Where E, denotes the spectral
measure of 4, . We know from spectral theory that

i) ¥ p,=1and
m=0
i) p,, #0 if and only if m e spec(4,, ).

The next proposition exhibits the relationship between spec(4, )
and (Cp)=o-

Proposition 5.8. me spec(4,,,) if and only if u(Cy)=+0.

Proof. We again consider the [determinate] moment problem
Se=(4k ,Q,Q)=[dol =) m“E,(m)Q, Q)

=Y m*p,, .
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Thus we have the two expression for S,

Sk= i mkpm
and m=0
Se= ) m “u(Cy).
m=0

Since these sums are merely special cases of integrals we conclude,
since the moment problem is determinate,

HC) =Dy -
This equality plus ii) above yields the proposition. O
The equality
H(C) = P

establishes the complete one to one correspondence between %, (c%)
and 7, (u, A). Since

/2(,'1'7 A) C gZ(X’ Z[G:‘, H)
we may conclude that if
fe, (Gﬁ)

and (m,);-o a sequence of polynomials that converges strongly to f
then (m,° N ) converges strongly to fo °N L, in L, (X, 2[C], w.

We have now assembled the machinery necessary to recover y on all
cylinder sets. This is our final result.

Theorem 5.9. Let
Ay, Ay, ..y A, be disjoint sets in # and let E;

denote the spectral measure of A, ,i=1,...,r. Then, for positive integers

my, .. ., m,,

®a

Proof. Choose sequences of polynomlals (n), i=2 , --» 1 SO that
(n’) converges strongly to ¥, on £,(c%). Then (nf’ N, ) converges
strongly to g, ° Ny, in Z,(X, Z[€], u). Moreover the operator poly-
nomials 7{’(4,,, ) satlsfy

s llm (4,,) Q=Em)Q, i=2,..,r.
Consider

S,:=lim lim  lim (43, 724, ) ... ©)(4,,)2.9).

ko= 00 k3= o0 - - kp— o0
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The above formula and Theorem (5.5) yield
S,= (A;;AlEz(mz) ... E,(m,) Q, Q)
=) (m,)" (Ey(my) E5(my) ... E,(m,) Q,9Q).
Noting that "
(AL, 12(4,,) ... 1(4,,) 2, 9)
= )J; (NAl)" o NAZ e NArdﬂ

we obtain the alternative expression for S,,:
S,= 5 (NAI)" Ximay © NA; coe Xmyy © NA,d#
X
= [(N,,); du
. CAz, . A,«
—Zwrqu§
Since E,(m,)... E,(m,) Q is clearly analytic for 4,, we again have
o 1
2 I8, 2=
n=1
Thus Carleman’s result again tells us that the moment problem associated

with the sequence (S,) is determinate and hence we conclude that

WCt vy =(E (my)... E,(m,) Q,Q). O

Appendix 1: On the Definition of the Modified Correlation Measures

We consider correlation functions

(Qn):o= 1

where g,(xy, ..., X,) is the probability density for the positions of n-dis-
tinct particles. To construct the modified correlation functions we
remove the condition that the particles be distinct. Thus we allow for
the possibility of two or more variables in fact describing the same
particle. For n=2 we have

02(x1, X2) = Q2(x1, X2) + 01 (%) (X1 — X5).

The second term taking into account the possible identity of particles 1
and 2.



Hilbert Space Theoretic Methods 59

The generalization of the above expression for n variables is

n

0u(X1, X050 X)) =Y. Y 0u(6)06(1,2,...,n).
m=0 € e P
Here 2™ is the set of partitions of n integers into m disjoint subsets.
0m(%) is the m-particle correlation function with arguments
Xpygs oo X km
determined by € as follows:
i%j=k; and k; are in different members of €, and
k; is the smallest integer in its subset.
04(1,2,...,n) is a product of delta function factors indicating that
the variables indexed by integers in the various subsets that comprise €
are to be identified.
Now let A4, ..., 4, be pair-wise disjoint measurable sets in the phase
space of the particles and let m;, ..., m, be positive integers satisfying

i mi=n.
i=1

Define
(AT oA™Y = | | eu(xy, e X)Xy .. dX,,
A A
and 3 )
O AT A = [ . 6,(xy, .. x,)dX, ... dx,.
...y

Plugging in the expression for g, above and employing a little delta-
function mathematics and combinatoric analysis yields the expression

my m, r
O (AT . A=Y Y [] g (Af ... AF).
k=0  k=0i=1
[We adopt the convehtion: A° A% = A'*]

Here %™ is the Stirling number of the second kind and is the number
of ways of partitioning a set of n elements into m non-empty disjoint
subsets. \

We now have an expression in terms of correlation measures. We
adopt this as the definition of the modified correlation measures on the
sets AT'... A7 Our goal is to obtain an expression for g, similar to that
for g,, i.e., find a function Ny such that

X
We substitute into the above expression for g, the formula (see Ref. [2])

O A 43 = [ TT () b &0, 1) (8 =)



60 S. L. Levy

This yields
0,(AT" ... AT
—jd,u[ Z Z l_ly""(#ZfA #€A¢_1)-'-(#€Ai“ki+1)}

ki=0 kr—Ol—

—fdu H [ S O E) (g — 1) gy — +1)}

ki=0
We now use the combinatoric identity
"=y FPtt—1)...(t—k+1)
k=0
OnlAT AP = [ dp(HE €0 )™ (3 Ea )™
Now, for £ € X, X

to obtain

€ Ea )t (FRE, )™

is the number of ways one can choose ordered n-tuples of integers

(ila i2’ teeo in)

(X5 Xip ooer X3, ) E AT AP

such that

Notice that we do not demand that
ki, if k#j.
This combinatoric fact shows us what our definition of N, must be for

arbitrary H € #": for
E=(x1,X%5,...)EX

and He #"
]\7,,(5) := The number of ways one can choose ordered n-tuples
of integers -
(g e iy)
such that
(e x;)eH.

Appendix 2: On The Classical Moment Problem
Suppose we are given a sequence of real numbers
Sz olSo=1].

The Hamburger moment problem is concerned with the existence and/or
uniqueness of a real valued non-decreasing function o satisfying

Se= | Mdo(l) k=012, ...
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In the above expression the integral is that defined by the Lebesque-
Stieltjes measure determined by o. In the following we shall let ¢ denote
either the non-decreasing function or the measure associated with it.
The Stieltjes moment problem is concerned with non-decreasing functions
satisfying

Sy=| Zdo(l) k=0,1,2,....
0

The moment problem is said to be determinate if the solution exists
and is unique in the sense that it determines the same measure on R.
The following theorem is due to T. Carleman (Wall, Ref. [4]).

Theorem A.2-A. a) Let (S)i=o be a sequence of real numbers for
which a solution of the Hamburger moment problem exists. This moment
problem is determinate if

_ 1
Sl =00,

=
i
ip1s

b) Let (Sp)y-o be a sequence of real numbers for which a solution of
the Stieltjes moment problem exists. This moment problem is determinate if

0 1
2 IS =00,
k=0

Consider %,(0) where o is the solution of some moment problem.
Since the moments are, by definition, finite, it is obvious that the
polynomials are in %,(s). A natural problem that arises is to find
necessary and sufficient conditions on ¢ to ensure that the polynomials
are dense in %, (o). Before stating the theorem, due to Naimark, which
characterizes those measures for which the polynomials are dense we
point out that the solutions of a given moment problem form a convex
set of measures. The extreme points of this set are called the extremal
solutions® of the moment problem.

Theorem A.2-B (Naimark). Let ¢ be a Stieltjes measure on R. The
polynomials are dense in ¥,(0) if and only if o is an extremal solution
of some Hamburger moment problem.

The following proposition tells us that determinate solutions of
Stieltjes moment problems satisfy this condition.

Proposition A.2-1. Let (S)i-, be a sequence of real numbers for
which o is a determinate solution of the Stieltjes moment problem. Then o
is an extremal solution of the corresponding Hamburger moment problem.

I Akheizer (Ref.[5]) calls these solutions V-extremal to distinguish them from
solutions that he terms N-extremal.
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Proof. First we point out that be defining:
g(A):=0(0) for A1<0

we extend ¢ to be a non-decreasing function on R and hence define a
Stieltjes measure on IR which is a solution of the Hamburger moment
problem. Suppose that ¢ is not an extremal solution. Then there exists
0, and o,, non decreasing functions, which determine different solutions
of the Hamburger moment problem and satisfy

o=a0;+(1—-a)a,

for some « € (0, 1). This equality holds in the sense of Stieltjes measures
on R.

Since ¢ vanishes on (—o0,0] it follows that both ¢, and ¢, must
vanish on (—o00,0]. Thus the supports of ¢, and ¢, are contained in
[0, o0) and clearly than ¢, and o, are solutions of the Stieltjes moment
problem. By assumption this problem is determinate and hence o, # 0,
cannot exist. O
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